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1. Introduction 
 

The functionally graded material (FGM) plays a primary 

class of advanced composite materials. By the combination 

of two or more different materials, the FGM produces better 

physical-mechanical properties. The classical FGM was 

firstly introduced by Koizum (1993). Since then, FGM has 

worldwide applications in many fields, such as sensors, 

biomaterial, dental implants, automobiles, aerospace, 

nuclear energy (Miyamoto et al. 2013, Pompe 2003, 

Mueller et al. 2003). The power-law and Mori-Tanaka 

scheme are assumed commonly to define the material 

properties of FGM. However, the stress assembles in one of 

the interfaces, wherein the material is rapidly changing.  

Consequently, the sigmoid function is utilized to get two-

volume fractions across the plate’s thickness, and the stress 

can obtain the smooth variation through the thickness of the 

plate (Chung and Chi 2001). 

The experimental data has proved that the mechanical 

properties of micro/nanostructures refer to the small size 

effect in many engineering fields of real-life application. 

For instance, the thin film, nanographene sheet, carbon  
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nanotube, functionally graded, and sandwich plate have 

broad applications in micro/nano-electromechanical devices, 

biological implant, sensor, and aerospace (He et al. 2018, 

Gain et al. 2016, Xiang et al. 2020, Moory-Shirbani et al. 

2018). Therefore, the higher-order continuum theories have 

been developed to reach the accurate analysis of the 

responses of these types of structures, such as Eringen’s 

nonlocal theory (Eringen 1972a, b), couple stress theory 

(Toupin 1962, Koiter 1964), strain gradient theory (Mindlin 

1963, Mindlin 1968), modified couple stress theory (Yang 

et al. 2002).  

Over the past few years, researchers have been attracted 

to investigate the mechanical response of micro/nanoplates. 

Through the numerical models and experimental studies, 

Eringen’s nonlocal elasticity theory has been proved its 

accuracy in predicting the mechanical responses of 

nanoplate. A nonlocal analytical solution for static bending, 

free vibration, buckling, and thermal buckling of FGM 

nanoplate bearing on an elastic foundation was presented by 

Sobhy (2015). Mechab et al. (2016) provided a Navier 

analytical solution for free vibration responses of FGM 

nanoplate resting on elastic foundation using nonlocal 

higher-order shear deformation theory with the refined 

distributed shape function. Ansari et al. (2018) presented 

the finite element nonlocal theory for static bending of 

nanoplate bearing on an elastic foundation. Ma et al. (2018) 
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performed the wave propagation of piezoelectric nanoplate 

using nonlocal theory, Mindlin and Kirchhoff plate theories. 

Ebrahimi and Barati (2019) carried out the free vibration of 

the flexoelectric nanoplate embedded the Winkler and 

Pasternak foundations. Karami and Kanami (2019) adopted 

the nonlocal strain gradient theory and the refined plate 

theory to obtain the buckling responses of FGM nanoplate 

in a thermal environment. Fattahi et al. (2019) applied the 

Reddy higher-order plate theory and nonlocal theory to 

investigate the free vibration of the FGM nanoplate resting 

on the Pasternak foundation. Arefi et al. (2018) studied free 

vibration of FG porosity sandwich nanoplate with 

piezomagnetic face layers bearing on Pasternak foundation 

based on nonlocal strain gradient theory. Singh and Azam 

(2020) utilized the Rayleigh-Ritz method to derive the 

buckling and free vibration behaviours of the FGM 

nanoplate resting on the Winkler–Pasternak foundation 

using the nonlocal elastic theory. Liu et al. (2021) 

established the nonlocal strain gradient governing equations 

to investigate the vibration response of laminated 

nanoplates with piezo-magnetic face layers. Emadi et al. 

(2021) explored the small size influence on buckling 

responses of bi-directional FGM nanoplate. Numerical and 

analytical solutions have been established to explore the 

mechanical response of structures (Ouakad et al. 2020, 

Shariati et al. 2020a, Sedighi et al. 2020, Sedighi and 

Malikan 2020, Koochi and Goharimanesh 2021, 

Abouelregal et al. 2021, Zhou et al. 2020, Yan et al. 2020, 

She et al. 2020, Faled et al. 2018, Khalaf et al. 2019, Si et 

al. 2020, Khaniki et al. 2020, Abdulrazzaq et al. 2020, Shan 

et al. 2020, Khazaei and Mahammadimehr 2020, Ebrahimi 

and Seyfi 2020, Ebrahimi et al. 2021, Sahmani et al. 2020, 

Wang 2018, Wang and Zu 2017a, Ye and Wang 2021). 

More recently, studying the mechanical responses of the 

S-FGM has been attractive to researchers. Kaci et al. (2013) 

presented the nonlinear bending of the S-FGM plate. Lee et 

al. (2015) established an analytical solution for bending 

behaviours of a simply-supported S-FGM plate subjected 

elastic foundation sing a refined plate theory. Thang et al. 

(2016) presented a nonlinear closed-form solution for 

nonlinear responses of the S-FGM plate bearing on the 

elastic medium. Wang and Zu (2017b) investigated the 

influence of porosity on the large-amplitude vibration of S-

FGM. Singh and Harsha (2019) presented the nonlinear free 

vibration of the S-FGM sandwich plate bearing on the 

Pasternak foundation. Singh and Harsha (2020) also 

investigated porous S-FGM sandwich plates’ dynamic and 

buckling responses embedded in the Pasternak foundation. 

However, very few solutions have been developed for S-

FGM nanoplate based on higher-order continuum elastic 

theories. Kim et al. (2014) explored the free vibration of the 

S-FGM nanoplate using the nonlocal elastic theory. Daikh 

et al. (2021) presented an analytical nonlocal strain gradient 

model to study the bending responses of the S-FGM 

sandwich nanoplate. Van Vinh (2022) adopted a nonlocal 

elastic theory to explore the free vibration responses of the 

S-FGM nanoplate. Also, some porous and nanostructures 

models (Ahmed et al. 2020, Shariati et al. 2020b, Ebrahimi 

et al. 2020, Fenjan et al. 2020a, b, Teng and Wang 2021, Xu 

et al. 2021, Wang and Zu 2019, Chai and Wang 2022, 

Ishihara et al. 2020) were established.  

