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1. Introduction 
 

A key parameter to study nanofluids’ applicability for 

heat transfer enhancement of flowing liquids is their 

thermal conductivity. Water, engine oil, monoethylene 

glycol and ethylene glycol, which are the most widely used 

fluids in different applications, are called conventional heat 

transfer fluids. These fluids have relatively low thermal 

conductivity than nanofluids’ thermal conductivity and 

convective heat transfer coefficient Chen et al. (2014).  

Nanofluids are prepared by dispersing nanometer-sized 

materials (nanoparticles, nanofibers, nanotubes, nanowires, 

nanorods, nanosheets, or droplets) in base fluids. The shape 

geometry of nanoparticles and their effect was studied in 

some research papers as Akbar et al. (2017). Hamilton and 

Crosser (1962) suggested that a nanofluid thermal conductivity 

depends on nanoparticle shape sphericity. Sphericity is 

defined as the ratio of a sphere’s surface area, with a 

volume equal to that of the particle, to the particle’s surface 

area. The particle with a perfectly spherical shape has a 

maximum value of sphericity which equal 1 Sheikholeslami 

and Ganji (2017). Based on some experiments, Timofeeva 

et al. (2009) introduced a new form of some thermophysical 

properties depends on nanoparticle shape. Based on nano-

materials characteristics e.g., large surface areas, size, shape 

and dimensions etc. Amin and Alazba (2014) presented an 

overview the availability and practice of different 

nanomaterials based membranes for removal of bacteria 
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and viruses, organic compounds and inorganic solutes etc. 

present in polluted waters.  

Nanofluids are used in the thermosyphons, heat 

exchangers, solar energy and absorption refrigeration 

systems (Sözen et al. 2014, Buschmann and Franzke 2014, 

Mohamad et al. 2013 and Chen et al. 2014). Nanoparticle 

diameter, nanoparticle volume fraction nanofluid 

temperature, nanoparticle thermal conductivity, base fluid 

thermal conductivity are the different parameters that can 

directly influence the nanofluid thermal conductivity. 

In analytical conduction problems, two commonly used 

boundary conditions are isothermal and isoflux and these 

two are mutually exclusive. In an isothermal case, the 

surface holds a fixed temperature regardless of how much 

heat flow occurs because of that temperature. While in an 

isoflux case, a constant heat flux (in or out) is maintained at 

the surface regardless of how high (or low) the temperature 

gets because of that heat flux. (Cheng et al. 1990,  

Boulama and Galanis 2004) introduced some analytical, 

theoretical solutions of the fully developed mixed 

convection flow in a vertical channel under various 

fundamental thermal boundary conditions. 

The buoyant force causes the fluid to rise when the 

density decreases due to an increase in temperature. The 

primary force that resists is the viscous force. The ratio of 

buoyant force to the viscous force acting on a fluid in the 

velocity boundary layer is called Grashofe number, which 

has a significant effect on the reversed fluid in the 

isothermal systems, as pointed out in Cheng et al. (1990). 

Shah et al. (2018) presented a systematic review of 30 

articles and they studied the effects of mixed convection 

parameter and Grashof number on the flow of various 

fluids. The effects of bioconvection phenomenon, chemical  
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Fig. 1 Geometry of the problem 

 

 

reaction and heat parameter in MHD boundary layer flow of 

a non-Newtonian nanofluid with Cattaneo-Christov heat 

flux past a stretchable cylinder is studied by Sharif et al. 

(2021).   

No doubt the nanotechnology with peristalsis is hot 

topic of research at present, see (Abbasi et al. 2015, Akbar 

et al. 2012, Ghasemi et al. 2016, Hayat et al. 2016, 2017, 

Ibrahim et al. 2019, Mosayebidorcheh and Hatami 2018, 

Noreen 2018, Rachid 2015, Reddy and Makinde 2016, 

Sadaf et al. 2018, Sayed et al. 2016, Abd Elmaboud 2018, 

Elmaboud et al. 2019, Kot and Elmaboud 2021 and 

Vajravelu et al. 2011). In this article, we studied the 

peristaltic transport of nanofluid through a porous medium 

in a symmetric heated vertical channel, the effect of a 

magnetic field is taken into account. The pumping 

characteristics, heat function, flow velocity and trapping 

phenomena are analyzed for various parameter values of 

upper convected Maxwell fluid. 
 

 

2. Problem formulation 
 

Consider the peristaltic transport of a two-dimensional 

flow of an incompressible Maxwell nanofluid with MHD 

through a porous space in a vertical symmetric channel. The 

peristaltic waves are traveling along the 𝑋- axis with speed 

𝑐. Taking the two-dimensional cartesian coordinates (𝑌, 𝑋) 
where 𝑋-axis is taken in motion direction (Vertical Axis) 

while 𝑌-axis is normal to it (Horizontal Axis) as shown in 

Fig. (1). 

