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1. Introduction 
 

Due to the unique mechanical, chemical, and electrical 

properties, boron nitride nanotubes have widespread 

applications in many areas (Tiano et al. 2014, Kim et al. 

2018) such as polymer composite reinforcement (Zhi et al. 

2006), aerospace applications (Thibeault et al. 2020), 

sensor, actuator (Kang et al. 2015), and energy applications 

(Nakhmanson et al. 2003, Sai and Mele 2003). The 

synthesis of BNNTs was first reported experimentally in 

1994 (Rubio et al. 1994). The electrical properties are one 

of the main features of the BNNTs that distinguish them 

from carbon nanotube (Blase et al. 1994, Rubio et al. 1994). 

Comparing to the carbon nanotubes, BNNTs have better 

physical properties, which attract the attention of many 

researchers (Lee et al. 2001). Other nanostructures such as 

carbon nanotubes and graphene have different applications 

in the literature (Asghar et al. 2020, Zeverdejani and Beni 

2020) . 

Comprehensive understanding of mechanical properties 

along with static and dynamic behavior of nanotubes will 

assist researchers to better utilize them in different 

applications such as nanocomposite (Faramoushjan et al. 

2021, Heidari et al. 2021, Zerrouki et al. 2021). In 

nanoscale dimensions, the classical continuum mechanic is 

unable to accurately predict the dynamic and static behavior 

of nanotubes. Therefore, in recent years the researchers  
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have investigated the mechanical properties of 

nanostructures by non-classical continuum mechanics, 

considering the size effect. It is worth mentioning that the 

molecular dynamics simulation methods (Ajori and Ansari 

2014) can also be used to investigate the mechanical 

properties of nanostructures by researchers. However, this 

method requires time-consuming calculations and complex 

analysis. Also, Experimental methods, furthermore, are too 

expensive, and controlling them would be too complicated 

in nanoscale dimensions. Therefore, molecular dynamics 

simulation and experimental methods would not be efficient 

for analyzing all nanostructures. Due to the discussed 

reasons, non-classical continuum mechanics would be a 

great candidate for researchers who are looking for a more 

cost-effective and accurate method. Generally, continuum 

mechanics has recently been used for different problems. 

However, at nanoscale dimensions, the classical continuum 

mechanics did not fit with the experimental and molecular 

dynamics simulation results due to the absence of size 

effect. Therefore, classical continuum mechanics can be 

modified into new theories at nanoscale dimensions by 

applying size effect. These theories include nonlocal theory 

(Hosseini-Hashemi and Ilkhani 2016, Balubaid et al. 2019, 

Berghouti et al. 2019, Boutaleb et al. 2019, Hussain et al. 

2019, Atabakhshian and Shooshtaria 2020, Bellal et al. 

2020, Civalek et al. 2020, Khosravi et al. 2020, Matouk et 

al. 2020, Ouakad et al. 2020, Rouabhia et al. 2020, Shariati 

et al. 2020a, Timesli 2020), strain gradient theory 

(Meleshko and Tokovyy 2013, Tadi Beni 2016, 

Zeighampour et al. 2017, Alimirzaei et al. 2019, Karami et 

al. 2019a, b, Ahmed et al. 2020, Dehshahri et al. 2020), 

couple stress theory (Zeighampour and Beni 2014, 
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Abstract.  In this paper, the vibrations of boron nitride nanotubes (BNNTs) are investigated by considering the electric field. 

To consider the size effect at nanoscale dimensions, the surface elasticity theory is exploited. The equations of motion of the 

BNNTs are obtained by applying Hamilton's principle, and the clamped-guided boundary conditions are also considered. The 

governing equations and boundary conditions are discretized using the differential quadrature method (DQM), and the natural 

frequency is obtained by using the eigenvalue problem solution. The results are compared with the molecular dynamic 

simulation in order to validate the accurate values of the surface effects. In the molecular dynamics (MD) simulation, the 

potential between boron and nitride atoms is considered as the Tersoff type. The Timoshenko beam model is adopted to model 

BNNT. The vibrations of two types of zigzag and armchair BNNTs are considered. In the result section, the effects of chirality, 

surface elasticity modulus, surface residual tension, surface density, electric field, length, and thickness of BNNT on natural 

frequency are investigated. According to the results, it should be noted that, as an efficient non-classical continuum mechanic 

approach, the surface elasticity theory can be used in scrutinizing the dynamic behavior of BNNTs. 
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Zeighampour et al. 2015, Beni 2016, Ebrahimi and Daman 

2016, Ebrahimi and Beni 2016, Beni et al. 2017, Esmaeili 

and Beni 2019, Karimipour et al. 2019, 2020, 2021, 

Ghobadi et al. 2021a, b), and surface elasticity theory 

(Sahmani et al. 2016, Sedighi and Bozorgmehri 2016), 

which have attracted the attention of numerous researchers. 

   In this paper, the surface elasticity theory is exploited 

in order to investigate the vibrations of BNNTs. The surface 

energy creates unique properties in nanomaterials and 

nanostructures. As mentioned by Streitz et al. (1994), atoms 

have different behavior on a free surface or between two 

surfaces compared to other atoms. Moreover, the 

equilibrium position and energy of these atoms are different 

from the positions and energies of the atoms within the 

matter. The properties of a solid body depend on the atomic 

position or energy of the atoms, as a result, these properties 

on or between or near the surfaces are different from other 

parts of the matter. The effects of the surface on thin films 

or layered structures in which many atoms are placed near 

the surface or between two surfaces in two different media 

are significant compared to the bulk parts. Gurtin and 

Murdoch proposed a general theoretical framework for 

surface/interface energy based on the concepts of 

continuum mechanics. In this model, based on the 

mathematical model, a surface with a thickness of zero is 

considered and placed on the main bulk materials without 

slipping. Because the surface properties are different from 

the bulk part, these properties are specified by the surface 

residual tension and the surface Lamé constant (Gurtin and 

Murdoch 1975). 

Several studies have been carried out in order to 

investigate the dynamic and static behavior of 

nanostructures by the surface elasticity theory. For example, 

Ansari et al. (2015) investigated the vibrations and stability 

of nanotubes conveying fluid applying surface elasticity 

theory. They adopted the Timoshenko beam theory to model 

the nanotube and indicated that the natural frequency would 

be greater than the classical continuum mechanics by 

increasing the surface elasticity theory, and this 

enhancement would be higher in nanotubes with fewer 

thicknesses. Xu et al. (2016) investigated the size effect on 

vibration and buckling of a nanobeam under electrical and 

magnetic loads. In this paper, size effects are considered by 

applying the surface elasticity theory. They evaluated the 

effects of stress, piezoelectric, and magnetic surfaces and 

represented that the stress surface effects in smaller 

thicknesses of nanobeam are considerable on the frequency 

and critical load. Pishkenari et al. (2015) calculated the size 

effects on the vibrations of a silicon nanobeam by surface 

elasticity theory and molecular dynamics. They 

demonstrated that the mechanical properties on the 

nanobeam surface are different relative to its center, and the 

results achieved from the surface elasticity theory is fitted 

with the molecular dynamics. Zhen (2017) investigated 

wave propagation in a nanotube conveying fluid using 

surface elasticity theory. In his study, the nonlocal effects 

are considered by applying the nonlocal theory. He 

indicated that the effects of surface elasticity theory and 

surface residual tension on the wave propagation of 

nanobeam are significant in smaller wavenumbers and 

diameters. Attia (2017) investigated bending, buckling, and 

vibration of scaled nanobeam by surface elasticity theory. 

