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Abstract. Effect of thickness stretching on free vibration, bending and buckling behavior of carbon nanotubes reinforced
composite (CNTRC) laminated nanoplates rested on new variable elastic foundation is investigated in this paper using a
developed four-unknown quasi-3D higher-order shear deformation theory (HSDT). The key feature of this theoretical
formulation is that, in addition to considering the thickness stretching effect, the number of unknowns of the displacement field
is reduced to four, and which is more than five in the other models. Two new forms of CNTs reinforcement distribution are
proposed and analyzed based on cosine functions. By considering the higher-order nonlocal strain gradient theory,
microstructure and length scale influences are included. Variational method is developed to derive the governing equation and
Galerkin method is employed to derive an analytical solution of governing equilibrium equations. Two-dimensional variable
Winkler elastic foundation is suggested in this study for the first time. A parametric study is executed to determine the impact of
the reinforcement patterns, nonlocal parameter, length scale parameter, side-t-thickness ratio and aspect ratio, elastic foundation
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and various boundary conditions on bending, buckling and free vibration responses of the CNTRC plate.
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1. Introduction

The exceptional mechanical, thermal and electrical
properties of carbon nanotubes (CNTs) have attracted
increasing attention in recent years, Eltaher (2016, 2018).
CNTs can be effectively dispersed or introduced in fine
structures (for example, foams, films, polymer fibers, etc.)
as compared to conventional fillers, Grag et al. (2021).
Functionally graded materials (FGMs), whose composition
designed to change continuously through a certain spatial
direction (Akbas et al. 2020), are employed in micro/nano-
electro-mechanical system (MEMS/NEMS) and atomic
force microscopes (AFMs) to achieve high sensitivity and
desired performance, Abo-Bakr et al. (2020). This proper
combination of CNTs and FGM concept was first
introduced by Shen (2009) studying the nonlinear bending
behavior of functionally graded carbon nanotube reinforced
composites (FG-CNTRC) plates. Vibration and stability
problems of the nanostructures such as nano beams and
nanorods were investigated in detail by Yayli (2015a, b,
2016, 2018a, b, c, 2019).

Shojaee et al. (2017) used the transformed differential
quadrature method to study the vibration of FG-CNTRC
cylindrical panels. Gholami and Ansari (2018) studied
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the influence of geometrical imperfection on the nonlinear
resonance of FG-CNTRC rectangular plates under a
harmonic excitation transverse load. Alibeigloo (2018)
exploited Fourier series expansion and generalized coupled
thermoelectricity in predicting the transient response of a
simply supported FG-CNTRC plate with a different pattern
of CNT distribution and under thermal shock. Karami et al.
(2018) exploited second order shear deformation theory to
study critical buckling of FG-CNTRC plates rested on
Winkler—Pasternak elastic foundation. Li et al. (2019) used
Halpin—Tsai micromechanics model to evaluate mechanical
properties of graphene nanoplatelet (GPL) reinforced nano-
composite beams and studied primary and secondary
resonances of these nanostructures. Selim et al. (2019)
studied active vibration control of FG-GPL plates integrated
with piezoelectric layers by using the element-free
improved moving least-squares Ritz and higher-order shear
deformation theory. Qaderi and Ebrahimi (2020) studied a
vibration of polymer composite plates reinforced with
graphene platelets resting on two-parameter viscoelastic
foundation by using Halpin—Tsai homogenization procedure.
Hussain et al. (2020a, b) analyzed the orthotropic vibration
frequencies of CNTs with different orientations and
boundary conditions. Ghassabi et al. (2020) studied the
vibro-acoustic performance of CNTRC doubly curved 3D
thick shells. Shakouri and Mohseni (2020) evaluated the
critical buckling load of FG-GPLs sandwich plates using
the first order shear theory. Amiri et al. (2020) studied the
stress and buckling behaviors of micro-cylindrical sandwich
panel reinforced by CNTs/GPL composite based on the
higher order shear deformation theory and modified couple

ISSN: 2287-237X (Print), 2287-2388 (Online)



118 Mashhour A. Alazwari, Ahmed Amine Daikh and Mohamed A. Eltaher

stress theory. Sari et al. (2020) examined the buckling
response of FG-GPL under combined thermal and
mechanical loadings by using nonlocal elasticity. Daikh et
al. (2021b) developed a broad analysis to study the static
buckling and deflection of axially FG-CNTRC plates with
temperature dependent material properties. Daikh et al.
(2021c) studied the buckling response of curved FG-
CNTRC nanobeam exposed to the thermal environment by
using Galerkin method. Esen et al. (2021b, c) presented the
dynamic response of FG-CNTRC and FG sigmoid
nanobeam under moving point load by using nonlocal strain
gradient theory.

Many researchers have been used the nonlocal strain
gradient theory to incorporate the length scale and
microstructure effects on the mechanical responses of
nanostructures. Ghorbanpour et al. (2018) examined the
size-dependent buckling response of nanoplate integrated
with magnetoelectroelastic layers by using a nonlocal
theory and refined zigzag theory. Eltaher and Mohamed
(2020) used doublet mechanics theory in nonlinear buckling
and vibration analyses of imperfect CNTs model as Euler-
Bernoulli beam structures. Daikh et al. (2020a) studied
static analysis of multilayer nonlocal strain gradient FG-
CNTs nanobeam in the frame of higher shear deformation
beam theory with hyperbolic function. Kolahdouzan et al.
(2020) investigated vibration and buckling of FG-CNTRC
sandwich annular nanoplates elastically restrained.
Abdelrahman et al. (2021) studied the dynamic response of
perforated nanobeams under moving mass by using the
finite element method. Arshid et al. (2021) exploited
modified couple stress theory to study the buckling stability
of FG porous sandwich curved microbeams under thermal
and magnetic fields. Eltaher et al. (2021) studied the size-
dependent dynamic response of Timoshenko CNTs under
moving load by using doublet mechanics. Esen et al.
(2021a) studied analytically the vibration and buckling of
FG nanobeam under the thermal and magnetic fields by
using power-law distribution and Timoshenko beam theory.
Thai et al. (2021) used nonlocal strain gradient meshfree
plate approach to investigate the bending and vibration
behavior of laminated and sandwich nanoplates in the frame
of higher order shear deformation theory. Singh and Azam
(2021) investigated the vibration of FG nanoplate
embedded in hygrothermal environment by using Rayleigh-
Ritz method.