The equations of the walls of a symmetric channel can 

be written as 

𝑌 = ±𝐻 = ±𝑑 ± 𝑎 𝑠𝑖𝑛
2𝜋

𝜆
(𝑋 − 𝑐 𝑡) (1) 

where 𝑑 is the mean half-width of the channel, 𝑎 is the 

amplitudes of the waves, λ is the wavelength, 𝑐 is the 

velocity of propagation and 𝑡 is the time. Let (𝑈, 𝑉) are 

the velocity components in 𝑋  and 𝑌  directions, 

respectively. Considering 𝐵 = (0, 𝐵0, 0)  is the uniform 

magnetic field applied in the transverse direction to the 

flow, then the MHD force 

𝐽 × 𝐵 = −𝜎𝑛𝑓𝐵0
2𝑈 

 

𝐽 is the total current density if there are no applied or 

polarized voltages and σ𝑛𝑓  is the nanofluid’s electric 

conductivity. If 𝑅 is Darcy’s resistance for a fluid in a 

porous medium, wherein Maxwell fluid Darcy’s resistance 

𝑅 satisfies the relation 

(1 + 𝜆1
𝑑

𝑑𝑡
)𝑅 = −

𝜇𝑛𝑓

𝐾
𝑉, 

where 𝐾  is the permeability parameter and (
𝑑

𝑑𝑡
) is the 

material time derivative. Then equations of mass, momentum 

and temperatur (Sobamowo 2018, Vajravelu et al. 2011) 

which describe this motion will be in the form 

𝜕𝑈

𝜕𝑋
+
𝜕𝑉

𝜕𝑌
= 0, (2) 

𝜌𝑛𝑓 (1 + 𝜆1
𝑑

𝑑 𝑡
) (
𝑑 𝑈

𝑑 𝑡
) 

= (1 + 𝜆1
𝑑

𝑑 𝑡
) [− 

𝜕𝑃

𝜕𝑋
+
𝜕𝑆𝑋𝑋

𝜕𝑋
+
𝜕𝑆𝑋𝑌

𝜕𝑌
− 𝜎𝑛𝑓𝐵0

2𝑈] 

+(1 + 𝜆1
𝑑

𝑑 𝑡
) [𝑔 (𝜌𝛼)𝑛𝑓(𝑇 − 𝑇0)] −

𝜇𝑛𝑓

𝐾
𝑈, 

(3) 

𝜌𝑛𝑓 (1 + λ1
𝑑

𝑑  𝑡
) (
𝑑  𝑉

𝑑  𝑡
) 

= −(1 + λ1
𝑑

𝑑  𝑡
)  [

∂𝑃

∂𝑌
+
∂𝑆𝑌𝑋

∂𝑋
+
∂𝑆𝑌𝑌

∂𝑌
] −

𝜇𝑛𝑓

𝐾
𝑉, 

(4) 

(𝜌𝐶)𝑛𝑓 (
𝑑  𝑇

𝑑  𝑡
) = 𝑘𝑛𝑓 (

∂2𝑇

∂𝑋2
+
∂2𝑇

∂𝑌2
) + 𝑆𝑋𝑋

∂𝑈

∂𝑋
+ 𝑆𝑋𝑌

∂𝑈

∂𝑌

+ 𝑆𝑌𝑋
∂𝑉

∂𝑋
+ 𝑆𝑌𝑌

∂𝑉

∂𝑌
, 

(5) 

𝑆𝑋𝑋 + λ1 [
𝑑𝑆𝑋𝑋

𝑑𝑡
− 2 (𝑆𝑋𝑋

∂𝑈

∂𝑋
+ 𝑆𝑋𝑌

∂𝑈

∂𝑌
)] = 2𝜇𝑛𝑓

∂𝑈

∂𝑋
, (6) 

𝑆𝑋𝑌𝑜𝑟𝑆𝑌𝑋 + λ1 [
𝑑𝑆𝑋𝑌

𝑑𝑡
− 𝑆𝑋𝑋

∂𝑉

∂𝑋
− 𝑆𝑌𝑌

∂𝑈

∂𝑌
]

= 𝜇𝑛𝑓 (
∂𝑉

∂𝑋
+
∂𝑈

∂𝑌
), 

(7) 

𝑆𝑌𝑌 + λ1 [
𝑑𝑆𝑌𝑌

𝑑𝑡
− 2 (𝑆𝑋𝑌

∂𝑉

∂𝑋
+ 𝑆𝑌𝑌

∂𝑉

∂𝑌
)] = 2𝜇𝑛𝑓

∂𝑉

∂𝑌
, (8) 

where  𝜌𝑛𝑓  is the nanofluid density, 𝑃  is the pressure, 

(𝜌𝐶)𝑛𝑓  is the heat capacity of the nanofluid, 𝑇  is 

temperature and 𝑘𝑛𝑓  is the thermal conductivity of the 

nanofluid. 𝑆 is the extra stress tensor for Maxwell fluid, 

λ1  is the fluid relaxation time, 𝜇𝑛𝑓  is the kinematic 

viscosity coefficient of the nanofluid. 𝑔 is the acceleration 

due to gravity and 𝛼𝑛𝑓 is the thermal expansion coefficient 

of nanofluid. 