He suggested that the effects of surface energy would be 

higher with increasing the ratio of length to thickness. 

Moreover, the effect of surface energy is greater on bending 

and buckling than the vibrations. 

Molecular dynamics have widespread applications in 

atomic simulation. In this method, the equations of the 

interaction of molecules and atoms in a certain time period 

are achieved from Newton’s second law, and the aim is to 

solve these equations. In this technique, atomic simulation 

is performed by the actual form of nanostructures, thus, the 

results obtained from this method have good accuracy. 

Considering that materials and structures in a variety of 

engineering applications are usually divided into multi-

micron scales and contain billions of atoms, atomic 

simulation and analysis of such structures are complicated 

due to computational constraints. The molecular dynamics 

method has been recently exploited to simulate the 

mechanical properties and dynamic behavior of 

piezoelectric nanostructures. For example, Zhang et al. 

(2013a) investigated the buckling and failure of a Silicon 

carbide nanobeam in a different electric field by molecular 

dynamics. They revealed that the electric field would have a 

considerable impact on the critical load and failure strain. 

Moreover, they compared the simulation results with the 

nonlocal theory and demonstrated that classical continuum 

mechanics approach is not accurate to evaluate the behavior 

of nanostructures. Zhang and Wang (2014) investigated the 

effects of the electric field on the mechanical properties of 

gallium nitride by molecular dynamics simulation. They 

represented that the negative electric field leads to a 

reduction in the failure strength and strain, and Young’s 

modulus declines by reducing the electric field. Zhang et al. 

(2013b) investigated the pre-buckling and buckling of 

BNNTs and boron nitride nanosheets by applying molecular 

mechanics. In their study, the effects of the electric field are 

intended. They indicated that the electric field generates an 

axial deformation in zigzag nanostructures and a shear 

deformation in armchair nanostructures. This is because of 

the different polarization behavior of each of the 

nanostructures in the case that there is an electric field. 

Chandra et al. (2016) investigated the effect of temperature 

on the buckling of BNNTs by applying molecular dynamics 

method. They indicated that the type of nanotube chirality 

influences its critical temperature, and the resistance of 

zigzag BNNTs against buckling is more than that of the 

armchair. Chandra et al. (2015) examined the effects of 

temperature on vibrations of BNNTs by using molecular 

dynamics simulation and demonstrated that the natural 

frequency of the BNNT decreases by increasing the 

temperature, and also the effect of temperature on the 

frequency of the BNNT in smaller lengths is considerable.  

In this paper, the DQM method is employed to solve the 

problem. In recent years, this method has gained much 

attention from researchers (Al-Furjan et al. 2020a, b, c, d, 

Shariati et al. 2020b). For example, using the couple stress 

theory and the Donnell shell model, Zeighampour and Tadi 

Beni (2014) studied the vibrations of nanotubes conveying a 

fluid. Applying the DQM method, they also solved the 
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vibration problem. In another work, using strain gradient 

theory, Zeighampour and Beni (2015) examined the 

vibration of axially functionally graded nanobeam. They 

also used the DQM method to solve the problem. Using 

couple stress theory, Shojaeian and Beni (2015) examined 

electromechanical buckling of functionally graded 

electrostatic nano-bridges in their study. They also 

discretized and investigated nonlinear equations employing 

the DQM method. De Rosa et al. (2021) studied the 

vibrations of nonuniform carbon nanotube with elastic 

constraints and an attached mass based on nonlocal theory. 

Using the DQM, they discretized the equations and 

calculated the natural frequency. Huang et al. (2021) 

examined rotary functionally graded microsystem. In their 

work, they used the DQM method to solve the vibration 

problem. Al-Furjan et al. (2021b) employed refined high-

order theory to investigate the bending responses of a 

functionally graded-graphene nanoplatelets composite 

reinforced disk. They also solved their problem by the 

DQM. Al-Furjan et al. (2021a) examined the vibrations of 

the imperfect sandwich higher-order disk with a lactic core 

using the DQM method. They evaluated various parameters 

such as boundary conditions, outer to inner radius ratio, 

honeycomb network angle, thickness to length ratio of the 

honeycomb, fibers angle, weight fraction of carbon 

nanotubes of disk in their work. 

According to the foregoing discussion, the effect of 

electric field on vibrations of BNNTs by using surface 

elasticity theory and molecular dynamics has rarely been 

considered by researchers, therefore, this problem is 

addressed in this paper. Moreover, to verify the accuracy of 

surface elasticity theory and compare the results, the 

molecular dynamics method is exploited in this paper. The 

Timoshenko beam model is adopted to model BNNT. The 

two types of zigzag and armchair BNNTs are considered in 

order to evaluate the effect of the electric field on natural 

frequency. Furthermore, it is shown that the electric field 

effects are different depending on the arrangement of the 

atoms in BNNT. 

 

 

2. Modeling of boron nitride nanotube 
 
2.1 Modeling based on molecular dynamics 

simulation 
 

BNNTs are formed by twisting of boron nitride sheet 

(Rubio et al. 1994). Zigzag and armchair BNNTs are 

displayed as (n, 0), and (n, n), respectively. The visual 

molecular dynamics software is used to model BNNTs. In 

this paper, the large-scale atomic/molecular massively 

parallel simulator (LAMMPS) software is used for 

molecular dynamics simulation. Before utilizing molecular 

dynamics simulation, the conjugate gradient algorithm is 

employed to minimize the energy from the residual tensions 

in BNNTs. The integration of the equations of motion is 

carried out by using the velocity Verlet algorithm with an 

interval of 1 fs. The Nose-Hoover thermostat is used to 

control the temperature. To simulate the boundary conditions, 

two rows of atoms are fixed. After the free vibration of the 

 
Fig. 1 Boundary conditions and electric field of the 

BNNT 
 

 

BNNT, the displacement of the center of mass of the BNNT 

relative to the time is extracted. Then, the natural frequency 

of BNNTs is computed by using the fast Fourier 

transform method. 