The developed numerical nanoplate models based on the 

higher-order continuum theory generate the higher-order 

derivative terms. Therefore, isogeometric analysis (IGA) 

(2005) has been proved as a robust method to derive the 

responses of micro/nanoplates due to higher-order 

continuity between two elements. A NURBS geometry is 

built by the NURBS basic functions used in the finite 

discretization process. IGA has been demonstrated as an 

effective computational method by using higher-order basic 

functions because it can produce ultra-convergence and 

high accuracy numerical solutions in the literature. 

Natarajan et al. (2012) studied free vibration of FG 

nanoplate using IGA and nonlocal elasticity theory. Fan et 

al. (2021) investigated the buckling and post-buckling 

responses of porous FG micro/nanoplates based on IGA and 

the nonlocal strain gradient theory. Norouzzadeh et al. 

(2019) established a size-dependent IGA Timoshenko 

solution to explore the nonlinear static bending of isotropic 

nanobeam. Ansari and Norouzzadeh (2016) proposed an 

IGA nonlocal model to study the buckling behaviours of FG 

nanoplate with skew, circular and elliptical geometry. The 

small size-dependent of micro/nanoplates have been derived 

by using the NURBS-based finite element such as Chen et 

al. (2019), Liu et al. (2020), Thanh et al. (2019a, b, 2020, 

2021), Thai et al. (2021), Rabczuk et al. (2019), Samaniego 

et al. (2020), Zhuang et al. (2021).  

This article aims to establish a small size-dependent 

isogeometric analysis finite element model based on the 

nonlocal strain gradient theory to investigate the linear and 

nonlinear responses of the porous S-FGM nanoplate. The 

asymmetric and asymmetric porosity distribution patterns 

are utilized to investigate the porosity effect on nonlinear 

bending responses. Reissner-Mindlin plate theory, the 

nonlocal strain gradient theory, and the Von-Kármán strain 

assumption are used to establish the equilibrium equations 

for the S-FGM nanoplate. The small size-dependents are 

captured by using nonlocal parameters and strain gradient 

parameters. This article is structured as follows. Two 

porosity distribution patterns of the S-FGM nanoplate are 

introduced in Sections 2; The nonlinear nonlocal strain 

gradient equilibrium equations based on Reissner-Mindlin 

plate theory are derived in Section 3; Section 4 present the 

general governing equation for nonlinear bending of S-

FGM nanoplate. The numerical examples and conclusions 

are presented in the last section. 
 

 

2. The porous S-FGM nanoplate model 
 

The porosities (micro-voids) may have occurred during 

the fabrication process wherein the porosities vary across 

the thickness’s direction follow different patterns. As in Fig. 

1, this study considers two patterns of porosity distribution. 

For Pattern A, the porosities are symmetrically varied 

across the thickness direction and are released at the plate’s 

top and bottom. However, they are enriched in the middle 

plane. For Pattern B, the porosities concentrate at the upper 

part of the plate and evenly reduce at the lower part of the 

plate, and it is means the porosities are asymmetrically 

varied across the thickness direction.  
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Fig. 1 The configurations of porous S-FGM nanoplate 

 

 
(a) Pattern A 

 
(b) Pattern B 

Fig. 2 Young’s modulus across the plate’s thickness of 

porous S-FGM (AL/ZrO2) at n = 10. 

 

 

Assuming a porous S-FGM nanoplate with thickness h, 

length a, the efficiency material properties of porous S-

FGM nanoplate, including Young’s modulus E, and Poisson 

ratio 𝜈, are defined based on the sigmoid rule of a mixture 

such as Singh and Harsha (2020):  
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where 𝛽 is the porosity coefficient that denotes the volume 

fraction of porosity in the S-FGM nanoplate; n denotes the 

power index.  

For understanding the material properties variation of 

porous S-FGM, Young’s modulus variation across the 

thickness of AL/ZrO2 S-FGM are figured out for symmetric 

and asymmetric porosity distribution as in Fig. 2. It can be 

seen that the presented porosity S-FGM mathematical 

equation ensures the continuity of Young’s modulus E 

across the plate’s thickness. For different porosity 

coefficients, the values of E obtained from Pattern A have 

coincided at the top and bottom of the plate. Unlike the 

asymmetric porosity distribution, the values of E are 

separated at the top surface. The higher value of the 

porosity coefficient causes the lower values of Young’s 

modulus. 

 

 

3. The S-FGM nanoplate model 
 

3.1 The brief nonlocal strain gradient theory 
 

Based on an experimental study Lam et al. (2003), 

Eringen’s nonlocal theory limits predicting the stiffness 

hardening mechanism. Therefore, Lim et al. (2015) 

presented the nonlocal strain gradient theory that deals with 
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the nonlocal model and strain gradient model. The stress 

tensor is defined such as. 

𝝉 = 𝝉0 − 𝛻𝝉1  (3) 

where, 𝝉 is the total stress tensor; 𝝉0  and 𝝉1  are the 

classical nonlocal stress and the higher-order stress tensors, 

as given as follows. 

𝝉0 = ∫𝛼0(𝒙, 𝒙̄, 𝑒0𝑎)
𝛺

𝝈(𝒙̄)𝑑𝛺 

𝝉1 = 𝜂2 ∫𝛼1(𝒙, 𝒙̄, 𝑒1𝑎)
𝛺

𝛻𝝈(𝒙̄)𝑑𝛺 

(4) 

𝛼0(𝒙, 𝒙̄, 𝑒0𝑎)  is the nonlocal attenuation function, and 

𝛼1(𝒙, 𝒙̄, 𝑒1𝑎) is denoted the nonlocal effect corresponding 

to the first order strain gradient field. 𝑒0  and 𝑒1  are 

related to the nonlocal parameters. 𝝈 is the local stress 

tensor associated with the classical continuum theory at a 

reference material point.  

 Following Eringen’s nonlocal theory, we get 

𝝉0 = ∫𝛼0(𝒙, 𝒙̄, 𝑒0𝑎)
𝛺

𝝈(𝒙̄)𝑑𝛺 

𝝉1 = 𝜂2 ∫𝛼1(𝒙, 𝒙̄, 𝑒1𝑎)
𝛺

𝛻𝝈(𝒙̄)𝑑𝛺 

(5) 

where the Laplacian operator is 𝛻2 =
𝜕2

𝜕𝑥2 +
𝜕2

𝜕𝑦2. 

By applying the differential operators ℑ0 = 1 −
(𝑒0𝑎)2𝛻2 on both sides of Eq. (3), together with the using 

Eq. (5), we get 

(1 − (𝑒0𝑎)2𝛻2)𝝉 = 𝝈 − (1 − (𝑒0𝑎)2𝛻2)𝛻𝝉
(1)

 (6) 

By applying the operator ℑ1 = 1 − (𝑒1𝑎)2𝛻2  to Eq. 