To include the influence of shear on the mechanical
behavior of classical/nonclassical nanostructures, many
theories such as first order shear deformation theory, Reddy
higher order shear theory (RHOSDT), Levinson theory,
Quasi 3D theory, and zigzag layer-wise theory are
proposed, (Bensaid 2017, Bekhadda et al. 2019, Belarbi et
al. 2020). Ebrahimi and Barati (2016) developed an
analytical solution for nonlocal buckling characteristics of
higher-order inhomogeneous nanobeams embedded in an
elastic medium. Eltaher et al. (2016b) illustrated the static
stability of nonlocal nanobeams by using higher-order beam
theories. Bouazza et al. (2017) investigated the free
vibration of composite plates are by using a refined simple
nth-higher-order shear deformation theory. Ehyaei et al.
(2017) presented the influence of porosity and axial preload
on the vibration behavior of rotating FG nanobeam.
Abualnour et al. (2018) exploited a quasi-3D trigonometric
plate theory to analyze the free vibration of composite

plates. Zaoui et al. (2019) exploited new 2D and quasi-3D
shear deformation theories in analyzing the free vibration of
FG plates rested on an elastic foundation. Melaibari et al.
(2020) and Hamed et al. (2020) studied the buckling
behavior of FG and sandwich beam under variable axial
load using higher order shear deformation theories. Based
on the theory of elasticity, Shaban and Mazaheri (2020)
presented the closed-form solution of bending of five-layer
curved FG sandwich panel in magnetic field. Daikh et al.
(2020c) and Daikh et al. (2021a, d) used new quasi 3D
hyperbolic shear theory in conjoint with nonlocal strain
gradient theory to study the bending, buckling and vibration
behaviors of FG and FG-CNTRC sandwich nanoplates.
Ghobadi et al. (2021) presented the effect of porosity
distribution and electric field on stress and nonlinear
vibration of FG nanoplates with the direct and inverse
flexoelectric phenomenon. Alazwari et al. (2021) proposed
a new HSDT for buckling of multilayered CNTSs reinforced
composite nanobeams supported on non-linear elastic
foundations using various boundary conditions.

Li et al. (2021) examined natural frequencies of FGM
plates rested on Winkler/Pasternak/Kerr foundation by
using a simple quasi-3D HSDT. Sahmani et al. (2021)
studied the nonlinear bending response of FG nanoplates
with variable thickness including a surface elastic influence
and shear effect developed by a quasi-3D plate model. Vinh
and Huy (2021) illustrated the mechanical response of FG
sandwich porous plate using a new hyperbolic shear
deformation theory and finite element method. Zheng et al.
(2021) used trigonometric four-variable shear deformation
theory to analyze the buckling response of FG-GNPs
reinforced composites sandwich microplates under a
thermo-mechanical load. Daikh et al. (2021e) presented
comprehensive analysis to investigate the buckling and
deflection of axially FG-CNTRC plates with temperature-
dependent material properties.

In the current study, the mechanical response of FG-
CNTRC plates using simple and efficient formulations is
analyzed. A new Quasi 3D HSDT is proposed to fulfil both
parabolic shear distribution through the thickness and the
zero-shear at free boundaries. Two new forms of CNTs
reinforcement distribution are proposed and analyzed based
on cosine functions. To cover the different boundary
conditions, Galerkin method is used to develop a new
analytical solution by considering the thickness stretching
effect. The developed analytical model is then compared
with other available theories in the literature. A new
variable 2D Winkler elastic foundation is proposed in this
work. The influence of CNTs reinforcement patterns,
nonlocal parameter, length scale parameter, side-to-
thickness ratio and aspect ratio, elastic foundation and
various boundary conditions on the bending, buckling and
free vibration responses of the CNTRC plate is examined in
detail.

2. Problem statement
2.1 Material distribution functions
Consider a rectangular plate of length, width and

thickness a X b x h. The plate is made of a polymer matrix
and reinforced by CNTs. In addition to the uniform CNTs
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Fig. 1 Variation of CNTs volume fraction through th plate thickness

distribution, two new functionally graded distributions of
CNTs reinforcement along the thickness of the plate are
analysed in this work based on cosine function for the first
time (as shown in Fig. 1).
The volume fraction of CNTs can be expressed as
Uniform distribution of CNTs (UD):

Vene = Vene (1)
Functionally graded distribution of CNTs, type A
(FG—A):

2nz

Vene = (1 + cos (N T)) Vi for N=135.. 2
2nz

Vene = (1 — cos (N T)) Vi for N=246.. (3)

Functionally graded distribution of CNTs, type B
(FG—B):

2nz

Vent = (1 + cos (N T)) Viie for N=246.. 4
2nz

Vene = (1 — cos (N T)) Vige for N=135.. (5)

where N is the nonhomogeneity parameter, V,; is the total
volume fraction of CNTSs, which can be calculated as

Wenr
Vinr = 6
N Wene + (pent/ pm) (1 — Wewr) ©)

where Weyr is the CNTs mass fraction, pcyr is the CNTs
mass density and p,, is polymer matrix mass density.

Young’s modulus and shear modulus of the plate
material is calculated employing the extended rule of the
mixture and the molecular dynamics simulations and given
by (Han and Elliott 2007)

E;1 = 11V ESTE + WEp,
N2 _ Vent E RES Vene n Vo @)

= + ,
E, Es3' Ep

G GF' Gy

EK and E¥, are Young’s moduli in x-y directions, and
G, is the shear modulus. The subscripts p and cnt refer
to the properties of the polymer and the CNTs. The
parameters n; (i = 1,2,3) are the efficiency parameters of
CNTs where n; = 0.149, n, =n3; = 0.934, for the case
of V%, =0.11, n, = 0.150, 1, =n; = 0.941, for the
case of V},;=0.14 and n, = 0.149, n, =n; = 1.381,
for the case of V;,; = 0.17 (Daikh et al 2020f).