In Tersoff potential, electrostatic interactions are not 

considered (López-Suárez et al. 2015). To simulate an 

electric field, the force from this field should be applied to 

the BNNT, which is equivalent to fi = E × qi where qi is the 

charge of each atom. It should be noted that the charge 

values of B and N are 2.7 and -2.7, respectively. These 

values are obtained by using density functional 

theory (DFT) calculations for hexagonal boron nitride (h-

BN) (Ohba et al. 2001) and BNNTs (Nakhmanson et al. 

2003). Electric field and the boundary conditions of BNNT 

is represented in Fig. 1. 

 

2.2 Modeling based on surface elasticity theory 

 

In this section, the governing equations for the 

vibrations of BNNTs are extracted based on the 

Timoshenko beam model, and the equations of motion and 

boundary conditions are extracted for BNNTs. The strain 

energy of the BNNTs is defined as follows based on the 

surface elasticity theory in the enclosed volume V (Zhu et 

al. 2017). 

𝑈𝑠,𝑒 =
1

2
∫(𝜎𝑖𝑗𝜀𝑖𝑗 − 𝐷𝑖𝐸𝑖)𝑑𝑉
𝑉

 

+
1

2
(∫ (𝜎𝑖𝑗

𝑠 𝜀𝑖𝑗 − 𝐷𝑖
𝑠𝐸𝑖)𝑑𝑆

+

𝑆+
+∫ (𝜎𝑖𝑗

𝑠 𝜀𝑖𝑗 −𝐷𝑖
𝑠𝐸𝑖)𝑑𝑆

−

𝑆−
) 

(1) 

In the above equation, 𝜎𝑖𝑗 , 𝜎𝑖𝑗
𝑠 , 𝜀𝑖𝑗 , 𝐷𝑖 , 𝐷𝑖

𝑠 and 𝐸𝑖 are the 

components of Cauchy stress tensor, surface stress tensor, 

strain tensor, electric displacement, surface electric 

displacement and electric field vector, respectively, which 

are expressed as follows: 

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙 − 𝑒𝑖𝑗𝑚𝐸𝑚,   

𝐷𝑚 = 𝑒𝑖𝑗𝑚𝜀𝑖𝑗 + 𝜂𝑚𝑘𝐸𝑘 ,   
(2) 

𝜀𝑖𝑗 =
1

2
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖), (3) 

where  𝐶𝑖𝑗𝑘𝑙  , 𝑒𝑖𝑗𝑚, 𝜂𝑚𝑘 and 𝑢𝑖 represent, the components of 

elastic constants, piezoelectric constants, dielectric 

constants and the displacement vector components, 

respectively. 
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The stress-strain relations based on the surface elasticity 

theory are expressed as follows: 

𝜎𝑖𝑗
𝑠 = 𝜏𝑠𝛿𝑖𝑗 + (𝜏

𝑠 + 𝜆𝑠)𝜀𝑘𝑘𝛿𝑖𝑗  

+2(𝜇𝑠 − 𝜏𝑠)𝜀𝑖𝑗 + 𝜏
𝑠𝑢𝑖,𝑗
𝑠 − 𝑒𝑖𝑗𝑚

𝑠 𝐸𝑚,   

𝜎𝑖𝑧
𝑠 = 𝜏𝑠𝑢𝑧,𝑖

𝑠 ;  (𝑖, 𝑗 = 𝑥, 𝑦) 

𝐷𝑚
𝑠 = 𝑒𝑖𝑗𝑚

𝑠 𝜀𝑖𝑗 + 𝜂𝑚𝑘
𝑠 𝐸𝑘 , 

(4) 

where  𝜏𝑠, 𝜇𝑠, 𝜆𝑠, 𝑒𝑖𝑗𝑚
𝑠  and 𝜂𝑚𝑘

𝑠  represent, the surface 

residual tension, surface Lamé’s constants, surface 

piezoelectric constants and surface dielectric constants.  

In the recent years, different beam theories have 

attracted considerable attention in the investigation of the 

dynamic behavior of nano/microstructure. These theories 

include Euler–Bernoulli (Heireche et al. 2008), Timoshenko 

(Draiche et al. 2019) and integral-first shear deformation 

(Bourada et al. 2020, Bousahla et al. 2020, Rouabhia et al. 

2020) beam theories. In this paper, The Timoshenko beam 

theory is used to model BNNT. Besides, u is the 

displacement vector based on Timoshenko beam is as 

follows: 

𝑢 = {

𝑢1 = 𝑢(𝑥) + 𝑧𝜓(𝑥) 
𝑢2 = 0

𝑢3 = 𝑤(𝑥)
 (5) 

 In which, 𝑢1, 𝑢2 and 𝑢3 denote the displacement along 

the axes x, y, and z, respectively, for a desired element of 

the beam. Also, 𝑤 is the transverse displacement, 𝜓 is the 

rotation of the cross section of the beam around the y axis. 

By substituting the Eq. (5) in Eqs. (2) and (3), the strain and 

stress along with the electric field and the electric 

displacement are obtained as follows: 

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑤

𝜕𝑥
)
2

+ 𝑧
𝜕𝜓

𝜕𝑥
, (6) 

𝜀𝑥𝑧 =
1

2
(𝜓 +

𝜕𝑤

𝜕𝑥
), (7) 

𝜎𝑥𝑥 = (𝜆 + 2µ)𝜀𝑥𝑥 − 𝑒𝑥𝑥𝑥𝐸𝑥 , (8) 

𝜎𝑥𝑧 = 𝜇 (𝜓 +
𝜕𝑤

𝜕𝑥
) − 𝑒𝑥𝑧𝑥𝐸𝑥 , 

𝐷𝑥 = 𝑒𝑥𝑥𝑥𝜀𝑥𝑥 + 2𝑒𝑥𝑥𝑧𝜀𝑥𝑧 + 𝜂𝑥𝑥𝐸𝑥 

(9) 

𝐸𝑥 = −
𝜕𝜙

𝜕𝑥
 (10) 

where, 𝜙 represent the electric potential. 

Also, the stress and the surface electric displacement 

according to Eq. (4) are obtained as follows: 

𝜎𝑥𝑥
𝑠 = 𝜏𝑠 −

𝜏𝑠

2
(
𝜕𝑤

𝜕𝑥
)
2

+ (𝜆𝑠 + 2µ𝑠)𝜀𝑥𝑥 − 𝑒𝑥𝑥𝑥
𝑠 𝐸𝑥 , 

𝜎𝑥𝑧
𝑠 = 𝜏𝑠

𝜕𝑤

𝜕𝑥
 

(11) 

𝐷𝑥
𝑠 = 𝑒𝑥𝑥𝑥

𝑠 𝜀𝑥𝑥 + 2𝑒𝑥𝑥𝑧
𝑠 𝜀𝑥𝑧 + 𝜂𝑥𝑥

𝑠 𝐸𝑥 (12) 

𝐸𝑥 = −
𝜕𝜙

𝜕𝑥
 (13) 

In the classical beam theory, the stress 𝜎𝑧𝑧 versus the 

stresses 𝜎𝑥𝑥 ,  𝜎𝑥𝑧 is small and negligible. However, in the 

surface elasticity theory, this assumption is not true. 

