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1. Introduction 
 

GNP reinforcement has drawn substantial attention in 

recent years. Composites with GNP as their reinforcement 

components has considerable applications; some of them 

are presented in Ref. (Habibi et al. 2018a, 2019a, b, c, Shi 

et al. 2018, Pourjabari et al. 2019, Safarpour et al. 2019a, 

Moayedi et al. 2020a, Shokrgozar et al. 2020a). In their 

experiments, Sun and Zhao (Habibi et al. 2016, 2018b, Sun 

and Zhao 2018, Ebrahimi et al. 2019, Esmailpoor Hajilak et 

al. 2019, Ghabussi et al. 2019, Safarpour et al. 2020a, 

Shariati et al. 2020a) reinforced functionally graded 

cemented carbide with multi-layer graphenes (MLGs) and 

compared the differences in fracture characteristics with the 

same material without reinforcement. It was shown that the 

MLG with opposite gradients to cobalt gradients generates  
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compressive surface residual stresses. Checchetto et al. 

(2014) investigated the interesting application of GNPs in 

the permeability of polyethylene membrane. The gas 

separation and gas barrier properties of membranes 

produced using distributed GNPs in a matrix of low-density 

polyethylene. It is noteworthy, the GPL refinement affects 

the mechanical behavior (Tounsi et al. 2013, Salari 2016, 

Ebrahimi and Jafari 2017, Ehyaei and Daman 2017, Kumar 

2018, Wu et al. 2018, Ebrahimi et al. 2019a, b, Ebrahimi 

and Salari 2019, Emdadi et al. 2019, Ghannadpour and 

Moradi 2019, Shahsavari et al. 2019, Dehshahri et al. 2020, 

Zhu et al. 2020). Refs (Rafiee et al. 2009, Habibi et al. 

2019d, Safarpour et al. 2019b, Al-Furjan et al. 2020a, 

Alipour et al. 2020, Ebrahimi et al. 2020, Ghabussi et al. 

2020) evaluated the behavior of three types of epoxy 

nanocomposites reinforced with GNP, single-walled carbon 

nanotubes, multi-walled carbon nanotube. It was indicated 

that the material characteristics of GNP nanocomposites, 

including elastic, fracture, and fatigue behaviors, are 

improved compared with the other ones. Thus, they 
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Abstract.  The aim of current work is to evaluate thermo-electrical characteristics of graphene nanoplatelets Reinforced 

Composite (GNPRC) coupled with magneto-electro-elastic (MEE) face sheet. In this regard, a cylindrical smart nanocomposite 

made of GNPRC with an external MEE layer is considered. The bonding between the layers are assumed to be perfect. Because 

of the layer nature of the structure, the material characteristics of the whole structure is regarded as graded. Both mechanical and 

thermal boundary conditions are applied to this structure. The main objective of this work is to determine critical temperature 

and critical voltage as a function of thermal condition, support type, GNP weight fraction, and MEE thickness. The governing 

equation of the multilayer nanocomposites cylindrical shell is derived. The generalized differential quadrature method (GDQM) 

is employed to numerically solve the differential equations. This method is integrated with Deep Learning Network (DNN) with 

ADADELTA optimizer to determine the critical conditions of the current sandwich structure. This the first time that effects of 

several conditions including surrounding temperature, MEE layer thickness, and pattern of the layers of the GNPRC is 

investigated on two main parameters critical temperature and critical voltage of the nanostructure. Furthermore, Maxwell 

equation is derived for modeling of the MEE. The outcome reveals that MEE layer, temperature change, GNP weight function, 

and GNP distribution patterns GNP weight function have significant influence on the critical temperature and voltage of 

cylindrical shell made from GNP nanocomposites core with MEE face sheet on outer of the shell. 

Keywords:  critical temperature; critical voltage; deep learning network; graphene nanoplatelets; neural network 
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concluded that in place of SWNTs and MWNTs, GNP could 

be added to the epoxy in nanocomposites. Notably, the 

application of nanomaterials stiffened by GNP is more 

preferable in design. In consequence, more light is shed on 

the importance of dynamic modeling of the GNP 

nanocomposite. The bucking and post-buckling behavior of 

beams composed of functionally graded multilayer GNP 

nanocomposites were presented by Yang et al. (2017). The 

results reveal that adding GNPs to the matrix enhanced the 

buckling and post-buckling characteristics of the beams 

produced by these nanocomposites. In another study, the 

bending of new class beams composed of multi-layer 

polymer composite beams reinforced by GNPs was 

investigated (Feng et al. 2017). They showed that, in 

nonlinear deformations, the sensitivity of beams with 

asymmetric dispersion and greater volume fraction of GNPs 

are less. In engineering macro structures, some researches 

showed that adding nano-materials leads to enhancement of 

the mechanical properties at the macro-scale structures.  

Dynamical behavior of piezoelectric cylindrical shells 

was also attracted attention of researchers (Habibi et al. 

2017, 2019a, Safarpour et al. 2018, 2019a, 2020b, 

Ghazanfari et al. 2020, Jermsittiparsert et al. 2020). 

Dehkordi and Beni (2017), with the aid of Love’s 

cylindrical model and couple stress theory, investigated the 

free vibrations of the isotropic conic nanotubes. These tubes 

are made of a single wall nanotube with piezoelectric 

layers. Kheibari and Beni (2017) also worked on the free 

vibrations of piezoelectric nanotube using the same theory. 

In this paper, the governing equations of deformation, size 

effects, electro-mechanical and geometric parameters 

influencing the nanotubes’ natural frequency are discussed. 

Arefi (2018) utilized the nonlocal elasticity theories to 

analyze electro-elastic bending of a doubly curved 

nanoshell. Transverse loads and voltage are applied on the 

nanoshell surrounded by the Winkler-Pasternak foundation. 

In the mentioned work, the influences of the applied electric 

potential nonlocal parameter, Winkler and Pasternak’s 

parameters, on the behavior of the piezoelectric nanoshells 

were examined from both mechanical and electrical points 

of view. In another paper on piezoelectric nanoshell, Razavi 

et al. (Razavi et al. 2017) modeled FG and piezoelectric 

composed nanoshells. They described how the variation of 

geometrical and size effect parameters influence the 

vibrational behavior of the nanoshells. Ninh and Bich 

(2018) investigated the effect of electro-thermo-mechanical 

applied loads on the vibration of the nanocomposite 

cylinders. In this regard, the inner and outer surfaces of 

carbon nanotube reinforced an FG composite nanoshell 

covered with piezoelectric layers is considered. The applied 

covering piezoelectric layers worked as actuators. The 

Runge-Kutta method (Ebrahimi et al. 2019a, b, 2020, 

Mohammadgholiha et al. 2019, Mohammadi et al. 2019a, 

Habibi et al. 2020, Shariati et al. 2020b, Shokrgozar et al. 

2020b) is employed to acquire semi-analytical results and 

natural frequencies, responses of the nanostructures, 

relation of frequency ratios–amplitudes are presented. 

Furthermore, effects of the volume fraction percent of the 

CNTs, thermal condition, number of piezoelectric layers, 

reinforcement pattern distribution, geometrical parameters, 

and properties of elastic foundation are investigated in a 

parametric study. In a similar study, Fang and Zhou (2017) 

investigated the effect of piezoelectric layer on nanoshell’s 

free vibration. They employed the electro-elastic surface/ 

interface theories along with Donnell’s nonlinear shallow-

shell for exploring vibrations and size effects. In addition, 

the surface material characteristics and residual volume 

stress were engaged in investigating their effects on the 

vibrations of the nanocomposites. Eftekhari et al. (2018) 

investigated natural frequencies of temperature-dependent 

FG piezoelectric nanostructures with carbon nanotubes as 

reinforcement embedded in an orthotropic elastic medium. 

They presented influences of distribution pattern, magnetic 

and electrical loads on the dynamic behaviors of the 

nanostructures employing analytical and numerical 

solutions. Mohammadimehr et al. (2018) presented the 

vibrational behavior of a magneto-electro-elastic nanotube. 

They employed the first-order shear deformation theory, 

and the open and closed circuits boundary conditions were 

considered. The outcomes of the study indicated that the 

free vibrations characteristics of the nanotubes endured 

significant changes due to the value and pattern of 

distribution of CNTs. In another study, Zhu et al. (2017) 

investigated the free vibrations of the cylindrical nanoshells 

with piezoelectric layers considering nonlinear effects under 

electro-elastic forces. The perturbation method was utilized 

to solve nonlinear equations. Singh and Panda (2017) 

numerically solved the equations of a curved piezoelectric 

nanoshell panel. The results reveal that the vibrational 

characteristics of the nanoshell were influenced by the 

number of piezoelectric layers. Fan et al. (2017) studied the 

vibrational behavior of a CNTRC piezoelectric conical 

nanostructure. The focus in this study was on how the free 

vibration behavior of the nanostructure varies with 

variations in the volume fractions as well as distribution 

types of CNT and surrounding conditions including 

boundary and temperture. There is also one another 

interesting field in the rotating behavior of nanostructures. 