The volume fraction of the polymer constituents V,* is
related to CNTs volume fraction by:

Ve +VE =1 ®

Poisson’s ratio v;,, mass density p, thermal expansion
coefficients in the longitudinal and transverse directions,
a,; and a,, of k layer can be calculated by the relation
(Shen 2009)

Viz = Vene vzt + Vovp C)]

P =Ventbene + Vppp (10)

The other effective mechanical properties of a mixture
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of the CNTs and the polymer are

E33 = E3;, Gy = Gi3 = Gy3, V13 = V12,
_ _ _ _ E;;
V31 = V21, V32 = V23 = V21, V21 = B V12
11

2.2 Nonlocal strain gradient theory

The nonlocal theory account for remote action forces
between atoms. This causes the stresses to depend on the
strains not only at an individual point under consideration
but at all points of the body. The stresses generated by the
defects in a nonlocally elastic medium have no non-physical
singularities, in contrast to the corresponding solutions
obtained in the classical theory of elasticity. Lim et al.
(2015) proposed a function of stresses by including the
strain gradient stress and nonlocal elastic stress fields which
can be given as:

o 4o 63)

0 U

O'L'j = O'L-J- - W (11)
where al(]m and 01(11) are the stresses corresponds to a
strain ,; and strain gradient &;,, and can be written in
the form

(0) J- Cukla’o(x x' eoa)gklx(x )dx'
(12)
(1) =1? f ijlal(x x',e1a) Ve, (x")dx'

Cijr is the elastic constant, e;a and eja are the
nonlocal parameters and [ is the strain gradient parameter.
ay(x,x',eqa) and a;(x,x’,e;a) are the nonlocal kernel
functions (Eringen 1983). The constitutive relation of
nonlocal strain gradient theory can be written as

[1 = (e12)?V?][1 — (e9a)?V?]a;;

13
= Cijiall — (e10)2V2] ey — Cijal®[1 — (epa)?V2[V2ey, (13)

V2 indicates the Laplacian operator. By supposing that
the coefficient e = e, = e;, The total constitutive relation
can be expressed as, Lim et al. (2015)

[1 = uV3oy; = Cijrall — AV2]ey (14)

where p = (ea)? and 1 =2

2.3 Displacement field

The new proposed mathematical model is performed
based on the classical plate theory (CPT) including the
effect of transverse normal stress. The suggested
formulations have four variables, which is even less than
the other quasi-3D theories with five or more variable’s
displacement. Therefore, the displacement field can be
expressed as:

aWO 63W0
u(x,y,z,t) =uy — 25— ,Bf(z)as?
aWO a Wo
=vy—zZ——— —_— 15
vy 20 = v~z 2 = B 3 (15)
df(z)

w(x,y,z,t) = wo + B———1),

where, u,, v,, and w, are the horizontal and vertical
displacement at the midplane of the plate. The additional
displacement 1, accounts for the transverse normal stress
effect. the shape function f(z) represents f(z) is a shape
function that represents the distribution of the transverse
shear strains and shear stresses. In the present analysis, a
novel hyperbolic sine function shear deformation theory has
been proposed as

3z3

T (16)

VA
f(z) = hsinh (E) -
Based on the displacement field relations given in Eq.
(15), the nonzero strains can be evaluated by
- |[ © O (z)]l
© o @
{83’3’} Sy &y &y { z }
Vxy o o @)
xy Yxy Yxy (17)

{Vyz} B (2 ){yyz}

ZZ - ﬂf”(z)gZZ

where
dugy ((9%wo )
() ox ] (D) | 9 |
£© } 9vo R _{ 9*wo }
Eyy ay ) yy ay? [’
W) {ave  ou|  n)) [ azwoJ
ox 0y dxdy
04W0
g((i) 0x4 33W0 + al/)z (18)
@\ _ 9*wo Yagg)} _ dx3  oOx
Eyy (= T [ o= 3 )
” oy Q) T _Pwo dus
Yy (V?wy) ays = oy
dxdy
(0) =y VZWO 2w, | 0%wy
7

dx? ay?

Then, the constitutive stress-strain relations of can be
stated as

o-xx

Oyy

_ 2 Ozz2
[1—uv?] Tyy

TXZ
Tyy
Qi Qiz Qiz O 0 07 (& (19)
Q12 Q22 Qs g 8 8 ‘Zyy
=[1-AV? Qi3 Q23 Q33 2z
[ ] 0 0 0 Qu 0 0([})W
0 0 0 0 GUss Offre
0 0 0 0 0 Qellrxy
In which
Eyy E,,
Qu = T(l — V23V32), Q2 = T(l - V31V13),
33
= N (1 —vipvay), Qa4 = Gy3,

Eq
Qss = G13, Qe = G12, Q12 = _1(V21 + V31V23), (20)

Q3 =— (V31 + V21V32), Q23 = (V32 + V12V31)

A=1- V12V21 —V23V32 —V31V13 — 2V12V32V13
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Fig. 2 Winkler elastic foundation intensity (x = 0,& = 1); (a): Sinusoidal, (b): Reverse sinusoidal, (c): Parabolic,

(d): Reverse parabolic.

