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1. Introduction 
 

Due to the enhancement in applicable structures’ 

thermomechanical response by applying the sandwich 

system, in the previous decades, scientists discovered a new 

and decent approach for boosting the low-density shell’s 

dynamics and statics of the, beam, plate, along with disk. 

This type of system would be employed be in multifarious 

applications (Gao and Lu 2020, Gao et al. 2019, Hu et al. 

2020). Due to the aforementioned fact, honeycombed 

systems are provided for use in the pertained industries. 

Mukhopadhyay and Adhikari (2016) analyzed dynamics of 

the sandwich panel considering Honeycomb Core 

employing energy methods. Bourada et al. (2020) reported 

dynamics and stability investigations of SWCNT-filled 

concrete beam lying on elastic-substrate. Alimirzaei et al. 

(2019) presented nonlinear study of the micro-composite 

viscoelastic beam with imperfect geometry applying FEM. 

Many scientists (Draoui et al. 2019) provided dynamic and 

static characteristics of filled sandwich porous plate 

employing energy approaches (Gao et al. 2021a, b, c, Li et 

al. 2021a).  

Allam et al. (2020) analyzed the natural frequencies of 

sandwich plates and laminated composite along with shells. 

They extracted the governing equations employing the 

refined high-order shear deformation (RHSD) model. The  
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solution procedure in the previous reference can be used for 

solving complex structures. Refs. (Allam et al. 2020) 

studied the dynamics of FG sandwich plates taking into 

account the refined shear deformation model. Refs. (Zine et 

al. 2020) analyzed the bending of FG porous plates 

applying refined shear deformation model. Rabhi et al. 

(2020) analyzed natural frequencies of sandwich plates 

which was exponentially graded applying a high-order 

shear deformation model. The decent plate was on an elastic 

substrate with multifarious boundary conditions (BCs).  

Ref. (Suryawanshi et al. 2020) analyzed the influences 

of multifarious defects occurring during the manufacturing 

of composite honeycomb beams and achieved the 

honeycomb beams’ mechanics in multifarious vibrational 

modes applying Fast Fourier Transform FE technique and 

analysis approach. This investigation’s significant results 

disclosed that the structure’s frequency drops by raising 

defect proportion. The lattice core graded corrugated 

structure’s natural frequency and applied an analytical 

approach for solving the final equations have been 

evaluated by Ref. (Xu et al. 2019).  They investigated the 

influence of graded factors, beam length, and thickness of 

facial leaf on the mentioned systems’ frequency responses. 

The solution procedure in the previous reference can be 

used for solving complex structures. Amini et al. (2019) 

studied how to control the vibrations’ amplitude of solar 

panels manufactured by smart layers along with honeycomb 

core.  Employing Hamiltonian and thin plate model, they 

derived the BCs and motion equations. Ultimately, they 

found out that elastoelectric influences have a prominent 

role in the solar panels’ vibrations. Ref. (Shahverdi et al. 
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2019) had examined the post-buckling characteristics of 

panels considering graphene particles reinforcements and 

honeycomb cores.  The scientists’ findings illustrate that 

GPL weight fraction, core thickness, and configurational 

factors pertained to the panel contribute considerably in the 

post-buckling characteristics of the sandwich system. The 

bending analysis of a curved sandwich beam with 

honeycomb core filled by graphene nanoplatelets layers has 

been scrutinized by Sobhy (2020). Employing DQM, they 

solved the complicated motion equations and pertained 

BCs. Wang et al. (2019) carried out a research regarding 

sandwich system’s frequency responses considering 

honeycomb core applying FE along with empirical 

outcomes. Ultimately, their vital research discovered that 

the face-sheet’s thickness ratio and its density have a 

significant role in the sandwich panel’s frequency 

considering a honeycomb core. 

Ref. (Zhang et al. 2017) reported results of a project 

regarding a frequency investigation of a sandwich beam 

considering honeycomb hybrid core applying an FE model 

and experimental approaches. sandwich honeycomb shell’s 

nonlinear frequency responses had been reported by Zhang 

and Li (2019). They, however, solved the system’s 

governing equations of the considering simply supported 

BCs through using the Homotopy perturbation technique. A 

wide range of scientists worked on the vibrational 

characteristics of the nano-scaled systems due to Eringen’s 

model as Refs. (Khosravi and Hosseini 2020, Khosravi et 

al. 2020). According to some benefits of GPLs, this type of 

fillers has got a lot of attention in the previous years. 

GPLRC plates’ natural frequency analysis employing a 

computational solution process has been reported by 

Gunasekaran et al. (2020). Employing FEM, GPLRC 

curved plate’s forced vibrations subjected to an extremely 

high-temperature condition has been provided by Ref. (Tran 

et al. 2020). One of the prominent outcomes that they 

disclosed in their research was that the GPLs’ 

configurational properties have a vital impact on the 

GPLRC curved plates’ resonance behavior. In recent years, 

the a annular GPLRC sector plates’ crucial temperature 

applying nonlinearity of von Kármán and FOSD model has 

been reported by Javani et al. (2020). The GDQ approach 

has been employed to solve the final equations, and then 

they disclosed that by taking into account a few GPLs into 

the matrix, the crucial temperature would be raised. It is 

disclosed that annular plates would be employed in 

multifarious engineering and industrial applications (Mou et 

al. 2020). According to different dynamic and static loads 

which are able to drop the system’s stability, the given 

system is usually subjected to various conditions (Han, et 

al. 2019). Then, undesirable characteristics are likely to 

happen for these systems, such as buckling, cracks, 

deformations, and resonance. Thereby, it would be 

necessary to imply that the designers have to consider 

mechanical characteristics of this type of system for 

investigating the mentioned structure considering the 

desirable reliability. Due to the GPLs’ advantages, this type 

of material may be employed as a composite filler in the 

annular plates. The annular GPLRC plates’ bending and 

frequency behaviors applying 3D-elasticity model were 

evaluated by Liu et al. (2019). They solved the the systems’ 

ultimate equations considering the state-space DQ 

approach. They revealed that a broad range of BCs and 

other configurational and physical elements of system and 

GPLs contribute significantly to the bending and frequency 

characteristics of the annular GPLRC plate. Wang et al. 