The dynamic stability of rotating cylindrical nanoshell in 

electro-magnetic fields was investigated by Shojaeefard et 

al (2018). They considered the influences of electrical field, 

angular velocities, magnetic field and elastic foundation on 

the free vibration of the nanoshell. In a study, two 

directional FG piezoelectric circular nanoplates was 

examined in the rotating state by Mahinzare et al. (2018). In 

this research, they incorporated velocity, external electric 

voltage, size and power-law index in the equations to 

analyze the vibrational characteristics of nanoplates. 

Mohammadi et al. (2019b) used the modified couple stress 

theory to formulate a size-dependent three-dimensional 

dynamic model. They utilize this model to study micro 

double-wall shell and the its natural frequencies affected by 

FG power index, length, shear correction factor, thickness 

and Winkler and Pasternak coefficients. 

Consequently, critical voltage and critical temperature of 

the cylindrical sandwich shell with GNPRC core and MEE 

face sheet attracts significant appeal through physics-

informed neural networks. To the best of the authors’ 

knowledge, no study has been reported concerning the 

critical voltage and temperature of a GNPRC cylindrical  
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shell coupled with MEE layer. The governing equation of 
the multilayer nanocomposites cylindrical shell is derived. 
The generalized differential quadrature method (GDQM) 
(Hashemi et al. 2019, Moayedi et al. 2019, 2020b, c, 
Oyarhossein et al. 2020, Shariati et al. 2020c) is employed 
to numerically solve the differential equations. This method 
is integrated with Deep Learning Network (DNN) with 
ADADELTA optimizer to determine the critical conditions 
of the sandwich structure. This is the first time that effects 
of several conditions, including surrounding temperature, 
MEE layer thickness, and pattern of the layers of the 
GNPRC are investigated on two main parameters critical 
temperature and critical voltage of the sandwich structure. 
Furthermore, Maxwell equation is derived for modeling the 
MEE layer. Finally, the results show that some geometrical 
and physical parameters have an important role in the 
critical voltage and temperature of the current sandwich 
structure. 

 
 

2. Governing equations 
 

In Fig. 1, a cylindrical shell coupled with MEE layer in 
a thermal circumstance is shown.  Also, the core of the 
current structure is reinforced by GNPs (Azoti and 
Elmarakbi 2019). The parameters h(hC+hM), L, and R are  

 

 

 

thickness, length, and the middle surface radius of the 
cylindrical shell, respectively. In addition, the electric 
potential (Φ) and magnetic potential (ϑ̌) is applied to the 
structure. The core of the shell is made of composite 
material.  

 

2.1 Core of the composite 
 

As shown in Fig. 1, the composite core is GNPRC 

materials. The volume fraction of the components are as 

follows: 

𝑈 − 𝐺𝑁𝑃𝑅𝐶: 𝑉𝐺𝑁𝑃(𝑘) = 𝑉𝐺𝑁𝑃
∗  (1) 

𝑋 − 𝐺𝑁𝑃𝑅𝐶: 𝑉𝐺𝑁𝑃(𝑘) = 2𝑉𝐺𝑁𝑃
∗

1

𝑁𝐿

|2𝑘 − 1 − 𝑁𝐿| (2) 

𝑂 − 𝐺𝑁𝑃𝑅𝐶: 𝑉𝐺𝑁𝑃(𝑘) = 2𝑉𝐺𝑁𝑃
∗ [1 −

1

𝑁𝐿

|2𝑘 − 1 − 𝑁𝐿|] (3) 

𝐴 − 𝐺𝑁𝑃𝑅𝐶:𝑉𝐺𝑁𝑃(𝑘) =
2

𝑁𝐿

(2𝑘 − 1)𝑉𝐺𝑁𝑃
∗  (4) 

in which the layer number, total number of layers, and the 

overall GNPs volume fraction are denoted by k, 𝑁𝐿 and  

 
Fig. 1 Schematic representation of the sandwich shell coupled with MEE layer 

Table 1 Convergence test of the sandwich structure for different number of grid point in different boundary 

conditions 

B. Cs Material N = 5 N = 7 N = 9 N = 11 N = 13 

S-S 
Pure epoxy 1258.659 1256.622 1256.856 1256.856 1256.856 

Pattern 4 1785.632 1783.652 1783.652 1783.652 1783.652 

C-S 
Pure epoxy 1453.659 1452.365 1452.958 1452.958 1452.958 

Pattern 4 2150.639 2148.326 2149.635 2149.635 2149.635 

C-C 
Pure epoxy 1658.639 1654.236 1654.636 1654.636 1654.636 

Pattern 4 2356.652 2355.659 2357.863 2357.863 2357.863 
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𝑉𝐺𝑃𝐿
∗ , respectively. The dependence of 𝑉𝐺𝑁𝑃

∗  on the weight 

fraction 𝑔𝐺𝑁𝑃  is (Hashemi et al. 2019, Al-Furjan et al. 

2020b, Cheshmeh et al. 2020, Lori et al. 2020, Najaafi et al. 

2020, Shariati et al. 2020d): 

𝑉𝐺𝑁𝑃
∗ =

𝑔𝐺𝑁𝑃

𝑔𝐺𝑁𝑃 + (𝜌𝐺𝑁𝑃/𝜌𝑚)(1 − 𝑔𝐺𝑁𝑃)
 (5) 

where 𝜌𝑚 is the density of matrix and 𝜌𝐺𝑁𝑃 is the GNP’s 

density. According to Halpin-Tsai model, the equivalent 

modulus of elasticity 𝐸 of the randomly dispersed GNP 

composite layers can be represented by the following 

relation (Song et al. 2017): 

𝐸 =
3

8
𝐸𝐿 +

5

8
𝐸𝑇 , 

𝐸𝐿 =
1 + 𝜉𝐿𝑛𝐿𝑉𝐺𝑁𝑃

1 − 𝑛𝐿𝑉𝐺𝑁𝑃

𝐸𝑚, 𝐸𝑇 =
1 + 𝜉𝑇𝑛𝑇𝑉𝐺𝑁𝑃

1 − 𝑛𝑇𝑉𝐺𝑁𝑃

𝐸𝑚 

(6) 

where E is the effective modulus of composites layer, and 

EL and ET are the longitudinal and transverse elastic moduli 

for a lamina with parallel reinforcement. The parameters 𝑛𝐿 

and 𝑛𝑇 with geometry factors of GNPs (𝜉𝐿 and 𝜉𝑇) are 

defined by (Al-Furjan et al. 2020c, d, Bai et al. 2020, Zhang 

et al. 2021c, Zhong et al. 2020, Guo et al. 2021a, Liu et al. 

2021): 

𝜉𝐿 = 2(𝑙𝐺𝑁𝑃/ℎ𝐺𝑁𝑃), 𝜉𝑡 = 2(𝑏𝐺𝑁𝑃/ℎ𝐺𝑁𝑃), 

𝑛𝐿 =
(𝐸𝐺𝑁𝑃/𝐸𝑚) − 1

(𝐸𝐺𝑁𝑃/𝐸𝑚) + 𝜉𝐿

, 𝑛𝑇 =
(𝐸𝐺𝑁𝑃/𝐸𝑚) − 1

(𝐸𝐺𝑁𝑃/𝐸𝑚) + 𝜉𝑇

 
(7) 

In these definitions, the geometrical parameters of GNPs 

are average length 𝑙𝐺𝑃𝐿, thickness ℎ𝐺𝑃𝐿  and width 𝑏𝐺𝑃𝐿 . 

The equivalent elastic module (E), equivalent density (𝜌), 

and equivalent poisson’s ratio (𝜈), and equivalent thermal 

expansion factor (𝛼) of the composite can be obtained using 

the rule of mixtures: 

𝐸 = 𝐸𝐺𝑁𝑃𝑉𝐺𝑁𝑃 + 𝐸𝑀𝑉𝑀 , 
𝜌 = 𝜌𝐺𝑁𝑃𝑉𝐺𝑁𝑃 + 𝜌𝑀𝑉𝑀, 
𝜈 = 𝜈𝐺𝑁𝑃𝑉𝐺𝑁𝑃 + 𝜈𝑀𝑉𝑀 , 
𝛼 = 𝛼𝐺𝑁𝑃𝑉𝐺𝑁𝑃 + 𝛼𝑀𝑉𝑀 . 