2.4 Variational statements

Utilizing the principle of Hamilton, the equations of
motion of the CNTRC nanoplate can be derived as:
t1
§| S(U-T+V)dt =0 (21)
ty
Here, U, T and V are the strain energy, the Kinetic
energy and the virtual work done by external forces,
respectively.
The virtual strain energy of the plate can be written as

oU = J-O-ij(n)gsijdv (22)
14

[ rr N %—M 626W0_BS *sw,
xx ax XX axz XX ax4
N %—M aZSWO—BS a*sw,

» gy » gyz gy
0buy | 00vy) - 9%wo|
dy 0x ) Y 0xdy ydz (23)

B0, + Ny
6w, 9*Sw, sy,
P (m * 6x6y3> PRy
338w, sy, 3385w,

J g | B vz ay3 +BRx, 9x X2 5y3

In which the force and moment resultants are defined
by:

h/2
{Nij, My}, S;} = f{l,z,(b(z)}aijdz, i,j=xy

—h/2 (24)
h/2 ., h/2 .,
Riz = f—h/z P (Z) O'iZdZ, Qzz = f—h/z ] (Z) o-zde

By including the effect of in-plane compressive loads
N¢y = x1Nor and Ny, = x,N,., Where y; and y, are
the buckling loading intensity, transverse load g and the
variable Winkler elastic foundation f;, the virtual work can
be stated as

8V =— f (g — f.)éwdA (25)
a

+f [NO aWO 65W0+ =0 aWO (35W0
A

T e L (29)

where

fe = kywo + f'(2)P,) (26)

where k,, denote the modulus of subgrade reaction (elastic
coefficient of Winkler foundation). The proposed Winkler
foundation varies through x and y directions based on two
parameters k and ¢&:

fow _(mxy Ty
Sin (7) Sin (7)
1 —sin (%x) sin (nb_y)
2
()
2
- ()

The variation kinetic energy can be expressed as:

Sinusoidal

Reverse Sinusoidal
(27)
Parabolic

=Kk+¢

Reverse Parabolic

5K = J [8t + p6V + wow]dxdydz (28)
|4

Io (g 81ty + 0o8vg + WoBirg)
f . Dw . . BB . bW,
v —11 (W&io +W6UO +uow+v0 ay )
936w, Dy DS,
Y53 T ox ox
vy DS,

0%
+ 553 O ay 9y

Vg 036V, 03w, 08w,
ox 0x3 0x3 Ox
+6v'v0 236w, 03w, 08w,
dy dy3 = dy* ay
3w, 036w, 3w, 935w,
+82I, 0 0, 0 0
dx3  0x3 ay3 ay3 dxdydz
+ﬁ]0(¢z5W0 + W05¢z) + szl((pza(pz)

aSWO .
Up

+1

(29)

+B2%1,
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In which
h/2
Uo Iy Iy s, 1, Is} = f p(2) {1,2,22,2), £@), ((2))°} dz

-h/2
h/2

Uotd= | p@{e@.(e)7} ez
-h/2

Thence, the equations of motion of the CNTRC plate
can be described by

ONyyx ONyy . 0wy 93
5110:?4' 6y =10u0—116——13ﬁﬁ
dN,, 0N, W GE w0

Svo: 5y = lovo - 1la ~Lpo—s

sy OMox OMay My (1S, 39S, 0%Sy a Sy 0°R,, 0°Ry
Woi Thx2 oxdy dy? g dox* dy*  0x3dy 0xdy3:  9y3 0x3
aZWO — aZWO
+q_fe+N99x Jx2 +N)9y ayz
- ) (auO+aij0) 1 62W0+82W0 1Bl a3ﬁ0+63v
=lowoth{5 15, axz T oy ) TP\ G T oy
a* iR d
—2/?4( 0%, W") B2 ( Yo, W°>+ﬂ10wz
oR,, OR 25, 0% ) .
5B | Gty +g(z)<q—fe+1v,9x 5zt ayf) = Blovo + B

Substituting of Eqg. (31) into nonlocal strain gradient
constitutive equation given by Eq. (19), yields

xxx Air Az 0 By Bz 0 BCu BCp 0 BGLH)
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Syy Gz Cp 0 Ep Ep O BH, BH, 0 pja
Sey 0 0 G O 0 Es 0 0 PBHes
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R Fss  01(y

1 — uv? { xz}: 1—Av?]| 55 ] xz

[1-u ]Ryz [ 1o Faad [y @

The stiffness coefficients can be written as
h/2

_ 2
{A11,B11,C11, D11, E11, Hig} = f Qﬁ {1, z,1(2), 72, zf(2), (f(z)) } dz
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h/2

_ 2
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The equation of motion in terms of displacements Su,,
dvy, dwy and S¢, can be described by

0%u, 0%u, 0%y, 23w, 23w,
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3. Analytical solution

In this, we develop an analytical solution of Egs. (35)-
(38) using Galerkin method by considering different

boundary conditions. The generalized displacements can be
written as:
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(35)

(36)

@37)

(38)



124

Table 1 Material properties of SWCNT (10, 10)

Mashhour A. Alazwari, Ahmed Amine Daikh and Mohamed A. Eltaher

T[K] Eff*[TPa] E§}‘[TPa] Gf3‘[TPa] it aff'[107°/K]  af3*[107°/K]
300 5.6466 7.0800 1.9445 0.175 3.4584 5.1682
400 5.5679 6.9814 1.9703 0.175 4.1496 5.0905
500 5.5308 6.9348 1.9643 0.175 4.5361 5.0189
700 5.4744 6.8641 1.9644 0.175 4.6677 4.8943
Table 2 Temperature-dependent coefficients of CNTs material properties
Po P-1 P1 P2 Ps3
EfM[TPa] 6.3998 0 -6.77898%1e-4 1.16097%1e-6 -6.96636x%1e-10
ES3t[TPa] 8.02155 0 -6.75726x1e-4 1.15626x1e-6 -6.93444x1e-10
G$Rt[TPa] 1.40755 0 2.46968x1e-3 -4.94831x1e-6 3.18224x1e-9
a11[1078/°C] -1.12515 0 -2.03678x1e-2 2.56588x1e-5 -1.00986x1e-8
ay,[1076/°C] 5.43715 0 -1.81092x1e-4 5.33367x1e-8 2.29899x1e-12
vent 0.175 0 0 0 0
® o 4. Results and discussions
0Xm(x) ot
Uy = Z Z Upn——Y,(y)e'® . . .
—~ L dx In this section, we analyse the mechanical response of
fotont three types of nanoplates made of a mixture of the polymer
_ 0, (y) o PmPV (matrix) and armchair (10, 10) single-walled CNTs
vy = Vi X (X)) ———e (39) . . )
— dy (reinforcement). The plate is exposed to in-plane
T e compressive loadings in the two directions (N2 = x;N,,,