(2019) analyzed the thermally impacted annular GPLRC 

plates’ frequency analysis employing GDQ approach. They 

revealed that multifarious thermal distribution along with 

locating more square-shaped GPLs may be boosted the 

dynamics of the annular GPLRC plate in a thermal 

condition. Safarpour et al. (2017a) analyzed viscoelastic 

annular GPLRC plates’ frequency analysis for the first time. 

They, however, employed GDQM and HSDT for solving 

and modeling the achieved governing equations, 

respectively. One of the essential outcomes would be that 

the viscoelastic factor contributes significantly in the 

vibrations of a viscoelastic annular GPLRC plate, that this 

prominent outcome had been achieved employing fourth-

order Runge-Kutta computational approach. Annular 

GPLRC plates’ nonlinear forced vibration investigation 

high-temperature conditions had been introduced by Ref. 

(Wu et al.2020). Applying GDQ approach and iterative 

technique, they were able to solved the nonlinear final 

equations and obtained the pertained BCs. Ultimately, they 

disclosed that the nonlinear frequency ratio drops while 

more GPLs have been considered into the annular GPLRC 

plate’s external layers. Due to the never-ending attitude of 

the researchers for analysis of the various systems, GPLs as 

reinforcement can be used for improving the stability of 

various structures (Gong et al. 2019, Li et al. 2019, Zhang 

et al. 2017, 2018). 

Due to the extremely detailed analysis in the published 

papers, no one would be able to assert there could be 

existed any analysis on the frequency investigation of 

the viscoelastic sandwich disk considering GPLRVC face 

sheets and honeycomb core with concrete matrix via deep 

learning. The optimum values of the parameters involved in 

the fully connected neural network are determined through 

the momentum-based optimizer (Cai et al. 2021a, b, c, 

2020). The strength of the method applied in this study 

comes from the high accuracy besides lower epochs needed 

to train the multi-layered network. FSDT has been applied 

to calculate the relation of stresses-strains. The mixture 

Rule and modified Halpin–Tsai theory are involved in 

creating GPLRVC disks’ efficient material constant. By 

applying the Hamiltonian, the structures’ governing 

equations would be achieved. Then, a parametric study is 

conducted to analyze the influences of the external and 

internal radius ratio, thickness to length ratio of the 

concrete, hexagonal core angle, the GPLs’ weight fraction, 

and the honeycomb core’s thickness to internal radius ratio 

on the vibrations of the viscoelastic sandwich disk 

considering face sheet of FG-GPLRVC and honeycomb 

core. 

 
 

2. Mathematical modeling 
 

In the current paper, we analyzed vibrations of a sandwich 
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Fig. 1 A disk’s configuration covered by the viscoelastic 

substrate 

 

 

viscoelastic disk considering honeycomb core GPLRVC 

face sheets and concrete matrix, as is illustrated in Fig. 1. 

Moreover, it would be obvious that in the manufacturing 

procedure, the systems would face with residual stress, so, 

in the provided calculational technique, we considered 

internal pressure as residual stress in the sandwich disk. 

Then, the mathematical formulations of the mentioned 

problem would be provided in the next step. 

Due to the Halpin-Tsai approach, have 

𝐸̄ = −
3
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(1) 

An efficient mass density and Poisson’s ratio based on 

mixture role may be computed as follow 

𝜌̄ = 𝜌𝐺𝑃𝐿𝑉𝐺𝑃𝐿 + 𝜌𝑀(1 − 𝑉𝐺𝑃𝐿), 𝜈̄ = 𝜈𝐺𝑃𝐿𝑉𝐺𝑃𝐿 +
𝜈𝑀(1 − 𝑉𝐺𝑃𝐿) 

(2) 

 Then, for efficient shear modulus have 

𝐺̄ =
𝐸𝐶

2(1 + 𝜈𝐶)
 (3) 

Ultimately, various types of GPL distribution through 

thickness orientation would be provided as next (Ansari and 

Torabi 2019): 

𝑉𝐺𝑃𝐿(𝑧𝑗) =

{
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1
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2.1 Honeycomb core modelling 
 
The hexagonal cell schematic has been applied in this 

research. Based on the Gibson model, have (Ebrahimi et al. 

2018, Esmailpoor Hajilak et al. 2019, Ghabussi et al. 2019, 

Gibson and Ashby 1999, Habibi et al. 2016, Safarpour et al. 

2020a, Shariati et al. 2020): 
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According to the first-order shear deformation (FSD) model, 

the fields of displacement would be explained by the next 

equation (Reddy 2003): 

𝑢𝜂 = 𝑢0
𝜂 + 𝑧𝑢1

𝜂  
𝑣𝜂 = 𝑣0

𝜂 + 𝑧𝑣1
𝜂 

𝑤𝜂 = 𝑤0
𝜂 

(6) 

 

𝑟 

𝑅𝑖 

𝑅𝑜 

𝑧 

ℎ 
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In the aforementioned relation  explains the bottom, top, 

and core layers. 

 

2.2 Honeycomb core’s stress-strain relations 
 
Applying the Kelvin-Voigt theory, stress-strain equations 

would be given as next (Habibi et al. 2018, 2019b, d, e, 

Moayedi et al. 2020b, Pourjabari et al. 2019, Safarpour et al. 

