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A cylindrical shell model for nonlocal buckling behavior of CNTs
embedded in an elastic foundation under the simultaneous effects
of magnetic field, temperature change, and number of walls
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Abstract. This model is proposed to describe the buckling behavior of Carbon Nanotubes (CNTs) embedded in an elastic
medium taking into account the combined effects of the magnetic field, the temperature, the nonlocal parameter, the number of
walls. Using Eringen's nonlocal elasticity theory, thin cylindrical shell theory and Van der Waal force (VdW) interactions, we
develop a system of partial differential equations governing the buckling response of CNTs embedded on Winkler, Pasternak,
and Kerr foundations in a thermal-magnetic environment. The pre-buckling stresses are obtained by applying airy's stress
function and an adjacent equilibrium criterion. To estimate the nonlocal critical buckling load of CNTs under the simultaneous
effects of the magnetic field, the temperature change, and the number of walls, an optimization technique is proposed.
Furthermore, analytical formulas are developed to obtain the buckling behavior of SWCNTs embedded in an elastic medium
without taking into account the effects of the nonlocal parameter. These formulas take into account VdW interactions between
adjacent tubes and the effect of terms involving differences in tube radii generally neglected in the derived expressions of the
critical buckling load published in the literature. Most scientific research on modeling the effects of magnetic fields is based on
beam theories, this motivation pushes me to develop a cylindrical shell model for studying the effect of the magnetic field on the
static behavior of CNTs. The results show that the magnetic field has significant effects on the static behavior of CNTs and can
lead to slow buckling. On the other hand, thermal effects reduce the critical buckling load. The findings in this work can help us
design of CNTs for various applications (e.g. structural, electrical, mechanical and biological applications) in a thermal and
magnetic environment.

Keywords: buckling behavior of CNTs; cylindrical shell theory; elastic foundations; Multi Walled Carbon Nanotubes
(MWCNTSs); nonlocal elasticity theory; small-scale effects; thermal and magnetic environment; Van der Waals (VdW)
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1. Introduction

lijima (1991) of the NEC Laboratory (Tsukuba, Japan)
discovered of carbon nanotubes (CNTs) in 1991. Since this
time, there was a lot of research work on CNTs. For the
study of the mechanical behavior of CNTs, we find in the
literature atomistic-based methods (YYacobson et al. 1996,
Hernandez et al. 1998, Sanchez-Portal et al. 1996). Using
these methods in molecular dynamics (MD) simulation of
buckling behavior, Liew at al. (2004) explain that the
calculation for a SWCNTs (10,10) with 2000 atoms
required 36 hours on a single CPU SGI origin 2000 system,
which shows that these methods are very expensive in terms
of computing time and thus this time explodes
exponentially with MWCNTs. Also, the experiment
measurements are often complex at the nanoscale level for
the investigations of the mechanical behaviors of SWCNTSs,
DWCNTs and MWCNTSs (see Fig. 1). Wherefore, several
authors propose to analyze of SWCNTs and MWCNTSs
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using continuum mechanics methods, such as (Jena et al.
2020, Yazid et al. 2018, Wu et al. 2018, Karami et al 2018,
Timesli 2020, lijima et al. 1996, Falvo et al. 1997,
Mohamed et al. 2020, Malikan 2020, Rahmani and Antonov
2019, Xie et al. 2020, Asghar et al. 2020, Hussain et al.
2020). In continuum theories, Eringen’s nonlocal elasticity
theory has been successfully used to analyze the static
deflection, bending, buckling, wave propagation, vibration
and instability analysis of CNTs (Eringen 1972a, b, 1983,
2002, Eringen and Edelen 1972). Note that the small-scale
effect for micro- and nanostructures is very important and
we can take it into account by the Eringen’s nonlocal
elasticity theory. Although, some works in literature have
used the nonlocal continuum mechanics to present
theoretical investigations of the CNTs (Matouk et al. 2020,
Asghar et al. 2020, Taj et al. 2020, Balubaid et al. 2020,
Hussain et al. 2019, Boutaleb et al. 2019, Berghouti et al.
2019). Other authors are interested to study of SWCNTs
and MWCNTs embedded in a polymer or a metal matrix,
such as (Bensattalah et al. 2018, Calvert 1999, Gul and
Aydogdu 2018, Jena et al. 2020, Kuzumaki et al 1998,
Karami et al. 2018, Malikan and Eremeyev 2020, Schadler
et al. 2018, Wu et al. 2018, Zhou et al. 2019). The excellent
properties and high strength to weight ratio of the CNTs
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(2) SWCNTSs