Introducing a wave frame (𝑦, 𝑥)  moving with the 

velocity 𝑐 away from the laboratory frame (𝑌, 𝑋), by the 

transformations 

78



 

Maxwell nanofluid flow through a heated vertical channel with peristalsis and magnetic field 

𝑥 = 𝑋 − 𝑐  𝑡,        𝑦 = 𝑌,        𝑢 = 𝑈 − 𝑐, 
𝑣 = 𝑉,        𝑝(𝑥) = 𝑃(𝑋, 𝑡), 

(9) 

where 𝑢 and 𝑣 are the fluid velocity components, 𝑝 is 

pressure in the wave frame of references. Also, introducing 

the non-dimensional variables 

𝑥̅ =
𝑥

λ
,    𝑦̅ =

𝑦

𝑑
,    𝑡̅ =

𝑐𝑡

λ
,    𝑢̅ =

𝑢

𝑐
,    

𝑣̅ =
𝑣

δ𝑐
,    ℎ =

𝐻

𝑑
,    λ̅1 = λ1

𝑐

𝑑
,    𝑏 =

𝑎

𝑑
,

 δ =
𝑑

λ
,    𝑝 =

𝑑2𝑝̅

𝜇𝑓𝑐 λ
,    𝑀 = √

σ𝑓

𝜇𝑓
𝐵0𝑑,    

𝑆̅ =
𝑑

𝑐  𝜇𝑓
𝑆,    𝑅𝑒 =

𝜌𝑓  𝑐  𝑑

𝜇𝑓
,    𝐾 =

𝐾

𝑑2
,

Θ =
𝑇 − 𝑇0

𝑇1 − 𝑇0
,    𝐺𝑟 =

𝑔  (𝜌𝛼)𝑓  𝑑
2(𝑇1 − 𝑇0)

𝑐  𝜇𝑓
,      

𝐸𝑐 =
𝑐2

𝐶𝑓(𝑇1 − 𝑇0)
,     𝑃𝑟 =

𝜇𝑓  𝐶𝑓

𝑘𝑓 }
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 (10) 

where 𝑀 is Hartmann number, 𝑅𝑒  is Reynolds number, 

Θ is the dimensionless temperature, 𝐶𝑓 is the specific heat 

of the fluid,  𝜇𝑓 is the kinematic viscosity coefficient of the 

fluid, 𝐺𝑟  is Grashof number , 𝑃𝑟  is Prandtl  number, 𝐸𝑐 
is Eckert number and 𝑏 is the amplitude ratio. Then after 

using the transformations (9), dimensionless (10),  

dropping bars and under the assumptions of long-

wavelength (δ ≪ 1) and low Reynolds number, Eqs. (2)-(8) 

become on the form. 

∂𝑝

∂𝑥
=
∂𝑆𝑥𝑦

∂𝑦
− (

σ𝑛𝑓

σ𝑓
𝑀2 +

𝜇𝑛𝑓

𝜇𝑓

1

𝐾
) (𝑢 + 1)

+
(𝜌𝛼)𝑛𝑓

(𝜌𝛼)𝑓
  𝐺𝑟   Θ, 

(11) 

∂𝑝

∂𝑦
= 0, (12) 

1

𝑃𝑟

𝑘𝑛𝑓

𝑘𝑓

∂2Θ

∂𝑦2
+ 𝐸𝑐   𝑆𝑥𝑦

∂𝑢

∂𝑦
= 0, (13) 

𝑆𝑥𝑥 − 2λ1  𝑆𝑥𝑦
∂𝑢

∂𝑦
= 0, (14) 

𝑆𝑥𝑦 𝑜𝑟 𝑆𝑦𝑥 − λ1  𝑆𝑦𝑦
∂𝑢

∂𝑦
=
𝜇𝑛𝑓

𝜇𝑓

∂𝑢

∂𝑦
 , (15) 

𝑆𝑦𝑦 = 0, (16) 

After eliminating the pressure between Eqs. (11) and 

(12) and using (16), the equations of motion in terms of the 

stream function ψ (where 𝑢 =
∂ψ

∂𝑦
, 𝑣 = −

∂ψ

∂𝑥
), will be 

ψ𝑦𝑦𝑦𝑦 − Γ
2ψ𝑦𝑦 + 𝐺𝑟

(𝜌𝛼)∗

𝜇∗
  Θ𝑦 = 0, (17) 

Θ𝑦𝑦 + 𝐵𝑟
𝜇∗

𝑘∗
(ψ𝑦𝑦)

2
= 0, (18) 

 

Table 1 The values of thermo-physical properties of some 

base fluids and nanoparticles 

Base Fluid 

(UCM) 
𝜌𝑓(kg/m

3) 𝑘𝑓(W/m. K) 𝛼𝑓(K
−1) σ𝑓(Ω

−1. m−1) 

Pure Water 997.1 0.613 2.10E-04 0.05 

Ethylene 

Glycol 
1114 0.252 6.50E-04 1.07 

Blood 1060 0.542 1.00E-04 0.7 

Nanoparticles 𝜌𝑝(kg/m
3) 𝑘𝑝(W/m. K) 𝛼𝑝(K

−1) σ𝑝(Ω
−1. m−1) 

Copper (Cu) 8933 401 1.67E-05 5.96E+07 

Silver (Ag) 10500 429 1.89E-05 6.30E+07 

Gold (Au) 19300 318 1.42E-05 4.52E+07 

Alumina 

(𝐴l2O3) 
3970 40 8.50E-06 1.50E-07 

Titanium 

Oxide (TiO2) 
4250 8.9538 9.00E-06 1.00E-12 

 