(6), together with Eq. (5), the general nonlocal constitutive 

equations are obtained as the following form. 

(1 − (𝑒1𝑎)2𝛻2)(1 − (𝑒0𝑎)2𝛻2)𝜏 = 
(1 − (𝑒1𝑎)2𝛻2)𝜎 − 𝜂2(1 − (𝑒0𝑎)2𝛻2)𝛻2𝜎 

(7) 

By assuming 𝑒0 = 𝑒1 = 𝑒, Eq. (7) is rewritten as 

(1 − 𝜇𝛻2)𝝉 = (1 − ℓ𝛻2)𝝈 (8) 

In which, 𝜇 = (𝑒𝑎)2  and ℓ = 𝜂2  are defined as the 

nonlocal parameter and gradient parameter, respectively. 

The nonlocal equation of motion for the linear elasticity 

constitution of the nanoscale solid is given as Eringen and 

Edelen (1972), Eringen (1972). 

𝜌𝒖̈ − 𝛻 ⋅ 𝝉 − 𝒃 = 𝟎   in a domain Ω (9) 

where ρ and 𝒖̈  denote mass density and accelerator 

component at a reference material point; τ, and b are the 

stress tensor and body force, respectively. 

From Eqs. (8) and (9), the nonlocal strain gradient 

differential constitutive equations can be defined in the 

following form. 

(1 − 𝜇𝛻2)𝜌𝒖̈ − (1 − ℓ𝛻2)𝛻 ⋅ 𝝈 − (1 − 𝜇𝛻2)𝒃
= 0   on Ω (10) 

By applying the variational principle, the weak form 

formulation for nanoplate can be obtained as follows. 

∫𝛿𝒖 ⋅ (1 − 𝜇𝛻2)𝜌𝒖̈𝑑𝛺
𝛺

− ∫𝛿𝒖 ⋅ (1 − ℓ𝛻2)𝛻 ⋅ 𝝈,𝑑𝛺
𝛺

− 

∫𝛿𝒖 ⋅ (1 − 𝜇𝛻2)𝒃𝑑𝛺
𝛺

= 0 

(11) 

By using the divergence theorem and ignoring the 

traction on the Neumann boundary, Eq. (11) is rewritten as 

follows. 

∫𝛿𝒖 ⋅ (1 − 𝜇𝛻2)𝜌𝒖̈𝑑𝛺
𝛺

+ ∫𝛿𝜺: (1 − ℓ𝛻2)𝝈𝑑𝛺
𝛺

− 

∫𝛿𝒖 ⋅ (1 − 𝜇𝛻2)𝒃𝑑𝛺
𝛺

= 0 

(12) 

 

3.2 The Reissner -Mindlin plate theory 
 

The displacement field of an arbitrary point in the plate 

domain 𝑉 = 𝛺𝑥 (
−ℎ

2
,
ℎ

2
) of Reissner-Mindlin plate theory 

is expressed as follows (Reddy 2004). 

𝑢̂ = 𝑢1 + 𝑧𝑢2 (13) 

In which 𝑢̂ = {𝑢 𝑣 𝑤}𝑇 is the displacement of a point 

in plate domain; 𝑢1 = {𝑢0 𝑣0 𝑤0}
𝑇 is represents the 

displacements of the middle plane;  𝑢2 = {𝛽𝑥  𝛽𝑦 0}
𝑇
 is the 

vector of rotations. 

The strain components based on the Reissner-Mindlin 

plate theory with Von-Kármán strain assumption are 

established, such as 

𝜀 = {𝜀𝑥 𝜀𝑦 𝛾𝑥𝑦}
𝑇

= 𝜀0 + 𝑧𝜅1; 

𝜀𝑜 = 𝜀0
𝐿 + 𝜀0

𝑁𝐿 = {

𝑢0,𝑥

𝑣0,𝑦

𝑢0,𝑦 + 𝑣0,𝑥

} +
1

2
{

𝑤0,𝑥
2

𝑤0,𝑦
2

2𝑤0,𝑥𝑤0,𝑦

} ;    

𝜅1 = {

𝛽𝑥,𝑥

𝛽𝑦,𝑦

𝛽𝑥,𝑦 + 𝛽𝑦,𝑥

} ;  𝛾 = {𝛾𝑥𝑧 𝛾𝑦𝑧}
𝑇

= {
𝛽𝑥 + 𝑤0,𝑥

𝛽𝑦 + 𝑤0,𝑦
} 

(14) 

Consequently, the local constitutive stress-strain 

relations are presented as 

𝜎̂ = {
𝑁𝑢

𝑀𝑢

𝐸𝑢

} = [
𝐾 𝐿 0
𝐿 𝑈 0
0 0 𝑊

] {

𝜀0

𝜅1

𝛾
} = ℵ̂𝑢𝜀̂;  

(𝐾, 𝐿, 𝑈) = ∑∫ (1, 𝑧, 𝑧2)

ℎ𝑖
2

−ℎ𝑖
2

𝑁

𝑖=1

𝐶𝑑𝑧;     

𝑊 = ∑ ∫
𝐸𝑖(𝑧)

2(1 + 𝜈𝑖(𝑧))
[
1 0
0 1

] 𝑑𝑧

ℎ𝑖
2

−ℎ𝑖
2

𝑁

𝑖=1

;  

𝐶 =
𝐸𝑖(𝑧)

1 + 𝜈𝑖(𝑧)

[
 
 
 
 
 
 

1

1 − 𝜈𝑖(𝑧)

𝜈𝑖(𝑧)

1 − 𝜈𝑖(𝑧)
0

𝜈𝑖(𝑧)

1 − 𝜈𝑖(𝑧)

1

1 − 𝜈𝑖(𝑧)
0

0 0
1

2]
 
 
 
 
 
 

 

(13) 

Replacing Eq. (15) into Eq. (12) and eliminating the first 

term, the weak form formulation for nonlinear static 

bending of S-FGM nanoplate is established, such as 
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∫𝛿𝜀̂𝑇ℵ̂𝑢(1 − ℓ𝛻2)𝜀̂𝑑𝛺
𝛺

= ∫𝛿𝑢̂(1 − 𝜇𝛻2)𝒃𝑑𝛺
𝛺

 (16) 

  

 

4. Nonlinear governing equations based NURBS 
formulation 

 
4.1 Governing equations  

 
The classical FEM approximates the known geometry 

and the unknown fields using Lagrange basic functions. So, 

this method sustains a geometrical error because of the 

difference between CAD and the analysis model. However, 

isogeometric analysis utilizes B-spline or NURBS as a basic 

function to accurately capture the geometry. Therefore, the 

accuracy of geometry is ensured at all phases of the analysis 

process. NURBS also is used to approximate the 

displacement fields based on the shear deformation theory, 

such as (Thanh et al. 2019a, b, c) 

𝑢ℎ(𝜉̑) = ∑ℝ𝐼(𝜉̑)𝑑𝐼

𝐴

𝐼

 (17) 

where 𝑑𝐼 = {𝑢0𝐼 𝑣0𝐼 𝑤0𝐼 𝛽𝑥𝐼 𝛽𝑦𝐼}𝑇 , ℝ𝐼 , 

respectively, are the vector of a degree of freedoms 

associated with the control point 𝐏𝐼 and the NURBS basic 

functions. A is the number of control points.  