2019a, Shokrgozar et al. 2020): 

[
 
 
 
 
𝜎𝑟𝑟
𝜎𝜃𝜃
𝜏𝜃𝑧
𝜏𝑟𝑧
𝜏𝑟𝜃 ]

 
 
 
 
𝑐

= (1 + 𝜏𝑠
𝜕

𝜕𝑡
)

[
 
 
 
 
𝑄11 𝑄12 0 0 0
𝑄12 𝑄22 0 0 0
0 0 𝑄44 0 0
0 0 0 𝑄55 0
0 0 0 0 𝑄66]

 
 
 
 
𝑐

[
 
 
 
 
𝜀𝑟𝑟
𝜀𝜃𝜃
𝜀𝜃𝑧
𝜀𝑟𝑧
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(7) 

 Thereby, the strain elements may be provided as (Al-Furjan 

et al. 2020, Alipour et al. 2020, Ebrahimi et al. 2020a, 

Ghabussi et al. 2020, Habibi et al. 2019a, Safarpour et al. 

2019b): 

{
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 (8) 

The face sheet layers’ stress-strain equations are as follow 

(Ghavanloo and Fazelzadeh 2011): 

[
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[
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(9) 

 The relation implied above  would define the layers of 

bottom and top. Thereby, the strain elements could be given as 

{
 
 

 
 
𝜀𝑅𝑅
𝜀𝜃𝜃
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𝛾𝑅𝑧
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+
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1

𝑅
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𝑣

𝑅
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 (10) 

2.3 Equations of compatibility 
 
The compatibility conditions taking into account perfect 

bonding between the composite core and layers which would be 

able to be defined as 

𝑢𝑐(𝑧 = −ℎ𝑐/2) = 𝑢
𝑏(𝑧 = −ℎ𝑐/2), 

𝑣𝑐(𝑧 = −ℎ𝑐/2) = 𝑣𝑏(𝑧 = −ℎ𝑐/2), 
𝑤𝑐(𝑧 = −ℎ𝑐/2) = 𝑤

𝑏(𝑧 = −ℎ𝑐/2), 
𝑢𝑐(𝑧 = ℎ𝑐/2) = 𝑢

𝑡(𝑧 = ℎ𝑐/2), 
𝑣𝑐(𝑧 = ℎ𝑐/2) = 𝑣

𝑡(𝑧 = ℎ𝑐/2), 
𝑤𝑐(𝑧 = ℎ𝑐/2) = 𝑤𝑡(𝑧 = ℎ𝑐/2). 

(11) 

  

2.4 Extended Hamilton’s principle: 
 
According to the Energy techniques called the Hamiltonian, 

there are equations between BCs and motion relations which 

would be provided as (Ghazanfari et al. 2020, Habibi et al. 

2017, 2019c, Jermsittiparsert et al. 2020, Safarpour et al. 2018, 

2020a): 

∫ (𝛿𝑇∗ − 𝛿𝑈∗ + 𝛿𝑊∗)
𝑡2

𝑡1

𝜂

 𝑑𝑡 = 0 (12) 

The pertained spinning system’s kinetic energy could be 

written as (Ebrahimi et al. 2019b, c, 2020b, Habibi et al. 2020, 

Mohammadgholiha et al. 2019, Mohammadi et al. 2019, 

Shariati et al. 2020, Shokrgozar et al. 2020): 

𝑇∗𝜂 = ∫
1

2
𝜌𝜂 [(

𝜕𝑢

𝜕𝑡
)
2

+ (
𝜕𝑣

𝜕𝑡
)
2

+ (
𝜕𝑤

𝜕𝑡
)
2

]
𝑉

𝜂

𝑑𝑉 (13a) 

𝛿𝑇∗𝜂 = ∫ 𝜌𝜂 (
𝜕𝑢

𝜕𝑡

𝜕𝛿𝑢

𝜕𝑡
+
𝜕𝑣

𝜕𝑡

𝜕𝛿𝑣

𝜕𝑡
+
𝜕𝑤

𝜕𝑡

𝜕𝛿𝑤

𝜕𝑡
)
𝜂

𝑉

𝑑𝑉 (13b) 

where (Habibi et al. 2021, He et al. 2021, Huang et al. 2021a, 

Huo et al. 2021, Liu et al. 2020c, 2021a, Zhang et al. 2021c): 

{𝐼0, 𝐼1, 𝐼2}
𝜂 = ∫ 𝜌𝜂{1, 𝑧, 𝑧2}𝑑𝑍

ℎ

2

−
ℎ

2

 (14) 

Then, the given composite’s strain energy may be achieved 

as (Dai et al. 2021, Guo et al. 2021, Liu et al. 2020b, Peng et 

al. 2021, Shao et al. 2021, Wang et al. 2020b, Wu and Habibi 

2021, Zhou et al. 2020): 

𝛿𝑈∗𝜂 =
1

2
∭𝜎𝑖𝑗

𝜂
𝛿𝜀𝑖𝑗

𝜂
𝑑𝑉

𝑉

 (15) 

Moreover, the work variation which is conducted by external 

loads could be achieved as (Hashemi et al. 2019, Moayedi et al. 

2019, 2020a, c, Oyarhossein et al. 2020, Shariati et al. 2020) 

𝛿𝑊∗𝜂 = ∫ 𝑃(
1

𝑟

𝜕𝑤0
𝜕𝑟

+
𝜕2𝑤0
𝜕𝑟2

+
1

𝑟2
𝜕2𝑤0
𝜕𝜃2

)
𝐴

𝑑𝐴 (16) 

In which, P would be top layer load. 

By substitution of Eqs. (13b), (15), and (16) into Eq. 

