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Abstract.  Dynamic behavior of temperature-dependent Reddy functionally graded (RFG) nanobeam subjected to
thermomagnetic effects under the action of moving point load is carried out in the present work. Both symmetric and sigmoid
functionally graded material distributions throughout the beam thickness are considered. To consider the significance of strain-
stress gradient field, a material length scale parameter (LSP) is introduced while the significance of nonlocal elastic stress field is
considered by introducing a nonlocal parameter (NP). In the framework of the nonlocal strain gradient theory (NSGT), the
dynamic equations of motion are derived through Hamilton’s principle. Navier approach is employed to solve the resulting
equations of motion of the functionally graded (FG) nanoscale beam. The developed model is verified and compared with the
available previous results and good agreement is observed. Effects of through-thickness variation of FG material distribution,
beam aspect ratio, temperature variation, and magnetic field as well as the size-dependent parameters on the dynamic behavior
are investigated. Introduction of the magnetic effect creates a hardening effect; therefore, higher values of natural frequencies are
obtained while smaller values of the transverse deflections are produced. The obtained results can be useful as reference
solutions for future dynamic and control analysis of FG nanobeams reinforced nanocomposites under thermomagnetic effects.
Keywords: higher-order shear theory; moving point load; nonlocal strain gradient nanobeams; symmetric and sigmoid
FG; thermo-magnetic analysis; temperature-dependent material
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1. Introduction

vibrations of 2D FG nonlocal
longitudinal magnetic field by using

nanobeams under
the modified

a

The growth of utilizing nanotechnology has led to
expanding the interest in micromechanical modeling,
Abdelrahman et al. (2021a, b). For dynamic analysis, Barati
et al. (2019) involved the hydrothermal influence on the
dynamic response of NSGT nanostructure beam using
analytical methods. Based on higher-order shear
deformation theory, Ebrahimi and Barati (2018) studied the
vibration of actuated nonlocal nanobeam under magneto-
electrical field and exposed to thermal environment. Safaei
et al. (2019) investigated the free vibration behavior of
polyethylene/carbo nanotube (CNTSs) plates. Azrar et al.
(2019) analyzed numerically the dynamic instability of
magneto-electro-elastic beams under static/dynamic electric
and magnetic fields. In accordance with NSGT, Jalaei et al.
(2019) studied the dynamic instability behavior of FG
nanobeam under an axial load and exposed to a magnetic-
thermal environment. Jalaei and Civalek (2019) investigated
the dynamic of viscoelastic graphene sheet under periodic
axial load including thermal effects using nonlocal strain
gradient theory. Barati et al. (2020) studied the transverse
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differential quadrature method. Alizadeh et al. (2020)
exploited the Laplace method to study vibration of the gold
microbeam resonator considering the thermoelastic
damping and Green-Naghdi thermo-elasticity theory.
Eltaher and Mohamed (2020) presented the free vibration
and instability response of curved carbon nanotube by using
doublet mechanics theory to include the size-dependency
effect.

Ahn and Rail (2021) investigated the one-dimensional
frictional contact problems including thermal effects based
on standard linear beams. Assie et al. (2021) studied the
vibration response of perforated thick Timoshenko beam
under moving load by using the Ritz method. Esen et al.
(2021 a, b) predicted the mechanical response of FG
Timoshenko microbeam and free vibration of cracked FG
nonlocal Euler nanobeam embedded rested on elastic matrix
and exposed to thermo-magnetic environment. Devarajan
(2021) used isogeometric analysis to study the free
vibration of curvilinearly stiffened laminated composite
perforated plates. Lal and Dangi (2021) presented the free
vibration of 2D FG thick nonlocal nanobeam under the
influence of surface effect.

Recognizing and influencing the motion of nano-
particles is critical for micro- and nano-assembly, micro-
fluidics, including biological and colloidal science
applications, chemical mechanical polishing, and xero-
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graphic processes, Eglin et al. (2006). Such as, nanotubes
and nanobeams may be used to transport drug materials into
targeted nano-sized molecules to change the behaviour of
cancer cells, Roudbari et al. (2020).

Yayli (2015a, b, 20164, b) studied the buckling of strain
gradient nanobeam and longitudinal vibration of hardening
nonlocal nanorods under different boundary conditions.
Yayli (2018 a, b, c¢) investigated torsional vibration of
nonlocal nanorods with elastic torsional restraints, nonlocal
nanotube embbeded in elastic médium, and torisnal
nanotube base don modified couple stress theory. Barati
(2017) developed NSGT to analyze vibration of porous FG
nanobeams under moving nanosize mass. Arefi et al. (2018)
predicted the vibration behavior of FG microbeam resting
on elastic foundations under moving mass. Rajasekaran and
Khaniki (2019) inspected a vibration response of 2D FG
microbeam with variable elastic foundation under moving
mass. Yayli (2019) presented the influance of rotational
restraints on the thermal buckling of CNTs. Esen et al.
(2020a) explored the dynamic response of perforated
Timoshenko modified couple stress microbeams under
moving loads using the finite element method. Jazi (2020)
studied nonlinear forced vibration response of elastically
connected double nanobeams subjected to a moving particle
in the framework of modified couple stress theory. Zhang et
al. (2021) predicted the snap-buckling of FG-CNTR curved
nanobeams with surface energy. Esen et al. (2021c) studied
the dynamic response of symmetrical and sigmoidal FG
Timoshenko beam rested on an elastic foundation under the
influence of moving point mass. Lu et al. (2021a, b) and
She et al. (2021a) presented size-dependent influences on
postbuckling, free vibration, and resonances of imperfected
graphene reinforced composite microtubes. Esen (2021d)
exploited the nonlocal strain gradient theory to study the
dynamic behaviors of FG nanobeam reinforced by CNTs
under moving point load. She et al. (2021b) studied the
eave propagation of FG plate under a thermal loads.
Abdelrahman et al. (2021a) used a modified nonlocal strain
gradient Timoshenko continuum model to study the size and
microstructure influences on the vibration response of
perforated nanobeams under moving dynamic loads. Ding
and She (2021) explored the snap-buckling of FG pipes
conveying fluid using higher order shear theory.
Abdelrahman et al. (2021b, c¢) presented the influences of
perforation parameters, thermal loading profile, size scale,
and speed of moving mass on the vibration amplitudes of
microbeams with perforation.

Based on the previous works and knowledge of authors,
the dynamic analysis and vibration time response of
functionally graded nanobeams under both thermal and
magnetic fields and subjected to moving load has not been
discussed before. Therefore, the current study aims to fill
this gap by presenting an analytical methodology to study
and analyze free and forced vibration behavior of
functionally graded higher-order shear deformation nano-
beams in thermomagnetic fields under moving load. The
following article has been ordered as, the theory and
formulation, kinematic relation, constitutive equations of
macro and microstructure, and governing equations of
motion are discussed in section 2. The analytical solution
methodology is derived in section 3. verification of the
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Fig. 1 The geometry of functionally graded beam
exposed to a magnetic field in a thermal environment
under moving load

present model with previous work has been proved in
section 4. In section 5, the numerical results and parametric
studies have been discussed in detail through this section.
Most findings and summarized discussion have been
highlighted in the conclusion section.

2. Theory and formulation

2.1 Functionally graded material model

Consider a functionally graded nanobeam shown in Fig.
1. The beam is exposed to a point moving load and
magnetic field in a thermal environment. It is assumed that
the material ingredients vary, in a continuous and smooth
manner, throughout the beam thickness direction. According
to the Voigt model, the volume fraction at any point through
the thickness can be expressed as Hamed et al. (2016,
2019). The power-law form is adopted to evaluate the
material distribution throughout the beam thickness. The
effective material properties can be given by Attia and
Abdelrahman (2018):

Pos =PV + PV 1)

Here, P, and P, are respectively referring to the
specific material properties of the ceramic and metal and the
volume fractions 1, and V,, are defined as follows Attia
and Abdelrahman (2018):

N 4@+ @ =1 @

@ = (543

where k (k> 0) is the power-law index refers to the material
variation throughout the thickness direction z. While V(2)
refers to the volume fraction of constituents and k is the
exponent index that controls the material distribution.