(8) 

where 𝑉𝑀 = 1 − 𝑉𝐺𝑁𝑃. 

 

 
2.2 Kinematic equations of the core 
 
A two-dimensional formulation is extracted from three-

dimensional elasticity equations using Taylor’s expansion, 
and the subsequent equations are derived by considering the 
displacement components at any point in the laminate space 
as a linear function of thickness coordinate 𝑧. Also, small 
deformations and rotations are assumed throughout this 
study. Thus,  

𝑢𝑐(𝑧, 𝑥, 𝑡, 𝜃) = 𝑢0𝑐(𝑥, 𝑡, 𝜃) + 𝑧𝜓𝑐
𝑥
(𝑥, 𝑡, 𝜃) 

𝑣𝑐(𝑧, 𝑥, 𝑡, 𝜃) = 𝑣0𝑐(𝑥, 𝑡, 𝜃) + 𝑧𝜓𝑐
𝜃
(𝑥, 𝑡, 𝜃) 

𝑤𝑐(𝑧, 𝑥, 𝑡, 𝜃) = 𝑤0𝑐(𝑥, 𝑡, 𝜃) 

(9) 

where, displacement variables of middle surface are axial 

𝑢0𝑐 , circumferential 𝑣0𝑐 , and radial 𝑤0𝑐  displacements. 

Two functions 𝜓𝑐
𝜃

 and 𝜓𝑐
𝑥

 are the rotation functions 

about axial and circumferential directions, respectively, of 

the normal vector to the middle plane. 

 

2.3 Elasticity equations of composite core 

 

The linear elasticity equations of the cylindrical 

sandwich shell with composite core are as follows: 

[
 
 
 
 
𝜎𝑐

𝑥𝑥

𝜎𝑐
𝜃𝜃

𝜎𝑐
𝑥𝜃

𝜎𝑐
𝑥𝑧

𝜎𝑐
𝜃𝑧 ]

 
 
 
 

=

[
 
 
 
 
 
𝑄̄11 𝑄̄12 0 0 0

𝑄̄21 𝑄̄22 0 0 0

0 0 𝑄̄66 0 0

0 0 0 𝑄̄55 0

0 0 0 0 𝑄̄44]
 
 
 
 
 

[
 
 
 
 
𝜀𝑐

𝑥𝑥 − 𝛼1𝛥𝑇
𝜀𝑐

𝜃𝜃 − 𝛼2𝛥𝑇
𝜀𝑐

𝑥𝜃

𝜀𝑐
𝑥𝑧

𝜀𝑐
𝜃𝑧 ]

 
 
 
 

 (10) 

Noteworthy, the structure is thin enough that the change 

of stress in the thickness direction can be neglected, and 

without any external applied stress in this direction, it 

vanishes. In Eq. (10), The change in temperature is denoted 

by 𝛥. The coefficients 𝛼1 and 𝛼2 are thermal expansions 

in x and 𝜃  directions, respectively. Moreover, in Ref. 

(Ghadiri and Safarpour 2016), the values of stiffness matrix 

components (Q ̄_ij) are presented. 

 

2.4 Kinematic equations of the MEE layer 
 

Using first-order shear deformation shell theory, the  

 
Fig. 1 Configuration of the system of the fully-connected DNN 
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Table 2 Natural frequencies of the shell with m = 1, L/R = 

12, and R/h = 50 as they obtained in the present study in 

comparison with the Ref. (Ke et al. 2014a). The dimension 

of the frequencies are in GHz. 

n Ke et al (2014) Present Study Error (%) 

1 0.7188 0.7079 1.51 

2 0.4101 0.4080 0.51 

3 0.8003 0.7869 1.67 

4 1.4793 1.4663 0.87 

5 2.3723 2.3549 0.73 

6 3.4695 3.4435 0.74 

7 4.7685 4.7291 0.82 

8 6.2687 6.2099 0.93 

9 7.9694 7.8840 0.11 

10 9.8707 9.7497 0.12 

 

 

kinematic relations for the MEE layer based on are 

expressed as 

𝑢𝑀(𝑧, 𝑥, 𝑡, 𝜃) = 𝑢0𝑀(𝑥, 𝑡, 𝜃) + 𝑧𝑢1𝑀(𝑥, 𝑡, 𝜃) 
𝑣𝑀(𝑧, 𝑥, 𝑡, 𝜃) = 𝑣0𝑀(𝑥, 𝑡, 𝜃) + 𝑧𝑣1𝑀(𝑥, 𝑡, 𝜃) 
𝑤𝑀(𝑧, 𝑥, 𝑡, 𝜃) = 𝑤0𝑀(𝑥, 𝑡, 𝜃) 

(11) 

Here, displacement variables of the middle surface are 

axial 𝑢0𝑀, circumferential 𝑣0𝑀  and radial 𝑤0𝑀 

displacements. Two functions 𝑢1𝑀  and 𝑣1𝑀  are the 

rotation functions about axial and circumferential 

directions, respectively, of the normal vector to the middle 

plane. Furthermore, the strain tensor components can be 

obtained as follows (Ebrahimi and Safarpour 2018a, Dai 

and Safarpour 2021a, Huang et al. 2021a, Jiao et al. 2021, 

Moradi et al. 2021, Wang et al. 2021, Xu et al. 2021, Zhang 

et al. 2021a, Zhao et al. 2021a) 

𝜀𝑀
𝑥𝑥 =

𝜕𝑢𝑀

𝜕𝑥
= 𝑧

𝜕𝑢1𝑀

𝜕𝑥
+

𝜕𝑢0𝑀

𝜕𝑥
 

𝜀𝑀
𝜃𝜃 =

1

𝑅

𝜕𝑣𝑀

𝜕𝜃
+

𝑤𝑀

𝑅
=

1

𝑅
(
𝜕𝑣0𝑀

𝜕𝜃
+ 𝑧

𝜕𝑣1𝑀

𝜕𝜃
+ 𝑤0𝑀) 

𝜀𝑀
𝑥𝑧 =

1

2
(𝑢1𝑀 +

𝜕𝑤0𝑀

𝜕𝑥
) 

𝜀𝑀
𝑥𝜃 =

1

2
(
1

𝑅

𝜕𝑢0𝑀

𝜕𝜃
+

𝜕𝑣0𝑀

𝜕𝑥
) +

𝑧

2
(
1

𝑅

𝜕𝑢1𝑀

𝜕𝜃
+

𝜕𝑣1𝑀

𝜕𝑥
) 

𝜀𝑀
𝜃𝑧 =

1

2
(𝑣1𝑀 +

1

𝑅

𝜕𝑤𝑀

𝜕𝜃
−

𝑣𝑀

𝑅
) 

(12) 

 

2.5 Elasticity equations for MEE layer 
 

The governing elasticity equation in MEE layer are as 

follows: 

𝜎𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙𝜀𝑘𝑙 − 𝑞𝑛𝑖𝑗𝐻𝑛 − 𝑒𝑚𝑖𝑗𝐸𝑚 − 𝛽𝑖𝑗𝛥𝑇 (13) 

𝐷𝑖 = 𝑒𝑖𝑘𝑙𝜀𝑘𝑙 + 𝑑𝑖𝑛𝐻𝑛 + 𝑠𝑖𝑚𝐸𝑚 + 𝑝𝑖𝛥𝑇 
𝐵𝑖 = 𝑞𝑖𝑘𝑙𝜀𝑘𝑙 + 𝑟𝑖𝑛𝐻𝑛 + 𝑑𝑖𝑚𝐸𝑚 + 𝜆𝑖𝛥𝑇 

(14) 

Models are for the sufficiently thick layer of MEE it is 

acceptable to use first-order shear deformation theory. 

Consequently, with this assumption, the strain in 𝑧 

direction in the MEE layer vanishes (Shojaeefard et al. 

2018). In Eqs. (13) and (14) cijkl, sim, and emij, are the 

elasticity, dielectric, and piezo-electric matrix constants, 

respectively., Di and Em would be electric displacements 

and electric fields strength, respectively. Moreover, other 

factors are pertained to the MEE structure’s piezo-magnetic 

properties. The electric, and magnetic field strength, i.e., Er, 

𝐸𝜃 , Ez and Hr, 𝐻𝜃 , Hz where are provided in Eq. (2), may 

be defined as follow: 

𝐸𝑥 = −𝛷,𝑥 , 𝐸𝜃 =
−𝛷,𝜃

𝑅 + 𝑧
, 𝐸𝑧 = −𝛷,𝑧 

𝐻𝑥 = −𝜗̃,𝑥 , 𝐻𝜃 = −
𝜗̃,𝜃

𝑅+𝑧
, 𝐻𝑧 = −𝜗̃,𝑧.  