{wo, ¥} = Z Z{Wmn' Y} X ()Y, () elot

m=1n=1

where, Upn v Voon » Wmn and @, are arbitrary
parameters. m and n are the mode shape numbers.
X, (x) and Y, (y) are the functions which satisfy the
above boundary conditions and can be given as (Daikh et al
2021a):
X (x) = sin(ax) and Y,(y) = sin(By), for the SSSS
nanoplate.
X (x) =sin?(ax) and Y,(y) =sin?(By), for the
CCCC nanoplate.
X (x) =sin?(ax) and Y, (y) =sin(By), for the
CCSS nanoplate.
X, (x) = sin(ax)[cos(ax) — 1] and Y, (y) = sin(By)
[cos(By) — 1], for the CSCS nanoplate.
where A = mn/a, u = nm/b. By substituting Eq. (39) in
Eq. (35)-(38), one obtains

Unnn 8
V

([K]axs — wz[M]4x4) MZ:; = g (40)
A

where [K] and [M] are the rigidity matrix and mass matrix,
respectively.

For the bending behaviour analysis, the applied
sinusoidal load is given as (Thai et al. 2014):

a rb
q= —qof f sin?(ax) sin?(By) dxdy (41)

NQ, = x,N,) for buckling analysis, and transverse
sinusoidal loading for the bending analysis. Material
properties of the polymer PmPV are temperature dependent
and are given as (Shen 2009),

E,, = (3.51 — 0.0047AT)GPa (42)

@ = 45(1 + 0.0005AT)10761/°K (43)

Poisson ratio and the mass density are given as v, =
0.34 and p,, = 1150kg/m3 , respectively. Material
properties of the CNTs constituent are stated in Table 1.

As we consider, the material properties of the nanoplate
are dependent to the temperature. Employing Touloukian
principal (Touloukian 1967, Daikh 2019, Daikh et al.
2020b), material properties can be written in the function of
temperature as

P=Py(P_;T™  + 1+ P, T +P,T2 + P,T3)  (44)

where T =T, +AT . T, is the ambient temperature
(T, =300K), and AT is the difference between the
temperature of the top surface and the bottom surface, and
P,, P;, P,, and P; are coefficients of temperature (see
Table 2).

To simplify and standardize calculations, the
dimensionless parameters for bending, buckling and
vibration analyses of CNTRC plates are described using the
following forms:

The dimensionless displacements:

103D, (a b
W= a2 45
w a*q, W(Z'Z) (49)
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Table 3 Comparison of central deflection of simply supported square CNTRC plates for various kinds of CNTs
distribution (a/h =10, T = 300K, N = 1)

Vine Theory uD FG X FGO FGV FG—A FG—B
Present 0.4965 0.4229 0.7081 0.5871 0.8081 0.4147
0.11 TSDT® 0.4964 0.4227 0.7081 0.5869 - -
SSDT™ 0.4953 0.4208 0.7104 0.5859 - -
Present 0.4397 0.3819 0.6149 0.5134 0.7002 0.3760
0.14 0.4396 0.3817 0.6148 0.5133 - - 0.4396
0.4383 0.3800 0.6168 0.5121 - - 0.4383
0.3177 0.2725 0.4526 0.3770 0.5180 0.2675 0.3177
0.17 0.3177 0.2723 0.4526 0.3769 - - 0.3177
0.3170 0.2715 0.4537 0.3763 - - 0.3170

() Results obtained by Wattanasakulpong and Chaikittiratana (2013)

Table 4 Effect of temperature and CNTs volume fraction on the dimensionless deflection of simply supported
square CNTRC plate (a/h = 10, T = 300K)

Vi = 0.11 Vi = 0.14 Vi = 0.17
uD FG—-A  FG-B uD FG-A  FG-B uD FG—A  FG—B

Temperature N

1 0.4965 0.8081 0.4147 0.4397 0.7002 0.3760 0.3177 0.5180 0.2675
300 2 0.4965 0.5689 0.4411 0.4397 0.5035 0.3891 0.3177 0.3616 0.2798
3 0.4965 0.5282 0.4649 0.4397 0.4673 0.4094 0.3177 0.3355 0.2950
1 0.5830 0.9297 0.4965 0.5204 0.8079 0.4539 0.3723 0.5920 0.3204
400 2 0.5830 0.6702 0.5177 0.5204 0.5976 0.4604 0.3723 0.4246 0.3276
3 0.5830 0.6219 0.5446 0.5204 0.5545 0.4832 0.3723 0.3939 0.3448
1 0.7312 1.1271 0.6388 0.6596 0.9861 0.5898 0.4658 0.7114 0.4124
500 2 07312 0.8444 0.6495 0.6596 0.7610 0.5842 0.4658 0.5329 0.4099
3 07312 0.7833 0.6806 0.6596 0.7061 0.6100 0.4658 0.4944 0.4296
1 2.6592 3.6672 2.4815 2.4530 3.3410 2.3117 1.6856 2.2458 1.6041
700 2 2.6592 3.2263 2.4125 2.4530 2.9974 2.2293 1.6856 2.0160 1.5126
3 2.6592 3.0029 2.3927 2.4530 2.7941 2.1806 1.6856 1.8779 1.5019

Table 5 Effect of the geometric parameters the dimensionless central deflection of simply supported FG CNTRC
plate (V5 =0.11, k=1, T =300K, N=1)