(12), after a mathematical manipulation we get the 

following equations  
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In which:  
 
 

𝛿𝑢1𝑡:
𝑀𝑟𝑟𝑡(𝑟,θ)+𝑟(

∂

∂𝑟
 𝑀𝑟𝑟𝑡(𝑟,θ))

𝑟
−

𝑀𝜃𝜃𝑡(𝑟,θ)

𝑟
+

∂

∂θ
 𝑀𝑟𝜃𝑡(𝑟,θ)

𝑟
− 𝑁𝑟𝑧𝑡(𝑟,θ) = K0𝑡

𝜕2𝑢0𝑐

𝜕𝑡2
+ K1𝑡

𝜕2𝑢1𝑐

𝜕𝑡2
+ K2𝑡

𝜕2𝑢1𝑡

𝜕𝑡2
, 

(17a) 

𝛿𝑣1𝑡:
∂

∂θ
 𝑀𝜃𝜃𝑡(𝑟,θ)

𝑟
+

𝑀𝑟𝜃𝑡(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑀𝑟𝜃𝑡(𝑟,θ))

𝑟
+

𝑀𝑟𝜃𝑡(𝑟,θ)

𝑟
− 𝑁𝜃𝑧𝑡(𝑟,θ) = K0𝑡

𝜕2𝑣0𝑐

𝜕𝑡2
+ K1𝑡

𝜕2𝑣1𝑐

𝜕𝑡2
+ K2𝑡

𝜕2𝑣1𝑡

𝜕𝑡2
, 

(17b) 

𝛿𝑢0𝑐:
𝑁𝑟𝑟𝑡(𝑟,θ)+𝑟(

∂

∂𝑟
 𝑁𝑟𝑟𝑡(𝑟,θ))

𝑟
−

𝑁𝜃𝜃𝑡(𝑟,θ)

𝑟
+

∂

∂θ
 𝑁𝑟𝜃𝑡(𝑟,θ)

𝑟
+

𝑁𝑟𝑟𝑐(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑁𝑟𝑟𝑐(𝑟,θ))

𝑟
−

𝑁𝜃𝜃𝑐(𝑟,θ)

𝑟
+

∂

∂θ
 𝑁𝑟𝜃𝑐(𝑟,θ)

𝑟
+

𝑁𝑟𝑟𝑏(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑁𝑟𝑟𝑏(𝑟,θ))

𝑟
−

𝑁𝜃𝜃𝑏(𝑟,θ)

𝑟
+

∂

∂θ
 𝑁𝑟𝜃𝑏(𝑟,θ)

𝑟
= I0𝑡

𝜕2𝑢0𝑐

𝜕𝑡2
+ I1𝑡

𝜕2𝑢1𝑐

𝜕𝑡2
+ I2𝑡

𝜕2𝑢1𝑡

𝜕𝑡2
+ I0𝑏

𝜕2𝑢0𝑐

𝜕𝑡2
− I1𝑏

𝜕2𝑢1𝑐

𝜕𝑡2
+

I2𝑏
𝜕2𝑢1𝑏

𝜕𝑡2
+ I0𝑐

𝜕2𝑢0𝑐

𝜕𝑡2
+ I1𝑐

𝜕2𝑢1𝑐

𝜕𝑡2
, 

(17c) 

𝛿𝑣0𝑐:
∂

∂θ
 𝑁𝜃𝜃𝑡(𝑟,θ)

𝑟
+

𝑁𝑟𝜃𝑡(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑁𝑟𝜃𝑡(𝑟,θ))

𝑟
+

𝑁𝑟𝜃𝑡(𝑟,θ)

𝑟
+

∂

∂θ
 𝑁𝜃𝜃𝑐(𝑟,θ)

𝑟
+

𝑁𝑟𝜃𝑐(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑁𝑟𝜃𝑐(𝑟,θ))

𝑟
+

𝑁𝑟𝜃𝑐(𝑟,θ)

𝑟
+

∂

∂θ
 𝑁𝜃𝜃𝑏(𝑟,θ)

𝑟
+

𝑁𝑟𝜃𝑏(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑁𝑟𝜃𝑏(𝑟,θ))

𝑟
+

𝑁𝑟𝜃𝑏(𝑟,θ)

𝑟
= I0𝑡

𝜕2𝑣0𝑐

𝜕𝑡2
+ I1𝑡

𝜕2𝑣1𝑐

𝜕𝑡2
+ I2𝑡

𝜕2𝑣1𝑡

𝜕𝑡2
+ I0𝑏

𝜕2𝑣0𝑐

𝜕𝑡2
− I1𝑏

𝜕2𝑣1𝑐

𝜕𝑡2
+

I2𝑏
𝜕2𝑣1𝑏

𝜕𝑡2
+ I0𝑐

𝜕2𝑣0𝑐

𝜕𝑡2
+ I1𝑐

𝜕2𝑣1𝑐

𝜕𝑡2
, 

(17d) 

𝛿𝑤0𝑐:
𝑁𝑟𝑧𝑡(𝑟,θ)+𝑟(

∂

∂𝑟
 𝑁𝑟𝑧𝑡(𝑟,θ))

𝑟
+

∂

∂θ
 𝑁𝜃𝑧𝑡(𝑟,θ)

𝑟
+

𝑁𝑟𝑧𝑐(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑁𝑟𝑧𝑐(𝑟,θ))

𝑟
+

∂

∂θ
 𝑁𝜃𝑧𝑐(𝑟,θ)

𝑟
+

𝑁𝑟𝑧𝑏(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑁𝑟𝑧𝑏(𝑟,θ))

𝑟
+

∂

∂θ
 𝑁𝜃𝑧𝑏(𝑟,θ)