Therefore, it is assumed that the stress 𝜎𝑧𝑧 linearly changes 

in the direction of the thickness. According to this 

assumption, stress 𝜎𝑧𝑧 is obtained as follows (Ansari et al. 

2014): 

𝜎𝑧𝑧 = (
ℎ+ 2

2ℎ
)(
𝜕𝜎𝑥𝑧

𝑆+

𝜕𝑥
− 𝜌𝑠+

𝜕2𝑤

𝜕𝑡2
)

− (
ℎ− 2𝑧

2ℎ
)(
𝜕𝜎𝑥𝑧

𝑆−

𝜕𝑥
− 𝜌𝑠−

𝜕2𝑤

𝜕𝑡2
) 

(14) 

where the superscripts S+ and S− represent to the outer and 

inner surfaces of BNNT, respectively. Also, h is the BNNT 

thickness. 

By substituting Eq. (11) in Eq. (14), 𝜎𝑧𝑧 can be 

expressed as follows: 

𝜎𝑧𝑧 =
2𝑧

ℎ
(𝜏𝑠

𝜕2𝑤

𝜕𝑥2
− 𝜌𝑠

𝜕2𝑤

𝜕𝑡2
) (15) 

Eq. (8) for a bulk BNNT can be described as follows: 

𝜎𝑥𝑥 = (𝜆 + 2µ)𝜀𝑥𝑥 +
2𝜐𝑧

(1 − 𝜐)ℎ
(𝜏𝑠

𝜕2𝑤

𝜕𝑥2
− 𝜌𝑠

𝜕2𝑤

𝜕𝑡2
)

− 𝑒𝑥𝑥𝑥𝐸𝑥, 
(16) 

In which by substituting Eq. (15) in Eq. (16), the stress 

can be stated as follows: 

𝜎𝑥𝑥 = (𝜆 + 2µ)𝜀𝑥𝑥 +
2𝜐𝑧𝜏𝑠

(1 − 𝜐)ℎ

𝜕2𝑤

𝜕𝑥2
− 𝑒𝑥𝑥𝑥𝐸𝑥 , (17) 

To derive the equations of motion of the BNNT, strain 

energy and work of external forces are needed that the work 

due to axial force 𝑁0 is defined as follows: 

𝑊 = (𝑁0𝑢)|𝑥=0
𝑥=𝐿 (18) 

 The kinetic energy of BNNT is as follows. 

𝑇 =
1

2
∫ {[𝜌𝐴 + 𝜋(𝑑𝑖 + 𝑑𝑜)𝜌𝑠] [(

𝜕𝑢

𝜕𝑡
)
2

+ (
𝜕𝑤

𝜕𝑡
)
2

]
𝐿

0

+ [𝜌𝐼 +
𝜋𝜌𝑠(𝑑𝑖

3 + 𝑑𝑜
3)

8
] (
𝜕𝜓

𝜕𝑡
)
2

} 𝑑𝑥 
(19) 

In which 𝜌𝑠, 𝜌 are surface density and BNNT density, 

respectively. 𝐴 , 𝐼 are the cross-section and the moment of 

inertia of BNNT, respectively. 

Now, using the principle of minimum potential 

energy 𝛿(𝑈𝑠,𝑒 −𝑊 − 𝑇) = 0 , the equations of motion and 

boundary conditions are obtained as follows: 

𝛿𝑢:      
𝜕(𝑁𝑥𝑥 + 𝑁𝑥𝑥)

𝜕𝑥
= [𝜌𝐴 + 𝜋𝜌𝑠(𝑑𝑖 + 𝑑𝑜)]

𝜕2𝑢

𝜕𝑡2
, 

𝛿𝑤:     
𝜕

𝜕𝑥
((𝑁𝑥𝑥 + 𝑁𝑥𝑥)

𝜕𝑤

𝜕𝑥
) +

𝜕(𝑄𝑥𝑧 + 𝑄𝑥𝑧)

𝜕𝑥
 

= [𝜌𝐴 + 𝜋𝜌𝑠(𝑑𝑖 + 𝑑𝑜)]
𝜕2𝑤

𝜕𝑡2
, 

(20) 
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𝛿𝜓:     
𝜕(𝑀𝑥𝑥 +𝑀𝑥𝑥)

𝜕𝑥
− 𝑄𝑥𝑧 

= [𝜌𝐼 +
𝜋𝜌𝑠(𝑑𝑖

3 + 𝑑𝑜
3)

8
]
𝜕2𝜓

𝜕𝑡2
+ [

2𝜐𝐼𝜌𝑠
(1 − 𝜐)ℎ

]
𝜕3𝑤

𝜕𝑥𝜕𝑡2
, 

𝛿𝜙:     
𝜕(𝐷𝑥 +𝐷𝑥)

𝜕𝑥
= 0 

𝑁𝑥𝑥 + 𝑁𝑥𝑥 − 𝑁0 = 0     𝑜𝑟    𝑢 = 0,   𝑥 = 0, 𝐿 

(𝑁𝑥𝑥 + 𝑁𝑥𝑥)
𝜕𝑤

𝜕𝑥
+ 𝑄𝑥𝑧 + 𝑄𝑥𝑧 = 0   

 𝑜𝑟  𝑤 = 0,   𝑥 = 0, 𝐿 

𝑀𝑥𝑥 +𝑀𝑥𝑥 = 0   𝑜𝑟    𝜓 = 0,         𝑥 = 0, 𝐿 

(21) 

𝐷𝑥 + 𝐷𝑥 = 0   𝑜𝑟    𝜙 = 0,         𝑥 = 0, 𝐿 (22) 

where 

𝑁𝑥𝑥 = 𝑎1 (
𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑤

𝜕𝑥
)
2

) + 𝑎2
𝜕𝜙

𝜕𝑥
,𝑀𝑥𝑥 

= 𝑎3
𝜕𝜓

𝜕𝑥
+ 𝑎4

𝜕2𝑤

𝜕𝑥2
, 𝑄𝑥𝑧 = 𝑎5 (𝜓 +

𝜕𝑤

𝜕𝑥
) + 𝑎6

𝜕𝜙

𝜕𝑥
 

𝐷𝑥 = 𝑒𝑥𝑥𝑥 (
𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑤

𝜕𝑥
)
2

) + 𝑒𝑥𝑧𝑥 (𝜓 +
𝜕𝑤

𝜕𝑥
) − 𝜂𝑥𝑥

𝜕𝜙

𝜕𝑥
 

𝑎1 = (𝜆 + 2µ)𝐴, 𝑎2 = 𝑒𝑥𝑥𝑥𝐴, 𝑎3 = (𝜆 + 2µ)𝐼, 

𝑎4 =
2𝜐𝐼𝜏𝑠

(1 − 𝜐)ℎ
, 𝑎5 = 𝑘𝑠𝜇𝐴, 𝑎6 = 𝑒𝑥𝑧𝑥𝐴 

(23) 