Substituting Eq. (17) into Eq. (14), the general in-plane 

strain can be rewritten in a matrix form as: 

𝜀̂ = 𝜀𝐿̂ + 𝜀𝑁̂𝐿 = {𝜀0
𝐿 𝜅1 𝛾}𝑇 + {𝜀0

𝑁𝐿 0 0}𝑇  

 = ∑ (𝐵̂𝐼
𝐿 +

1

2
𝐵𝐼

𝑁𝐿)

𝑚×𝑛

𝐼=1

𝑑𝐼 
(18) 

in which, 

𝐵̂𝐼
𝐿 = [(𝐵𝐼

𝑚)𝑇 (𝐵𝐼
𝑏)𝑇 (𝐵𝐼

𝑠)𝑇]𝑇 

𝐵𝐼
𝑚 = [

ℝ𝐼,𝑥 0 0 0 0

0 ℝ𝐼,𝑦 0 0 0

ℝ𝐼,𝑦 ℝ𝐼,𝑥 0 0 0
] ;  

𝐵𝐼
𝑏 = [

0 0 0 ℝ𝐼,𝑥 0

0 0 0 0 ℝ𝐼,𝑦

0 0 0 ℝ𝐼,𝑦 ℝ𝐼,𝑥

] ; 

𝐵𝐼
𝑠 = [

0 0 ℝ𝐼,𝑥 ℝ𝐼 0

0 0 ℝ𝐼,𝑦 0 ℝ𝐼
]  

(19) 

The strain matrix due to the nonlinear strain is 

formulated as 

𝐵𝐼
𝑁𝐿(𝑑) = [

ℑ𝜃

0
]𝐵𝐼

𝑔
  

𝑤ℎ𝑒𝑟𝑒  𝐵𝐼
𝑔

= [
0 0 ℝ𝐼,𝑥 0 0

0 0 ℝ𝐼,𝑦 0 0
] ;     

ℑ𝜃 = [

𝑤0,𝑥 0

0 𝑤0,𝑦

𝑤0,𝑦 𝑤0,𝑥

] 

(20) 

Replacing Eq. (18) into Eqs. (16), the global equilibrium 

equations for nonlinear static bending responses of S-FGM 

nanoplate can be established, such as 

(𝐾𝐿 + 𝐾𝑁𝐿)𝑑 = 𝑓 

𝐾 = ∫𝐵̂𝑇ℵ̂𝑢(𝐵̂ − ℓ𝛻2𝐵̂)
𝛺

𝑑𝛺;    

𝑓 = ∫𝑓0(1 − 𝜇𝛻2)
𝛺

{0 0 𝑤𝐼 0 0}𝑇𝑑𝛺 . 

(21) 

In which, 𝐾𝐿  and 𝐾𝑁𝐿  are the general linear and 

nonlinear stiffness matrix, respectively, as defined as 

follows 

𝐾𝐿 = ∫𝐵̂𝐿ℵ̂𝑢(𝐵̂
𝐿 − ℓ𝛻2𝐵̂𝐿)

𝛺

𝑑𝛺;    

𝐾𝑁𝐿 =
1

2
∫𝐵̂𝐿ℵ̂𝑢(𝐵̂

𝑁𝐿 − ℓ𝛻2𝐵̂𝑁𝐿)
𝛺

𝑑𝛺 

+∫𝐵̂𝑁𝐿ℵ̂𝑢(𝐵̂𝐿 − ℓ𝛻2𝐵̂𝐿)
𝛺

𝑑𝛺 

+
1

2
∫ 𝐵̂𝑁𝐿ℵ̂𝑢(𝐵̂𝑁𝐿 − ℓ𝛻2𝐵̂𝑁𝐿)
𝛺

𝑑𝛺 

(22) 

The general forces vector 𝑓 is formulated as 

𝑓 = ∫𝑓0(1 − 𝜇𝛻2)
𝛺

{0 0 𝑤𝐼 0 0}𝑇𝑑𝛺 (23) 

 

4.2 Nonlinear procedure 
 

The Newton-Raphson iteration is adopted to obtain the 

iterative responses of Eq. (21). At a load level mth, the 

residual force R(di) at ith iteration is defined such as 

𝑅(𝑑𝑖) = (𝐾𝐿 + 𝐾𝑁𝐿(𝑑
𝑖)) − 𝐹𝑚 (24) 

At (i+1)th iteration, the displacement is defined as 

follows 

𝑑𝑖+1 = 𝑑𝑖 + 𝛥𝑑𝑖+1 (25) 

The increment displacement  𝛥𝑑𝑖+1 for ith iteration is 

defined such as: 

𝛥𝑑𝑖+1 = −𝐾𝑇
−1𝑅(𝑑𝑖) (26) 

The tangent stiffness 𝐾𝑇 is calculated as 

𝐾𝑇(𝑑
𝑖) =

𝜕𝑅(𝑑𝑖)

𝜕𝑑𝑖
= 𝐾𝑁𝐿 + 𝐾𝑔 

𝐾𝑁𝐿 = ∫𝐵̂𝐿ℵ̂𝑢(𝐵̂
𝐿 − ℓ𝛻2𝐵̂𝐿)

𝛺

𝑑𝛺 

       + ∫𝐵̂𝐿ℵ̂𝑢(𝐵̂𝑁𝐿 − ℓ𝛻2𝐵̂𝑁𝐿)
𝛺

𝑑𝛺 

       + ∫𝐵̂𝑁𝐿ℵ̂𝑢(𝐵̂𝐿 − ℓ𝛻2𝐵̂𝐿)
𝛺

𝑑𝛺 

       + ∫𝐵̂𝑁𝐿ℵ̂𝑢(𝐵̂𝑁𝐿 − ℓ𝛻2𝐵̂𝑁𝐿)
𝛺

𝑑𝛺 

(27) 

𝐾𝑔 is the geometric stiffness matrix corresponding to 

the in-plane stresses 𝑁𝑥, 𝑁𝑦 , 𝑁𝑥𝑦 , which is defined as 

follows 

𝐾𝑔 = ∫(ℕ𝑔)𝑇 [
𝑁𝑥 𝑁𝑥𝑦

𝑁𝑥𝑦 𝑁𝑦
]

𝛺

(ℕ𝑔)𝑑𝛺 (28) 

The iteration is repeated until the difference of 

displacement between the two steps is small enough. 