𝑟
− P(

1

𝑟

𝜕𝑤0𝑐

𝜕𝑟
+

𝜕2𝑤0𝑐

𝜕𝑟2
+

1

𝑟2

𝜕2𝑤0𝑐

𝜕𝜃2
) = I0𝑡

𝜕2𝑤0𝑐

𝜕𝑡2
+ I0𝑐

𝜕2𝑤0𝑐

𝜕𝑡2
+ I0𝑡

𝜕2𝑤0𝑐

𝜕𝑡2
, 

 

(17e) 

𝛿𝑢1𝑐:
ℎ𝑐(𝑁𝑟𝑟𝑡(𝑟,θ)+𝑟(

∂

∂𝑟
 𝑁𝑟𝑟𝑡(𝑟,θ)))

2𝑟
−

ℎ𝑐𝑁𝜃𝜃𝑡(𝑟,θ)

2𝑟
+

ℎ𝑐(
∂

∂θ
 𝑁𝑟𝜃𝑡(𝑟,θ))

2𝑟
+

𝑀𝑟𝑟𝑐(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑀𝑟𝑟𝑐(𝑟,θ))

𝑟
−

𝑀𝜃𝜃𝑐(𝑟,θ)

𝑟
+

∂

∂θ
 𝑀𝑟𝜃𝑐(𝑟,θ)

𝑟
−𝑁𝑟𝑧𝑐(𝑟,θ) −

ℎ𝑐(𝑁𝑟𝑟𝑏(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑁𝑟𝑟𝑏(𝑟,θ)))

2𝑟
+

ℎ𝑐𝑁𝜃𝜃𝑏(𝑟,θ)

2𝑟
−

ℎ𝑐(
∂

∂θ
 𝑁𝑟𝜃𝑏(𝑟,θ))

2𝑟
= J0𝑡

𝜕2𝑢0𝑐

𝜕𝑡2
+ J1𝑡

𝜕2𝑢1𝑐

𝜕𝑡2
+

J2𝑡
𝜕2𝑢1𝑡

𝜕𝑡2
− J0𝑏

𝜕2𝑢0𝑐

𝜕𝑡2
+ J1𝑏

𝜕2𝑢1𝑐

𝜕𝑡2
− J2𝑏

𝜕2𝑢1𝑏

𝜕𝑡2
+ I1𝑐

𝜕2𝑢0𝑐

𝜕𝑡2
+ I2𝑐

𝜕2𝑢1𝑐

𝜕𝑡2
, 

(17f) 

𝛿𝑣1𝑐:
ℎ𝑐(

∂

∂θ
 𝑁𝜃𝜃𝑡(𝑟,θ))

2𝑟
+

ℎ𝑐(𝑁𝑟𝜃𝑡(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑁𝑟𝜃𝑡(𝑟,θ)))

2𝑟
+

ℎ𝑐𝑁𝑟𝜃𝑡(𝑟,θ)

2𝑟
+

∂

∂θ
 𝑀𝜃𝜃𝑐(𝑟,θ)

𝑟
+

𝑀𝑟𝜃𝑐(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑀𝑟𝜃𝑐(𝑟,θ))

𝑟
+

𝑀𝑟𝜃𝑐(𝑟,θ)

𝑟
− 𝑁𝜃𝑧𝑐(𝑟,θ) −

ℎ𝑐(
∂

∂θ
 𝑁𝜃𝜃𝑏(𝑟,θ))

2𝑟
−

ℎ𝑐(𝑁𝑟𝜃𝑏(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑁𝑟𝜃𝑏(𝑟,θ)))

2𝑟
−

ℎ𝑐𝑁𝑟𝜃𝑏(𝑟,θ)

2𝑟
= J0𝑡

𝜕2𝑣0𝑐

𝜕𝑡2
+ J1𝑡

𝜕2𝑣1𝑐

𝜕𝑡2
+

J2𝑡
𝜕2𝑣1𝑡

𝜕𝑡2
− J0𝑏

𝜕2𝑣0𝑐

𝜕𝑡2
+ J1𝑏

𝜕2𝑣1𝑐

𝜕𝑡2
− J2𝑏

𝜕2𝑣1𝑏

𝜕𝑡2
+ I1𝑐

𝜕2𝑣0𝑐

𝜕𝑡2
+ I2𝑐

𝜕2𝑣1𝑐

𝜕𝑡2
, 

(17g) 

𝛿𝑢1𝑏 =
𝑀𝑟𝑟𝑏(𝑟,θ)+𝑟(

∂

∂𝑟
 𝑀𝑟𝑟𝑏(𝑟,θ))

𝑟
−

𝑀𝜃𝜃𝑏(𝑟,θ)

𝑟
+

∂

∂θ
 𝑀𝑟𝜃𝑏(𝑟,θ)

𝑟
− 𝑁𝑟𝑧𝑏(𝑟,θ) = K0𝑏

𝜕2𝑢0𝑐

𝜕𝑡2
− K1𝑏

𝜕2𝑢1𝑐

𝜕𝑡2
+ K2𝑏

𝜕2𝑢1𝑏

𝜕𝑡2
, 

(17h) 

𝛿𝑣1𝑏:
∂

∂θ
 𝑀𝜃𝜃𝑏(𝑟,θ)

𝑟
+

𝑀𝑟𝜃𝑏(𝑟,θ)+𝑟(
∂

∂𝑟
 𝑀𝑟𝜃𝑏(𝑟,θ))

𝑟
+

𝑀𝑟𝜃𝑏(𝑟,θ)

𝑟
− 𝑁𝜃𝑧𝑏(𝑟,θ) = K0𝑏

𝜕2𝑣0𝑐

𝜕𝑡2
− K1𝑏

𝜕2𝑣1𝑐

𝜕𝑡2
+ K2𝑏

𝜕2𝑣1𝑏

𝜕𝑡2
, 

(17i) 