The influence of the functionally graded material
distribution through the thickness direction is investigated
by considering different types of distributions. Symmetric
power (SP-MCM and SP-CMC) and sigmoid functions are
considered. In the symmetric power (SP) ceramic-metal-
ceramic (CMC) type, the material gradation through the
thickness of the beam can be depicted by, Hamed et al.
(2016) and Avcar (2019).

SP-CMC
P(2) = Py + (P. — P) (_TZZ) (—g <z< o) 3)
P(2) = Py + (P. — P) (%)k (o <z< %)
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Table 1 Temperature-dependent coefficients for the properties of SizN4, SUS304, and Ti-6Al-4V (Reddy and Chin

1998, Touloukian 1966)

Material Property  Pa Po P2 P3 P(T=300K)
E (Pa) 0 348.43e +9 -3.070e-4 2.160e-7 -8.946e-11 3.2227e+11
. v 0 0.24 0 0 0.24
SizNa4
a (1KY 0 5.8723e-6 9.095e-4 0 0 7.4746e-06
p (kg/md) 0 2370 0 0 2370
E (Pa) 0 201.04e+9 3.079%-4 -6.534e-7 0 207.7877 e+9
v 0 0.3262 -2.002e-4 3.97e-7 0 0.3177
SUS304
a (1KY 0 12.33e-6 8.086e-4 0 0 15.32e-6
p (kg/md) 0 8166 0 0 8166
E (Pa) 0 122.56e+9 -4.586e-4 0 0 1.0570e+11
. 0 0 0.2884 1.121e-4 0 0 0.2981
Ti-6Al-4V
a (1KY 0 7.5788e-6 6.638e-4 -3.147e-6 0 6.9415e-06
p (kg/md) 0 4512 0 0 4512

where P is the material properties, such as elasticity
modulus (E), mass density (p), and Poisson’s ratio (v).
The symmetric power metal-ceramic-metal (SP-MCM)
functionally graded material model can be given by

SP-MCM
-2z k
P(2) =P+ (Pn— R) (=)
k
P@=P+E.—P) (%) (0=<z<

The sigmoid functionally graded material model is
expressed as, Melaibari et al. (2020)

Sigmoid
P@) =P+ (R -B) (1+%)" (-2<z<0) (5
PR =P +i@-p)(1-%)" (0=25Y)

The temperature dependency of the FG material
properties are assumed to be nonlinear and given by the
following nonlinear relation, Touloukian (1966):

P=P0(P_1T_1+1+P1T+P2T2+P3T3) (6)

Here, as given in Table 1, Py, P, Py, P2 and P3 are the
specific temperature (T, K) dependent material coefficients,
where =T, +AT , T, =300K, AT is the uniform
temperature rise. Note that the other linear and nonlinear
temperature distributions along the thickness are not
considered in this study. One can refer to Esen (2019),
Ebrahimi and Barati (2016a, b) for the other types of
temperature rises. The material temperature-dependent
constants are illustrated in Table 1.

2.2 Nonlocal strain gradient elasticity theory
According to the strain gradient elasticity theory, the total

normal stress, of, and shear stress, of, components at any
point are given by, Li and Hu (2016):

{aix} _ {a} 3 {Vcr,?x} %
Ungz O-J(C:Z VO_)?Z

where V refers the one dimensional differential operator
defined by V=% Laplacian operator, while %, ol,

o<, and o), are the classical and higher-order normal and
shear stress components; respectively which can be defined
as, Al-shujairi and Mollamahmutoglu (2018)

{fo} _ fn E(2)ay(x', x, eqa) L, (x)dQ
Oxz J, G@ao(x', x, e0a)yx,(x)dQ )
{O';lx} B {l,zn JE@a; (X', x,e1a) Ve, (x’)dﬂ}

Oy G [, G@)a (X', x, ,a) Vyy, (x)dQ

(8)

with V refers to the one-dimensional differential operator, a,
and «a,, respectively refer to the classical and higher-order
nonlocal kernel functions, while eya and e;a are the
nonlocality coefficients (Eringen 1983) and [, is the
material length scale parameter. Assuming e = e, = e; and
the nonlocal functions ay(x', x,e,a) and a,(x', x, e a) are
in the frame of the assumptions of (Eringen (1983), and
using the linear differential operator, the nonlocal
constitutive relations incorporating the thermal effect can be
expressed as, Lim et al. (2015), Bensaid et al. (2018):

]
2 Z)Exx sz x ©)
eI

where ¢,, and y,, are the normal and shear strain
components; respectively. a,, and AT are respectively the
thermal expansion coefficient and the temperature rise.

2.3 Kinematic and Kinetic relations

There are different types of beam and plate theories in
the literature for the shear deformation effect. In this study,
the Reddy’s third-order shear deformation model (TSDT) is
used. Based on Reddy’s beam model, the displacement field
is in the form, Najafi et al. (2017), Ebrahimi and Barati
(2018), Le et al. (2020)
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olx, t
e B LR | Hest .

u,(x,2,t) 0 1 0 b (x,0)
and u,(x,z,t) =0

Here, u,, u, and u, denote the displacements in x, y,
and z axes respectively, and wuy(x,t) and wy(x,t)
represent the mid-plane displacements in the axial and
transverse directions, and ¢(x,t) is the rotation of the
cross-section, where f(z) and g(z) are given by Rahmani,
and Jandaghian (2015)

g(Z)} { -pz* } 4

Fol~baspmlms=m @
with h refers to beam height. According to the displacement
field defined in Egs. (10) and (11), the normal and shear

strains are given by Rahmani and Jandaghian, (2015); Le et
al. (2020):

Exx % 0 uy(x,z,t) (%)2
{yxz} - 9 i {uz(x' Z, t)} +{ Y } -

62( | X @ 0 (123)
0 1 3
{ o+ zey )-I-Z?’Sxx}
O+
20 _ o 1(6%)2 W _ 2%
xx ox ax /) B XX ox’ (12b)
(3) =-f (@ + )
Exx ox dx2
6W0
(12¢)

vy = w(¢+aw°) Y=o

Constitutive relationships can be expressed as follows,
Xie et al. (2020)

Uxx 011(2) ;
sz [ 0 st(Z)] Yz e (13)
@ =15 Q@ =550

The resultant normal forces, bending moment, axial
forces, and shear forces are expressed as, Ebrahimi and
Barati (20164, b)

N 1
il [ 2 Jo
My if (f ()Z) (14)
z t
Qn = L dz xsz

and the higher-order stress resultants are given by, Al-
shujairi and Mollamahmutoglu (2018)

N 1

MM} = f{ z ]O’xdi

mr)  Jalf (@) (15)
_(df(@)

Qiizl _L dZ T)}clsz

2.4 Thermal effect and thermomechanical relations

Considering the temperature effect due to the thermal
environment, the forces, moments, and higher-order
moments resultants due to thermal load rather than the axial
direction can be neglected since the thickness and width are
small compared to length of the beams. The resultant
normal force and bending moment and higher-order
moments due to the temperature field, NT, M7, and PT
are given by, Najafi et al. (2017)

h/2
f E(z,T)a(z, T)AT(z)dz
~h/2

h/2
j zE(z,T)a(z, T)AT (z)dz (16)
~h/2

h/2
f z3E(z,T)a(z, T)AT(z)dz
—h/2

where a(z,T) and AT (z) respectively refer to the thermal
expansion coefficient and the temperature change which
can defined as, AT(z) = T(z) — Ty, in which TO is the
reference value of material with zero thermal strain. Using
Egs. (10)-(16), the resultant forces are expressed as,
Rahmani and Jandaghian, (2015)

(0)
N Ayr Bir Epq] | &xx NT
M= |Bi1 D11 Fiq (1) +iMT
p Ey;, Fy Hiy (3) pT (17)
Exx