. ah
Config. b/a
5 10 20 50 100
0.5 0.5321 0.2872 0.1991 0.1697 0.1653
UD 1.1620 0.4965 0.3062 0.2507 0.2427
1.3338 0.5375 0.3258 0.2656 0.2569
1.3552 0.5428 0.3285 0.2677 0.2590
0.5 0.5847 0.3649 0.2959 0.2744 0.2713
1.5252 0.8081 0.6089 0.5514 0.5431
FG—A
1.8817 0.9374 0.6944 0.6259 0.6161
1.9354 0.9570 0.7077 0.6376 0.6276
0.5 0.5083 0.2547 0.1574 0.1234 0.1182
1.0778 0.4147 0.2216 0.1650 0.1568
FG—B
1.2241 0.4423 0.2318 0.1717 0.1631

1.2410 0.4456 0.2332 0.1726 0.1639
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Table 6 Effect of nonlocal and length scale parameters on the dimensionless central deflection (V},; = 0.11, a =

b, a/h =10, N =1)

BCs. A =
0 0.5 1 15 2
0 0.4147 0.4556 0.4966 0.5375 0.5784
0.5 0.3774 0.4147 0.4520 0.4892 0.5265
SSSS 1 0.3463 0.3805 0.4147 0.4489 0.4831
15 0.3200 0.3515 0.3831 0.4147 0.4463
0.2973 0.3267 0.3560 0.3854 0.4147
0.3699 0.4064 0.4430 0.4795 0.5160
0.5 0.2924 0.3212 0.3501 0.3790 0.4078
Cccc 2 0.2417 0.2656 0.2894 0.3133 0.3371
15 0.2060 0.2264 0.2467 0.2670 0.2874
0.1795 0.1972 0.2149 0.2327 0.2504
0.3015 0.3312 0.3610 0.3908 0.4205
0.5 0.2424 0.2663 0.2902 0.3141 0.3381
CCSS 2 0.2027 0.2227 0.2427 0.2627 0.2827
15 0.1741 0.1913 0.2085 0.2257 0.2428
0.1526 0.1677 0.1827 0.1978 0.2129
0.1241 0.1364 0.1486 0.1609 0.1731
0.5 0.1022 0.1123 0.1224 0.1325 0.1426
CSCs 2 0.0869 0.0955 0.1040 0.1126 0.1212
15 0.0756 0.0830 0.0905 0.0979 0.1054
2 0.0669 0.0735 0.0801 0.0867 0.0933

Table 7 Effect of Winkler elastic foundation parameters of bending deflection of simply supported FG-B CNTRC

plate (V% = 0.11, a = b, a/h =10, k = 1,T = 300K)

K & Sinusoidal Reverse sinusoidal Parabolic Reverse parabolic
10 0.4113 0.4130 0.4129 0.4114
10 102 0.3966 0.4130 0.4119 0.3976
103 0.2923 0.4130 0.4026 0.2977
10 0.3966 0.3982 0.3981 0.3967
10? 10? 0.3829 0.3982 0.3972 0.3839
108 0.2848 0.3982 0.3885 0.2899
10 0.2923 0.2931 0.2931 0.2923
103 102 0.2848 0.2931 0.2926 0.2853
103 0.2267 0.2931 0.2879 0.2299
where The foundation parameters:
03,3 2512
5= %_hvpz) (46) Ky = %Kw (49)

Here, Ep is the polymer Young’s modulus at the
ambient temperature (T = 300°K).
The dimensionless critical buckling loads:

a2

NCT Don,z

The dimensionless frequency:

_ p
w = wh\/E:Z) (48)

N= (47)

4.1 Bending analysis

In order to examine the response of CNTRC plate
subjected to transverse sinusoidal loadings, Table 3 presents
a comparative analysis of the dimensionless central
deflections by considering the existed CNTs patterns in the
literature (UD, FG X, FG O, FG V), and by examining the
impact of CNTs volume fraction V7, and CNTs
distribution patterns. It can be observed that the proposed
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pattern FG-B produce an excellent stiffness.

In the same Table, the results obtained by the present
method and theory are compared with the analytical
solution of Wattanasakulpong and Chaikittiratana (2013)
using the third-order shear deformation theory (Reddy
1984) and the sinusoidal shear deformation theory
(Touratier 1991). It can be observed that our results are
absolutely identical to those generated by using the TSDT.

In Table 4, the impact of temperature, the homogeneity
parameter N, volume fraction V},, and CNTs distribution
patterns on the central deflection of the composite plates is
illustrated. It is noticed that the mentioned parameters have
a significant effect on the bending response.

The effect of the geometric parameters b/a and a/h on
the dimensionless central deflection of simply supported FG
CNTRC plate is illustrated in Fig. 5. The side-to-thickness
ratio a/h is changed from 5 to 100, while the aspect ratio b/a
is changed from 0.5 to 3. various CNTs distribution patterns
are analysed. It is noted that dimensionless central

deflections increase by the increase of the aspect ratio and
by the decrease of the side-to-thickness ratio.

The influence of nonlocal and length scale parameters
on the dimensionless central deflection of CNTRC
nanoplates for various boundary conditions is illustrated in
Fig. 6. The nonlocal and the length scale parameters are
changed from 0 to 2.

Table 7 investigated the bending response of simply
supported square FG-B CNTRC plates rested on different
variable Winkler elastic foundations. It is noted that the
increase of the foundation parameters k and ¢ leads to a
decrement of the bending deflection.

The influence of the material properties parameter N is
presented in Fig. 3. The increase of the parameter N leads to
an increment in the deflection of the FG-B CNTRC plate,
and a decrement in the deflection of the FG-B CNTRC
plate. The UD distribution is unrelated to the parameter N,
therefore, the deflection results are constant.