(b) DWCNTs

(c) MWCNTSs

Fig. 1 Schematic for simply-supported CNTs

have greatly aided to develop nanostructures which are used
in nanomechanical, nanoelectronics, nanobiological, nano-
devices, and nanocomposites systems. Nanostructures are
mainly used as reinforcing material as indicated in the
literature (Zerrouki et al. 2021, Heidari et al. 2021,
Bendenia et al. 2020, Al-Furjan et al. 2020a, b, c, d,
Bourada et al. 2020, Bousahla et al. 2020, Al-Furjan et al.
2021, Timesli 2020a). Furthermore, the existence of
porosities can affect considerably of nanostructures for a
more efficient manufacturing of these types of materials and
their technical design (Medani et al. 2019, Arshid et al.
2021, Timesli 2021). There are also other kinds of
applications of nanostructure as shown in recent years by
researchers to provide a perfect understanding of the
properties of these materials. As examples, Van Vinh and
Tounsi (2021) studied the effect of the spatial variation of
the nonlocal parameter on the Functionally Graded (FG)
sandwich nanoplates. Soleimani-Javid et al. (2021)
examined the vibrational behavior of a sandwich plate
consisting of flexoelectric face sheets and honeycomb core.
The study of the buckling behavior of a graphene sheet
embedded in a visco-Pasternak medium is investigated by
Bellal et al. (2020) and Rouabhia et al. (2020). Karami et
al. (2019b) studied the buckling behavior of FG nanoplates
made of anisotropic material. Rai and Bajpai (2021)
discussed recent developments in the treatment of ZnO
nanostructures, their characterizations by various techniques
and their future perspective. Wang et al. (2021) studied the
buckling behavior of two-dimensional FG nanotubes,
including porosity using first shear deformation and higher-
order theory. Ebrahimi et al. (2020) presented a
comprehensive review on the piezoelectric behavior of
nanostructures, they are interested in understanding the
properties of piezoelectric structures intended for use in
electromechanical systems.

In a variety of applications (ultra-high-density magnetic
recording media, magnetic resonance imaging, sensing,
hyperthermia, catalysts ... etc), magnetic nanostructures are
considered as a novel class of materials. According to
growing conditions, various forms (nanoparticles, nano-
wires, nanotubes, multilayers ... etc) can be used to
synthesize these types of nanostructures. The magnetic field
effect on nanostructures has been investigated by
researchers (Sobamowo et al. 2021, Ponnusamy and
Amuthalakshmi 2015, Cao et al. 2020, Arda and Aydogdu
2018, Ajiki and Ando 1996, Fedorov et al. 2007, Bellucci et
al. 2007, Lee et al. 2018, Karami et al. 2019a). Ajiki and
Ando (1996) investigated the electronic states of CNTs in a

magnetic field. Bellucci et al. (2007) studied the transport
properties of CNTs under the effect of the vertical magnetic
field. Ponnusamy and Amuthalakshmi (2015) investigated
the transverse vibration of DWCNTs under thermal and
magnetic fields, the model used in this study is based on
nonlocal Timoshenko beam theory. Recently, Lee et al.
(2018) modeled magnetically driven torsional actuation of a
MWCNT vyarn artificial muscle. Karami et al. (2019a)
studied the wave dispersion response of nanoshell made of
FG anisotropic material, they evaluated the influences of
several parameters including the magnetic field intensity.
Sobamowo et al. (2021) used Euler-Bernoulli beam theories
coupled with Eringen’s nonlocal elasticity and VdW forces
equation to investigate the nonlinear transverse vibrations
of CNTs embedded on elastic foundations. This study took
into account the combined effects of several parameters,
such as magnetic field, small scales, temperature, and
number of layers. Cao et al. (2020) presented recent
advances of magnetic fields effects on the manipulation of
nanostructures.