445



 

Thanh Cuong-Le et al. 

 
 
5. Numerical examples 

 

Numerical results are presented to explore the influence 

of porosity coefficient, the pattern of porosity distribution, 

power index n, nonlocal parameter, strain gradient 

parameter on linear and nonlinear behaviors of porous S-

FGM nanoplate. From Eq. (22), the higher-order derivative 

of the NURBS basic function is required. Therefore, the 

cubic NURBS function with the meshes element 11×11 is 

utilized in this study, and this type of meshes element 

proved its convergence through the published work (Thanh 

et al. 2019a, b). In this study, the sigmoid AL/ZrO2 is used 

in numerical results, wherein the material of aluminum 

(AL) and zirconia (ZrO2) are 𝐸𝑚 = 70𝐺𝑃𝑎, 𝜈𝑚 = 0.3 for 

Al and 𝐸𝑐 = 151𝐺𝑃𝑎, 𝜈𝑐 = 0.3  for ZrO2. Also, for 

convenience, the nonlocal and strain gradient parameters 

are normalized as 
√𝜇

𝑎
 and 

√ℓ

𝑎
, respectively.  

 
5.1 Verification study 
 
Several numerical examples are investigated to verify 

the presented numerical model for linear and nonlinear 

analysis of S-FGM nanoplate. The comparison results are 

exhibited in tables and figures.   

 

 

 

Firstly, the validity and reliability of the presented 

solution are started with evaluating the influence of 

nonlocal parameters on the linear static bending of an 

isotropic simply-supported nanoplate. Table 1 tabulates the 

non-dimensional deflection 𝑤̄ =
100𝐸ℎ3𝑤0

(𝑞0𝑎4)
 of isotropic 

nanoplate, in which the material properties of nanoplate is 

chosen such as 𝐸𝑚 = 30 × 106𝑃𝑎, 𝜈 = 0.3. The obtained 

results are compared with those derived by the analytical 

solution of Jung and Han (2013) and the third-order shear 

deformation nonlocal analytical solution by Lee et al. 

(2012). It can be observed that the presented results give 

similar values even with aspect ratio a/h = 10 and a/h = 

100.  

Secondly, Table 2 compares the central deflection 𝑤̄ =
100𝐸𝑚ℎ3𝑤0

(12(1−𝜈𝑚
2 ))

 for FGM nanoplate with the material properties 

modulus 𝐸𝑚 = 70 𝐺𝑃𝑎,  𝐸𝑐 = 380 𝐺𝑃𝑎 and 𝜈𝑐 = 𝜈𝑚 =
0.3. The nanoplate is subjected to uniform load q0 with 

simply-supported boundary. The refined plate quasi-3D 

theory nonlocal solution established by Nguyen et al. 

(2015) is used for comparison purposes. For various values 

of nonlocal parameters 𝜇 = 0, 1, 4, there is no difference in 

deflection for power index n = 0. However, the results depict 

a slight difference in deflection for n = 1, 2, 5, 10, and 

Table 1 Comparison deflection of isotropic square nanoplate 

𝜇 
a/h = 10 a/h = 100 

Lee et al. (2012 Jung and Han (2013) Present Lee et al. (2012) Jung and Han (2013) Present 

0 4.6658 4.6658 4.6659 4.4384 4.4384 4.4384 

0.5 5.0836 5.0836 5.0838 4.8408 4.8408 4.8408 

1 5.5014 5.5012 5.5016 5.2432 5.2432 5.2432 

1.5 5.9192 5.9189 5.9195 5.6456 5.6456 5.6456 

2 6.3370 6.3365 6.3373 6.0480 6.0480 6.0479 

2.5 6.7548 6.7542 6.7552 6.4504 6.4504 6.4503 

3 7.1726 7.1718 7.1730 6.8528 6.8528 6.8527 

3.5 - 7.5895 7.5909 - 7.2552 7.2551 

4 - 8.0071 8.0088 - 7.6576 7.6575 

Table 2 The nonlocal effect on a deflection 𝑤̄ of SSSS AL/Al2O3 nanoplate 

Method  n  

a/h = 10 a/h = 50 

𝜇 𝜇 

0 1 4 0 1 4 

Nguyen et al. (2015) 
0 

0.0787 0.0928 0.1351 0.0750 0.0886 0.1294 

Present 0.0787 0.0928 0.1351 0.0750 0.0886 0.1294 

Nguyen et al. (2015) 
1 

0.1977 0.2331 0.3393 0.1888 0.2230 0.3256 

Present 0.1971 0.2325 0.3385 0.1887 0.2229 0.3256 

Nguyen et al. (2015) 
2 

0.2344 0.2763 0.4021 0.2222 0.2625 0.3834 

Present 0.2329 0.2747 0.3999 0.2222 0.2625 0.3833 

Nguyen et al. (2015) 
5 

0.2730 0.3217 0.4678 0.2564 0.3028 0.4422 

Present 0.2706 0.3189 0.4641 0.2563 0.3027 0.4421 

Nguyen et al. (2015) 
10 

0.3052 0.3597 0.5231 0.2869 0.3390 0.4950 

Present 0.3034 0.3577 0.5204 0.2869 0.3389 0.4949 
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Fig. 3 The non-dimensional deflection of the S-FGM 

square plate along the x-direction at y = b/2 

 

 

Fig. 4 Nonlinear deflection of clamped isotropic square 

plate 

 

 

it is observed that the maximum difference is about 0.88%.  