𝑁𝑟𝑟𝑡 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐴11𝑡

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵11𝑡

𝜕𝑢1𝑡

𝜕𝑟
+

ℎ𝑐

2
𝐴11𝑡

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴12𝑡

𝑢0𝑐

𝑟
+ 𝐵12𝑡

𝑢1𝑡

𝑟
+

ℎ𝑐

2
𝐴12𝑡

𝑢1𝑐

𝑟
+

𝐴12𝑡

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵12𝑡

𝑟

𝜕𝑣1𝑡

𝜕𝜃
+

ℎ𝑐

2

𝐴12𝑡

𝑟

𝜕𝑣1𝑐

𝜕𝜃
), 

(18) 

𝑀𝑟𝑟𝑡 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐵11𝑡

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶11𝑡

𝜕𝑢1𝑡

𝜕𝑟
+

ℎ𝑐

2
𝐵11𝑡

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐵12𝑡

𝑢0𝑐

𝑟
+ 𝐶12𝑡

𝑢1𝑡

𝑟
+

ℎ𝑐

2
𝐵12𝑡

𝑢1𝑐

𝑟
+

𝐵12𝑡

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶12𝑡

𝑟

𝜕𝑣1𝑡

𝜕𝜃
+

ℎ𝑐

2

𝐵12𝑡

𝑟

𝜕𝑣1𝑐

𝜕𝜃
), 
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𝑁𝜃𝜃𝑡 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐴12𝑡

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵12𝑡

𝜕𝑢1𝑡

𝜕𝑟
+

ℎ𝑐

2
𝐴12𝑡

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴22𝑡

𝑢0𝑐

𝑟
+ 𝐵22𝑡

𝑢1𝑡

𝑟
+

ℎ𝑐

2
𝐴22𝑡

𝑢1𝑐

𝑟
+

𝐴22𝑡

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵22𝑡

𝑟

𝜕𝑣1𝑡

𝜕𝜃
+

ℎ𝑐

2

𝐴22𝑡

𝑟

𝜕𝑣1𝑐

𝜕𝜃
), 

(18) 

𝑀𝜃𝜃𝑡 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐵12𝑡

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶12𝑡

𝜕𝑢1𝑡

𝜕𝑟
+

ℎ𝑐

2
𝐵12𝑡

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐵22𝑡

𝑢0𝑐

𝑟
+ 𝐶22𝑡

𝑢1𝑡

𝑟
+

ℎ𝑐

2
𝐵22𝑡

𝑢1𝑐

𝑟
+

𝐵22𝑡

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶22𝑡

𝑟

𝜕𝑣1𝑡

𝜕𝜃
+

ℎ𝑐

2

𝐵22𝑡

𝑟

𝜕𝑣1𝑐

𝜕𝜃
), 

𝑁𝜃𝑧𝑡 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐴44𝑡𝑣1𝑡 +

𝐴44𝑡

𝑟

𝜕𝑤0𝑐

𝜕𝜃
), 

𝑀𝜃𝑧𝑡 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐵44𝑡𝑣1𝑡 +

𝐵44𝑡

𝑟

𝜕𝑤0𝑐

𝜕𝜃
), 

𝑁𝑟𝑧𝑡 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐴55𝑡𝑢1𝑡 + 𝐴55𝑡

𝜕𝑤0𝑐

𝜕𝑟
), 

𝑀𝑟𝑧𝑡 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐵55𝑡𝑢1𝑡 + 𝐵55𝑡

𝜕𝑤0𝑐

𝜕𝑟
), 

𝑁𝑟𝜃𝑡 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (

𝐴66𝑡(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐵66𝑡(
∂

∂θ
 𝑢1𝑡)

𝑟
+

𝐴66𝑡ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑡 (

∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑡 (

∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐴66𝑡(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐴66𝑡𝑣0𝑐

𝑟
−

𝐵66𝑡𝑣1𝑡

𝑟
−

𝐴66𝑡ℎ𝑐𝑣1𝑐

2𝑟
), 

𝑀𝑟𝜃𝑏 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (

𝐵66𝑏(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑏(
∂

∂θ
 𝑢1𝑏)

𝑟
−

𝐵66𝑏ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐵66𝑏 (

∂

∂𝑟
 𝑣0𝑐) + 𝐶66𝑏 (

∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐵66𝑏(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐵66𝑏𝑣0𝑐