𝑁𝑥𝑥 = 𝑎𝑠1 (
𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑤

𝜕𝑥
)
2

) + 𝑎𝑠2
𝜕𝜙

𝜕𝑥
+ 𝑎𝑠3 (

𝜕𝑤

𝜕𝑥
)
2

 

+𝑎𝑠4, 𝑀𝑥𝑥 = 𝑎𝑠5
𝜕𝜓

𝜕𝑥
, 𝑄𝑥𝑧 = 𝑎𝑠4

𝜕𝑤

𝜕𝑥
 

𝐷𝑥 = 𝑒𝑥𝑥𝑥
𝑠 (

𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑤

𝜕𝑥
)
2

) + 𝑒𝑥𝑧𝑥
𝑠 (𝜓 +

𝜕𝑤

𝜕𝑥
) − 𝜂𝑥𝑥

𝑠
𝜕𝜙

𝜕𝑥
 

𝑎𝑠1 = 𝜋(𝑑𝑖 + 𝑑𝑜)(𝜆𝑠 + 2µ𝑠), 

𝑎𝑠2 = 𝑒𝑥𝑥𝑥
𝑠 𝜋(𝑑𝑖 + 𝑑𝑜), 𝑎𝑠3 = −

𝜏𝑠𝜋(𝑑𝑖 + 𝑑𝑜)

2
 

𝑎𝑠4 = 𝜏𝑠𝜋(𝑑𝑖 + 𝑑𝑜), 𝑎𝑠5 =
𝜋(𝑑𝑖

3 + 𝑑𝑜
3)

8
(𝜆𝑠 + 2µ𝑠) 

(24) 

By substituting Eqs. (23) and (24) in Eqs. (20)-(22), the 

equations of motion based on the displacement components 

can be rewritten as follows: 

𝛿𝑢:      
𝜕

𝜕𝑥

(

 
 

(𝑎1 + 𝑎𝑠1) (
𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑤

𝜕𝑥
)
2

)

+(𝑎2 + 𝑎𝑠2)
𝜕𝜙

𝜕𝑥
+ 𝑎𝑠3 (

𝜕𝑤

𝜕𝑥
)
2

+ 𝑎𝑠4
)

 
 

= [𝜌𝐴 + 𝜋(𝑑𝑖 + 𝑑𝑜)𝜌𝑠]
𝜕2𝑢

𝜕𝑡2
, 

𝛿𝑤:   ((𝑎1 + 𝑎𝑠1)
𝜕2𝑢

𝜕𝑥2
+ (𝑎2 + 𝑎𝑠2)

𝜕2𝜙

𝜕𝑥2

+ (𝑎1 + 𝑎𝑠1 + 2𝑎𝑠3)
𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥2
)(
𝜕𝑤

𝜕𝑥
) 

+  

(

 
 

(𝑎1 + 𝑎𝑠1) (
𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑤

𝜕𝑥
)
2

)

+(𝑎2 + 𝑎𝑠2)
𝜕𝜙

𝜕𝑥
+ 𝑎𝑠3 (

𝜕𝑤

𝜕𝑥
)
2

+ 𝑎𝑠4
)

 
 𝜕2𝑤

𝜕𝑥2
 

(25) 

+𝑎5 (
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) + 𝑎6

𝜕2𝜙

𝜕𝑥2
+ 𝑎𝑠4

𝜕2𝑤

𝜕𝑥2

= [𝜌𝐴 + 𝜋(𝑑𝑖 + 𝑑𝑜)𝜌𝑠]
𝜕2𝑤

𝜕𝑡2
, 

𝛿𝜓:     (𝑎3 + 𝑎𝑠5)
𝜕2𝜓

𝜕𝑥2
+ 𝑎4

𝜕3𝑤

𝜕𝑥3
− 𝑎5 (𝜓 +

𝜕𝑤

𝜕𝑥
) − 𝑎6

𝜕𝜙

𝜕𝑥
 

= [𝜌𝐼 +
𝜋𝜌𝑠(𝑑𝑖

3 + 𝑑𝑜
3)

8
]
𝜕2𝜓

𝜕𝑡2
+ [

2𝜐𝐼𝜌𝑠
(1 − 𝜐)ℎ

]
𝜕3𝑤

𝜕𝑥𝜕𝑡2
, 

𝛿𝜙:  (  𝑒𝑥𝑥𝑥 +  𝑒𝑥𝑥𝑥
𝑠 ) (

𝜕2𝑢

𝜕𝑥2
+
𝜕2𝑤

𝜕𝑥2
𝜕𝑤

𝜕𝑥
) 

+(𝑒𝑥𝑧𝑥 + 𝑒𝑥𝑧𝑥
𝑠 ) (

𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) − (𝜂𝑥𝑥 + 𝜂𝑥𝑥

𝑠 )
𝜕2𝜙

𝜕𝑥2
= 0  

The boundary conditions for zigzag and armchair 

BNNTs are as follows: 

𝑤 = 0,         𝑥 = 0, 𝐿 
𝜓 = 0,         𝑥 = 0, 𝐿 
𝐷𝑥 = 0,         𝑥 = 0, 𝐿 

(26) 

To analyze the vibrations of BNNTs, considering that 

the acceleration in longitudinal direction is negligible with 

respect to transvers  direction. By using Eq. (25), the 

longitudinal displacement of the BNNT can be expressed as 

follows: 

𝑢(𝑥) = −
(𝑎2 + 𝑎𝑠2)

(𝑎1 + 𝑎𝑠1)
𝜙(𝑥) − (

1

2
+

𝑎𝑠3
(𝑎1 + 𝑎𝑠1)

) 

∫ (
𝜕𝑤

𝜕𝑥
)
2

𝑑𝑥
𝑥

0

+ (
𝑎𝑠4

(𝑎1 + 𝑎𝑠1)
+ 𝐶1) 𝑥 + 𝐶2 

(27) 

In the above equation, C1 and C2 are constant values that 

are extracted from the boundary conditions. By substituting 

boundary conditions in Eq. (27), C1 and C2 are extracted as 

follows: 

𝑥 = 0,   𝑈 = 0,   𝐶2 =
(𝑎2 + 𝑎𝑠2)

(𝑎1 + 𝑎𝑠1)
𝜙(0) 