Thirdly, in order to compare the deflection of nanoplate 

under strain gradient influence, Table 3 shows the deflection 

𝑤̄ =
100𝑤𝐷

(𝑞0𝑎4)
, D=

𝐸ℎ3

(12(1−𝜈2))
 for a simply-supported nanoplate 

with the material properties 𝐸 = 30 × 106𝑃𝑎, 𝜈 = 0.3. For 

various values of strain gradient parameter (√ℓ =

0, 0.2, 0.5, 1), it can be seen that the presented results show 

excellent agreement in comparison with those solved by 

Thai et al. (2020), Babu and Patel (2019).    

 Fourthly, due to the limited solution for static bending 

of S-FGM nanoplate, the central deflections of S-FGM 

 

 

Fig. 5 The effect of power index n on nonlinear responses 

of FG plate 
 

 

based on classical continuum elastic theory are plotted in 

Fig. 3. The obtained deflections along x-direction at y = a/2 

are compared with those results given by Jung and Han 

(2013). It can be seen that the higher power index n leads to 

the higher deflection, and the presented results show an 

excellent agreement with reference solution for various 

values of power index n = 1, 2, 5, 10.  
Fifthly, this study aims to verify the accuracy of the 

presented solution in solving the nonlinear bending 

responses plate. A clamped isotropic with aspect ratio 

a/h=100, 𝐸 = 30 × 106𝑃𝑠𝑖, 𝜈 = 0.316  is investigated. 

Under the uniform loading, the non-dimensional central 

deflection 
𝑤

ℎ
 versus load parameter 𝑃̄ =

𝑞0𝑎4

(𝐸𝑚ℎ4)
 curves are 

plotted in Fig. 4. An excellent agreement of the presented 

solution is found by comparing the solution established by 

Levy and Chiarito (1942).  

Next, another functionally graded plate is investigated to 

examine the accuracy of the presented solution further. The 

plate is subjected simply supported boundary condition with 

the material properties E1 = 14.4 GPa, E2= 1.44 GPa, and  

= 0.38. The obtained load parameter 𝑃̄ =
𝑞0𝐿4

(𝐸2ℎ4)
 versus 

deflection curves for various values of power index n = 0.5, 

1, 5 is compared with those derived from Kim and Reddy 

(2015). It is observed that the center deflection for every 

load parameter gives the same value as the reference 

solution. 

Table 3 The strain gradient effect on a deflection 𝑤̄ of SSSS isotropic nanoplate 

Method n 
√ℓ 

0 0.2 0.5 1 

Thai et al. (2020) 
5 

4.9027 4.8689 4.6953 4.1448 

Present 4.9043 4.8755 4.7327 4.1930 

Thai et al. (2020) 
10 

4.2651 4.2421 4.0867 3.5993 

Present 4.2728 4.2440 4.1003 3.6183 

Thai et al. (2020) 
50 

4.0708 4.0414 3.8916 3.4211 

Present 4.0708 4.0420 3.8982 3.4588 

Thai et al. (2020) 

100 

4.0645 4.0352 3.8859 3.4086 

Analytical (Babu and Patel 2019) 4.0624 4.0330 3.8844 3.4231 

FEM-C (Babu and Patel 2019) 4.0624 4.0332 3.8856 3.4271 

Present 4.0645 4.0359 3.8937 3.4608 
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Fig. 6 Deflection of porous S-FGM nanoplate (Pattern A) 

with 
√𝜇

𝑎
=

√ℓ

𝑎
= 0.1 

 
 

5.2 Parameter study to porous S-FGM nanoplate 

 

In this example, the simply supported AL/ZrO2 porous 

S-FGM nanoplate is considered. The parameter studies are 

investigated to examine the influence of porosity 

coefficient, the pattern of porosity distribution, aspect ratio, 

power index, nonlocal and strain gradient parameters on 

porous S-FGM’s linear and static bending responses.   

The values of non-dimensional deflection 𝑤̄ =
102𝐸𝑐ℎ

3

(𝑞0𝑎4)
 

 

 

corresponding to various values of the nonlocal parameter 

and strain gradient parameter for pattern B and pattern B 

dispersion porosity are tabulated in Table 4 to indicate the 

effect of small size parameter on the linear deflection of 

porous S-FGM nanoplate with power index n =10 and 

aspect ratio a/h = 20. The value 𝛽 = 0  indicates the 

perfect type of porosity, in which the influence of porosity 

is ignored. It can be known that the non-dimensional 

deflection increases with an increase in porosity coefficient. 

The type of perfect porosity gives the lowest value of 

deflection of S-FGM nanoplate. It can be known as the 

existence of porosity leading to the reduction in plate’s 

stiffness. When the porosity coefficient 𝛽 rises from 0.2 to 

0.7, the non-dimensional deflection increases by 8.25%, 

23.66%, and 37,195% with 
√𝜇

𝑎
=

√ℓ

𝑎
= 0.1 for the case of 

Pattern A. Also, asymmetric porosity distribution generates 

higher deflection values than symmetric porosity 

distribution at a specific porosity coefficient. Furthermore, 

the augmentation in the values 𝑤̄ is due to the nonlocal 

effect, but the strain gradient effect reduces deflection. Fig. 

6 shows the variation of S-FGM nanoplate corresponding to 

Pattern A with 
√𝜇

𝑎
=

√ℓ

𝑎
= 0.1, n = 10, 𝛽 = 0.2. 

Table 4 Central deflection of porous S-FGM nanoplate with various small size parameters 

√𝜇

𝑎
 

 