The effect of the geometry of the plate on the
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Table 8 Effect of the volume fraction, the CNTs distributions and boundary conditions on dimensionless critical
buckling loads of CNTRC plates (a = b, a/h = 10, T = 300K)

BCs Vi = 0.11 Vi =014 Vi =017
ubD FG—A FG—B ub FG—A FG—B ubD FG—A FG—B
Uniaxial compressive load
SSSS 20.6579 12.6983 24.7465 23.3386 14.6693 27.2969 32.2849 19.9117  38.3567
CCccC 34.0809 25.3223 37.0169 36.8920 27.8940 39.5270 53.6697 40.7952  57.5767
CCSsSs 31.2822 22.4409 34.0611 33.9841 24.9616 36.3824 49.2313 36.1239  52.6578
CSCs 29.8112 21.1216 33.0960 32.5696 23.5940 35.5186 46.8622 33.7411  51.4174
Biaxial compressive load
SSSS 10.3289 6.3491 12.3733 11.6693 7.3347 13.6485 16.1424 9.9559 19.1783
CCCC 17.0405 12.6611 18.5085 18.4460 13.9470 19.7635 26.8349 20.3976 28.7884
CCSS 17.8755 12.8234 19.4635 19.4195 14.2638 20.7899 28.1322 20.6422 30.0902
CSCS 14.9056 10.5608 16.5480 16.2848 11.7970 17.7593 23.4311 16.8706 25.7087

dimensionless central deflection of simply supported
CNTRC plate is presented in Fig. 4. It is observed that the
central deflection increases by the increase of the aspect
ratio parameter b/a wherever the kind of the distribution is.
for the values of aspect ratio b/a more than 2, the results are
almost constant. In addition, the dimensionless central
deflections increase when the thickness ratio parameter
decreases.

The impact of temperature on the bending response of
various types of simply supported CNTRC plates is
examined in Fig. 5. It is noticeable that the augmentation of
temperature reduces the CNTRC plate stiffness, and
subsequently, the deflection of the plate increase, regardless
of the CNTs distribution. It is clear from Fig. 5(b) that the
FG-B CNTRC plate with N = 3 is the stiffer plate.

Fig. 6 plotted the central deflection of various CNTRC
plates affected by the nonlocal parameter u using various
boundary conditions. The nonlocal parameter u is changed
from 0 to 2. It can be seen from this figure that the inclusion
of nonlocal parameter reduces the plate stiffness, and
therefore augment the central deflections.

Fig. 7 plotted the central deflection of various CNTRC
plates affected by the length-scale parameter A. Unlike the
nonlocal parameter effect, it is observed that the
dimensionless central deflection decreases by the increase
of the length-scale parameter.

The effect of the variable elastic foundation on the
transverse displacement of simply supported square FG-A
CNTRC plate is shown in Fig. 8. To view the effect of the
variable part of the foundation, the coefficient of the
constant part of the foundation is fixed at k¥ = 10, whereas
the second coefficient related to the variable part of the
foundation is taken as & = 1000. From the plotted graphs,
it is seen that the plates rested on the sinusoidal and the
reverse parabolic foundations have fewer deflections than
the other foundations.

4.2 Buckling analysis
Table 8 presents the dimensionless critical buckling load

of various types of CNTRC plates subjected to uniaxial or
biaxial compressive loadings. The influence of different
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Table 9 Influence of temperature, length scale and nonlocal parameters on the dimensionless buckling load

(SSSS, Vi, =011, a=b, a/h =10, FG — B)

u A
300 400 500 700
0 12.3733 10.3378 8.0350 2.0686
0.5 13.5944 11.3581 8.8280 2.2728
0 1 14.8156 12.3784 9.6210 2.4769
15 16.0368 13.3987 10.4140 2.6811
17.2580 14.4190 11.2070 2.8853
11.2618 9.4091 7.3132 1.8828
0.5 12.3733 10.3378 8.0350 2.0686
05 1 13.4847 11.2664 8.7567 2.2544
15 14.5962 12.1951 9.4785 2.4403
15.7077 13.1237 10.2003 2.6261
10.3335 8.6336 6.7104 1.7276
0.5 11.3534 9.4857 7.3727 1.8981
1 1 12.3733 10.3378 8.0350 2.0686
15 13.3931 11.1899 8.6973 2.2391
14.4130 12.0420 9.3595 2.4096
9.5466 7.9761 6.1994 1.5960
0.5 10.4888 8.7634 6.8113 1.7536
1.5 1 11.4310 9.5506 7.4231 1.9111
15 12.3733 10.3378 8.0350 2.0686
13.3155 11.1250 8.6468 2.2261
8.8711 7.4117 5.7607 1.4831
0.5 9.7466 8.1433 6.3293 1.6295
2 1 10.6222 8.8748 6.8978 1.7759
15 11.4977 9.6063 7.4664 1.9222
2 12.3733 10.3378 8.0350 2.0686
[T ‘ T T T ‘ T T T ‘ T T T ‘ L T]
- = boundary conditions, CNTs volume fraction and CNTs
12 . RN L .
- B distribution patterns is investigated.
C ] In Table 9, the buckling response of FG-B CNTRC
1= — nanoplate influenced by biaxial compressive loads and
~ F ] thermal environment is investigated. The effect nonlocal
§ 10 - and length scale parameters are included. it can be seen that
S ] the augmentation of temperature and nonlocal parameter A
S 9E E decrease the critical buckling load, unlike the length scale
S F ] parameter.
_ — e UD . The influence of the material properties parameter N on
8 FaA the dimensionless critical buckling load of simply supported
o . square CNTRC plates subjected to two in-plane
= FG-B 3 compressive loads is plotted in Fig. 9. It observed that the
E ] increase of the parameter N leads to decrement in the
- T T N T = critical buckling load of the FG-B CNTRC plate, and
1 2 3 4 5 increment in in the buckling load of the FG-B CNTRC

N

Fig. 9 Dimensionless critical buckling load versus
material properties parameter N (SSSS, T = 300K,
Vie=011, a=b,a/h =10, y; =—1, 3, =-1, u=
A=0)

plate.