(0)
QO _ [Ass Dss] Yxz
and {R}_ Dss  Fssl|,@
XZ
with
[A11 Byy Eyy Din Fy H11]=
fAQn(Z)[l z z> 73 z* z°]dA

(18)
[Ass  Dss FSS]ZJQGG(Z)[l z2 z*]dA

2.5 Magnetic effect

Assume that the considered microbeam is exposed to the
magnetic field. Maxwell’s equations are employed to
incorporate the magnetic field effect, (Arani and Jalaei
2017). Employing the Maxwell’s equations, magnetic field
vector (h) current density vector (J), magnetic field
permeability (n), electric field vector (e), and magnetic field
density (H) are described as, Esen et al. (2021b)

oh
J=VxXx h, VXC=—UE, V.h=0 (19)
ou
e=—n(EXH),h=Vx (U x H) (20)

where, U = ui + v] + wk, is the displacement field vector.
Assuming longitudinal magnetic field affecting the
microbeam is a vector, with H = fo, the magnetic field is
described by, Esen et al. (2021a), Sobhy and Zenkour
(2018):
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h=—H (av+aw)*+H 0,2 K 21

Due to the magnetic field, the Lorentz force is given by:

fm = fmxf+ fmyj)+ fsz = TI(IX H)

- oty o'y 0w
! 27 52 Y 3y02)]

=1 B 62W+62W+ 0%v v
*\ox2z 09z%2 0yoz

(22)

Assuming that Lorentz force, f,, applies in the
transverse z direction only, thus, Eq. (23) can be rewritten as
12 62W+62W+ 0%v

fmz = 1 0x%2 9z%2  0yoz

Using Egs. (10) and (23), the Lorentz force is derived
as:

(23)

= nhH? (?;;Z nhH? gzw (24)
2.6 Dynamic equations of motion
Using Hamilton principle, Lin et al. (2020)
tz(aus + 68U, — 6T +6V)dt =0 (25)

t1l

with 8U; refers to the variation of strain energy which can be
expressed as, Ebrahimi and Barati (2016), Al-shujairi and
Mollamahmutoglu (2018)

85U —f Jo(TixGesy + 15,8V, + 0 V8ex, +
h V8y,,)dQdt = fo Jo (05 8y + T2, 8Y5,)dQdt + (26a)
L
Iy (b + T 872, dA] dt

651{0 _ 626 aZSWO

l w
SUS:fO(Na MEZe 4 My, (S50 -
a8 as s
) (5 5¢)>dx+[IA <N’l%"— (26b)
L
p 928w n (926w aa_¢ aswy
M= +Mh(ax2 )+Qh( ax 6¢))L

dUm refers to the variation of strain energy due to
thermal effect which can be expressed as, Al-shujairi and
Mollamahmutoglu (2018)

Oowg 06wg
SUpp =—J; (CE((Z))AT - ) 260
C(z) = fA — a(z)dA

with AT is the temperature rise and a(z) refers the effective
thermal expansion coefficient. On the other hand, the
variation of the total kinetic energy which 8T can be given by

8T = [, [, p(2)[(itcS1ty + 11,61,)] dAdx =

2 (27)
f [1 (Buo ddug +6ﬂ68w0) Ny (aﬂa Swy +
0\at ot at ot 1\ 8t oxot

32w d6u 9%wq 926w, dug (926w 8
_0_0) +1 (_0_0) +1 {_0(_0 — _4’) +
axdt ot dxdt 9xdt at \ axat at

65u0(02w0 a¢)} I{azwo(azawo as¢)+
at \axat ot 4 Loxat \ axot at

3%26wq (92w, d %w d %86w, 68
2G5+ 15 (G = 50) (G = 5 @
dxdt \9xdt ot dxdt ot dxat at

With the inertia coefficients, Xie et al. (2020);

(10!11112113114115 ) = fA p(Z) X
(L2 f(2),2%,2f (2),(f (2)) *)dA

The variation of the work done by applied external
mechanical and magnetic loads is expressed in the
following form:

ov = Jy (P[5 + S 5] + aowo +
aWo

fuq) dx + [, (nhHE S )Wo(x, £)Swodx

where Py is the applied axial buckling load and g and f are
respectively the transverse and axial distributed loads per unit
length. Additionally, if the nanobeam is subjected to a
moving point load q(t), the potential of the moving load is
given by, (Nguyen et al. 2017)

(28)

dwg 68w0

(29)

V) = f q(t)Swy(x, t)5(xp — vt)dx (30)

where 8(.) is the Dirac delta function, and X is the abscissa,
measured from the left end of the beam. Applying the
Hamilton’s principle and evaluating the integral and setting
each coefficient of du,, dwyand &¢ to zero, the equations
of motion based on the third order higher-order shear
deformation beam theory are:

auo

oN
E‘i—f_ 0 at2 +(11

2
TU T 0% g5 (xp — vt) — (P + C(2) +

) 63W0 aqu

axat2 2 g2

ax2
92 92 93
nhHZ) a:“;’ = I a:§°+ (h = L) 5=% = (s — 2, + (31)
atwg 3¢
S wrr axZatZZ + s~ 1s) axgtz
My _ 0% 33w, 9%¢
e e R U o re Rt v

To write the differential equations of motion in terms of
displacements, the following relations for the stress
resultants in terms of displacements are obtained by
substituting from Eqgs (10), (12), (14), and (15) into Eq. (6)
results

(1= a2 SN = (1-122) (A0 22+
(4, - AL — a¢)

2 dx
(1- (ea)2£) M= ( _p ) (A0 22 + (4, -
PRENN (323)

(1- 0 7z) en =60 (1~ 1h35) (52~ 0)
(1~ (ea)? Z)Mh—(l—l,znaax)(/l o _ g
4055~ 4557)
with

[AO Al AZ A3 A4_ As] (32b)
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= [0u@It 7 f&) 2 6 (@) lda

d
Go = f Qés(z)< ! (Z)) dA

Eq. (33a) can be expressed in terms of the displacement
field as:

= (ea)® (10 axaes * (h ~

9*wq 3¢
L)—5—1 -
0x20t? dx0t?

of 2 a dug 92 WO
a) (1=t 3) (Ao Gt (e = 4) T2 = A, 5%)
M =
92w, 23u, 3*wo 3¢
(ea)? hhom thoyget (s = )6x26t2 - 14 axarz "
—q6(xp (32¢)
82 a 92 a
(1-122) (4022 + (A4 4g) 22— 4, f)

o a5
O = (ea)? (—L 0 ;;‘;2—<15—14)F§;+
0%u, a3 WD
[ -2 ) (1_12 62) A ax2 - WUs—A) TS
ax?ot? As ¢ LG, (% ¢)

Substitute Egs. (32c) into Eqs. (31), the following
differential equations of motion in terms of displacement
field are obtained:

a 63WO
<1_(ea)2 9° )/ U +(:1 )6x6t2\+
\ +1, at(f +f

%u, a3 wo
(1 -2 62)(‘4" ot A=A 53

m g,z 2¢
_AZ dx?
_ 92w, _ 3uq o4 _0%wg
lo at? L axdt? - axzatz
92 %P
(1 — (ea)? @) +ly5—=+q8(xp — vi) + (33)

~(P, + C(2)AT + nhHZ) it
(1=t 3) (4 S+ (A - A3>"W° =

™ 9x2 As 6x3

= teay? 22 (1, B y 2wy _
(1 (ea) 6x) L5e at? +Us - axatz s Btz)

.y auo_( A)awo
(1_1%%)< :1562 +Go(aW04_¢) >=0

0x? ax

Moreover, the corresponding boundary conditions at x =
0 and x = L as follows:

Sug(N)=0=>N=0 or up=0 &"%(N’l):