 

where Γ2 = (
σ∗

𝜇∗
𝑀2 +

1

𝐾
) , 𝑃𝑟𝐸𝑐 = 𝐵𝑟  is the Brinkman 

number, the dynamic viscosity of nanofluids Sheikholeslami 

et al. (2012) is 

𝜇∗ =
𝜇𝑛𝑓

𝜇𝑓
=

1

(1 − ϕ)2.5
 , (19) 

the relation of effective density and thermal expansion 

coefficient of the nanofluid is 

(𝜌α)∗ =
(𝜌𝛼)𝑛𝑓

(𝜌𝛼)𝑓
= 1 + ϕ  [(𝜌𝛼)𝑟 − 1], (20) 

the effective thermal conductivity of the nanofluid 

according to Hamilton and Crosser (1962) is 

𝑘∗ =
𝑘𝑛𝑓

𝑘𝑓
= 1 +

ϕ 𝑚 [𝑘𝑟 − 1]

𝑚 + (1 − ϕ)[𝑘𝑟 − 1]
 , (21) 

the effective electrical conductivity of nanofluid was 

presented by Sheikholeslami et al. (2014) as 

σ∗ =
σ𝑛𝑓

σ𝑓
= 1 +

3ϕ[𝜎𝑟 − 1]

3 + (1 − ϕ)  [𝜎𝑟 − 1]
, (22) 

with 

(𝜌α)𝑟 =
(𝜌𝛼)𝑝

(𝜌𝛼)𝑓
,          𝑘𝑟 =

𝑘𝑝

𝑘𝑓
,          σ𝑟 =

σ𝑝

σ𝑓
, 

where(. )𝑝 is the physical property for nanoparticles and 

( . )𝑟  is the ratio of the same property. ϕ  is the 

nanoparticle volume fraction (ϕ = 0.05 through the paper), 

𝑚 is the shape factor, 𝑚 =
3

ξ
, ξ is the sphericity which is 

used to characterize shape for particle falling through fluids. 

Table 1 refers to the values of thermo-physical properties of 

some base fluids and nanoparticles at temperature 300 K, 

(Sheikholeslami and Ganji 2017, Sobamowo 2018 and, 

Turns and Kraige 2007). Table (2) refers to the calculated 

values of effective ratios of thermophysical properties of 

previous base fluids and nanoparticles. 

Then the appropriate dimensionless boundary conditions 

in terms of the stream function are 
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ψ =
𝑞

2
,            ψ𝑦 = −1,    Θ = 0, 

𝑎𝑡    𝑦 = ℎ = 1 + 𝑏 sin2π𝑥, 
(23) 

ψ = −
𝑞

2
,        ψ𝑦 = −1,    Θ = 1, 

𝑎𝑡    𝑦 = −ℎ = −1 − 𝑏 sin2π𝑥 
(24) 

where q represents fluid flow rate in wave frame and will 

discuss in details in pumping characteristics. 

 

 

3. Solution procedure 

 

The governing differential Eqs. (17) and (18) with 

boundary conditions (23,24) consist of non-linear and 

coupled equations. Getting the exact solution of the 

governing system of equations is difficult and unavailable. 

Therefore, using the perturbation method may give an 

analytical solution to the system. By taking Brinkman 

number 𝐵𝑟  as a perturbation parameter, we expand the 

functions ψ(𝑥, 𝑦) and Θ(𝑥, 𝑦) as follows 

ψ(𝑥, 𝑦) = ψ0(𝑥, 𝑦) + 𝐵𝑟   ψ1(𝑥, 𝑦) + 𝐵𝑟
2  ψ2(𝑥, 𝑦)+. .. 

Θ(𝑥, 𝑦) = Θ0(𝑥, 𝑦) + 𝐵𝑟   Θ1(𝑥, 𝑦) + 𝐵𝑟
2  Θ2(𝑥, 𝑦)+. .. 

Substituting into the differential Eqs. (17) and (18) and 

boundary conditions (23) and (24), we have 

 

3.1 Zero order 
 

(ψ0)𝑦𝑦𝑦𝑦 − Γ
2(ψ0)𝑦𝑦 + 𝐺𝑟

(𝜌𝛼)∗

𝜇∗
  (Θ0)𝑦 = 0, (25) 

(Θ0)𝑦𝑦 = 0, (26) 

ψ0 =
𝑞

2
,            (ψ0)𝑦 = −1,    Θ0 = 0,         

𝑎𝑡    𝑦 = ℎ = 1 + 𝑏 sin2π𝑥, 
(27) 

ψ0 = −
𝑞

2
,        (ψ0)𝑦 = −1,    Θ0 = 1,         

𝑎𝑡    𝑦 = −ℎ = −1 − 𝑏 sin2π𝑥 
(28) 

The exact solution of zero order stream and heat 

functions are given as 

 

 

ψ0(𝑥, 𝑦) 

= −𝑦 + (𝑞 + 2ℎ) [
sinh(Γ𝑦) − Γ𝑦cosh(Γℎ)