√ℓ

𝑎
 

 
Perfect 

Pattern A Pattern B 

𝛽 = 0.2 𝛽 = 0.5 𝛽 = 0.7 𝛽 = 0.2 𝛽 = 0.5 𝛽 = 0.7 

0 

0 0.4296 0.4650 0.5313 0.5894 0.4700 0.5492 0.6253 

0.1 0.3590 0.3887 0.4440 0.4926 0.3928 0.4590 0.5226 

0.2 0.2415 0.2615 0.2987 0.3314 0.2643 0.3089 0.3518 

0.3 0.1570 0.1700 0.1942 0.2155 0.1718 0.2009 0.2288 

0.4 0.1056 0.1143 0.1306 0.1449 0.1156 0.1352 0.1540 

0.1 

0 0.5144 0.5568 0.6361 0.7057 0.5628 0.6576 0.7487 

0.1 0.4299 0.4654 0.5316 0.5898 0.4703 0.5496 0.6258 

0.2 0.2892 0.3131 0.3577 0.3969 0.3165 0.3699 0.4212 

0.3 0.1880 0.2035 0.2325 0.2580 0.2057 0.2405 0.2739 

0.4 0.1264 0.1369 0.1564 0.1736 0.1384 0.1618 0.1844 

0.2 

0 0.7688 0.8322 0.9507 1.0547 0.8411 0.9829 1.1190 

0.1 0.6425 0.6955 0.7946 0.8815 0.7029 0.8215 0.9353 

0.2 0.4323 0.4680 0.5346 0.5931 0.4730 0.5528 0.6295 

0.3 0.2809 0.3042 0.3475 0.3856 0.3074 0.3595 0.4094 

0.4 0.1889 0.2046 0.2338 0.2594 0.2068 0.2419 0.2756 

0.3 

0 1.1928 1.2912 1.4750 1.6364 1.3049 1.5249 1.7362 

0.1 0.9969 1.0791 1.2328 1.3676 1.0906 1.2745 1.4511 

0.2 0.6707 0.7261 0.8295 0.9202 0.7338 0.8577 0.9767 

0.3 0.4359 0.4719 0.5392 0.5982 0.4770 0.5577 0.6352 

0.4 0.2931 0.3174 0.3627 0.4024 0.3209 0.3753 0.4276 

0.4 

0 1.7863 1.9338 2.2091 2.4507 1.9543 2.2838 2.6002 

0.1 1.4929 1.6162 1.8463 2.0482 1.6334 1.9088 2.1732 

0.2 1.0044 1.0874 1.2423 1.3782 1.0990 1.2845 1.4627 

0.3 0.6528 0.7068 0.8075 0.8959 0.7144 0.8353 0.9514 

0.4 0.4390 0.4754 0.5432 0.6027 0.4806 0.5621 0.6404 
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Fig. 7 Effect of nonlocal parameter on the deflection of 

porous S-FGM nanoplate (Pattern A) 

 

 

Fig. 8 Effect of nonlocal parameter on the deflection of 

porous S-FGM nanoplate (Pattern B) 

 

 

Table 5 tabulates the central deflection of S-FGM 

nanoplate at size parameters 
√𝜇

𝑎
=

√ℓ

𝑎
= 0.1 for different 

values of power index n and aspect ratio a/h. For a given 

value of aspect ratio a/h = 10 and 𝛽 = 0, the deflection 

increases 10.27% when n increases from 0 to 10. For S-

FGM nanoplate with a/h = 10, by taking 𝛽 = 0.2 and 𝛽 =
0.7, when increasing n from 0 to 10, the deflection of 

Pattern A increases by 12.27% and 20.9%, respectively. 

However, there are different responses of deflection for 

Pattern B as increasing power index n. For 𝛽 = 0.7, the 

deflection increases from 0.6523 to 0.6951 when n 

increases from 0 to 2, after that decreasing from 0.6951 to 

0.6473 when n increases from 2 to 10. At the lower value of 

porosity coefficient, this unusual behavior happens at the 

higher value of n. It is also revealed from Table 5 that the 

higher aspect ratio produces the lower deflection, and this 

change seems to be stable at a higher value of a/h.  

Fig. 7 and 8 illustrate the influence of nonlocal 

parameters on central deflection of square S-FGM nano-

plate corresponding to Pattern A and Pattern B, respectively. 

It is observed that, at a specific value of the nonlocal 

parameter 
√𝜇

𝑎
, the porosity coefficient cause to increase in 

deflection. For different values of porosity coefficient  𝛽 =

0, 0.2, 0.3, 0.5, 0., the higher value 
√𝜇

𝑎
 generates the higher 

values of deflection. The nonlocal coefficient 
√𝜇

𝑎
= 1 

together with 𝛽 = 0.7 causes the highest non-deflection. 

Table 5 Central deflection of porous S-FGM nanoplate with various aspect ratio a/h 

a/h n Perfect 
Pattern A Pattern B 

𝛽 = 0.2 𝛽 = 0.5 𝛽 = 0.7 𝛽 = 0.2 𝛽 = 0.5 𝛽 = 0.7 

10 

0 0.4038 0.4294 0.4728 0.5060 0.4561 0.5589 0.6523 

1 0.4217 0.4521 0.5060 0.5500 0.4779 0.5897 0.6929 

2 0.4326 0.4659 0.5266 0.5780 0.4881 0.5968 0.6951 

5 0.4423 0.4783 0.5453 0.6038 0.4901 0.5812 0.6627 

10 0.4453 0.4821 0.5511 0.6118 0.4869 0.5687 0.6473 

20 

0 0.3884 0.4127 0.4534 0.4840 0.4394 0.5396 0.6306 

1 0.4064 0.4354 0.4865 0.5280 0.4613 0.5704 0.6713 

2 0.4172 0.4492 0.5072 0.5560 0.4715 0.5776 0.6735 

5 0.4269 0.4616 0.5259 0.5818 0.4735 0.5621 0.6412 

10 0.4299 0.4654 0.5316 0.5898 0.4703 0.5496 0.6258 

50 

0 0.3842 0.4081 0.4480 0.4779 0.4348 0.5343 0.6246 

1 0.4021 0.4308 0.4812 0.5219 0.4567 0.5651 0.6653 

2 0.4130 0.4446 0.5018 0.5499 0.4669 0.5723 0.6676 

5 0.4227 0.4570 0.5206 0.5757 0.4690 0.5568 0.6353 

10 0.4257 0.4608 0.5263 0.5837 0.4658 0.5444 0.6199 

100 

0 0.3836 0.4075 0.4473 0.4771 0.4342 0.5336 0.6238 

1 0.4015 0.4302 0.4805 0.5211 0.4561 0.5644 0.6645 

2 0.4124 0.4440 0.5011 0.5491 0.4663 0.5716 0.6668 

5 0.4221 0.4564 0.5198 0.5749 0.4684 0.5561 0.6346 

10 0.4251 0.4602 0.5256 0.5829 0.4652 0.5437 0.6191 
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Fig. 9 Effect of gradient parameter on the deflection of 

porous S-FGM nanoplate (Pattern A) 

 

 

Fig. 10 Effect of gradient parameter on the deflection of 

porous S-FGM nanoplate (Pattern B) 

 

 

Fig. 11 Effect of power index n on the deflection of 

porous S-FGM nanoplate (Pattern A) 

 

 

Fig. 12 Effect of power index n on the deflection of 

porous S-FGM nanoplate (Pattern B) 

 

Fig. 13 Effect of nonlocal parameter on nonlinear 

bending of porous S-FGM nanoplate (Pattern A) 

 

 

Fig. 14 Effect of nonlocal parameter on nonlinear 

bending of porous S-FGM nanoplate (Pattern B) 