0= NP=0 or Zo—
ox

oM M

wo (S ah+Qh+(P+C(Z)AT)—)_0

oM M,

=>———+40Q,+ (P, +C(z)AT)——00rw0—0
ox 0x
Adw, w, 326w, 34
O(M)—O:W_OO M=0& °(M")—0( )
BZW h

a—Z—OOT'M =0

(T -2 =022 2 =g or Mh =
0&5(%_¢)(Qh+Mh)_0=>——¢—0OTQh

Mh=0

3. Analytical solution methodology

Consider a simply supported beam subjected to a
moving point load. In addition to the mechanical moving
load, the beam is exposed to magnetic field and uniform
temperature rise of AT. Navier’s approach will be employed
to obtain the natural frequency of the free vibration
response and the transient displacement time response of
forced vibration under moving point load. For the simply
supported boundary conditions, For the classical boundary
conditionsin Eq. (34) (at x =0 and x = L)

N=0,w,=0 M=0 (35)

And for non-classical boundary conditions (at x =0
and x =1)
dug ¢
— =0, h =0, — =0 36
0x Qxz 0x (36)
Assuming the vibration solution is periodic in time, the
displacements are in the following form:

uy(x, t) U, cos fx e'@nt
wo(x,t) ¢ =X, { W, sin Bx el¥nt b B = (nL—n) (37)
$o(x,t) ®,, cos fx elnt

where i=+v—-1, and w, is the natural vibration

frequencies. For any U,, W,, and @, the series solution
(37), the spatial dependent trigonometric orthogonal
functions satisfy the kinematic boundary conditions.

N Un 0
Z[[K] — w3[M]] {g/n} = {—q} (38)

0

Neglecting the effect of external force, the following
Eigenvalue equation is derived.

[K — w;M]{d} = {0} (392)

Here, {d} = [U, W, &,]T are the unknowns to be
determined K and M are stiffness and mass matrices,
respectively. These matrices are described as follows:

K

AoB? (A, —ADB? Ap7
Py
= ;| —AB® (A5 —ADB* + o | +C(2)AT AL [(39b)
+nhH?
_Azﬁz —((A5 - A4)ﬁ3 + Goﬁ) (Asﬁz + Go)

Iy _.B(Il - 12) —I,

M=c |-LB Io—B*Us—13) LB (39c)
-1, —(s — LB Is

1 =1+ (ea)?B? ¢, =1+ 12> (39d)

For the forced vibration response of the FG Reddy
nanobeam, substituting Eq. (37) into (33) one can derive the
following equation:

Md+Kd=q (40)

where q is the external force vector and it can be defined
according to the type of the transverse load q(x) as given
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Table 2 Comparison of the first frequency parameter (A1) for the simply supported FGM beam with Al203 and Al
Fundamental frequency, A1
Power-law exponent k
Refs. L/h=10 L/h=30 L/h =100
Present 2.8028 2.8436 2.8485
0 Nguyen et al. (2013) 2.7970 2.8430 2.8480
Sina et al. (2009) 2.8026 2.8438 2.8486
Esen (2019) 2.8027 2.8458 2.8488
Present 2.6993 2.7367 2.7418
03 Nguyen et al. (2013) 2.6950 2.7370 2.7420
Sina et al. (2009) 2.6992 2.7368 2.7412
Esen (2019) 2.6953 2.7361 2.7421
Table 3 Comparison of the maximum mid-span responses to a load moving at constant velocities, for FGM beams.
Source SUS304 k=0.2 k=05 k=1 k=2 k=5 Al203
(132m/s) (222m/s) (198 m/s) (179m/s) (164 m/s) (164 mis) (252mls)
Present 1.7316 1.0336 1.1435 1.2690 1.3365 1.6314 0.9326
Simsek and Kocatiirk (2009) 1.7324 1.0344 1.1444 1.2503 1.3376 - 0.9328
Khalili et al. (2010) 1.7301 1.0333 1.1429 1.2486 1.3359 - 0.9317
below, Reddy (2007):
0
q= {Q%cl} (41) M= (44)

The external load can be expanded in Fourier series and
the term Q,, is defined as follows:

X

q(x) =Y, 0, sin% with

_sz sy
Qn—L S q(x) sin .

(42a)

For point load at x,, the external load is defined as
q(x) = qo6(x — x,), and Q,, is derived as:

Qn = Tsin (nL—n) xp,n=1,2,3,..

L yields 2F  nm 123 (42b)
=5 — =7 - = e
Xp 2 n Lsmz,n ,2,3,
For uniform load
4
q(x) =qo, Qn = ﬁ,n =1,3,5,.. (43)

4. Model verification

To check and verify the accuracy of the developed
procedure to investigate the dynamic behaviour of
functionally graded beams, consider a simply supported
functionally graded beam made of aluminium and Alumina,
and the following material properties are used: Alumina
(ceramic): Ec = 380 GPa; p. = 3800 kg/m? o, = 0.23.
Aluminum (metal): En= 70 GPa; pm= 2700 kg/m?; vy = 0.23

4.1 Verification of free vibration
The developed numerical procedure is applied to obtain

the fundamental frequency. The normalized frequency
parameter, A, defined as

The same problem was previously analyzed by Nguyen et
al. (2013), Sina et al. (2009), and Esen (2019) for the
same material properties and geometric parameters. The
developed procedure is applied to detect the normalized
fundamental frequency for different values of graduation
index, k, and beam aspect ratio, (L/h). Comparing results
obtained by the developed procedure and those obtained in
literature, it may be observed that good agreement is obtained
as depicted in Tables 2 and 3.

5. Numerical

The applicability of the developed procedure to study
and analyze the thermomagnetic dynamic behavior of
functionally graded nanosized beam structures under
moving load is to be demonstrated in this section. Consider
a simply supported functionally graded Reddy beam having
he following material and geometrical characteristics: En=

70 GPa, pn= 2700 kg/m?, vm= 0.3, Ec= 380, G, = —m

2(1+vm)

GPa, pe = 3960 kg/m?, v.= 0.3, G, = —<— L = 10° m,

2(1+ve)
beam aspect ratio, % = 10 otherwise stated. Both free and

forced vibration behaviours are investigated. Effects of
functionally graded material distribution, nonclassical
parameters, magnetic field, as well as temperature variation
are investigated and discussed.

5.1 Free vibration analysis

To investigate the effect of the FGM properties
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Table 4 Comparisons of dimensionless frequencies of MCM FGM nanobeams for k and L/h, nonlocal and size
parameters: e;a = [, = 0. Temperature increase and dimensionless magnetic field AT = H* =0
M A2 A3

k L/h=10 L/h=30 L/h=100 L/h=10 L/h =30 L/h =100 L/h =10 L/h =30 L/h =100
0 9.7058 9.8510 9.8671 37.0738 39.1822 39.4520 78.0639 87.3526 88.6875
0.1 9.5609 9.7009 9.7189 36.5516 38.5905 38.8495 77.0529 86.0490 87.3413
0.3 9.3799 9.5143 9.5307 35.8929 37.8526 38.1022 75.7612 84.4194 85.6578
0.7 9.2235 9.3542 9.3678 35.3161 37.2175 37.4597 74.6084 83.0126 84.2137
1 9.1829 9.3127 9.3301 35.1626 37.0526 37.2918 74.2937 82.6464 83.8414
9.1843 9.3148 9.3317 35.1604 37.0601 37.3051 74.2719 82.6586 83.8627
9.3269 9.4609 9.4734 35.6878 37.6394 37.8864 75.3337 83.9422 85.1812
10 9.4616 9.5982 9.6162 36.1948 38.1848 38.4425 76.3761 85.1544 86.4143