2 sinh(Γℎ) − 2ℎΓ cosh(Γℎ)
] 

+𝐺𝑟
(𝜌𝛼)∗

𝜇∗
[
(ℎ2 − 𝑦2)

4Γ2ℎ
+
cosh(Γ𝑦) − cosh(Γℎ)

2Γ3sinh(Γℎ)
] 

(29) 

Θ0(𝑥, 𝑦) =
ℎ − 𝑦

2ℎ
 (30) 

 

3.2 First order 
 

(ψ1)𝑦𝑦𝑦𝑦 − Γ
2(ψ1)𝑦𝑦 + 𝐺𝑟

(𝜌𝛼)∗

𝜇∗
  (Θ1)𝑦 = 0, (31) 

(Θ1)𝑦𝑦 +
𝜇∗

𝑘∗
((ψ0)𝑦𝑦)

2
= 0, (32) 

ψ1 = 0,   (ψ1)𝑦 = 0,    Θ1 = 0, 

𝑎𝑡    𝑦 = ℎ = 1 + 𝑏 sin2π𝑥, 
(33) 

ψ1 = 0,   (ψ1)𝑦 = 0,    Θ1 = 0, 

𝑎𝑡    𝑦 = −ℎ = −1 − 𝑏 sin2π𝑥 
(34) 

ψ1(𝑥, 𝑦) = 𝐿1 + 𝐿2𝑦 + 𝐿3 sinh(Γ𝑦) + 𝐿4 cosh(Γ𝑦) 

+𝐺𝑟
(𝜌𝛼)∗

6𝜇∗Γ3
[𝐶4sinh (2Γ𝑦) + 𝐶3cosh (2Γ𝑦)  

+3Γ𝐶1𝑦sinh(Γ𝑦) + 3Γ𝐶2𝑦cosh(Γ𝑦) 
+(ℎ2 − 𝑦2)(2Γ𝐶5𝑦 − 3Γ𝐶6)], 

(35) 

Θ1(𝑥, 𝑦) = −𝐶1sinh(Γ𝑦) − 𝐶2cosh(Γ𝑦)
− 𝐶3sinh(2Γ𝑦) − 𝐶4cosh(2Γ𝑦)
− 𝐶5𝑦

2 + 𝐶6𝑦 + 𝐶7 
(36) 

where 

𝐶1 = 𝐺𝑟
(𝜌𝛼)∗

2𝑘∗Γ2ℎ
[

(𝑞 + 2ℎ)

Γℎcosh(Γℎ) − sinh(Γℎ)
] , 

 𝐶2 = −𝐺𝑟
2
(𝜌𝛼)∗2

2𝜇∗𝑘∗Γ5ℎ
[

1

sinh(Γℎ)
] , 

𝐶3 = −𝐺𝑟
(𝜌𝛼)∗

8𝑘∗Γ
[

(𝑞 + 2ℎ)

1 − cosh(2Γℎ) + Γℎsinh(2Γℎ)
] , 

Table 2 The values of effective ratios of thermo-physical properties of previous base fluids and nanoparticles 

Nanoparticles 

Base Fluid (UCM) 

Pure Water Ethylene Glycol Blood 

(𝜌𝛼)𝑟 𝑘𝑟 σ𝑟 (𝜌𝛼)𝑟 𝑘𝑟 σ𝑟 (𝜌𝛼)𝑟 𝑘𝑟 σ𝑟 

Copper (Cu) 0.7125 654 1.19E+09 0.2060 1591 5.57E+07 1.4074 740 8.51E+07 

Silver (Ag) 0.9478 700 1.26E+09 0.2740 1702 5.89E+07 1.8722 792 9.00E+07 

Gold (Au) 1.3088 519 9.04E+08 0.3785 1261 4.22E+07 2.5855 587 6.46E+07 

Alumina (𝐴l2O3) 0.1612 65 3.00E-06 0.0466 159 1.40E-07 0.3183 74 2.14E-07 

Titanium Oxide (TiO2) 0.1827 15 2.00E-11 0.0528 36 0.35E-13 0.3608 17 1.43E-12 
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𝐶4 =
𝐶3

2
[
𝐶2

𝐶1
+
𝐶1

𝐶2
] , 𝐶5 = Γ

2 [
𝐶2𝐶3

𝐶1
−
𝐶1𝐶3

𝐶2
+
𝐶1𝐶2

32𝐶3
] , 

𝐶6 =
1

ℎ
[𝐶1sinh(Γℎ) + 𝐶3sinh(2Γℎ)], 

𝐶7 = 𝐶2cosh(Γℎ) + 𝐶4cosh(2Γℎ) + 𝐶5ℎ
2, 

𝐿1 = 𝐺𝑟
(𝜌𝛼)∗

4𝜇∗Γ3

[
 
 
 

𝐶3 +

6Γℎ𝐶1 + 12ℎ𝐶6 cosh(Γℎ)

+3𝐶1 sinh(2Γℎ) + 𝐶3 sinh(3Γℎ)

3 sinh(Γℎ)

]
 
 
 

, 

𝐿2 = 𝐺𝑟
(𝜌𝛼)∗

12𝜇∗Γ2

[
 
 
 