The influence of the thermal environment on the
dimensionless critical buckling load of simply supported
square CNTRC plate is illustrated in Fig 10. It can be noted
that the critical buckling load was reduced to half when the
temperature augment to 600K.
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Table 9 Influence of temperature, length scale and nonlocal parameters on the dimensionless buckling load

(SSSS, Vi, =0.11, a=b, a/h = 10, FG — B)
p ; Temperature
300 400 500 700
0 0.1471 0.1345 0.1185 0.0601
0.5 0.1542 0.1409 0.1242 0.0630
0 1 0.1610 0.1471 0.1297 0.0658
15 0.1675 0.1531 0.1349 0.0684
0.1738 0.1588 0.1400 0.0710
0.1404 0.1283 0.1131 0.0573
05 0.1471 0.1345 0.1185 0.0601
05 1 0.1536 0.1404 0.1237 0.0627
15 0.1598 0.1461 0.1287 0.0653
0.1658 0.1515 0.1336 0.0677
0.1345 0.1229 0.1083 0.0549
0.5 0.1409 0.1288 0.1135 0.0576
1 1 0.1471 0.1345 0.1185 0.0601
15 0.1531 0.1399 0.1233 0.0625
0.1588 0.1451 0.1279 0.0649
0.1292 0.1181 0.1041 0.0528
0.5 0.1355 0.1238 0.1091 0.0553
15 1 0.1414 0.1292 0.1139 0.0578
15 0.1471 0.1345 0.1185 0.0601
0.1526 0.1395 0.1230 0.0623
0.1246 0.1139 0.1004 0.0509
0.5 0.1306 0.1103 0.1052 0.0533
2 1 0.1363 0.1246 0.1098 0.0557
15 0.1418 0.1296 0.1143 0.0579
2 0.1471 0.1345 0.1185 0.0601

Table 10 Effect of CNTs distribution and volume fraction on dimensionless frequencies of simply supported

CNTRC plates (a = b, a/h =10, T = 300K)

BCs. Vi =011 Vi = 0.14 Vi =017

uD FG—A FG—B uD FG—A FG—B uD FG—A FG—B
(1,2) 0.1345 01053  0.1471  0.1425 0.1129 01540 01670 01310  0.1820
(1,2) 03223 02731 03355 03348  0.2873 03454 04018  0.3443  0.4141
(2,2) 0.3402 02985 03524  0.3521 0.3112 03625 04244 03764  0.4371
(1.3) 05040 04367 05189 05226  0.4551 05353  0.6287 05541  0.6401
(2.3) 05153 04549 05292 05333 04723 05455 06429 05771  0.6542

The impact of the aspect ratio b/a and the in-plane
compressive loading intensity on the dimensionless critical
buckling load of simply supported square CNTRC plate is
presented in Fig. 11. It is evident that the increase of
compressive loading intensity leads to the decrement of
critical buckling loads. In addition, the augmentation of the
aspect ratio, increase the dimensionless critical buckling
loads in the existence of the compressive loading in y-
direction.

Figs. 12 plotted the impact of the nonlocal parameter

and the length scale parameter on the dimensionless critical
buckling load of FG-B CNTRC plate for various boundary
conditions. From these figures, it can be found that the
dimensionless critical buckling load reduces by increasing
the length scale parameter and decreasing the nonlocal
parameter.

4.3 Free Vibration analysis

Table 10 depicts the effect of CNTSs distribution and volume
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fraction on dimensionless frequencies of CNTRC plates for
various mode shape numbers m and n. It is clear and evident that
the increase of mode number leads to an increment of
frequencies.

The influence of temperature, length scale and nonlocal
parameters on the dimensionless frequency of simply supported
square FG-B CNTRC plate is examined in Table 11. The
dimensionless frequency decrease by the increase of both
temperature and nonlocal parameter.

The impact of temperature and CNTs volume fraction
on simply supported square CNTRC plate is shown in Fig.
13. We can see that the stiffness of the plate has been
improved by increasing CNTs volume fraction and
decreasing temperature.

In Fig. 14, we plot the dimensionless frequency of
CNTRC nanoplates with various boundary conditions
influenced by the nonlocal parameter. As we obtained
previously, the inclusion of the nonlocal parameter reduces
the plate stiffness, therefore the frequencies decrease. The
opposite effect is obtained in Fig 15 by including the length
scale parameter.

The effect of mode numbers on the dimensionless
frequency of simply supported square FG-B CNTRC plates
is carried out in Fig. 16. The augmentation of the modes n
and m increase the dimensionless frequency.

The impact of the geometry parameters b/a and a/h on
the dimensionless frequency of simply supported CNTRC
plate is plotted in Fig. 17. From this figure, the dimension-
less frequency decreases by the increase of the aspect ratio
parameter b/a wherever the kind of the distribution is for
for the values of aspect ratio b/a more than 2, the results are
almost constant. In addition, the dimensionless central
deflections decrease when the thickness ratio parameter
decreases.

5. Conclusions

In the present article, a new quasi-3D nonlocal higher-
order shear deformation theory is performed to study the
mechanical behaviour of new types of CNTRC nanoplates.
Four variables are employed here to define the field of the
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displacement. Two new forms of CNTs reinforcement
distribution are proposed based on cosine functions. Based
on Galerkin method, analytical approach is developed to
derive the governing equilibrium equations of the CNTRC
nanoplate to cover different boundary conditions. A novel
two-dimensional variable Winkler elastic foundation is
suggested in this study. The accuracy of the new solution
and theory is verified by comparing the results obtained
with the other analytical solutions and theories. Numerical
results are presented and discussed in detail of bending,
buckling and vibration of CNTRC nanoplates resting on the
variable Winkler foundation with various Boundary
conditions. The main conclusions and observations can be
summarized as:

» The proposed theory is in close agreement with shear
deformation theory of Reddy.

* The stiffness of the CNTRC plate has been improved
by using FG-B CNTs distribution, therefore increasing the
critical buckling loads and frequencies and decreasing the
bending deflections.

» The inhomogeneity parameter has a significant effect
to improve the FG-A CNTRC plate stiffness, and an inverse
effect is remarked for the FG-B distribution.

» The integration of nonlocal parameter reduces the
stiffness, therefore augments the transverse displacements
and decrease the frequencies and the buckling loads, while
the opposite is produced when increasing the length-scale
parameter.

» The inclusion of a thermal environment reduces the
stiffness of the plate, the bending deflections increase and
the frequencies and buckling loads decrease.
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