(15) 

Wang (2002) gave the following relation for the 

electrical potential 

𝛷(𝑥, 𝜃, 𝑧, 𝑡) = − 𝑐𝑜𝑠( 𝛽𝑧)𝜙(𝑥, 𝜃, 𝑡) +
2𝑧𝜙0

ℎ
. 

𝜗̃(𝑥, 𝜃, 𝑧, 𝑡) = − 𝑐𝑜𝑠( 𝛽𝑧)𝜗(𝑥, 𝜃, 𝑡) +
2𝑧𝜗0

ℎ
 

(16) 

in this relation the angle 𝛽 = 𝜋/ℎ and the variable 𝑉0 and 

𝜗0  represent the initial external electric and magnetic 

potential, respectively.  

 

2.6 Interlamellar compatibility conditions 

 

For the sake of simplicity, the bonding of core 

nanocomposites to the surrounding MEE layer is considered 

to be perfect. It means that no relative movement occurs in 

between the layers. Thus, at thickness coordinate 𝑧 =
ℎ𝑐

2
=

−
ℎ𝑀

2
 the following equations must be satisfied 

𝑢𝑐 = 𝑢𝑀, 
𝑣𝑐 = 𝑣𝑀 , 
𝑤𝑐 = 𝑤𝑀  

For 𝑧 =
ℎ𝑐

2
= −

ℎ𝑀

2
 

(17) 

Imposing these compatibility conditions and using the 

linear equations in Eq. (9), the following relations can be 

obtained for the displacement of the neutral surface of the 

MEE layer (Khalili and Mohammadi 2012, Nasihatgozar 

and Khalili 2017, Pourmoayed et al. 2017): 

𝑢0𝑀 =
ℎ

2
𝑢1𝑀 + 𝑢0𝑐 +

ℎ

2
𝜓1𝑐  

𝑣0𝑀 =
ℎ

2
𝑣1𝑀 + 𝑣0𝑐 +

ℎ

2
𝜓1𝑐  

𝑤0𝑀 = 𝑤0𝑐 

(18) 

 

2.7 Displacement and boundary equations 

 

According to Hamilton’s virtual work principle, 

displacement and boundary conditions must satisfy the 

following integral relation (Ma et al. 2021, SafarPour and 

Ghadiri 2017a, SafarPour et al. 2017b, c, Hou et al. 2021, 

Huang et al. 2021b, Liu et al. 2021, Yu et al. 2022): 

∫ (−𝛿𝑈 + 𝛿𝑊1 − 𝛿𝑊2 + 𝛿𝑊3)𝑑𝑡 = 0
𝑡2

𝑡1

 (19) 
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Moreover, the variation of elastic strain energy of 

cylindrical shell can be written as (Shariati et al. 2012, 

2016a, b, 2019, 2020g, 2021a, b): 

𝛿𝑈 = ∭ (𝜎𝑖𝑗𝛿𝜀𝑖𝑗)
𝑉𝑐𝑜𝑟𝑒

𝑑𝑉𝑐𝑜𝑟𝑒  

−∭ (
𝐷𝑥𝛿𝐸𝑥 + 𝐷𝜃𝛿𝐸𝜃 + 𝐷𝑧𝛿𝐸𝑧

+𝐵𝑥𝛿𝐻𝑥 + 𝐵𝜃𝛿𝐻𝜃 + 𝐵𝑧𝛿𝐻𝑧
) 𝑑𝑉𝑀

𝑉𝑀

 
(20) 

In Eq. (20) σij and εij  are stress and strain tensors 

components, respectively, which are given in Ref. (Barooti 

et al. 2017). The external work comes from an external 

electrical load source. There is another energy 

corresponding to the imposed electric/magnetic load. The 

variation of this energy is also expressed as follows 

(Shariati et al. 2020a, b, d, g, h) 

𝛿𝑊1 = ∫ [(𝑁𝐸 + 𝑁𝑀)(𝑤,𝑥𝛿𝑤,𝑥 + 𝑣,𝑥𝛿𝑣,𝑥)]𝑑𝐴𝑀
𝐴𝑀

 (21) 

the imposed electric and magnetic loads are denoted by NE, 

and NM which are in the following form (Ke et al. 2014b): 

𝑁𝐸 = −2(𝑒31 −
𝑐13𝑒33

𝑐33

)𝜙0 

𝑁𝑀 = −2(𝛽31 −
𝑐13𝛽33

𝑐33

)𝜓0 
(22) 

Here a non-uniform temperature is assumed in the 

thickness of the shell in thermal environment conditions. 

Thus, the corresponding work of temperature gradient can 

be obtained as: 

𝛿𝑊2 = ∬ [
(𝑁1

𝑇)(
𝜕𝑤0𝑐

𝜕𝑥

𝜕𝛿𝑤0𝑐

𝜕𝑥
)

+(𝑁2
𝑇)(

𝜕𝑣0𝑐

𝜕𝑥

𝜕𝛿𝑣0𝑐

𝜕𝑥
)

]
𝐴𝑐

𝑅𝑑𝑥𝑑𝜃 (23) 

The thermal resultants, 𝑁1
𝑇  and 𝑁2

𝑇 , are obtained as 

follows: 

𝑁1
𝑇 = ∫ (𝑄̄11 + 𝑄̄12)𝛼(𝑇 − 𝑇0)𝑑𝑧𝑐 ,

ℎ
𝑐
/2

−ℎ
𝑐
/2

 

𝑁2
𝑇 = ∫ (𝑄̄21 + 𝑄̄22)𝛼(𝑇 − 𝑇0)𝑑𝑧𝑐 .

ℎ
𝑐
/2

−ℎ
𝑐
/2

 

(24a) 

The vector α includes the coefficients of thermal 

expansion: 

𝛼 = [𝛼1𝛼2000]𝑇 (24b) 

Also, the MEE layer is covered by elastic foundation. 

The work done due to this foundation is as follows: 

𝛿𝑊3 = ∬ [(𝐾𝑤)𝑤𝑀𝛿𝑤𝑀]
𝐴𝑀

𝑅𝑑𝑥𝑑𝜃 (25) 

Assuming a linear change for temperature in thickness 

of the shell from 𝑇𝑚 at the outer surface to𝑇𝑐 at the inner 

surface and substituting Eqs. (20)-(25) into Eq. (19), after 

solving the obtained equation, variation of displacement 

components in core and MEE layer can be acquired. 

𝛿𝑢𝑐: 𝑁
𝑐
𝑥𝑥,𝑥 +

𝑁𝑐
𝑥𝜃,𝜃

𝑅
= 0, (26) 

 

Table 3 The dimensionless natural frequency calculated 

using the formulation in the present study in comparison 

with the corresponding values presented in Ref. (Liu et al. 

2018) 

𝑚𝜋𝐿
/𝑙𝐺𝑁𝑃 

Epoxy 

Ref 

Epoxy 

Present 

GNP-UD 

Ref (Liu et al. 2018) 

GNP-UD 

Present 

2 0.9659 0.93659 2.3674 2.3036 

5 2.6997 2.66985 6.6185 6.4865 

10 5.6503 5.62659 13.8540 13.8075 

 

 

𝛿𝑣𝑐: 𝑁
𝑐
𝑥𝜃,𝑥 +

𝑁𝑐
𝜃𝜃,𝜃

𝑅
+

𝑄𝑐
𝑧𝜃

𝑅
− (𝑁1

𝑇)𝑣0,𝑥2 = 0 (27) 

𝛿𝑤𝑐: 𝑄
𝑐
𝑥𝑧,𝑥 +

𝑄𝑐
𝑧𝜃,𝜃

𝑅
−

𝑁𝑐
𝜃𝜃

𝑅
− (𝑁1

𝑇)𝑤0𝑐,𝑥2 = 0, (28) 

𝛿𝜓𝑐
𝑥
:𝑀𝑐

𝑥𝑥,𝑥 +
𝑀𝑐

𝜃𝜃,𝜃

𝑅
− 𝑄𝑐

𝑥𝑧 = 0, (29) 

𝛿𝜓𝑐
𝜃
:
𝑀𝑐

𝜃𝜃,𝜃

𝑅
+ 𝑀𝑐

𝑥𝜃,𝑥 − 𝑄𝑐
𝑧𝜃 = 0. (30) 

𝛿𝑢0
𝑀:

𝜕𝑁𝑀
𝑥𝑥

𝜕𝑥
+

1

𝑅

𝜕𝑁𝑀
𝑥𝜃

𝜕𝜃
+ 𝑋31𝜙,𝑥 + 𝑋32𝜗,𝑥 = 0 (31) 

𝛿𝑣0
𝑀:

𝜕𝑁𝑀
𝑥𝜃

𝜕𝑥
+

1

𝑅

𝜕

𝜕𝜃
𝑁𝑀

𝜃𝜃 +
𝑄𝑀

𝑧𝜃

𝑅
+

𝑋61

𝑅
𝜙,𝜃 −

𝑘𝑠𝑋24

𝑅
𝜙,𝜃 

+
𝑌61

𝑅
𝜗,𝜃 −

𝑘𝑠𝑌24

𝑅
𝜗,𝜃 − (𝑁𝐸 + 𝑁𝑀)𝑣0𝑝,𝑥2 = 0 

(32) 

𝛿𝑤0
𝑀 :

𝜕𝑄𝑀
𝑥𝑧

𝜕𝑥
+

1

𝑅

𝜕𝑄𝑀
𝑧𝜃

𝜕𝜃
−

𝑁𝑀
𝜃𝜃

𝑅
−

𝑘𝑠𝑋24

𝑅
𝜙,𝜃2  

−𝑘𝑠𝑋15𝜙,𝑥2 −
𝑘𝑠𝑌61

𝑅
𝜗,𝜃2 − 𝑘𝑠𝑌15𝜗,𝑥2  

−(𝑁𝐸 + 𝑁𝑀)𝑤0𝑀,𝑥2 − 𝐾𝑤𝑤𝑀 = 0, 

(33) 

𝛿𝑢1
𝑀:

𝜕𝑀𝑀
𝑥𝑥

𝜕𝑥
+

1

𝑅

𝜕𝑀𝑀
𝜃𝜃

𝜕𝜃
− 𝑄𝑀

𝑥𝑧 + 𝑋32𝜙,𝑥  

+𝑘𝑠𝑋12𝜙,𝑥 + 𝑋35𝜗,𝑥 + 𝑘𝑠𝑋21𝜗,𝑥 = 0, 
(34) 

𝛿𝑣1
𝑀:

1

𝑅

𝜕𝑀𝑀
𝜃𝜃

𝜕𝜃
+

𝜕𝑀𝑀
𝑥𝜃

𝜕𝑥
− 𝑄𝑀

𝑧𝜃 

+
𝑋62

𝑅
𝜙,𝜃 + 𝑘𝑠𝑋13𝜙,𝜃 +

𝑋64

𝑅
𝜗,𝜃 + 𝑘𝑠𝑋23𝜗,𝜃 = 0 

(35) 

The displacement equation of MEE layer can be 

expressed as follows: 

𝛿𝜙 = ∫ {
𝑐𝑜𝑠( 𝛽𝑧) [𝐷𝑥𝛿𝜙,𝑥 +

𝐷𝜃

𝑅 + 𝑧
𝛿𝜙,𝜃]

+𝐷𝑧𝛽 𝑠𝑖𝑛( 𝛽𝑧)𝛿𝜙
} 𝑑𝑧

ℎ
𝑀

/2

−ℎ
𝑀

/2

= 0 

𝛿𝜗 = ∫ {
𝑐𝑜𝑠( 𝛽𝑧) [𝐵𝑥𝜗,𝑥 +

𝐵𝜃

𝑅 + 𝑧
𝜗,𝜃]

+𝐵𝑧𝛽 𝑠𝑖𝑛(𝛽𝑧)𝛿𝜗
} 𝑑𝑧

ℎ
𝑀

/2

−ℎ
𝑀

/2

= 0 

(36) 

For the above Eqs. (26)-(36), the following assumption 

have been made: 

(𝑁𝑖
𝑥𝑥 , 𝑁

𝑖
𝑥𝜃 , 𝑁𝑖

𝜃𝜃) = ∫ (𝜎𝑖
𝑥𝑥, 𝜎

𝑖
𝑥𝜃 , 𝜎𝑖

𝜃𝜃)𝑑𝑧,
ℎ𝑖/2

−ℎ𝑖/2

𝑖 = 𝑐,𝑀 

(𝑀𝑖
𝑥𝑥 ,𝑀

𝑖
𝑥𝜃 , 𝑀𝑖

𝜃𝜃) = ∫ (𝜎𝑖
𝑥𝑥, 𝜎

𝑖
𝑥𝜃 , 𝜎𝑖

𝜃𝜃)𝑧𝑑𝑧
ℎ𝑖/2

−ℎ𝑖/2

, 𝑖 = 𝑐,𝑀 

(37) 
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(𝑄𝑖
𝑥𝑧, 𝑄

𝑖
𝑧𝜃) = ∫ 𝑘𝑠(𝜎

𝑖
𝑥𝑧, 𝜎

𝑖
𝑧𝜃)𝑑𝑧

ℎ𝑖/2

−ℎ𝑖/2

, 𝑖 = 𝑐,𝑀 

In the above relations, some parameters are used, which 

can be obtained using the following two equations: 

∫ 𝐷𝑥 𝑐𝑜𝑠( 𝛽𝑧)

ℎ𝑀
2

−
ℎ𝑀
2

= 𝑋11

𝜕𝜙

𝜕𝑥
+ 𝑌11

𝜕𝜗

𝜕𝑥
+ 𝑋12 (𝑢1𝑀 +

𝜕𝑤0𝑀

𝜕𝑥
) , 

∫ 𝐷𝜃

𝑐𝑜𝑠( 𝛽𝑧)

𝑅𝑀 + 𝑧

ℎ𝑀
2

−
ℎ𝑀
2

= 𝑋22

𝜕𝜙

𝜕𝜃
+ 𝑌22

𝜕𝜗

𝜕𝜃
 

+𝑋13 (𝑣1𝑀 +
1

𝑅

𝜕𝑤0𝑀

𝜕𝜃
−

𝑣0𝑀

𝑅
) , 

∫ 𝐷𝑧𝛽 𝑠𝑖𝑛(𝛽𝑧)

ℎ𝑀
2

−
ℎ𝑀
2

 

= −𝑋33𝜙 − 𝑌33𝜗 + 𝑋31 (
𝜕𝑢0𝑀

𝜕𝑥
) + 𝑋32 (

𝜕𝑢1𝑀

𝜕𝑥
) 

+𝑋61 (
1

𝑅

𝜕𝑣0𝑀

𝜕𝜃
+

𝑤0𝑀

𝑅
) + 𝑋62 (

1

𝑅

𝜕𝑣1𝑀

𝜕𝜃
) , 

∫ 𝐵𝑥 𝑐𝑜𝑠( 𝛽𝑧)

ℎ𝑀
2

−
ℎ𝑀
2

= 𝑌11

𝜕𝜙

𝜕𝑥
+ 𝑇11

𝜕𝜗

𝜕𝑥
+ 𝑋21 (𝑢1𝑀 +

𝜕𝑤0𝑀

𝜕𝑥
) , 

∫ 𝐵𝜃

𝑐𝑜𝑠( 𝛽𝑧)

𝑅 + 𝑧

ℎ𝑀
2

−
ℎ𝑀
2

= 𝑌22

𝜕𝜙

𝜕𝜃
+ 𝑇22

𝜕𝜗

𝜕𝜃
 

+𝑋23 (𝑣1𝑀 +
1

𝑅

𝜕𝑤0𝑀

𝜕𝜃
−

𝑣0𝑀

𝑅
) , 

∫ 𝐵𝑧𝛽 𝑠𝑖𝑛(𝛽𝑧)

ℎ𝑀
2

−
ℎ𝑀
2

= −𝑌33𝜙 − 𝑇33𝜗 + 𝑋34 (
𝜕𝑢0𝑀

𝜕𝑥
) 

+𝑋35(
𝜕𝑢1𝑀

𝜕𝑥
) + 𝑋63(

1

𝑅

𝜕𝑣0𝑀

𝜕𝜃
+

𝑤0𝑀

𝑅
) + 𝑋64(

1

𝑅

𝜕𝑣1𝑀

𝜕𝑦
). 

(38) 

where: 

 

𝑋11 = ∫ {𝑠11𝑒}
ℎ𝑝/2

−ℎ𝑝/2

𝑐𝑜𝑠2(𝛽𝑧) 𝑑𝑧, 

𝑋22 = ∫ {𝑠22𝑒}
𝑐𝑜𝑠2( 𝛽𝑧)

(𝑅𝑝 + 𝑧)
2

ℎ𝑝/2

−ℎ𝑝/2

𝑑𝑧, 

𝑋13 = ∫
𝑐𝑜𝑠( 𝛽𝑧)

𝑅 + 𝑧

ℎ𝑝/2

−ℎ𝑝/2

𝑒24𝑒𝑑𝑧, 

𝑋33 = ∫ {𝑠33𝑒}𝛽
2 𝑠𝑖𝑛2( 𝛽𝑧)

ℎ𝑝/2

−ℎ𝑝/2

𝑑𝑧, 

𝑋3𝑖 = ∫ {1, 𝑧𝑝}𝛽𝑒31𝑒 𝑠𝑖𝑛( 𝛽𝑧)
ℎ𝑝/2

−ℎ𝑝/2

𝑑𝑧, 

𝑋6𝑖 = ∫ {1, 𝑧}𝛽𝑒32𝑒 𝑠𝑖𝑛( 𝛽𝑧)
ℎ𝑝/2

−ℎ𝑝/2

𝑑𝑧. 