−6Γℎ𝐶2 − (3𝐶4 + 8ℎ

2𝐶5) sinh(Γℎ)

+3𝐶2 sinh(2Γℎ) + 𝐶4 sinh(3Γℎ)

Γℎcosh(Γℎ) − sinh(Γℎ)

]
 
 
 

, 

𝐿3 = 𝐺𝑟
(𝜌𝛼)∗

6𝜇∗Γ3

[
 
 
 

4Γℎ3𝐶5 − 3Γ
2ℎ2𝐶2 sinh(Γℎ)

+𝐶4 sinh(2Γℎ) − 2Γℎ𝐶4 cosh(2Γℎ)

Γℎcosh(Γℎ) − sinh(Γℎ)

]
 
 
 

, 

𝐿4 = −𝐺𝑟
(𝜌𝛼)∗

6𝜇∗Γ3

[
 
 
 

3𝐶1 +

6ℎ𝐶6 + 3Γℎ𝐶1 cosh(Γℎ)

+2𝐶3 sinh(2Γℎ)

sinh(Γℎ)

]
 
 
 

 

 

 

4. Pumping characteristics 

 

The rate of fluid flow in the wave frame can be 

expressed as: 

𝑞 = ∫
ℎ

−ℎ

𝑢(𝑥, 𝑦, 𝑡)𝑑𝑦 (37) 

While the fluid flow rate in the laboratory frame can be 

written as 

𝑄 = ∫
𝐻

−𝐻

𝑈(𝑋, 𝑌, 𝑡)𝑑𝑌 (38) 

From the equations that used to convert from the 

laboratory frame to the wave frame, 𝑋 = 𝑥 + 𝑡 and 𝑈 =
𝑢 + 1 we can conclude the following relationship 

𝑄 = 𝑞 + 2ℎ (39) 

Supposing we are dealing with a device of a pumping 

nature, accordingly, it is good to find a discharge rate Q ,̅ 

which can be used as the meantime of the volumetric flow 

rate for each cross-section as 

𝑑𝑝(𝑥)

𝑑𝑥
=
𝑑𝑝0(𝑥)

𝑑𝑥
+ 𝐵𝑟

𝑑𝑝1(𝑥)

𝑑𝑥
+. .. (40) 

where 

𝑑𝑝0(𝑥)

𝑑𝑥
=
𝜌𝛼𝐺𝑟
2

−
𝜇Γ3(𝑞 + 2ℎ)cosh(Γℎ)

2ℎΓcosh(Γℎ) − 2sinh(Γℎ)
 

𝑑𝑝1(𝑥)

𝑑𝑥
= 𝜌𝛼𝐺𝑟𝐶7 − 𝜇Γ

2𝐿2 −
𝜌𝛼𝐺𝑟(6 − Γ

2ℎ2)

3Γ2
𝐶5 

By integrating the axial pressure gradient (40) over one 

wavelength λ, the pressure rise is given by 

Δ𝑝 = ∫
1

0

𝑑𝑝

𝑑𝑥
  𝑑𝑥 = ∫

1

0

(
𝑑𝑝0
𝑑𝑥

+ 𝐵𝑟
𝑑𝑝1
𝑑𝑥

+ ⋯)   𝑑𝑥

= Δ𝑝0 + 𝐵𝑟Δ𝑝1+. .. 
(41) 

where 

Δ𝑝0 =
𝜌𝛼𝐺𝑟
2

−∫
1

0

𝜇Γ3(𝑄̅ − 2 + 2ℎ) cosh(Γℎ)

2ℎΓ cosh(Γℎ) − 2 sinh(Γℎ)
𝑑𝑥 

Δ𝑝1 = ∫
1

0

(𝜌𝛼𝐺𝑟𝐶7 − μΓ
2𝐿2 −

𝜌𝛼𝐺𝑟(6 − Γ
2ℎ2)

3Γ2
𝐶5)𝑑𝑥 

 

 

5. Results and discussion 
 

In this section, we deal with the effects of different 

parameters as: Hartmann number, 𝑀, Grashof number 𝐺𝑟 , 

permeability parameter 𝐾 , nanoparticle sphericity ξ , 

thermal expansion ratio (𝜌𝛼)𝑟, thermal conductivity ratio 

𝑘𝑟 and electrical conductivity ratio 𝜎𝑟 (the values of last 

three parameters are computed as Table 2) on the pressure 

rise  Δ𝑝  pressure gradient ∂𝑝/ ∂𝑥 , vertical velocity 

distribution 𝑢, heat function distribution Θ and trapping 

phenomenon. 

 

5.1 Pumping performance and pressure gradient 
 

Figs. 2(a)-2(e) illustrate the effect of some parameters 

on the variation of the pressure rise with the volume flow 

rate (pumping performance) at a particular value of Δp. In 

Fig. 2(a) it is seen that pressure rise is directly proportional 

to (Gr) in all pumping regions therefore, pumping 

performance improves with increasing (Gr) our results 

completely agree with Sayed et al. (2016). 