Most research has focused on studying the effects of
internal and external parameters on nanostructures. Also in
scientific research, beam theories are most used to study the
effects of magnetic fields. Motivated by these works in the
literature, we develop a cylindrical continuum shell model
to study the simultaneous effects of the magnetic field, the
temperature change, the number of walls, and the nonlocal
parameter of CNTs embedded in Winkler, Pasternak, and
Kerr elastic foundations. The equivalent values of the
Young modulus and the shell thickness are required to use
of the continuum model of CNT structure, they can be
determined by the molecular dynamic simulation and the
continuum mechanics shell models. For modeling of CNTs,
we propose to use the continuum model based on the theory
of circular cylindrical shells and the simplifying shallow-
shell hypothesis, which is developed by Donnell (1934). We
chose this theory for the reason that it is relatively simple
and practically accurate considering the following
hypotheses: (lengh/radius) > 10, (thickness/radius)? « 1,
(1/circumferential half wavenumber)? « 1. To simplify
the problem (the three equations of equilibrium involving
the shell displacements in the radial, circumferential and
axial directions) we reduce the number of equations to two
involving only the radial displacement and the stress
function. Using Eringen’s nonlocal elasticity, Donnell shell
(Donnell 1934, Timesli 2020a, b, c) theories and VdwW
forces interaction, the buckling responses of CNTs
embedded on Winkler, Pasternak, and Kerr foundations in a
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thermal and magnetic environment are developed. We
develop analytical solutions for local buckling and we
present parametric studies with discussion of results. Note
that in this study my previous work (Timesli 2020b) on
DWCNTs embedded in an elastic foundation is generalized
for MWCNT and SWCNT with applied magnetic field
effect under thermal environment and taking into account
the effects of internal small length scale and VdW
interactions. One of the novelties of the present work with
respect to the open literature for studying the effects of
magnetic fields on CNTs is the use of cylindrical shell
model and Kerr foundation.

2. Model development based on the nonlocal
cylindrical shell theory for SWCNTs and MWCNTs
resting on elastic foundations

Consider a SWCNT subjected to an external axial
pressure and resting on elastic foundations under the
influences of temperature and magnetic field as shown in
Fig. 2.

Using our previous studies (Timesli 2020a, b, ¢) and
taking into account the combined effects of the magnetic field,
temperature and nonlocal parameter, we can find the
development of the governing equation of the motion for
the embedded CNTs on elastic foundation. Using the
Eringen’s nonlocal elasticity theory, Donnell shell theory
and Hamilton’s principle, the equilibrium equation for the
SWCNT is given as follows:
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where A4 = (ﬁ"’ﬁﬁ) and fcan be written by the

following relation (Timesli 2017, 20204, b, ¢):
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with y = Kp = Kx = 0 for Winkler foundation, y = Ky =
0 for Pasternak foundation and y = 1 for Kerr foundation.
To study the thermal field effect, we consider the values
of the coefficient of thermal expansion measured by Deng
et al. (2014) using Raman spectroscopy. They showed that
o, = (—1.9+0.6) x 107°K~! for SWCNTs and oy =
(=2.1 £0.7) x 107K~ *for DWCNTSs at room temperature.
The thermal behavior of CNTs is significantly disturbed by
the existence of a surrounding environment (Yan et al.
2012). The presence of strong interactions between CNTs
and substrates gives a coefficient of thermal expansion
bigger than 2.0 x 1075K~! as shown by Jiang et al.
(2009). Due to simplification we choose the value oy =
2.5 x 107K~ in the present study.
Note that the membrane forces can be connected to the
stress function ¢as follows:
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Fig. 2 Schematic for simply supported embedded
SWCNT on three-parameter elastic foundation

We can study the possible existence of adjacent
equilibrium configurations using the adjacent equilibrium
criterion (Brush and Almroth 1975). We assume that the
indices 0 and b indicate, respectively, pre-buckling and
post-buckling quantities and we neglect the terms of second
order in index b to demonstrate that:
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The stress function ¢(x,0) verifies the compatibility
condition (Timesli 2020b, c¢), which gives the following
equation:
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where p = 1/R.