(39) 

Noteworthy, using all these relations and imposed 

compatibility conditions, the number of unknown in these 

equations reduces by the number of 3 from 12 unknowns to 

9 unknowns. For solving these equations, boundary 

conditions are also necessary. In the following for different 

boundary scenarios in terms of displacement are given. 

Shell with clamped ends conditions at 𝑥 = 0, 𝐿: 

𝑢0𝑐 = 𝑣0𝑐 = 𝑤0𝑐 = 0, 
𝜓𝑥

𝑐 = 𝜓𝜃
𝑐 = 0, 

𝑢0𝑀 = 𝑣0𝑀 = 𝑤0𝑀 = 0, 
𝑢1𝑀 = 𝑣1𝑀 = 0, 
𝜙 = 𝜗 = 0 

(40) 

Shell with simply supported ends at 𝜃= 𝜋/2, 3 𝜋/2 

𝑢0𝑐 = 𝑤0𝑐 = 𝑢0𝑀 = 𝑤0𝑀 = 0, 
𝜓𝑥

𝑐 = 𝑢1𝑝 = 0, 𝜙 = 𝜗 = 0 

𝑣0𝑐 ≠ 0,𝜓𝜃
𝑐 ≠ 0, 

𝑣0𝑀 ≠ 0, 𝑣1𝑀 ≠ 0. 

(41) 

 

 

3. Solution strategy 

 

For numerically solving the equations, the differential 

quadrature method (DQM) is utilized (Adamian et al. 2020, 

Al-Furjan et al. 2020f, g, Li et al. 2020, Shi et al. 2020, 

Zare et al. 2020, Dai et al. 2021b, Zhang et al. 2021a). This 

method, compared to others, has a high convergence rate 

and accuracy and was introduced by Bellman et al. 

(Bellman et al. 1972). In this method, the number of seeds 

is the main parameter that affect the accuracy of results. 

However, the computational cost increases significantly 

with excessive seeds. On the other hand, using few seeds 

lead to non-accurate results. Thus, a compromise between 

computational cost and number of seeds is recommended 

(Bellman and Casti 1971, Bellman et al. 1972). In the very 

first versions of this method, limitation in selecting the 

number of seeds was an issue to reach the desired accuracy. 

Shu (2012) improved this method by using an infinite 

number of seeds. Shu and Richards (1992) used this method 

in multi-domain equations by decomposing the domain into 

separate domains. In the present study, the GDQ method is 

utilized to solve the obtained equations in the previous 

section. For this aim, the approximate 𝑟-th derivative of 

𝑓(𝑥) is obtained by decomposing the derivative to a set of 

the linear combination values of the function (Rajasekaran 

2009): 

𝜕𝑟𝑓(𝑥)

𝜕𝑥𝑟
|
𝑥=𝑥𝑝

= ∑𝐶𝑖𝑗
(𝑟)

𝑓(𝑥𝑖)

𝑛

𝑗=1

 (42) 

In this relation, 𝑛 is the total number of seeds used in 

x-coordinate direction, and 𝐶𝑖𝑗  is the weighting 

coefficients. The weighting coefficients for the first 

derivative can be calculated using the following equation: 

𝐶𝑖𝑗
(1)

=
𝑀(𝑥𝑖)

𝑀(𝑥𝑗)
×

1

(𝑥𝑖−𝑥𝑗)
  

𝑓𝑜𝑟 𝑖 ≠ 𝑗 and 𝑖, 𝑗 = 1,2, . . . , 𝑛  

𝐶𝑖𝑗
(1)

= ∑ −𝐶𝑖𝑗
(1)𝑛

𝑖≠𝑗,𝑗=1  𝑓𝑜𝑟𝑖 = 𝑗 

(43) 
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𝑀(𝑥𝑝) = ∏ (𝑥𝑝 − 𝑥𝑞)

𝑛

𝑝≠𝑞,𝑞=1

 (44) 

For higher derivatives, the weighting coefficients are 

calculated using the first derivative coefficients: 

𝐶𝑖𝑗
(𝑟)

= 𝑟 [𝐶𝑖𝑗
(𝑟−1)

[𝐶𝑖𝑗
(1)

−
1

(𝑥𝑖 − 𝑥𝑗)
]] 

for 𝑖 ≠ 𝑗, 2 ≤ 𝑟 ≤𝑛 −1, and 𝑖, 𝑗 = 1,2, . . . , 𝑛  

𝐶𝑖𝑖
(𝑟)

= − ∑ 𝐶𝑖𝑗
(𝑟)

𝑛

𝑖≠𝑗,𝑗=1

 

for 1 ≤ 𝑟 ≤𝑛 −1 and 𝑖, 𝑗 = 1,2, . . . , 𝑛  

(45) 

The seeds in generated in a non-uniform pattern on the 

neutral surface of the cylindrical shell as a function of 

coordinates on the surface, i.e., 𝑥 and 𝜃: 

𝑥𝑖 =
𝐿

2
(1 − 𝑐𝑜𝑠 𝛾), 𝛾 = 𝜋

𝑖 − 1

𝑁𝑖 − 1
 

𝑓𝑜𝑟𝑖 = 1,2,3, . . . , 𝑁𝑖 
(46) 

Thus, the displacement components and normal 

functions can be assumed to be harmonic: 

𝑢0𝑖(𝑥, 𝜃, 𝑡) = 𝑈0𝑖(𝑥) 𝑐𝑜𝑠(𝑚𝜃)𝑓𝑜𝑟𝑖 = 𝑐, 𝑝 
𝑣0𝑖(𝑥, 𝜃, 𝑡) = 𝑉0𝑖(𝑥) 𝑠𝑖𝑛(𝑚𝜃), 𝑓𝑜𝑟𝑖 = 𝑐, 𝑝 
𝑤0𝑖(𝑥, 𝜃, 𝑡) = 𝑊0𝑖(𝑥) 𝑐𝑜𝑠(𝑚𝜃), 𝑓𝑜𝑟𝑖 = 𝑐, 𝑝 
𝜓𝑐

𝑥
(𝑥, 𝜃, 𝑡) = 𝛹𝑐

𝑥(𝑥) 𝑐𝑜𝑠(𝑚𝜃), 

𝜓𝑐
𝜃
(𝑥, 𝜃, 𝑡) = 𝛹𝑐

𝜃(𝑥) 𝑠𝑖𝑛(𝑚𝜃), 

𝑢1𝑀(𝑥, 𝜃, 𝑡) = 𝑈1𝑀(𝑥) 𝑐𝑜𝑠(𝑚𝜃), 
𝑣1𝑀(𝑥, 𝜃, 𝑡) = 𝑉1𝑀(𝑥) 𝑠𝑖𝑛(𝑚𝜃), 
𝜙(𝑥, 𝜃, 𝑡) = 𝜑(𝑥) 𝑐𝑜𝑠(𝑚𝜃), 
𝜗(𝑥, 𝜃, 𝑡) = 𝜍(𝑥) 𝑐𝑜𝑠(𝑚𝜃). 