𝑟
−

𝐶66𝑏𝑣1𝑡

𝑟
+

𝐵66𝑏ℎ𝑐𝑣1𝑐

2𝑟
), 

𝑁𝑟𝑟𝑐 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐴11𝑐

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵11𝑐

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴12𝑐

𝑢0𝑐

𝑟
+ 𝐵12𝑐

𝑢1𝑐

𝑟
+

𝐴12𝑐

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵12𝑐

𝑟

𝜕𝑣1𝑐

𝜕𝜃
), 

𝑀𝑟𝑟𝑐 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐵11𝑐

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶11𝑐

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐵12𝑐

𝑢0𝑐

𝑟
+ 𝐶12𝑐

𝑢1𝑐

𝑟
+

𝐵12𝑐

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶12𝑐

𝑟

𝜕𝑣1𝑐

𝜕𝜃
), 

𝑁𝜃𝜃𝑐 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐴12𝑐

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵12𝑐

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴22𝑐

𝑢0𝑐

𝑟
+ 𝐵22𝑐

𝑢1𝑐

𝑟
+

𝐴22𝑐

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵22𝑐

𝑟

𝜕𝑣1𝑐

𝜕𝜃
), 

𝑀𝜃𝜃𝑐 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐵12𝑐

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶12𝑐

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐵22𝑐

𝑢0𝑐

𝑟
+ 𝐶22𝑐

𝑢1𝑐

𝑟
+

𝐵22𝑐

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶22𝑐

𝑟

𝜕𝑣1𝑐

𝜕𝜃
), 

𝑁𝜃𝑧𝑐 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐴44𝑡𝑣1𝑐 +

𝐴44𝑐

𝑟

𝜕𝑤0𝑐

𝜕𝜃
), 

𝑀𝜃𝑧𝑐 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐵44𝑐𝑣1𝑐 +

𝐵44𝑐

𝑟

𝜕𝑤0𝑐

𝜕𝜃
), 

𝑁𝑟𝑧𝑐 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐴55𝑐𝑢1𝑐 + 𝐴55𝑐

𝜕𝑤0𝑐

𝜕𝑟
), 

𝑀𝑟𝑧𝑐 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (𝐵55𝑐𝑢1𝑐 + 𝐵55𝑐

𝜕𝑤0𝑐

𝜕𝑟
), 

𝑁𝑟𝜃𝑐 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (

𝐴66𝑐(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐵66𝑐(
∂

∂θ
 𝑢1𝑐)

𝑟
+ 𝐴66𝑐 (

∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑐 (

∂

∂𝑟
 𝑣1𝑡) −

𝐴66𝑐𝑣0𝑐

𝑟
−

𝐵66𝑐𝑣1𝑐

𝑟
), 

𝑀𝑟𝜃𝑐 = (1 + 𝜏𝑠
𝜕

𝜕𝑡
) (

𝐵66𝑐(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑐(
∂

∂θ
 𝑢1𝑐)

𝑟
+ 𝐵66𝑐 (

∂

∂𝑟
 𝑣0𝑐) + 𝐶66𝑐 (

∂

∂𝑟
 𝑣1𝑡) −

𝐵66𝑐𝑣0𝑐

𝑟
−

𝐶66𝑐𝑣1𝑐

𝑟
), 
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By substituting Eq. (18) in to Eq. (17) can be written as 

follows 

 

 

 

 

 

 

 

𝛿𝑢1𝑡:
1

𝑟
(((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐵11𝑡

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶11𝑡

𝜕𝑢1𝑡

𝜕𝑟
+

ℎ𝑐

2
𝐵11𝑡

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐵12𝑡

𝑢0𝑐

𝑟
+ 𝐶12𝑡

𝑢1𝑡

𝑟
+

ℎ𝑐

2
𝐵12𝑡

𝑢1𝑐

𝑟
+

𝐵12𝑡

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶12𝑡

𝑟

𝜕𝑣1𝑡

𝜕𝜃
+

ℎ𝑐

2

𝐵12𝑡

𝑟

𝜕𝑣1𝑐

𝜕𝜃
)) + 𝑟 (

∂

∂𝑟
( (1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐵11𝑡

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶11𝑡

𝜕𝑢1𝑡

𝜕𝑟
+

ℎ𝑐

2
𝐵11𝑡

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐵12𝑡

𝑢0𝑐

𝑟
+ 𝐶12𝑡

𝑢1𝑡

𝑟
+

ℎ𝑐

2
𝐵12𝑡

𝑢1𝑐

𝑟
+

𝐵12𝑡

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶12𝑡

𝑟

𝜕𝑣1𝑡

𝜕𝜃
+

ℎ𝑐

2

𝐵12𝑡

𝑟

𝜕𝑣1𝑐

𝜕𝜃
)))) −

1

𝑟
((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐵12𝑡

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶12𝑡

𝜕𝑢1𝑡

𝜕𝑟
+

ℎ𝑐

2
𝐵12𝑡

𝜕𝑢1𝑐

𝜕𝑟
+

𝐵22𝑡
𝑢0𝑐

𝑟
+ 𝐶22𝑡

𝑢1𝑡

𝑟
+

ℎ𝑐

2
𝐵22𝑡

𝑢1𝑐

𝑟
+

𝐵22𝑡

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶22𝑡

𝑟

𝜕𝑣1𝑡

𝜕𝜃
+

ℎ𝑐

2

𝐵22𝑡

𝑟

𝜕𝑣1𝑐

𝜕𝜃
)) +

1

𝑟
(
∂

∂θ
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐵66𝑡(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑡(
∂

∂θ
 𝑢1𝑡)

𝑟
+

𝐵66𝑡ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐵66𝑡 (

∂

∂𝑟
 𝑣0𝑐) + 𝐶66𝑡 (

∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐵66𝑡(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐵66𝑡𝑣0𝑐

𝑟
−

𝐶66𝑡𝑣1𝑡

𝑟
−

𝐵66𝑡ℎ𝑐𝑣1𝑐

2𝑟
))) − ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴55𝑡𝑢1𝑡 + 𝐴55𝑡

𝜕𝑤0𝑐

𝜕𝑟
)) = K0𝑡

𝜕2𝑢0𝑐

𝜕𝑡2
+ K1𝑡

𝜕2𝑢1𝑐

𝜕𝑡2
+ K2𝑡

𝜕2𝑢1𝑡

𝜕𝑡2
, 

(19a) 

𝛿𝑣1𝑡:
1

𝑟
(
∂

∂θ
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐵12𝑡

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶12𝑡

𝜕𝑢1𝑡

𝜕𝑟
+

ℎ𝑐

2
𝐵12𝑡

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐵22𝑡

𝑢0𝑐

𝑟
+ 𝐶22𝑡

𝑢1𝑡

𝑟
+

ℎ𝑐

2
𝐵22𝑡

𝑢1𝑐

𝑟
+

𝐵22𝑡

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶22𝑡

𝑟

𝜕𝑣1𝑡

𝜕𝜃
+

ℎ𝑐

2

𝐵22𝑡

𝑟

𝜕𝑣1𝑐

𝜕𝜃
))) +

1

𝑟
(((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐵66𝑡(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑡(
∂

∂θ
 𝑢1𝑡)