Neglecting the shear membrane forces (N,9o = 0) and
the circumferential membrane force (Nggo = 0), the system
(4)-(5) becomes:
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where U is the axial compression (U = Ny)-

Consider N layers which is represented by iwith i =

1,2,3,...,N. The interaction between MWCNTs and the
elastic foundation takes place through the outer tube. So in
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the governing equation, we include the elastic foundation
terms only for the outer tube. The development of the
expression for VdW force between two successive tubes is
based on the fact the pressure at any point between any two
adjacent tubes depends on the difference of their deflections
at that point (Ru 2000, Aminikhah and Hemmatnezhad
2011, Fu et al. 2006, Yacobson et al. 1996, Liew et al.
2004) as follows:
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with & = 2.968meV and ¢ = 0.3407nm.

Consequently, using the pressure of elastic foundation
and the VdW forces, the developed equilibrium equations of
the embedded MWCNT in a thermal and magnetic
environment with N layers are given as:
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3. Solution methodology for buckling analysis of
embedded MWCNTs on elastic foundation under
coupled effects of magnetic field and temperature
change

The solution of the problem for embedded MWCNTSs on
elastic foundation under coupled effects of magnetic field
and temperature change is sought in the following form
(Timesli et al. 2017, 2020b):

w;(x,0) = Ajexp (i?x) cos(no)

12
¢j(x,0) = ajexp (l%x) cos(no) 12

where A; and a; are arbitrary complex constants, n and
m are respectively the circumferential and axial half
wavenumbers of the j™ tube. Substituting of the solution
(12) in the system of Egs. (8)-(11) and we obtain:
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where p =m/L, q; =n/R;, aspect ratiosf; = %with
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Taking into account the system (13)-(15), we obtain the
following homogeneous matrix system:
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Fig. 3 Principle of finding the critical axial wave number
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The system (16) of N equations and N unknowns

(A4,4,,4A,,...,Ay) has a nonzero solution if its determinant
is zero:

det([c(p'}{'ﬁl'ﬁZ""l.BN)]) =0 (17)

The resolution of the expression of the determinant Eqg.
(17) gives the buckling loads A for fixed values of aspect
ratios f;,B2,... and By.The critical buckling load 4., is
the smallest value of A, this value is equivalent to the
critical axial wave number p... The resolution of the
expression of the determinant Eq. (17) gives the buckling
loads A for fixed values of aspect ratios fS;,8,,... and By.
The critical buckling load A, is the smallest value of A,
this value is equivalent to the critical axial wave number

per- The classical method for finding these critical values is
the numerical minimization of the buckling load with
respect to the axial wave number p.

In this research paper, we use the proposed algorithm as
shown in Fig. 3 which allows us to determine quickly and
automatically the best value of the critical axial wave
number p... So we can obtain the critical buckling load
Aer = A(p.r). FoOr a detail on this optimization technique, we
refer the reader to the papers (Timesli 2020b, c).

4. Analytical solution based on the cylindrical shell
theory for local buckling of embedded SWCNTs on
elastic foundation under coupled effects of magnetic
field and temperature change

In particular cases, we can develop analytical solutions
based on the local elasticity theory for buckling of
SWCNTs and DWCNTs. For SWCNTs embedded in an
elastic medium under axial compression, the nonlocal
critical buckling load is simplified as follows:
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In the case of local theory of elasticity, the nonlocal
parameter e, = 0, which allows us to write:
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For fixed aspect ratio 8, we can obtain the critical
buckling load A, by minimizing the buckling load
A(p,B) in the Eq. (19) with respect to the axial wave
number p:

9A(p, B)
dp

=0 (20)
B fixed

The Eq. (20) leads to a polynomial of degree 6 in p and
by putting 8 = p? we can reduce the degree of the
polynomial to 3:
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For the Eqg. (22), we can demonstrate the flowing only
real root:
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(19) can be simplified as follows:
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By minimizing the buckling load A(p,B) in Eq. (27)

In the case of Winkler and Pasternak models, the Eq.
p° 1 Kw
+—[—2+KP(1+[>’2)]
we obtain a polynomial of degree 4, which allows us to
write:
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and then A, can be written in the following simplified
form:

A = k2(1 4 8%)°
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5. Numerical analysis

5.1 Validation of analytical formulas for buckling of
embedded SWCNTs on elastic foundation under coupled
effects of magnetic field and temperature change

In this section, parameters used for analysis are the
following: 4 = 0.066nm, a = 0.142nm, E = 5500GPa,
v=034, =06, e,=0, Ky =50nN/nmm?®, K; =
5nN/nm, K. = 10nN/nm3(Timesli 2020b). We assume
that a, = 2.5 x 1075K~1, H, = 0.14/nm, AT = 20°K.
Fig.4 presents the critical buckling load 4. of SWCNT
versus radius R. The critical load decreases with increasing
radius R, it increases in the presence of Winkler, Pasternak
and Kerr foundations compared to that without medium.
These results also show that A, of the Pasternak model is
more important than that of Winkler and Kerr. Note that
there is an agreement between the numerical results
obtained by minimization and those analytical.

Using the analytical formula (26), Fig. 5 presents the
variations of A, versus radius R with and without
applying the effects of the magnetic field and temperature
change. As shown in this figure, the local critical load
increases by applying a magnetic field and decreases with a
temperature change.

5.2 Effect of the nonlocal parameter on the buckling
behavior

In the following numerical tests and using the same data
in the section 5.1 and Eq. (18), we show the small-scale
effects on the critical buckling load A, of SWCNTs
embedded in an elastic foundation. Fig. 6(a) explains that
A decreases with increasing the nonlocal parameter e,. It
can be seen that the difference between the critical buckling
loads of different values of e, is quite large for small
values of R, which indicates that the small-scale effect can
be neglected for the critical buckling load when the radius
R is large.
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the buckling behavior of CNT

The effect of the foundation type on the buckling load of
CNT versus the nonlocal parameter is plotted in Fig. 6(b).
This figure shows that the effect of Pasternak foundation on
the buckling of CNT is more important compared to
Winkler and Kerr foundations. On the other hand, A,
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Fig. 7 The critical buckling load versus aspect ratio 8
for different values of the nonlocal parameter

descend most quickly with increasing ey, if the value of e,
exceeds a certain value (e, = 2) the decrease in A,
becomes gradually slower. This result shows that the
nonlocal parameter e, has strong effects on the buckling
behavior of CNT for small values of e,.

In the following we consider that R = 0.34nm .
According to Fig. 7, the critical buckling load A.. of CNTs
increases when the aspect ratio S increases. A, rises most
quickly with increasing £ for nonlocal elasticity theory.

5.3 Effect of magnetic field strength on buckling
behavior

It is displayed in Fig. 8(a) that the critical buckling load
increases exponentially as the magnetic field strength
increases. It is because that increasing magnetic field leads
stiffer structure. We can conclude that the impact of the
applied magnetic field has improved the mechanical
properties of CNT.A further investigation revealed the same
trend in DWCNT, TWCNT, QWCNT, etc. These results on
the buckling behavior of CNTs show that the stability of
CNT can be achieved using the proposed model.

The effect of the magnetic field on the buckling load of
the CNT versus nonlocal parameter is plotted in Fig. 8(b).
This figure explains that the effect of the magnetic field on
the buckling of the CNT becomes more important at lower
nonlocal parameters.

5.4 Effect of change in temperature on buckling
behavior

The impact of change in temperature on buckling
behavior of SWCNT is presented in Fig. 9. It is clearly seen
that increase in temperature change at low temperature
decreases the critical buckling load as shown in Fig. 9. Such
response is due to the fact that the Young modulus and the
rigidity of the CNT decrease at low temperature (or room
temperature) and such causes the CNT to become
increasingly less rigid as the temperature change increases.
However, the increase in temperature change at high
temperature increases the critical buckling load of CNT.
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5.5 Study of the number of walls effect

Fig. 10 shows that increasing the number of layers N
leads to decrease in A. It can be seen that the difference
between the critical buckling loads of different values of e,
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Fig. 10 The critical buckling load versus number of
layers for different nonlocal parameter values
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Fig. 11 The critical buckling load versus number of layers
for different values of internal radius R; of the MWCNT

is quite large for small values of N (or small outermost
radius Ry), which indicates that the small-scale effect plays
an important role for the critical buckling loads when the
number of layers is small (or the outermost radius Ry is
small). We can also conclude that as the outermost radius
increases, the difference between these results becomes
very small and their values tend towards the local critical
buckling loads. This implies that the effect of the nonlocal
parameter is very small for MWCNT with large radii and it
can be neglected.