(47) 

Rearranging the quadrature analogs of field equations 

and boundary conditions inside the fabric of a generalized 

eigenvalue problem yields: 

{[
[𝐹𝑑𝑑] [𝐹𝑑𝑏]

[𝐹𝑏𝑑] [𝐹𝑏𝑏]
] 𝑁𝑐𝑟 + [

[𝐾𝑑𝑑] [𝐾𝑑𝑏]

[𝐾𝑏𝑑] [𝐾𝑏𝑏]
]} {

𝛿𝑑

𝛿𝑏
} = 0 (48) 

where the subscripts d and b stands for the domain and 

boundary grid points, respectively. Furthermore, δ is the 

displacement vector. Eq. (48) is transformed to a standard 

eigenvalue problem as follows: 

[𝐾∗]{𝛿𝑖} = (𝑁𝐶𝑟)[𝐹
∗]{𝛿𝑖} 

[𝐾∗] = [𝐾𝑑𝑑 − 𝐾𝑑𝑏𝐾𝑏𝑏
−1𝐾𝑏𝑑] 

[𝐹∗] = [𝐹𝑑𝑑 − 𝐹𝑑𝑏𝐾𝑏𝑏
−1𝐾𝑏𝑑]  

(49) 

Critical temperature and voltage of the sandwich 

structure are obtained when these equations vanish. Finally, 

a dimensionless parameter is defined according to Ref. (Ke 

et al. 2014): 

𝛷∗ =
100 × 𝜙

√𝐴11/𝑋33

 

𝛥𝑇∗ = 𝛥𝑇 × 𝛼 

(50) 

 

 

4. Numerical results 

 

The developed equations of GNP nanocomposites shell  

Table 4 The calculated natural frequency in the present 

study as a function of applied voltage compared to the 

corresponding values given in Ref. (Ghadiri and Safarpour 

2016) 

 𝜙𝑜 
[𝑉] 

Ref. (Ghadiri and Safarpour 2016) Present study 

-0.02 0.03030 0.03030 

-0.015 0.03012 0.03017 

-0.01 0.03004 0.03004 

-0.005 0.02991 0.02991 

0 0.02978 0.02978 

0.005 0.02960 0.02964 

0.01 0.02951 0.02951 

0.015 0.02938 0.02938 

0.02 0.02925 0.02925 

 

 

coupled with MEE layer in the thermal environment is now 

solved for various models with different boundary 

conditions. First, the structure is modeled, then the effects 

of MEE layer, temperature change, and pattern of 

dispersion of GNP on critical voltage and critical 

temperature are evaluated. In the following sections, it is 

demonstrated that the mentioned parameters have a 

considerable influence on the static response of the 

composite structures, which are electrically actuated. 

 

4.1 Convergence 

 

The convergence of the results is guaranteed with a 

sufficient number of the grid. For various boundary 

conditions and materials, convergence studies are 

conducted. As can be seen in Table 1, convergence is 

achieved when at least nine grid points are used. In 

addition, in the structure with simply-simply boundary 

conditions, a smaller critical temperature is seen, wherein 

the structure with the clamped-clamped ones would be 

stiffer than the others. Moreover, the addition of GNP 

reinforcing nanofillers leads to the GNPRC cylindrical shell 

has a higher critical temperature compared to pure epoxy. 
 

 

5. Comparative study based on deep learning 

 

In recent years, deep learning has attracted many 

interests as an applicable tool in a wide range of fields, 

including regression, classification and segmentation duties. 

Thereby, a deep neural network (DNN) is created here with 

optimized factors obtained by ADADELTA (an abbreviation 

for adaptive delta). The set of 𝑋 = {
ℎ𝑀

ℎ
, 𝐵. 𝐶𝑠, 𝑔𝐺𝑃𝐿}

𝑇

 has 

been selected as the input of regression-based DNN to 

estimate the critical conditions. In Fig. 2 the schematic of 

the created DNN is demonstrated. DNN’s each layer has 

numerical units called perceptron. The next figure (Fig. 3) 

illustrates the details of operations conducted in a single 

perceptron. The perceptron input would be the output of the 

units constituting the last network layer. To achieve the 

numerical unit output, the amount of each input should be  
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Table 5 Material constants of the GNP and epoxy as 

provided in Ref. (Wu et al. 2017) 

Constants Epoxy GNP 

Young’s modulus (GPa) 3 1010 

Poisson’s ratio 0.34 0.186 

Thermal expansion coefficient(10-6/K) 60 5 

Density (kg m-3) 1200 1062.5 

 

Table 6 Material constants of the MEE layer 

Material constants 𝐵𝑖𝑇𝑖𝑂3 − 𝐶𝑜𝐹𝑒2𝑂4 

Elastic (GPa) 

𝑐11 = 226, 𝑐12 = 125, 𝑐13 
= 124, 𝑐33 = 216, 𝑐44 = 44.2 
, 𝑐55 = 44.2, 𝑐66 = 50.5 

Mass density (103kg 𝑚−3) 𝜌 = 5.55 

Piezomagnetic (N A 𝑚−1) 
𝑞15 = 275, 
𝑞31 = 290.1, 𝑞33 = 349.9 

Magnetoelectric 

(10−12Ns V𝐶−1) 
𝑑11 = 5.367, 𝑑33 = 2737.5 

Magnetic (10−6 N𝑠2 𝐶−2) 𝑟11 = −297, 𝑟33 = 83.5 

Piezoelectric(C 𝑚−2) 𝑒31 = −2.2, 𝑒33 = 9.3, 𝑒15 = 5.8 

Dielectric (10−9 C V 𝑚−1) 
𝑠11 = 5.64, 
𝑠22 = 5.64, 𝑠33 = 6.35 

Thermal moduli 

(105 N K𝑚−2) 
𝛽1 = 4.74, 𝛽3 = 4.53 

Pyroelectric (10−6 C 𝑁−1) 𝑃3 = 25 

Pyromagnetic (10−6 N Am 

𝐾−1) 
𝜆3 = 5.19 

 

 

mathematically operated with biases and weights. For 
gaining more information regarding the fundamentals of the 
neural network method, readers are referred to the (White 
1992). The mean squared error (MSE) would be the metric 
chosen in this research to examine the DNN accuracy in 
critical conditions’ prediction. Next relation explains MSE 
as the squared discrepancy’s mean between the predicted 
critical conditions and expected one. 

MSE=
1

𝑛
∑(Y-Ŷ)

𝑛

i=1

2

. (51) 

 

5.1 ADADELTA optimizer to tune the DNN factors 

 

ADADELTA has been selected as an optimizer for 

finding suitable biases and weights in order to reduce the 

MSE. The key benefit of ADADELTA is listed as follows: 

• This technique would set the rate of learning 

automatically  

• ADADELTA would not sensitive to the amounts of the 

hyperparameters 

• This technique has the ability to be employed in local 

conditions along with the distributed one 

The next relation is applied at all iteration steps (epoch) 

to update the neural network factors (weights and biases): 

ℏ𝑡+1 = ℏ𝑡 +△ ℏ𝑡 △ 𝜒𝑡 = −𝜂
𝜕𝑓(𝜒𝑡)

𝜕𝜒𝑡

 (52) 

here, 𝜂 implies the primary learning rate. For simplifying 

the gradient of the involved factors at the tth epoch, we 

applied Gt in form of 
𝜕𝑓(ℏ𝑡)

𝜕ℏ𝑡
. To achieve the weights and 

biases updates, it would be needed to compute the gradient 

root mean square at the provided epoch by next equation 

𝑅𝑀𝑆[ℜ𝑡] = √𝐸[ℜ𝑡
2] + 𝜀 (53) 

here, 𝜀  would be a constant. It could be implied that 

𝐸[ℜ𝑡
2]  illustrates the expected amount of the squared 

gradient, which may be achieved based on the subsequent 

definition 

𝐸[ℜ𝑡
2[] 𝐸[ℜ𝑡−1

2 [](1 − 𝜌)𝑡
2]] (54) 

then, 𝜌 implies to the decay rate. Employing Eq. (53) and 

Eq. (54), one would achieve the update of the mentioned 

factors as follow 

△ ℏ
𝜂

𝑅𝑀𝑆[ℜ𝑡[]]𝑡𝑡

 (55) 

To demonstrate the ADADELTA performance in 

comparison with other optimizers, Zeiler (2012) 

investigated their error in dividing the handwriting MNIST 

digits dataset for 50 epochs. As shown, ADADELTA 

performs satisfactorily compared to the other optimization 

techniques and reaches the final amount the error for the 

lowest number. Thus, ADADELTA can be recognized as 

one of the high-speed optimization techniques with the 

ability to reach the lower amount of the least error amongst 

the well-known optimizers. As already shown, ADADELTA 

technique had been used to adjust the factors of DNN to 

create a regression-based estimator of disk’s vibration 

response. The hidden layers’ activation function would act 

based on Rectified linear unit (ReLU). The procedure of 

training would be conducted by applying the 70% of the 

dataset. The results’ accuracy would be examined by 

investigating the MSE of the validation and testing step of 

dataset. 

 

5.2 Model validation 

 

In Table 2, a comparative study of the results of the 

current paper and those of the literature is presented. A 

satisfactory agreement can be seen between the 

dimensionless natural frequency of the current study and 

Ref. (Ke et al. 2014). According to the data given in the 

table, the natural frequency increases with increasing the 

wave number (n). As another verification, in Table 3, the 

natural frequency of simply supported cylindrical shell in 

comparison with the corresponding values presented in Ref. 

(Liu et al. 2018). One more verification is conducted for 

this work. In Table 4, consistency between values calculated 

for the frequency with the results of Ref. (Ghadiri and 

Safarpour 2016) demonstrates the capability of this model 

(MEE cylindrical shell) in providing reasonable results. 