In Fig. 2(b) we notice that pressure rise is inversely 

proportional to (𝐾)  in the peristaltic pumping region 

(Δ𝑝 > 0)  and at free pumping (Δ𝑝 = 0)  the flux 

increased with increasing (𝐾). In contrast, pressure rise is 

directly proportional to (𝐾) in the augmented peristaltic 

pumping region (Δ𝑝 < 0). As shown in Fig. 2(c) we notice 

the contrariwise effect of 𝑀. Fig. 2(d) explains the effect of 

the nanoparticle shape ξ, it is observed the pumping is 

improved where 𝑄̅ increased with ξ. Also, in Fig. 2(e) 

there is an improvement of the pumping because of the 

effect of thermal expansion ratio (𝜌𝛼)𝑟  where 𝑄̅ 

increasing with it. 

Figs. 3(a)-3(f) illustrate some parameters on the variation 

of the pressure gradient with 𝑥 . From Fig. 3(a) it is 

observed that ∂𝑝/ ∂𝑥 increasing with 𝑄̅ through the fluid 

motion. In the contraction region, the variation is higher 

than it in the expansion region. Fig. 3(b) explained that 

∂𝑝/ ∂𝑥 increasing with the effect of 𝐺𝑟 . Looking at Fig. 

3(c) we get that in the expansion region ∂𝑝/ ∂𝑥 increasing 

with 𝐾 and in the contraction region (confined between 

two values at which there is no variation) ∂𝑝/ ∂𝑥 

decreasing with 𝐾, in Fig. 3(d) we notice the contrariwise 

for the effect of 𝑀 on ∂𝑝/ ∂𝑥. In Figs. 3(e) and 3(f) it is 

clear that ∂𝑝/ ∂𝑥  increasing with ξ  and (𝜌𝛼)𝑟  but in 

Fig. 3(e) the variation increasing as ξ decreasing and in 

Fig. 3(f) the variation increasing with (𝜌𝛼)𝑟. 

Figs. 4(a)-4(d) explained some parameters on the 

relation between the heat function Θ and 𝑦 at different 

values of 𝑥 (the value of 𝑥 just indicates the position of 

the plot in peristaltic wave and the real axes of each plot are 
(𝑦, Θ), the range of 𝑦 is the base of shaded triangle 
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(a) Effect of Grashof number 𝐺𝑟 (b) Effect of permeability 𝐾 (c) Effect of magnetic parameter 𝑀 

  
(d) Effect of nanoparticle shape parameter ξ (e) Effect of thermal expansion ratio (𝜌𝛼)𝑟 

Fig. 2 The pressure rise Δ𝑃 versus volume flow rate 𝑄̅ 

   
(a) Effect of Volume flow rate 𝑄̅ (b) Effect of Grashof number 𝐺𝑟 (c) Effect of permeability 𝐾 

   

(d) Effect of magnetic parameter 𝑀 
(e) Effect of nanoparticle shape 

parameter ξ 
(f) Effect of thermal expansion ratio 

(𝜌𝛼)𝑟 

Fig. 3 The pressure gradient ∂𝑃/ ∂𝑥 versus  𝑥 

    
(a) Effect of volume  

flow rate 𝑄̅  
(b) Effect of nanoparticle 

shape parameter ξ  
(c) Effect of magnetic 

parameter 𝑀  
(d) Effect of permeability 𝐾  

Fig. 4 Heat function versus 𝑦 through the channel at 𝑥 = 0,
1

4
,
1

2
,
3

4
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[−ℎ, ℎ] and the value of Θ is depends on the boundary 

conditions Θ(−ℎ) = 1, Θ(ℎ) = 0 ).). In Fig. 4(a) it is 

observed that the temperature  Θ  increases with 𝑄̅ . The 

temperature increases with ξ but with a weak effect, which 

is explained in Fig. 4(b). In Fig. 4(c) Θ is decreasing with 

an increase of 𝑀 and the contrariwise for the effect of 𝐾 

on Θ is observed in Fig. 4(d). 

 

5.2 The vertical velocity 

 

Figs. 5(a)-5(e) explained the effect of some physical 

parameters on the relation between the vertical velocity 

function and 𝑦 . Considering that the system is an 

isothermal where the cold wall at 𝑦 = ℎ and the hot wall at 

𝑦 = −ℎ, in Fig. (5a) we noticed that the velocity increased 

with 𝑄̅ and the velocity near the hot is more than it near 

the cold wall. In Fig. 5(b) there are two regions, one from 

the hot wall to the center of the channel in which 𝑢 

increased with 𝐺𝑟 . The second one is from the center of the 

channel to the cold wall, in which it is observed 𝑢 

decreased with 𝐺𝑟  and this results match with Cheng et al. 

(1990) . 

In Fig. 5(c) the effect of the permeability parameter  𝐾 

is studied, at small values of 𝐾 (K=0.001 and K=0.005) 

 

 

it is clear that 𝑢 is constant (there is no effect of the heat 

on the velocity) after we chose big values of 𝐾(0.05 to 

1.0) we had two regions one near the hot wall in which 𝑢 

increased with 𝐾 and the other near the cold wall in which 

𝑢 decreased with 𝐾. 

Fig. 5(d) is plotted to explain the effect of the magnetic 

parameter 𝑀 which has the vice verse effect of 𝐾, also, 

the effect of both 𝐾 and 𝑀 are discussed by Prakash et al. 