 

 

Fig. 9 and 10 depict the variation of non-dimensional 

deflection of porous S-FGM nanoplate in changing of 

different values of gradient parameter 
√ℓ

𝑎
  and porosity 

coefficient 𝛽 for Pattern A and Pattern B, respectively. It 

can be figured out that the variations of deflection are 

nonlinear instantaneous changes of gradient parameters. For 

a given value of 𝛽, the highest value of deflection is found 

at 
√ℓ

𝑎
= 0 , while 

√ℓ

𝑎
= 1  causes the smallest deflection 

values, the higher value of gradient parameter the lower 

values of deflection. A higher 𝛽 value leads to a higher 

deflection for a specific value 
√ℓ

𝑎
. In other words, the plate’s 

stiffness is enhanced and weakened due to the strain 

gradient effect and the porosity coefficient effect, 

respectively. In Fig. 11 and 12, the effects of aspect ratio a/h 

on the central deflection at 
√𝜇

𝑎
=

√ℓ

𝑎
= 0.1 are illustrated 

for Pattern A and Pattern B, respectively. It can be seen that 

there is a reduction in deflection from aspect ratio a/h from 

2 to 20 after this trend come to stable, and deflection is 

almost constant. With the increase in the porosity 

coefficient, the lower responses of deflection are obtained. 

Next, we study the nonlinear responses of porous S-

FGM under the effect of nonlocal, strain gradient, porosity 

coefficients, and porosity distribution. The simply-

supported plate subjected sinusoidal distributed load  𝑞 =

𝑞0 𝑠𝑖𝑛 (
𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝜋𝑦

𝑎
) is considered. Figs. 13 and 14 plot the 

450



 

Nonlinear bending analysis of porous sigmoid FGM nanoplate … 

 

Fig. 15 Effect of strain gradient parameter on nonlinear 

bending of porous S-FGM nanoplate (Pattern A) 

 

 

Fig. 16 Effect of strain gradient parameter on nonlinear 

bending of porous S-FGM (Pattern B) 

 

 

Fig. 17 Effect of porous parameter on nonlinear bending 

of porous S-FGM nanoplate (Pattern A) 

 

 

Fig. 18 Effect of porous parameter on nonlinear bending 

of porous S-FGM nanoplate (Pattern B) 
 

 

Fig. 19 The influence of porosity distribution pattern on 

the nonlinear bending for porous corresponding to 

different nonlocal parameter 

 

 

Fig. 20 The influence of porosity distribution pattern on 

the nonlinear bending for porous corresponding to 

different strain gradient parameters 
 

 

deflection 𝑤̄ =
𝑤

ℎ
 versus load parameter 𝑤̄ =

𝑞0𝑎4

(𝐸𝑚ℎ4)
 for 

different values of nonlocal parameters corresponding to 

Pattern A and Pattern B. At a specific value of load 

parameter, the nonlinear deflection increases with an 

increase in nonlocal parameter 
√𝜇

𝑎
. The variance of 

deflection is nonlinear due to the increase of load 

parameters. Unlike the nonlocal effect, Figs. 15 and 16 

present opposite deflection responses under the strain 

gradient effect. It can be observed that the higher deflection 

is due to the increase of load parameters. In contrast, the 

deflection reduces with the increase in strain gradient 

parameter at a specific value of 
√ℓ

𝑎
. As expected, this 

behavior causes by the enhancement in plate’s stiffness.  

Furthermore, the influences of porosity coefficient 𝛽 

on the load parameter versus deflection curves of porous S-

FGM nanoplate at 
√𝜇

𝑎
=

√ℓ

𝑎
= 0.1 are illustrated in Figs. 17 

and 18 for two different patterns of porosity distribution. At 

a specific load parameter value, the increment value 𝛽 

generates the higher nonlinear deflection, the highest 

deflection value is found for 𝛽 = 0.7. Also, through the 

comparison between Figs. 17 and 18, it can be seen that the 

nonlinear responses of Pattern A and Pattern B are similar 

under the influence of the porosity coefficient.   

Finally, the effects of porosity distribution pattern on 
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deflection variation with load parameter of porous S-FGM 

nanoplate corresponding to different small size coefficients 

are illustrated in Figs. 19 and 20. It is observed that Pattern 

A generates lower nonlinear deflection than Pattern B under 

nonlocal effect and strain gradient effect at a specific value 

of load parameter. It is also known that the influence of the 

small size parameter on the difference between Pattern A 

and Pattern B is insignificant. 

 
 

6. Conclusions 

 

The size-dependent numerical approach based on the 

nonlocal strain gradient elasticity theory and IGA was 

established to explore the linear and nonlinear bending 

responses of porous S-FGM nanoplate. The Von-Kármán 

strain assumption and the Reissner-Mindlin plate theory are 

utilized to establish the nonlinear global equilibrium 

equations that are solved by using the Newton-Raphson 

procedure. The influences of porosity, power indexes, 

aspect ratios, nonlocal and strain gradient parameters on the 

linear and nonlinear porous S-FGM nanoplate are 

investigated. The symmetric and asymmetric porosity 

distribution across the plate’s thickness is considered. 
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Nomenclature 

 

h, a The thickness and width of plate 

Em, Ec

 

The Young’s modulus of metal and 

Ceramic 

𝜈𝑚, 𝜈𝑐 The Poisson ratio of metal and Ceramic 

n,  Power index and porosity coefficient 

𝝉 The total stress tensor 

𝝉0 , 𝝉1  
The classical nonlocal stress and the 

higher-order stress tensors 

𝜇, ℓ 
The nonlocal parameter and gradient 

parameter. 

𝛼0 The nonlocal attenuation function 

𝛼1 The nonlocal effect corresponding 

𝝈 The local stress tensor 

ρ The mass density 

𝒖̈ The accelerator component 

b The body forces 

𝑢, 𝑣, 𝑤 
The displacement of a point in plate 

domain 

𝑢0, 𝑣0, 𝑤0 The displacements of the middle plane 

𝛽𝑥  𝛽𝑦 The rotations 

𝜀𝑥, 𝜀𝑦, 𝛾𝑥𝑦 , 𝛾𝑥𝑧 , 𝛾𝑦𝑧 The stress components 

A The number of control points 

𝐾𝐿 , 𝐾𝑁𝐿 
The general linear and nonlinear stiffness 

matrix 

𝑓 The general forces vector 

x, y, z x, y, z-coodinate 

𝐾𝑔 The geometric stiffness matrix 
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