Table 5 Comparisons of dimensionless frequencies of CMC FGM nanobeams for k and L/h, nonlocal and size

parameters: eqa = l,, = 0. Temperature increase and dimensionless magnetic field AT = H* =
M A2 A3

k L/h=10 L/h=30 L/h=100 L/h=10 L/h =30 L/h =100 L/h=10 L/h =30 L/h =100

0 9.7111 9.8513 9.8679 37.1466 39.1917 39.4524 78.3602 87.4006 88.6944

0.1 9.8134 9.9557 9.9741 37.5321 39.6056 39.8707 79.1498 88.3214 89.6330

0.3 9.9650 10.1112 10.1280 38.0919 40.2214 40.4906 80.2675 89.6852 91.0302

0.7 10.1391 10.2910 10.3086 38.7198 40.9322 41.2175 81.4812 91.2524 92.6513

1 10.2070 10.3618 10.3800 38.9591 41.2110 41.4972 81.9284 91.8638 93.2903

10.2761 10.4348 10.4562 39.1894 41.4973 41.7897 82.3235 92.4854 93.9486

5 10.1885 10.3467 10.3637 38.8477 41.1459 41.4397 81.5927 91.6974 93.1578

10 10.0446 10.1994 10.2178 38.3155 40.5613 40.8515 80.5256 90.4023 91.8284

Table 6 Comparisons of dimensionless frequencies of SIGMOID FGM nanobeams for k and L/h, nonlocal and
size parameters: eya = L, = 0. Temperature increase and dimensionless magnetic field AT = H* = 0
M A2 A3
L/h=10 L/h=30 L/h=100 L/h=10 L/h=30 L/h =100 L/h=10 L/h=30 L/h =100
9.70997 9.85157 9.86799 37.14474  39.19514  39.45338 54.43583 87.43498  88.70539
0.1 9.70893 9.85155 9.86797 37.14031  39.19511  39.45330 54.41754  87.43486  88.70517
0.3 9.70364 9.85149 9.86785 37.11781  39.19500  39.45287  54.32517 87.43430  88.70404
0.7 9.69173 9.85134 9.86759 37.06683  39.19472  39.45190 54.11906 87.43297  88.70143
1 9.68462 9.85124 9.86743 37.03624  39.19453  39.45132 53.99749 87.43212  88.69987
9.67069 9.85104 9.86710 36.97600 39.19414  39.45015  53.76262 87.43036  88.69675
5 9.65903 9.85086 9.86683 36.92525 39.19378  39.44916  53.56925 87.42878  88.69409
10 9.65562 9.85080 9.86675 36.91032  39.19367  39.44886  53.51314 87.42829  88.69330

Table 7 Comparisons of dimensionless frequencies of MCM FGM nanobeams for k and L/h, nonlocal and size
parameters: e,a = 1nm?,1,, = 0. Temperature increase and dimensionless magnetic field AT = H* =0
M A2 A3
k L/h=10 L/h=30 L/h=100 L/h =10 L/h =30 L/h =100 L/h =10 L/h =30 L/h =100
9.2596 9.3979 9.4147 31.3916 33.1769 33.4042 56.8093 63.5688 64.5403
0.1 9.1214 9.2550 9.2709 30.9494 32.6759 32.8963 56.0735 62.6201 63.5596
0.3 8.9487 9.0770 9.0947 30.3917 32.0509 32.2603 55.1335 61.4344 62.3355
0.7 8.7995 8.9243 8.9372 29.9033 31.5132 31.7183 54.2945 60.4107 61.2837
1 8.7607 8.8846 8.8992 29.7733 31.3737 31.5762 54.0655 60.1439 61.0154
2 8.7620 8.8866 8.9045 29.7714 31.3798 31.5856 54.0497 60.1529 61.0292
5 8.8981 9.0259 9.0395 30.2180 31.8706 32.0797 54.8224 61.0870 61.9902
10 9.0266 9.1570 9.1741 30.6473 32.3322 32.5489 55.5810 61.9694 62.8860
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Table 8 Comparisons of dimensionless frequencies of CMC FGM nanobeams for k and L/h, nonlocal and size
parameters: e,a = 1nm?,1,, = 0. Temperature increase and dimensionless magnetic field AT = H™ =0

AL A2 A3

k L/h=10 L/h=30 L/h=100 L/h=10 L/h =30 L/h =100 L/h=10 L/h =30 L/h =100

9.2647 9.3984 9.4127 31.4532 33.1849 33.4057 57.0248 63.6037 64.5453

0.1 9.3623 9.4981 9.5140 31.7796 33.5356 33.7599 57.5995 64.2739 65.2284
0.3 9.5068 9.6461 9.6624 32.2537 34.0567 34.2863 58.4128 65.2663 66.2451
0.7 9.6730 9.8177 9.8330 32.7854 34.6588 34.8985 59.2960 66.4067 67.4264
9.7378 9.8854 9.9028 32.9880 34.8948 35.1370 59.6215 66.8518 67.8899

9.8037 9.9553 9.9755 33.1829 35.1372 35.3884 59.9090 67.3042 68.3723

5 9.7202 9.8710 9.8893 32.8937 34.8397 35.0894 59.3772 66.7304 67.7934

10 9.5829 9.7304 9.7469 32.4430 34.3448 34.5914 58.6006 65.7882 66.8260

Table 9 Comparisons of dimensionless frequencies of SIGMOID FGM nanobeams for k and L/h, nonlocal and
size parameters: eya = 1nm?,1,,, = 0. Temperature increase and dimensionless magnetic field AT = H* =

M A2 A3

L/h=10 L/h=30 L/h=100 L/h=10 L/h=30 Lh=100 L/h=10 L/h=30 L/h=100
9.25710  9.39309 9.40874 35.41190 37.37107 37.61724  51.88509  83.36587  84.57707

0.1 9.25206  9.39303 9.40863 35.39044  37.37096  37.61684  51.79702 83.36533  84.57598
0.3 9.24070  9.39288 9.40837 35.34183  37.37070  37.61591  51.60050 83.36406  84.57349
0.7 9.23392  9.39279 9.40822 35.31267 37.37052  37.61536  51.48459 83.36325 84.57201
1 9.22064  9.39260 9.40791 35.25524  37.37015  37.61424  51.26064 83.36158  84.56903
9.20953  9.39242 9.40765 35.20685 37.36980  37.61329  51.07628 83.36007  84.56650
9.20627  9.39237 9.40758 35.19261  37.36969  37.61301  51.02277 83.35961  84.56575

10 9.25809  9.39310 9.40876 35.41612  37.37110 37.61732  51.90253 83.36598  84.57727

Table 10 Comparisons of dimensionless frequencies of MCM FGM nanobeams for k and L/h, nonlocal and size
parameters:e,a = 0,1, = 1nm?2. Temperature increase and dimensionless magnetic field AT = H* =0

M A2 A3

k L/h=10 L/h=30 L/h=100 L/h =10 L/h =30 L/h =100 L/h =10 L/h =30 L/h =100
10.1735 10.3251 10.3427 43.7845 46.2748 46.5916 107.2709  120.0348  121.8782

0.1 10.021 10.1687 10.1884 43.1678 45.5758 45.8824 105.8816  118.2432  120.0186
0.3 9.8319 9.9728 9.989%4 42.3898 44.7044 45.0007 104.1066  116.0040 117.7090
0.7 9.6680 9.8047 9.8219 41.7086 43.9540 44.2391 102.5225  114.0705 115.7246
9.6254 9.7611 9.7769 41.5274 43.7595 44.0460 102.0900  113.5678 115.2147

9.6268 9.7635 9.7805 41.5247 43.7682 44.0516 102.0601  113.5844  115.2384

9.7763 9.9170 9.9359 42.1476 44.4529 44,7439 103.5192  115.3482 117.0547

10 9.9175 10.0608 10.077 42.7464 45.0967 45.3989 104.9517  117.0140 118.7476

graduating the FGM between 0 and 1 (0 < k < 1) decreases
the classical nondimensional frequency parameter for all
vibration modes at all values of beam aspect ratios. On the
other hand, the nondimensional frequency parameter

distribution throughout the nanobeam thickness, the
nondimensional natural frequencies of the 1st three
vibration modes are detected using the developed procedure
for nanobeams made of symmetric metal-ceramic-metal

(MCM), symmetric ceramic-metal-ceramic (CMC), and
Sigmoid FGM.

5.1.1 Effect of the nonclassical parameters
The dependency of the classical nondimensional natural
frequencies on the material graduation parameter for MCM,

increases with increasing k for k > 1 due to increasing beam
stiffness. The absolute relative percentage change in the
nondimensional frequency parameter between k = 0 and k =

1 can be expressed as %A;x—g—k=1) = |w x 100.