𝑥 = 𝐿,  𝑁0 = −𝑁𝐸 ,  𝐶1 = −𝑁𝐸 

(28) 

The equations of motion of the BNNT can be rewritten 

using Eqs. (27) and (28) as follows: 

𝛿𝑤:     (−𝑁𝐸)
𝜕2𝑤

𝜕𝑥2
+ 𝑎5 (

𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) + 𝑎6

𝜕2𝜙

𝜕𝑥2
 

+𝑎𝑠4
𝜕2𝑤

𝜕𝑥2
= [𝜌𝐴 + 𝜋(𝑑𝑖 + 𝑑𝑜)𝜌𝑠]

𝜕2𝑤

𝜕𝑡2
, 

𝛿𝜓:     (𝑎3 + 𝑎𝑠5)
𝜕2𝜓

𝜕𝑥2
+ 𝑎4

𝜕3𝑤

𝜕𝑥3
− 𝑎5 (𝜓 +

𝜕𝑤

𝜕𝑥
) − 𝑎6

𝜕𝜙

𝜕𝑥
 

= [𝜌𝐼 +
𝜋𝜌𝑠(𝑑𝑖

3 + 𝑑𝑜
3)

8
]
𝜕2𝜓

𝜕𝑡2
+ [

2𝜐𝐼𝜌𝑠
(1 − 𝜐)ℎ

]
𝜕3𝑤

𝜕𝑥𝜕𝑡2
, 

𝛿𝜙:  (  𝑒𝑥𝑥𝑥 +  𝑒𝑥𝑥𝑥
𝑠 ) (

𝜕2𝑢

𝜕𝑥2
+
𝜕2𝑤

𝜕𝑥2
𝜕𝑤

𝜕𝑥
) 

+(𝑒𝑥𝑧𝑥 + 𝑒𝑥𝑧𝑥
𝑠 ) (

𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) − (𝜂𝑥𝑥 + 𝜂𝑥𝑥

𝑠 )
𝜕2𝜙

𝜕𝑥2
= 0 

(29) 

According to the arrangement of the atoms in BNNTs, 

the electric field in the zigzag BNNT generates a 

longitudinal piezoelectric response for uniaxial strain while 

it creates an electric dipole moment linearly coupled to 

torsion in the armchair BNNT. Therefore, the piezoelectric 
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coefficients in zigzag BNNTs are 𝑒𝑥𝑥𝑥 ≠ 0, 𝑒𝑥𝑧𝑥 = 0, and 

the coefficients in armchair BNNTs are𝑒𝑥𝑥𝑥 = 0, 𝑒𝑥𝑧𝑥 ≠ 0, 
(Ohba et al. 2001). Hence, the equations of motion and 

boundary conditions, concerning the values of the 

mechanical properties listed, can be again rewritten as 

follows, respectively: 

The equations of motion for zigzag BNNT: 

𝛿𝑤:     (−𝑁𝐸)
𝜕2𝑤

𝜕𝑥2
+ 𝑎5 (

𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) + 𝑎6

𝜕2𝜙

𝜕𝑥2
 

+𝑎𝑠4
𝜕2𝑤

𝜕𝑥2
= [𝜌𝐴 + 𝜋(𝑑𝑖 + 𝑑𝑜)𝜌𝑠]

𝜕2𝑤

𝜕𝑡2
, 

𝛿𝜓:     (𝑎3 + 𝑎𝑠5)
𝜕2𝜓

𝜕𝑥2
+ 𝑎4

𝜕3𝑤

𝜕𝑥3
−  𝑎5 (𝜓 +

𝜕𝑤

𝜕𝑥
) 

= [𝜌𝐼 +
𝜋𝜌𝑠(𝑑𝑖

3 + 𝑑𝑜
3)

8
]
𝜕2𝜓

𝜕𝑡2
+ [

2𝜐𝐼𝜌𝑠
(1 − 𝜐)ℎ

]
𝜕3𝑤

𝜕𝑥𝜕𝑡2
, 

𝛿𝜙:    (( 𝑒𝑥𝑥𝑥 +  𝑒𝑥𝑥𝑥
𝑠 )

𝑎2 + 𝑎𝑠2
𝑎1 + 𝑎𝑠1

+ (𝜂𝑥𝑥 + 𝜂𝑥𝑥
𝑠 ))

𝜕2𝜙

𝜕𝑥2
 

+(( 𝑒𝑥𝑥𝑥 +  𝑒𝑥𝑥𝑥
𝑠 )

2𝑎𝑠3
𝑎1 + 𝑎𝑠1

)
𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥2
= 0 

(30) 

The equations of motion for armchair BNNT: 

𝛿𝑤:     (𝑎5 + 𝑎𝑠4)
𝜕2𝑤

𝜕𝑥2
+ 𝑎5

𝜕𝜓

𝜕𝑥
+ 𝑎6

𝜕2𝜙

𝜕𝑥2

= [𝜌𝐴 + 𝜋(𝑑𝑖 + 𝑑𝑜)𝜌𝑠]
𝜕2𝑤

𝜕𝑡2
, 

𝛿𝜓:     (𝑎3 + 𝑎𝑠5)
𝜕2𝜓

𝜕𝑥2
+ 𝑎4

𝜕3𝑤

𝜕𝑥3
− 𝑎5 (𝜓 +

𝜕𝑤

𝜕𝑥
) − 𝑎6

𝜕𝜙

𝜕𝑥
 

= [𝜌𝐼 +
𝜋𝜌𝑠(𝑑𝑖

3 + 𝑑𝑜
3)

8
]
𝜕2𝜓

𝜕𝑡2
+ [

2𝜐𝐼𝜌𝑠
(1 − 𝜐)ℎ

]
𝜕3𝑤

𝜕𝑥𝜕𝑡2
, 

𝛿𝜙:  (𝑒𝑥𝑧𝑥 + 𝑒𝑥𝑧𝑥
𝑠 ) (

𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) − (𝜂𝑥𝑥 + 𝜂𝑥𝑥

𝑠 )
𝜕2𝜙

𝜕𝑥2
= 0 

(31) 

 

 

3. Problem-solving method 
 
The differential quadrature method is exploited to solve 

the equations. In this method, the expression of the 
derivative of a function relative at a given point as a 
weighted linear summation of the values of the function at 
all the points in the domain. The K-th derivative of the 
𝑊𝑖 , 𝛹𝑖 , 𝛷𝑖 functions is approximated as follows (Shu 2000, 
Zong and Zhang 2009). 