It can also be seen in Fig. 11 that as the number of layers
increases, the influence of the internal radius R; becomes
neglected and the critical buckling loads tend towards the
local critical buckling loads.

6. Conclusions

A continuum cylindrical shell model has been
investigated for the buckling analysis of SWCNT and
MWCNT embedded in an elastic foundation and under
coupled effects of the magnetic field, temperature change,
and number of walls. The interaction between the CNT and
the elastic medium is treated as Winkler, Pasternak and Kerr
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elastic models. Analytical formulas of the local critical
buckling load are developed for SWCNT embedded in
elastic medium. Otherwise, an optimization technique is
used to obtain the nonlocal critical buckling load of
SWCNT and MWCNT resting on elastic foundations and
under coupled effects of the magnetic field, temperature
change, and number of walls. Several numerical studies
have been conducted to show the effects of many
parameters such as the nonlocal parameter, the magnetic
field, the temperature change and the number of walls.
Through the parametric studies, the following results are
established:

* Increase in the magnetic field strength causes the
increase in the critical buckling load A... The significant
effect of this parameter on the buckling behavior of CNTs
shows that it can be used to achieve the stability or control
the instability of CNTs.

» The effect of the magnetic field on the values of
critical buckling loads reduces with the effect of the
nonlocal parameter.

* Increase in the change in temperature leads to the
decrease in A.. for the low temperature and to the increase
in A, for the high temperature. This is because the
coefficient of thermal expansion of CNT is positive at high
temperature and negative at low/room temperature.

 The effect of the nonlocal parameter can be neglected
for MWCNT with a large number of layers.

* Ao increases with increasing aspect ratio (.

e Ao Of SWCNT and MWCNT increases with
increasing elastic foundation parameters.

* Under coupled effects of the magnetic field,
temperature change, SWCNT and MWCNT resting on
Pasternak foundation have the highest critical buckling load
values. The effect of the Pasternak foundation parameter is
more significant than the Winkler- and Kerr-type foundation
parameter.

» The increase in the number of layers decreases the
rigidity of embedded MWCNT under the simultaneous
effects of magnetic field and temperature change.

These results will help in the design of CNT for various
structural, electrical, mechanical and biological applications
in a thermal and magnetic environment.
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Nomenclature

AZ

ESa,T
nSH;

U

A = U/(Eh)

Axial coordinate
Circumferential angular coordinate
Bi-laplacian operator

Equivalent Young Modulus of Elasticity for
CNT

Poisson’s ratio
Equivalent shell thickness of CNT
Bending stiffness of the shell
Cross sectional area of the nanotube

Transverse displacement of the reference
surface

Transverse displacement of the reference
surface

Carbon-carbon bonds length
Scaling parameter for the small-scale effects
Radius of the nanotube
Radius of the i" tube of nanotube layers
Length of the nanotube
Normal forces according to x
Normal forces according to 8
Internal shear force
Change in temperature
Magnetic field strength
Coefficient of thermal expansion
Magnetic field permeability
Constant axial force due to thermal effects

Magnetic force per unit length due to
Lorentz force

External axial pressure

Load parameter of the external axial pressure

F;

VdW force between the i tube
and the (i-1)" tube

Coefficient of the VdW force between

the i™ tube and the (i-1)™ tube
Pressure of elastic foundations

Lower spring constant /
Winkler foundation constant

Intermediate shear constant /
Pasternak foundation constant

Upper spring constant /
Kerr foundation constant

Stress function
Circumferential half wavenumbers
Axial half wavenumbers
Elliptic integrals
Depth of Lennard-Jones potential

Parameter being determined
by the equilibrium distance