Aitk=1)
This percentage change reaches about 5.7%. while the
smaller values of this absolute relative percentage change

CMC, and Sigmoid material distributions is respectively between k = 1 and t k = 10, %Ad=1ok=10) =
illustrated in Tables 4-6. It may be noticed that for |)1,-(k=10)—/1i(k=1) % 100. It reaches about 3%. Additionally. it
symmetric metal-ceramic-metal (MCM) FGM beams Ai(k=1) ' > Y
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Table 11 Comparisons of dimensionless frequencies of CMC FGM nanobeams for k and L/h, nonlocal and size
parameters:e,a = 0,1, = 1nm?2. Temperature increase and dimensionless magnetic field AT = H* = 0

AL A2 A3

L/h=10 L/h=30 L/h=100 L/h=10 L/h =30 L/h =100 L/h=10 L/h =30 L/h =100

0 10.1791 10.3259 10.3421 43.8705 46.2862 46.5934 107.6780  120.1007  121.8787
0.1 10.2863 10.4354 10.4524 44.3258 46.7749 47.0873 108.7631  121.3660  123.1655
0.3 10.4452 10.5983 10.6143 44.9869 47.5020 47.8209 110.2989  123.2400 125.0866
0.7 10.6277 10.7871 10.8061 45.7285 48.3414 48.6741 111.9666  125.3934  127.3200
10.6989 10.8612 10.8802 46.0111 48.6708 49.0123 112.5812  126.2333  128.1934
10.7713 10.9376 10.9581 46.2831 49.0094 49.3561 113.1241  127.0881  129.0968
10.6795 10.8456 10.8638 45.8795 48.5940 48.9388 112.1200 126.0051  128.0101

10 10.5287 10.6911 10.7096 45.2510 47.9035 48.2392 110.6536  124.2255  126.1826

Table 12 Comparisons of dimensionless frequencies of SIGMOID FGM nanobeams for k and L/h, nonlocal and
size parameters:e,a = 0, 1,,, = 1nm?. Temperature increase and dimensionless magnetic field AT = H™ = 0

M A2 A3

k L/h=10 L/h=30 L/h=100 L/h=10 L/h=30 Lh=100 L/h=10 L/h=30 L/h=100
0 10.18390 10.33241 10.34964 3895773 41.10821  41.37905 57.09278 91.70258  93.03499
0.1 10.18281 10.33240 10.34962  38.95308 41.10818  41.37897 57.07359 91.70246  93.03478
0.3 10.17727 10.33233 10.34949  38.92949 4110806 41.37852 56.97672 91.70186  93.03358
0.7 10.16477 10.33217 10.34921  38.87602 41.10776 4137750 56.76055 91.70047  93.03084
10.15731 10.33207 10.34904  38.84394  41.10757 41.37689  56.63305 91.69958  93.02921
10.14270 10.33186 10.34871  38.78076 41.10716  41.37567 56.38671 91.69773  93.02594
10.13048 10.33167 10.34842  38.72753 4110678 41.37462  56.18391 91.69608  93.02315

10 10.12690 10.33161 10.34833  38.71187 4110667 41.37431  56.12505 91.69557  93.02232

is observed that the frequency parameter increases with
increasing the beam aspect ratio and vibration modes while
insignificant effect of beam aspect ratio and vibration mode
on AJ; is observed; almost same values are detected for all
vibration modes at all values of L/h.

Considering CMC FGM nanobeams, increasing the
material graduation parameter results in increasing the
nondimensional frequency parameters due to increasing the
overall system stiffness for all vibration modes and beam
aspect ratio, see Table 5. The absolute relative percentage
change in the nondimensional frequency parameter between
k=0tok=10; %AA;,=0-k=10) reaches 3%. Additionally,
this percentage is insignificantly affected by either vibration
mode or beam aspect ratio.

On contrary to that observed in CMC FGM beams,
increasing the material graduation parameter for sigmoid
FGM results in decreasing the nondimensional frequency
parameter due to decreasing the overall system stiffness. On
the other hand, smaller values of %AA;(=p-k=10) are
detected compared with those observed for MCM and CMC
beams; it reaches 1.7% at L/h = 10 for the third vibration
mode.

Neglecting the microstructure effect, the introduction of
the nonlocality effect results in material softening thus
smaller values of the nondimensional frequency parameters
are detected compared with the corresponding classical
cases for all functionally graded materials (FGM)

distributions; as indicated in Tables 7-9. On the other hand,
insignificant effect is observed for the nonlocal parameter
on %AA;; almost the same percentage of the classical cases
are detected.

On the other hand, if the nonlocality effect is neglected
and considering the microstructure effect only, variations of
the nondimensional frequency parameter with k for
different FGM material distributions are shown in Tables 10
and 11. It is observed that incorporating the microstructure
effect increases the overall system stiffness consequently
larger values of the nondimensional frequency parameters
are obtained compared with the corresponding classical
cases for all material distributions. Also %A4i is
insignificantly affected by incorporating the microstructure
length scale parameter.

5.1.2 Magnetic field effects

The dependency of the frequency parameters on the
magnetic field for the first three vibration modes at different
beam aspect ratios for MCM and CMC FGM distributions
is respectively depicted in Tables 13 and 14. It is observed
that the introduction of the magnetic effect decreases the
system flexibility thus large values of the nondimensional
frequency parameters are produced for all beam aspect
ratios at all vibration modes. The relative percentage
difference of the nondimensional frequency parameter,

%AN; = [%] x 100 significantly affected by



Table 13 Comparisons of dimensionless frequencies of MCM FGM nanobeams for dimensionless magnetic field
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and L/h, nonlocal and size parameters:eja = [,,, = 0. Temperature increase AT =0,k =0.5

AL A2 A3
H L/h=10 L/h=30 L/h=100 L/h=10 L/h =30 L/h =100 L/h=10 L/h =30 L/h =100
0 9.2799 9.4115 9.4288 35.5255 37.4461 37.6895 75.0304 83.5203 84.73654
1 9.9908 11.4017 15.0690 36.2722 39.5903 44.4218 75.8096 85.7060 91.77803
2 10.6544 13.0926 19.1115 37.0038 41.6241 50.2585 76.5809 87.8372 98.31539
3 11.2790 14.5889 22.4371 37.7212 43.5631 55.4837 77.3444 89.9181 104.4433
4 11.8707 15.9453 25.3306 38.4253 45.4195 60.2575 78.1005 91.9518 110.2350
5 12.4344 17.1951 27.9259 39.1166 47.2027 64.6813 78.8492 93.9415 115.7335

Table 14 Comparisons of dimensionless frequencies of CMC FGM nanobeams for dimensionless magnetic field

and L/h, nonlocal and size parameters:eqa = [, = 0. Temperature increase AT = 0,k=0.5

M A2 A3
H L/h=10 L/h=30 L/h=100 L/h=10 L/h=30 Lh=100 L/h=10 L/h=30 L/h=100
0 10.0680  10.2172 10.2356 38.4655 40.6416 40.9219 80.9952 90.6123 91.9896
1 10.6431  11.8461 14.9875 39.0703 42.3694 46.4097 81.6326 92.3698 97.6723
2 11.1886  13.2766 18.5612 39.6659 44,0294 51.3170 82.2650 94.0944 103.0458
3 11.7088  14.5675 21.5493 40.2527 45.6293 55.7916 82.8926 95.7880 108.1508
4 12.2068  15.7526 24.1716 40.8310 47.1749 59.9343 83.5154 97.4521 113.0288
5 12.6853  16.8547 26.5367 41.4013 48.6714 63.8086 84.1337 99.0883 117.7001