𝜕𝑘

𝜕𝜁𝑘
{𝑊𝑖 , 𝛹𝑖 , 𝛷𝑖}|𝜁=𝜁𝑗 

= ∑ 𝐶𝑗𝑚
(𝑘)

𝑁

𝑚=1

{𝑊𝑖(𝜁𝑖𝑚 , 𝑡), 𝛹𝑖(𝜁𝑖𝑚 , 𝑡), 𝛷𝑖(𝜁𝑖𝑚 , 𝑡)} 
(32) 

In which N is the nodes in the domain, and 𝐶𝑗𝑚
(𝑘)

 is the 
weighted coefficients obtained from recursive equations. 
The m-th point coordinates are achieved from the 
Chebyshev-Gauss-Lobatto equation (Zong and Zhang 
2009). 

𝜁𝑚 =
1

2
[1 − 𝑐𝑜𝑠 (

𝑚 − 1

𝑁 − 1
𝜋)] ,  𝑚 = 1,2, . . . , 𝑁 (33) 

 

 
Fig. 2 (9,0) zigzag and (5,5) armchair BNNTs 

 

Table 1 The diameter and the number of atoms of the 

BNNTs 

 (5,5) (9,0) 

Number of atom 400 432 

Diameter (nm) 0.6781 0.7047 

 

 

By substituting Eq. (32) in Eqs. (26), (30) and (31) in 

matrix form, it is as follows: 

[
𝐾𝑑𝑑 𝐾𝑑𝑏
𝐾𝑏𝑑 𝐾𝑏𝑏

] {
𝑑𝑑
𝑑𝑏
} + [

𝑀𝑑𝑑 𝑀𝑑𝑏
0 0

] {
𝑑̈𝑑
𝑑̈𝑏
} = 0 (34) 

In the above equation, the subscript d is related to the 

domain, and the subscript b is related to the boundary 

conditions. The following equation is employed to solve the 

equations. 

{𝑑𝑑 , 𝑑𝑏} = {𝑑̃𝑑 , 𝑑̃𝑏}𝑒
𝜔𝑡 (35) 

By substituting Eq. (35) in Eq. (34), we will have : 

(𝑲 + 𝜔2𝑴) {
𝑑̃𝑑
𝑑̃𝑏
} = 0 (36) 

 In which K and M are the stiffness and the mass matrix, 

respectively. The natural frequency is obtained by using the 

eigenvalue problem solution of Eq. (36). 
 
 

4. Results 

 

In this section, the results of the vibrations of BNNT 

under an electric field are represented for different values of 

length, chirality, and diameter. In Fig. 2, two samples of 

armchair BNNTs (5.5) and zigzag BNNTs (9.0) are 

represented. Moreover, the geometrical and structural 

specifications of the BNNT used in this paper are expressed 

based on Table 1. 

 

4.1 Comparison of results 

 

In this section, the results related to natural frequency 

are calculated by using two methods of continuum 

mechanics and molecular dynamics. As previously stated, 

DQM is used to solve the equations. First, the number of 

nodes required for the convergence of the problem solution 

is calculated according to Fig. 3 for two BNNTs, and the 

natural frequency of the two BNNTs is calculated based on 
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Fig. 3 The number of nodes required for the convergence of the problem 

Table 2 Comparison of molecular dynamics simulation results with reference (Chandra et al. 2015) 

Frequency (THz) 

 
Ref (Chandra et al. 

2015) 

Present 

study 

Ref (Chandra et al. 

2015) 

Present 

study 

Ref (Chandra et al. 

2015) 

Present 

study 

𝑇 = 1000 𝐾 𝑇 = 400 𝐾 𝑇 = 100 𝐾 

0.49 0.49 0.50 0.51 0.52 0.52 1th Mode 

1.02 1.02 1.07 1.06 1.08 1.08 2th Mode 

1.63 1.63 1.69 1.68 1.73 1.71 3th Mode 

2.17 2.20 2.27 2.27 2.33 2.31 4th Mode 

Table 3 Comparison of frequency of BNNT with reference (Yang et al. 2010) 

Frequency  

20 16 10 8 7 6 5 N 

0.80548 0.80548 0.80548 0.80548 0.80494 0.81223 0.81595 Present study 

0.80551 0.80551 0.80551 0.80550 0.80536 0.81256 0.81629 Ref (Yang et al. 2010)   

Table 4 Comparison of result in the different models 

Frequency of BNT (9,0) - (THz) 
 

𝐸 = 0.37 (𝑉 𝐴∘⁄ ) 𝐸 = 0.185 (𝑉 𝐴∘⁄ ) 𝐸 = 0 (𝑉 𝐴∘⁄ ) 

1.785 1.790 1.795 MD 

6.602 11.936 15.395 
Classical continuum 

mechanic 

1.785 1.790 1.797 Surface elasticity theory 

-7.5 

-0.0157 

-16.7 

-0.026 

-20.499 

-0.042 

𝜆𝑠 + 2𝜇𝑠  (𝑁 𝑚⁄ ) 
    𝜏𝑠        (𝑁 𝑚⁄ ) 

Table 5 Comparison of result in the different models 

Frequency of BNT (9,0) - (THz) 
 

𝐸 = 0.37 (𝑉 𝐴∘⁄ ) 𝐸 = 0.185 (𝑉 𝐴∘⁄ ) 𝐸 = 0 (𝑉 𝐴∘⁄ ) 

1.625 1.625 1.625 MD 

15.238 15.238 15.238 
Classical continuum 

mechanic 

1.625 1.625 1.625 Surface elasticity theory 

20 

-0.091 

20 

-0.091 

20 

-0.091 

𝜆𝑠 + 2𝜇𝑠  (𝑁 𝑚⁄ ) 
    𝜏𝑠        (𝑁 𝑚⁄ ) 
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n = 10. In these results, the length of the BNNT is 

considered 4 mm. 

In Table 2, the natural frequencies of BNNT (10, 10) at 

different temperatures are compared with reference 

(Chandra et al. 2015). In this reference, the natural 

frequency of BNNT with a length of 6.9 nm in three 

different temperatures is calculated by using the molecular 

dynamics method. The results of this paper are fitted with 

the above reference. 

In Table 3, the vibrations of BNNTs (8, 0) in different 

numbers of nodes are investigated. The natural frequency is 

calculated without considering the surface effect. These 

results are compared with the reference (Yang et al. 2010). 

In this reference, the natural frequencies of the BNNTs are 

obtained by using the Timoshenko beam model and the 

DQM that the results of this paper are fitted with the 

reference. 

In Tables 4 and 5, the results of molecular dynamics, 

classical continuum mechanics, and surface elastics theory 

for the natural frequency of two types of BNNTs under an 

electric field are compared. As can be observed, due to the 

non-consideration of the effects of surface parameter, the 

results in classical continuum mechanics are different from 

the non-classical continuum mechanics. However, these 

results in the surface elasticity theory for different values of 

surface stress and surface elastic modulus are well fitted  

 

 

 

with the molecular dynamics method, representing the 

effective performance of surface elasticity theory in precise 

calculations of the vibrational behavior of nanostructures. 