Furthermore, the natural frequency decreases with 

increasing the applied voltage. The reason for such behavior 

could be explained as follows: employing the positive (or 

negative) electric voltages causes circumferential and axial 

tensile (or compressive) forces, respectively. As can be seen, 
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Fig. 4 Calculated critical temperature as a function of the 

inverse thickness of MEE layer (horizontal axis) at 

different values of applied external voltage for clamped-

clamped supported GNPRC structure coupled with MEE 

layer with L/R = 10, R/h = 10, ϑ = 1(A) and Pattern 4 

there is a good agreement between the results of the current 

study and other published articles. 

 
5.3 Parametric study 

 

Semi-numerical results are presented in this section for 

GNP cylindrical shell covered with MEE layer. Throughout 

this article, the geometrical parameters of the GNP structure 

are length aGNP = 2.5𝜇m, thickness hGNP = 1.5nm, and radius 

RGNP = 0.75𝜇m. Table 5 also includes the material constants 

of the GNP. The properties of PMMA material which is 

considered as the matrix of nanocomposites under study 

here are dependent on temperature. The thermal expansion 

coefficient for this material as a function of temperature is 

given by relation 𝛼𝑚 = 45(1 + 0.0005𝛥𝑇) × 10−6/𝐾 . 

Moreover, the elasticity modulus is also significantly 

affected by temperature, and it cannot be neglected. The 

dependency of elasticity modulus on temperature is 

approximated by  𝐸 =  (3.52 −  0.0034𝑇) 𝐺𝑃𝑎 , in which 

𝑇 = 𝑇0 + 𝛥𝑇 . Furthermore, in Table 6 the material 

constants of the MEE layer are given. Now, the dependency 

of critical temperature and voltage on the different 

parameters is evaluated. 

 
5.4 Applied voltage and MEE thickness effects on the 

critical temperature 

 

Correlations between the critical temperature and MEE 

thickness are presented in Figs. 4 for several scenarios of 

boundary conditions and external applied voltage with L/R 

= 10 and 𝑔𝐺𝑃𝐿  = 1%. As seen in these graphs, the critical 

temperature of the structure increases with a decrease in the 

MEE thickness. One explanation is that increasing the 

external applied voltage, the negative and positive electric 

potentials, circumferential and axial tensile, and 

compressive forces are generated leads to reduction of the 

critical temperature and stability of the structure. This 

increase in critical temperature is more significant for 

clamp-clamp boundary conditions. Improving the stability 

of the structure with boundary conditions change from 

simply-simply to clamped-clamped, in Fig. 4, results in 

raising the critical temperature. 

 

5.5 Influence of GNP weight fraction and applied 
voltage on critical temperature 

 

Fig. 5 illustrates the variation of critical temperature 

versus the GNP weight fraction for different boundary 

conditions and applied voltages with h/hM = 10 and h = 

R/10. The results are given for three different boundary 

conditions. A common behavior is that with increasing the 

GNP weight fraction, the critical temperature increases 

significantly in the lower GNP weight fraction for all 

boundary conditions, and the effects decrease in the higher 

values GNP weight fraction. The increasing of critical 

temperature with GNP weight fraction is remarkable for 

clamped-clamped B.Cs. On the other hand, increasing the 

external applied voltage results in critical temperature 

decreases. This change is more apparent in the low GNP 

weight fraction. 
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Fig. 5 Calculated critical temperature as a function of 

g_GNP (horizontal axis) at different values of applied 

external voltage for clamped-clamped supported GNPRC 

structure coupled with MEE layer for L/R = 10, R/h = 10, 

ϑ = 1(A) and Pattern 4 
 

 

 

 
Fig. 6 Calculated critical temperature as a function of 

g_GNP (horizontal axis) at different values of applied 

external voltage for clamped clamped supported GNPRC 

structure coupled with MEE layer for L/R = 10, R/h = 10, 

ϑ = 1(A) and Pattern 4 
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Fig. 7 Calculated dimensionless critical voltage as a 

function of hM/h and non-dimensional temperature changes 

for clamped-clamped supported GNPRC structure coupled 

with MEE layer for L/R = 10, R/h = 10, ϑ = 1(A) and 

Pattern 4 

5.6 GNP weight fraction and MEE thickness effects 
on the critical voltage 

 

Dependency of the critical voltage on the thickness of 

MEE layer (hM) for different weight fraction of GNP and B. 

Cs are presented in Fig. 6. It is clear that the shell’s critical 

voltage is associated to the value of ℎ𝑀 /h. Indeed, a 

significant and smooth increase in the critical voltage is 

evident with increasing ℎ𝑀/h. Furthermore, the amount of 

increase in the critical voltage is more pronounce at certain 

values of ℎ𝑀/h (0.3 < ℎ𝑀/h). On the other hand, the critical 

voltage of the cylindrical shell increases with increasing the 

GNP weight fraction. By comparing Fig. 6, it can be 

deduced that both the stability and external voltage decrease 

whenever the end condition of the shell changes from 

simply supported to clamped ends. 

Fig. 7 illustrate the variation of dimensionless critical 

voltage versus the non-dimensional temperature changes for 

different boundary conditions with h/hM = 10 and h = R/10. 

The results are given for three different boundary 

conditions. A common behavior is that by increasing the 

non-dimensional temperature changes, the dimensionless 

critical voltage decreases significantly. The increasing of 

critical voltage with increase/decrease temperature changes 

is remarkable for clamped-clamped B.Cs. On the other 

hand, increasing the temperature change results in critical 

voltage decreases. This change is more apparent in the 

higher values of hM/h. 

 

5.7 Comparing DNN outcomes with results of current 
study 

 

For comparing the ADADELTA performance with 

another optimizer, Zeiler (2012) investigated their errors in 

classifying the handwriting MNIST dataset digits for 50 

epochs. As the aforementioned figure demonstrated, 

ADADELTA performance exceeds other optimization 

techniques and reaches the final amount of the error during 

the least number. Then, ADADELTA would be classified as 

one of the extremely fast optimizers which would be able to 

reach fewer amounts of the least error amongst well-known 

optimization techniques. As it is previously mentioned, 

ADADELTA approach has been applied to tune the factors 

of DNN to create a regression-based estimator of vibrations 

of a disk. The hidden layers’ activation function acts due to 

the Rectified linear unit (ReLU). The procedure of training 

has been conducted by employing 70% of the dataset. The 

results’ accuracy has been evaluated by investigating the 

MSE of the validation and testing part of the dataset. The 

training procedure’s outcomes have been shown in Table 7. 

According to this table, the nuance between the predicted 

dimensionless critical temperature and the expected ones 

would be totally desirable. It would be due to the fact that 

there are very small distances between the predicted points 

from the fitting line. The training procedure’s small MSE 

(𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 = 2 ∗ 10−6) implies the superb ability of 

ADADELTA for finding the suitable factors to tune the 

DNN. To make the mentioned performance of the 

mentioned fully connected DNN reliable, it would be 

needed to analyze the approach’s accuracy toward verified 

and test sets. Also, according to this table, it would be due  
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to the fact that there are very small distances in estimated 

points from the fitting line. The small MSE of the test 

procedure (𝑀𝑆𝐸𝑇𝑒𝑠𝑡 = 1.2 ∗ 10−6 ) illustrates the strength 

of the mentioned technique to estimate the dimensionless 

temperature change of the system. 

 

 
6. Conclusions 

 

The thermo-electrical characteristics of GNPRC shell coupled 

with MEE layer were evaluated. In this regard, a cylindrical smart 

nanocomposite made of GNPRC coupled with MEE layer was 

considered. Because of the layer nature of the structure, the material 

characteristics of the whole structure were regarded as graded. Both 

mechanical and thermal boundary conditions were applied to this 

structure. The main objective of this work was to determine critical 

temperature and critical voltage as a function of thermal condition, 

support type, GNP weight fraction, and MEE thickness. The 

governing equation of the multilayer nanocomposites cylindrical 

shell was derived. The GDQM was employed to numerically solve 

the differential equations. This method was integrated with DNN 

with ADADELTA optimizer to determine the critical voltage and 

temperature change of the structure. The outcome of this study 

indicated that: 

• The critical temperature and voltage decrease with 

decreasing in the MEE thickness. These decreases in not 
uniform. Up to some critical point in the thickness of the 

MEE layer, the change in critical temperature and voltage 

are more pronounce. 

• Generally, clamped end structures show more stable  

 

 

behavior.  As the ends changed from clamped to simply 

supported, both critical temperature and voltage decrease 

significantly.  

• The critical temperature decrease with an increase in 

applied external voltage. The change in critical temperature 

is more obvious in thinner MEE layer, lower. 

• The critical voltage increase with an increase in GNP’ 

weight fraction. The change in critical voltage is more 

obvious in thinner MEE layer. 

• The small MSE of the test procedure illustrates the 

strength of the mentioned technique to estimate the 

dimensionless temperature change of the system 
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