Table 15 Comparisons of dimensionless frequencies of MCM FGM nanobeams for temperature increase AT and
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L/h, nonlocal and size parameters and dimensionless magnetic field: eja = 1,,, = H* =0, k=0.5
A A2 A3
AT L/h=5 L/h =10 L/h =20 L/h=5 L/h=10 L/h =20 L/h=5 L/h=10 L/h =20
0 8.8813 9.2799 9.3907 30.9667 35.5255 37.1199 59.5023 75.0304 81.9531
25 8.8327 9.0816 8.5659 30.9176 35.3310 36.3264 59.4486 74.8369 81.1691
50 8.7814 8.8718 7.6243 30.8637 35.1256 35.4876 59.3876 74.6287 80.3448
75 8.7272 8.6500 6.5161 30.8049 34.9090 34.6001 59.3195 74.4056 79.4792
100 8.6702 8.4151 5.1348 30.7413 34.6811 33.6605 59.2442 74.1677 78.5709
125 8.6104 8.1661 3.1384 30.6728 34.4418 32.6645 59.1618 73.9148 77.6187
the magnetic field, this percentage increases with increasing sigmoid distribution.
beam aspect ratio while smaller percentages are detected at The relative percentage  difference of  the
higher vibration modes. At the first vibration mode, nondimensional frequency parameter, %AA; =

%AA, reaches 34% for MCM and 26% for CMC at L/hv
= 10 these percentage increases and reach 196.18% for
MCM and 159.26% for CMC at at L/h = 100. On the other
hand, these percentage are decreased in the third mode and
reach 5.09% for MCM and 3.9% for CMC at L/h = 10 and
36.6% for MCM and 28% for CMC at L/h = 100.

5.1.3 Temperature effect

Variations of the nondimensional frequency parameter
on the temperature rise, AT at different beam aspect ratios
for different FGM material distributions are illustrated in
Tables 15-17. Generally, increasing temperature results in
material relaxation leading to decreasing the non-
dimensional frequency parameters. Comparing the different
FGM materials distributions, CMC distribution results in
higher values of the nondimensional frequency parameter
due its higher stiffness compared with both MCM and

[(M)AT:HS—(M)AT:o
(A)ar=0
rise, this percentage increases with increasing beam aspect
ratio, (L/h) and decreases with increasing vibration mode.
At the first vibration mode, %AA, reaches 3% for MCM,
2% for CMC, and 5% for Sigmoid at L/h = 10 these
percentage increases and reach 67% for MCM, 55% for
CMC, and 73% for Sigmoid at L/h = 100. On the other
hand, these percentage are decreased in the third mode and
reach 0.6% for MCM, 0.4 for CMC and 1.6% for sigmoid at
L/h =10 and 5.3% for MCM, 3.6% for CMC, and 8.8% for

sigmoid at L/h = 100.

] x 100 greatly affected by the temperature

5.1.4 Coupled thermomagnetic effect on the
frequency parameters

Dependencies of the nondimensional frequency
parameters on the temperature rise for the lowest three
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Table 16 Comparisons of dimensionless frequencies of CMC FGM nanobeams for temperature increase AT and
L/h, nonlocal and size parameters and dimensionless magnetic field: eja = [, = H* =0, k=0.5

A A2 A3

AT L/h=5 L/h =10 L/h =20 L/h=5 L/h=10 L/h =20 L/h=5 L/h=10 L/h =20
0 9.6163 10.0680 10.1934 33.3048 38.4655 40.2721 63.4654 80.9952 88.8368
25 9.5776 9.9215 9.6045 33.2585 38.3105 39.6860 63.4094 80.8266 88.2370
50 9.5386 9.77058 8.9647 33.2132 38.1546 39.0822 63.3550 80.6598 87.6281
75 9.4994 9.6150 8.2623 33.1688 37.9979 38.4603 63.3023 80.4947 87.0098
100 9.4601 9.4548 7.4801 33.1255 37.8404 37.8193 63.2513 80.3314 86.3819
125 9.4205 9.2895 6.5896 33.0831 37.6821 37.1583 63.2019 80.1699 85.7445

Table 17 Comparisons of dimensionless frequencies of SIGMOID FGM nanobeams for temperature increase AT

and L/h, nonlocal and size parameters and dimensionless magnetic field: eqa = [, = H* =0, k=0.5
A A2 A3
AT L/h=5 L/h=10 L/h =20 L/h=5 L/h=10 L/h =20 L/h=5 L/h=10 L/h =20
0 9.2081 9.6974 9.8048 26.4563 37.0913 38.8474 32.2207 54.2176 85.7885
25 9.1220 9.3513 8.8956 26.4626 36.7416 37.4608 32.1261 54.2193 84.4012
50 9.0324 8.9828 7.8558 26.4654 36.3796 35.9851 32.0284 54.2200 82.9560
75 8.9394 8.5892 6.6244 26.4647 36.0049 34.4089 31.9275 54.2198 81.4501
100 8.8429 8.1668 5.0638 26.4605 35.6171 32.7179 31.8237 54.2185 79.8801
125 8.7427 7.7110 2.6444 26.4528 35.2159 30.8936 31.7167 54.2162 78.2424
100 ea= Im=0, h=L/20, k=0.5, MCM ea= lm:O, h=L/20, k=0.5, CMC
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Fig. 2 The effect of the magnetic field intensity for improving the thermal behavior of FGM nanobeams for different

material distributions

vibration modes at different values of the nondimensional
magnetic field for different FGM distributions for classical
and nonclassical analysis are depicted in Fig. 2. As stated
previously, incorporating thermal effects results in material
relaxation thus decreases the nondimensional frequency
parameters for all material distribution at all vibration

modes. Moreover, the introduction of the magnetic effect
increases the system stiffness which results in larger values
of the nondimensional frequency parameters. On the other
hand, incorporating the coupled thermomagnetic effect
results in decreasing the nondimensional frequency
decreasing rate with temperature especially at lower
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vibration modes and high temperature rise. Comparing the
FGM distributions, sigmoid FGM produces a larger
decreasing rate in the nondimensional frequency parameters
compared to both CMC and MCM FGM distributions. On
the other hand, slower decreasing rate is predicted for CMC
FGM beams compared to both MCM and sigmoid FGM

distributions.

5.1.5 Effect of nonlocal and material size parameters

Variations of the fundamental nondimensional frequency
parameter with the material graduation index, k for different
FGM distributions at different nonlocal and size parameters
are respectively depicted in Figs. 3 and 4. Generally,
increasing the material graduation index results in
increasing the nondimensional frequency parameters for
CMC FGM beams while this trend is reversed for sigmoid
FGM beams. On the other hand, considering MCM FGM,
increasing k from 0 < k < 1 results in decreasing A1 and then
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Fig. 4 Comparisons of fundamental frequencies versus k
for L/h= 10, and nonlocality parameter, eya = 0 nm?
for different size parameters; [, =0,1,2,4nm? at
HJ* = AT = 0 for different FGM distributions

it is increased with increasing k for k > 1. Additionally,
incorporating the nonlocal effect only results in material
softening which reduces the fundamental nondimensional
frequency parameter. On the other hand, the introduction of
the material size parameter results in material hardening
thus larger values of the fundamental nondimensional
frequency parameters is detected.

5.2 Forced vibration response under moving load

The proposed methodology is applied to study and
analyze the forced vibration response of functionally graded
simply supported nanobeam under moving load. The beam
has the following geometrical characteristics; L = 10°m, b
= h, h = L/10 otherwise stated. The beam is assumed to be
made of FGM with the constituents; SUS 304 and SisNi..
Through numerical analysis, the moving load is accepted as
10 nN. The dimensionless velocity parameter, £ is defined



244 Mashhour A. Alazwari et al.

k=0.5, MCM

0 0.2 0.4 0.6 0.8 1

B
k=0.5, CMC
1.4 T
1.2
S
—AT=0
0.8f — AT=25|
A T=50
—AT=75
0.6 : : : :
0 0.2 0.4 0.6 0.8 1
B
k=0.5, SIGMOID
1.6

0.8 AT=50| |
— A T=75
0.6
0 0.2 0.4 0.6 0.8 1

15

Fig. 5 Comparisons of maximum normalized midspan
deflections of MCM, CMC and Sigmoid FGMs versus
for AT = 0,25,50,75 K, power-law exponent k = 0.5,
Normalized to displacements of k = 0 at eqja = I, =
HI'=0

as B = VINeritat, When g = 1 means the load velocity reaches
its first critical speed of the beams. The midspan
displacements are normalized by using the static midpoint

deflection of the beams with k = 0, W, = %
static k=0

To investigate the effect of functionally graded material
properties distribution, symmetric MCM, CMC, and
sigmoid functionally graded beams are studied and
analyzed.