According to the tables, it can be inferred that the surface 

elasticity theory could be an alternative and suitable method 

for the molecular dynamics method with fewer 

computations and acceptable results in predicting the 

vibration behavior of nanostructures. 
 

4.2 Effect of electric field on the vibration of BNNTs 
 

In Figs. 4 and 5, the effect of the electric field on the 

natural frequency of the zigzag and armchair BNNTs in 

different surface elasticity modulus is investigated, 

respectively. The length of the BNNT is considered 4 nm. 

To calculate the natural frequency applying the continuum 

mechanics, the mechanical and physical properties in the 

reference (Verma et al. 2007) are used. By increasing the 

electric field, the natural frequency of the zigzag BNNT 

enhances. Indeed, by applying an electric field in the zigzag 

BNNTs, it generates an axial force. Considering the motion 

equations, the dependence of the electric field on the zigzag 

BNNTs has been demonstrated. According to the achieved 

results, increasing the electric field does not affect the 

natural frequency of the armchair BNNT. Applying an 

electric field to the armchair BNNTs generates a torque 

 
Fig. 4 Natural frequency of zigzag BNNTs in different electric fields 

 
Fig. 5 Natural frequency of Armchair BNNTs in different electric fields 
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force in it. The non-dependence of the electric field on 

natural frequency is obtained in Eq. (31). Furthermore, by 

increasing the surface elasticity modulus, the natural 

frequency of the BNNT has enhanced, which represents an 

increase in the rigidity of the BNNT in the higher modulus 

of elasticity.  

As can be seen in the figures, the effect of the 

electricalfield is dependent on the type of the chirality of the 

BNNTs. That is, regarding the chirality in zigzag BNNTs, 

the changes in the electric field affect the natural frequency. 

However, it has negligible effects on the armchair BNNTs. 

 

 

 
 

4.3 Effect of surface stress on the vibration of BNNTs 
 

In Figs. 6 and 7, the effect of surface stress on the 
natural frequency of zigzag and armchair BNNTs in 
different electric fields is investigated, respectively. In this 
case, the length of the BNNT is also considered 4 nm. 
According to the obtained results, the rigidity of the BNNT 
enhances by increasing the surface stress, and thus, the 
natural frequency in both BNNTs increases. Based on Fig. 
6, the effect of declining the electric field is more tangible 
in lower stresses, which is because of reducing the rigidity 
of BNNTs in lower surface stresses. 

 
Fig. 6 Natural frequency of zigzag BNNTs in different surface stress 

 
Fig. 7 Natural frequency of armchair BNNTs in different surface stress 

 
Fig. 8 Natural frequency of zigzag BNNTs in different surface elasticity modulus 
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4.4 Effect of surface elasticity modulus on the 
vibration of BNNTs 

 

In Figs. 8 and 9, the effect of surface elasticity modulus 

on the natural frequency of zigzag and armchair BNNTs in 

various thicknesses is investigated, respectively. In this 

case, the length of the BNNT is also considered 4 nm. 

According to the obtained results, increasing the surface  

 

 

 

 

elasticity modulus at higher thicknesses of the BNNT has 

less impact on the natural frequency of the BNNT. By 

increasing the surface elasticity modulus, the natural 

frequency enhances, which is because of the increased 

rigidity of the BNNT. Indeed, the effect of the surface 

elasticity modulus on the natural frequency of the BNNT is 

higher in lower thicknesses, indicating the dependence of 

the BNNT on the surface effect in smaller dimensions. For 

 
Fig. 9 Natural frequency of Armchair BNNTs in different surface elasticity modulus 

 
Fig. 10 Natural frequency of zigzag BNNTs in different length and surface density 

 
Fig. 11 Natural frequency of armchair BNNTs in different length and surface density 
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of surface elastic constants having positive values, an 

increase in the thickness causes a decrease in the frequency. 

In contrast, for elastic constants of surfaces with negative 

values, as the thickness increases, the natural frequency 

increases. According to the obtained results, the rigidity of 

the BNNT increases or decreases by the sign of surface 

elastic constants. 

 

4.5 Effect of length and surface density on the 
vibration of BNNTs 

 

In Figs. 10 and 11, the effect of BNNT length on natural 

frequency in different surface densities is investigated. Fig. 

10 is related to the zigzag BNNT, and Fig. 11 is related to 

the armchair BNNT. According to the results achieved, the 

natural frequency declines with increasing the length of the 

BNNTs. The reason for decreasing natural frequency in 

higher lengths is the reduction in the rigidity of the BNNT. 

As well as the effect of the surface density on the natural 

frequency of the BNNT is higher in smaller lengths, which 

represents the dependence of smaller dimensions on the 

surface density. By comparing the two figures, it can be 

concluded that the natural frequency in the zigzag BNNT is 

higher than that in the armchair BNNT, which reflects the 

more rigidity of zigzag BNNT than the armchair BNNT. 
 

 

5. Conclusions 

  
In this paper, the effect of the electric field on the 

natural frequency of BNNTs is investigated by using the 

surface elasticity theory. The results are compared with the 

molecular dynamics simulation. The Timoshenko beam 

model is adopted to model BNNT. The equations of motion 

and boundary conditions are obtained by applying 

Hamilton’s principle. Then, the DQM is exploited to 

discretize the equations of motion and solve the vibration 

problem through clamped-guided boundary conditions. The 

innovation of this paper is the study of the electric field 

effect and the size effect in surface elasticity theory on the 

vibrations of BNNTs, which has less attracted the attention 

of researchers. These results are calculated for the 

vibrations of two types of zigzag and armchair BNNTs. 

According to the results, the natural frequency enhances in 

the zigzag BNNT with increasing electric field, while the 

natural frequency does not change in the armchair BNNT. 

In fact, the electric field generates the axial force in the 

zigzag BNNT and the torque force in the armchair BNNT. 

Also, the effect of BNNT length and thickness on its 

vibrations is investigated. 

 The effect of the surface is more evident in the smaller 

dimensions. Indeed, the less the length and thickness of the 

BNNT, the effect of the surface on the BNNT will be more. 

As stated in the results, increasing surface elastic constant 

causes the natural frequency to increase due to the changes 

in the rigidity of the BNNT. The rigidity of the BNNT 

increases or decreases by the sign of surface elastic 

constants. Also, as the length of the nanotube increases, the 

rigidity of the nanotube decreases, resulting in a decrease in 

the frequency of the nanotube. The results of this paper are 

fitted with the molecular dynamics simulation, which 

represents the effective performance of surface elasticity 

theory in accurate calculations of vibrational behavior of 

nanostructures. Finally, it should be noted that the results of 

the surface elasticity with high accuracy can be employed 

as an alternative method of molecular dynamics to model 

the vibrations of BNNTs. 
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