(2019). The Effect of thermal expansion ratio (𝜌𝛼)𝑟 on 

vertical velocity 𝑢  is illustrated in Fig. 5(e) where 𝑢 

increased with (𝜌𝛼)𝑟 near the hot wall and 𝑢 decreased 

with (𝜌𝛼)𝑟 near the cold wall. 

 

5.3 Trapping phenomenon 

 

The phenomenon of trapping is considered when 

studying peristaltic motion and the effect of various 

parameters on it is studied. In this paper, there is a change 

in the temperature of the channel walls, the velocity of the 

fluid particles near the hot wall increased as noted in the 

discussion of vertical velocity. 

Consider Fig. 6(a), which plots the contours of stream 

function versus its local position (𝑥, 𝑦) with no heat effect 

𝐺𝑟 = 0, the right and left bolus are similar. By increasing 

   
(a) Effect of Volume flow rate 𝑄̅  (b) Effect of Grashof number 𝐺𝑟   (c) Effect of permeability 𝐾  

  
(d) Effect of magnetic parameter 𝑀 (e) Effect of thermal expansion ratio (𝜌𝛼)𝑟  

 Fig. 5 The vertical velocity function 𝑢 versus 𝑦 
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𝐺𝑟  the size of the right increased while the size of the left 

decreased, as seen in Figs. 6(b)-6(d), respectively.  

To explain that, our problem is considered with 

isothermal walls (the temperature is constant at each wall) 

and 𝐺𝑟  is considered as a buoyancy parameter. In their 

study, Boulama and Galanis [30] indicate that by increasing 

the buoyancy parameter 𝐺𝑟 , the particles near the hot wall 

accelerate while the particles near the cooler wall decelerate 

and sometimes reverse thier sign. From the above we can  

 

 

 

explain why the bolus enlarges at the cooler wall and 

diminishes at the hot wall. 

In the case of a symmetrical channel, instead of using 

four figures of the trapping phenomenon (Figs. 6(a)-6(d)) to 

discuss the effect of one parameter (𝐺𝑟 ), the authors 

suggested a new technique by using a single curve for the 

stream function. This curve represents the stream function 

curve at the center of the swollen area ψ(
1

4
, 𝑦 ) versus 𝑦.  

By plotting two horizontal lines at  

    
(a) (b) (c) (d) 

Fig. 6 Contour plot of stream function with  ξ = 1.0, 𝐵𝑟 = 0.1, σ𝑟 = 1.0, 𝑘𝑟 = 100, 𝑀 = 0,𝐾 = 1.0, 𝑄̅ = 3.0 

and (ρα)𝑟 = 1.0 

  
(a) Effect of Volume flow rate 𝑄̅  (b) Effect of Grashof number 𝐺𝑟   

  
(c) Effect of permeability 𝐾  (d) Effect of magnetic parameter 𝑀  

Fig. 7 The stream function versus 𝑦 at 𝑥 = 0.25 
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ψ = ±
𝑞

2
= ±(

𝑄̅

2
− 1), 

The trapping occurred when the horizontal lines 

intersect the curve in two points and the distance between 

these points represents the size of the bolus. 

Fig. 7(a) shows the effect of the volume flow rate on the 

trapping phenomenon’s appearance. It is clear that at a 

specific 𝑄̅ value, the bolus starts to appear on the line of 

symmetry. With increasing 𝑄̅, the bolus takes place towards 

the walls, as shown in the figure with 𝑄̅ = 2,3.  

Fig. 7(b) explained the effect of 𝐺𝑟  on the trapping and 

it is observed that the bouls of trapping near the hot wall are 

smaller than it near the cold for each value of 𝐺𝑟 . In Fig. 

7(c) we observed that near the walls, the trapping bouls 

increased with 𝐾 and there is no trapping near the center 

of the channel, from Fig. 7(d) it is clear that the trapping 

bulse is decreased with 𝑀. 
 

 

6. Conclusions 

 

A detailed analysis of the peristaltic transport of 

nanofluid in a symmetric heated vertical channel is 

presented. The pumping characteristics, heat function, flow 

velocity and trapping phenomena are analyzed for various 

parameter values of upper convected Maxwell fluid. Based 

on the graphs and the solution, it can be concluded that:  

• The pumping performance improves in the augmented 

peristaltic pumping region with the increase of 

𝐺𝑟  , 𝐾, 𝜉 and (𝜌𝛼)𝑟 and the decrease of 𝑀. 

• In the relation between the pressure gradient and 𝑥, all 

parameters’ effect is clear at the center of the contraction 

region.  

• There is no remarkable effect for thermal conductivity 

ratio 𝑘𝑟  and electrical conductivity ratio σ𝑟  on the 

pressure gradient. 

• In heat function distribution, the minimum values of Θ 

at the center of the expansion region and the maximum 

values at the center of the contraction region. 

• The flow velocity near the hot wall increases and 

decreases near the cold wall and sometimes reverses. 

• Grashof number has a clear effect on the volume of 

trapping bolus. 

• There is no remarkable effect for the nanoparticle 

shape ξ , thermal conductivity ratio 𝑘𝑟  and electrical 

conductivity ratio σ𝑟  on the velocity and trapping. 
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