Comparison between variations of the maximum
normalized midspan deflections of MCM, CMC and
Sigmoid FG nanobeams versus B for different values of
temperature rise is depicted in Fig. 5. Due to material
relaxation associated with incorporating thermal effect,
larger values of the maximum normalized deflection are
produced with increasing the temperature rise.

Moreover, it is observed that MCM FGM beam produces
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0 0.2 0.4 0.6 0.8 1
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Fig. 6 Comparisons of maximum normalized midspan
deflections of MCM, CMC and Sigmoid FGMs versus
for H*=0,1,3,5. power-law exponent k = 0.5,
Normalized to displacements of k = 0 at eqa = [, =
AT =0

larger normalized deflection at all temperature rise
compared to both CMC and sigmoid FGM beams. On the
other hand, the maximum normalized midspan deflection
with larger oscillatory zone § = 0.3 is detected for CMC
FG beam while smaller oscillatory zone is produced by
MCM FG beam, = 0.2. Moreover, the temperature rise
has insignificant effect on the size of the oscillatory zone;
almost the same oscillatory zone is observed for all values
of temperature rise. Incorporating the magnetic effect
significantly affects variations of the maximum normalized
deflection versus the normalized velocity parameter, g, for
MCM, CMC, and sigmoid FG beams, as illustrated in Fig.
6. It is noticed that introduction of the magnetic effect
results in material hardening thus reduces the material
flexibility which results in smaller values of the maximum
normalized midspan deflections for all FGMs material
properties distributions. Also, the oscillatory zone
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deflections of MCM, CMC and Sigmoid FGMs versus
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associated with the maximum normalized deflection is
affected by incorporating the magnetic field; larger
oscillatory zone is detected for all FGMs distributions.

Variations of the maximum normalized deflection with
the normalized velocity parameter, g for different FGMs
distributions at different values of the nonlocality parameter
are shown in Fig. 7. It is observed that neglecting the
material microstructure effect, incorporating the nonlocal
effect results in material softening which increases the
material flexibility thus larger values of the maximum
normalized deflection are detected with increasing the
nonlocal parameter. Additionally, insignificant effect of the
nonlocal parameter on the oscillatory zone associated with
the maximum normalized deflection profile for all FGMs
distributions.

On the other hand, neglecting the nonlocality effect,
introduction of the material size significantly affects the
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Fig. 8 Comparisons of maximum normalized midspan
deflections of MCM, CMC and Sigmoid FGMs versus
for L/h = 10, k = 0.5, and nonlocal parameter, e;a =
0nm? and size parameters, L, = 0,1,2,and 4 nm?,
HM = AT =0

forced vibration time response under moving load.
Comparison between the maximum normalized deflection
with the nondimensional velocity parameter, g for different
FGMs distributions at different values of the material size
parameter is illustrated in Fig. 8. It is observed that
neglecting the material microstructure effect. It is observed
that the introduction of the material size effect results in
material hardening which decreases the material flexibility
thus smaller values of the maximum normalized deflection
are detected with increasing the material size parameter.
Also, the material size parameter has insignificant effect on
the oscillatory zone associated with the maximum
normalized deflection profile for all FGMs distributions.
Variations of the maximum normalized deflection with g
at different material graduation index for different FGMs
distribution are depicted in Fig. 9. It is noticed that
increasing the material graduation index, k significantly
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affects the maximum nondimensional deflection profile
with g for both MCM and CMC FGMs while slight effect is
observed for sigmoid FGM. The maximum normalized
transverse deflection increases with increasing k for both

CMC and sigmoid FGM beams while this trend is reversed
for MCM FGM beams. Also, the oscillatory zone associated
with the maximum normalized deflection profile increases
with increasing k for MCM FGM beam while it is decreased
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with increasing k for CMC FGM beam. On the other hand,
insignificant effect of k on the size of the oscillatory zone is
observed for sigmoid FGM beams.

Variations of the nondimensional transverse deflection
profile over the nondimensional coordinate for different
FGM distributions at two different values of g at different
values of nonlocal parameter are illustrated in Fig. 10. It is
observed that smaller values of 8; g = 0.25 results in
oscillating nondimensional deflection profiles due to the
dynamic effect. While smooth profiles are detected at
higher values of f; (8 = 0.5) for the nondimensional
deflection profiles associated with oscillations. Comparing
the different FGMs distributions CMC FGM produces the
most oscillated profile at # = 0.25 compared with both
MCM and sigmoid FGM beams.

Comparisons between the nondimensional deflection
profile over the nondimensional coordinate for different
FGMs beams at different material size parameters are
illustrated in Fig. 11. As stated before, oscillating non-

dimensional deflection profile are produced at g = 0.25 for
all FGMs distributions while almost quasistatic case is
approached at = 0.5. Also, CMC FGM beams produce the
most oscillated nondimensional deflection profile compared
with both MCM and sigmoid FGM beams.

Introduction of the magnetic effect significantly affects
the nondimensional deflection profile over the normalized
coordinate as depicted in Fig. 12. Increasing the magnetic
field increasing the overall system stiffness thus smaller
deflection are produced. Moreover, at higher values of the
magnetic field oscillating profiles are observed especially
for CMC FGM beams.

Variations of the nondimensional deflection profile with
the normalized coordinate at different values of the
temperature rise are depicted in Fig. 13. It is observed that
at # = 0.5, almost quasistatic profiles are produced for all
material distributions. Moreover, a slight effect of the
temperature rise on the nondimensional normalized
deflection is observed for all material distributions.
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6. Conclusions

In the framework of nonlocal strain gradient theory, an
analytical methodology is developed to study and analyze
the coupled thermomagnetic dynamic behavior of
nanobeams under moving load. To investigate the effect of
functionally graded material properties distributions,
symmetric MCM, CMC, and sigmoid materials are
considered. Hamilton’s principle is adopted to derive the
dynamic governing equations of motion and the associated
boundary conditions. Based on Navier approach, an
analytical methodology is developed to solve the resulting
equations of motion of the FG nanosized beams. Based on
the obtained numerical results the following concluding
remarks are revealed:

» The nonclassical parameters significantly affect the
dynamic behavior of functionally graded nanobeams. The
material size parameter results in material hardening while
the nonlocal parameter creates material softening effect.

* For the same values of the material size and nonlocal
parameters, it was observed that nonlocal parameter was
more effective when the effects of the material size
parameter and nonlocal parameter were compared.

« Introduction of the magnetic effect creates hardening
effect as it adds an additional stiffness this decreases the
system flexibility. Consequently, higher values of natural
frequencies are obtained while smaller values of the
transverse deflections are produced.

« Incorporating the magnetic effect enhances the dynamic

transverse deflection performance of the nanobeam

* The free vibration behavior of nanobeams can also be
controlled using the stiffening effect of the magnetic field.
This makes it useful in resonance control of nanosensors
used for measuring in thermal environments.

« Incorporating the thermal effect creates softening
effect this increases weakens the strength of the nanobeam
to transverse deflection and produces smaller resonant
frequencies.

* The desired dynamic thermomagnetic behavior could
be adjusted by controlling the power-law exponent, k to
provide the most preferable behavior of functionally graded
nanobeam.

« Incorporating the shear deformation effect is important
especially at the small beam aspect ratio where the shear
strains are more affected by the nonclassical parameters.

The proposed model could be used as a ben following
model can be used as a benchmark in studying and
analyzing the coupled thermomagnetic dynamic behavior of
nanoscale functionally graded beam structures.
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