𝑟
+

𝐵66𝑡ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐵66𝑡 (

∂

∂𝑟
 𝑣0𝑐) +

𝐶66𝑡 (
∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐵66𝑡(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐵66𝑡𝑣0𝑐

𝑟
−

𝐶66𝑡𝑣1𝑡

𝑟
−

𝐵66𝑡ℎ𝑐𝑣1𝑐

2𝑟
)) + 𝑟 (

∂

∂𝑟
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐵66𝑡(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑡(
∂

∂θ
 𝑢1𝑡)

𝑟
+

𝐵66𝑡ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐵66𝑡 (

∂

∂𝑟
 𝑣0𝑐) + 𝐶66𝑡 (

∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐵66𝑡(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐵66𝑡𝑣0𝑐

𝑟
−

𝐶66𝑡𝑣1𝑡

𝑟
−

𝐵66𝑡ℎ𝑐𝑣1𝑐

2𝑟
)))) +

1

𝑟
((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐵66𝑡(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑡(
∂

∂θ
 𝑢1𝑡)

𝑟
+

𝐵66𝑡ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐵66𝑡 (

∂

∂𝑟
 𝑣0𝑐) + 𝐶66𝑡 (

∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐵66𝑡(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐵66𝑡𝑣0𝑐

𝑟
−

𝐶66𝑡𝑣1𝑡

𝑟
−

𝐵66𝑡ℎ𝑐𝑣1𝑐

2𝑟
)) − ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐵44𝑡𝑣1𝑡 +

𝐵44𝑡

𝑟

𝜕𝑤0𝑐

𝜕𝜃
)) = K0𝑡

𝜕2𝑣0𝑐

𝜕𝑡2
+

K1𝑡
𝜕2𝑣1𝑐

𝜕𝑡2
+ K2𝑡

𝜕2𝑣1𝑡

𝜕𝑡2
, 

(19b) 

𝑢0𝑐:
1

𝑟

(

 
 
 
 
 
 
 
 

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐴11𝑡
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐵11𝑡
𝜕𝑢1𝑡
𝜕𝑟

+
ℎ𝑐
2
𝐴11𝑡

𝜕𝑢1𝑐
𝜕𝑟

+ 𝐴12𝑡
𝑢0𝑐
𝑟
+ 𝐵12𝑡

𝑢1𝑡
𝑟

+
ℎ𝑐
2
𝐴12𝑡

𝑢1𝑐
𝑟
+
𝐴12𝑡
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐵12𝑡
𝑟

𝜕𝑣1𝑡
𝜕𝜃

+
ℎ𝑐
2

𝐴12𝑡
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)

)

 
 

+𝑟

(

  
 ∂

∂𝑟
 

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐴11𝑡
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐵11𝑡
𝜕𝑢1𝑡
𝜕𝑟

+
ℎ𝑐
2
𝐴11𝑡

𝜕𝑢1𝑐
𝜕𝑟

+ 𝐴12𝑡
𝑢0𝑐
𝑟
+ 𝐵12𝑡

𝑢1𝑡
𝑟

+
ℎ𝑐
2
𝐴12𝑡

𝑢1𝑐
𝑟
+
𝐴12𝑡
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐵12𝑡
𝑟

𝜕𝑣1𝑡
𝜕𝜃

+
ℎ𝑐
2

𝐴12𝑡
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)

)

 
 

)

  
 

)

 
 
 
 
 
 
 
 

−
1

𝑟

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐴12𝑡
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐵12𝑡
𝜕𝑢1𝑡
𝜕𝑟

+
ℎ𝑐
2
𝐴12𝑡

𝜕𝑢1𝑐
𝜕𝑟

+ 𝐴22𝑡
𝑢0𝑐
𝑟
+ 𝐵22𝑡

𝑢1𝑡
𝑟

+
ℎ𝑐
2
𝐴22𝑡

𝑢1𝑐
𝑟
+
𝐴22𝑡
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐵22𝑡
𝑟

𝜕𝑣1𝑡
𝜕𝜃

+
ℎ𝑐
2

𝐴22𝑡
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)

)

 
 

 

(19c) 
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+
1

𝑟
(
∂

∂θ
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐴66𝑡(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐵66𝑡(
∂

∂θ
 𝑢1𝑡)

𝑟
+

𝐴66𝑡ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑡 (

∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑡 (

∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐴66𝑡(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐴66𝑡𝑣0𝑐

𝑟
−

𝐵66𝑡𝑣1𝑡

𝑟
−

𝐴66𝑡ℎ𝑐𝑣1𝑐

2𝑟
))) +

1

𝑟
(((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴11𝑐

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵11𝑐

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴12𝑐

𝑢0𝑐

𝑟
+

𝐵12𝑐
𝑢1𝑐

𝑟
+

𝐴12𝑐

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵12𝑐

𝑟

𝜕𝑣1𝑐

𝜕𝜃
)) + 𝑟 (

∂

∂𝑟
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴11𝑐

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵11𝑐

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴12𝑐

𝑢0𝑐

𝑟
+ 𝐵12𝑐

𝑢1𝑐

𝑟
+

𝐴12𝑐

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵12𝑐

𝑟

𝜕𝑣1𝑐

𝜕𝜃
)))) −

1

𝑟
((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴12𝑐

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵12𝑐

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴22𝑐

𝑢0𝑐

𝑟
+ 𝐵22𝑐

𝑢1𝑐

𝑟
+

𝐴22𝑐

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵22𝑐

𝑟

𝜕𝑣1𝑐

𝜕𝜃
)) +

1

𝑟
(
∂

∂θ
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐴66𝑐(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐵66𝑐(
∂

∂θ
 𝑢1𝑐)

𝑟
+ 𝐴66𝑐 (

∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑐 (

∂

∂𝑟
 𝑣1𝑡) −

𝐴66𝑐𝑣0𝑐

𝑟
−

𝐵66𝑐𝑣1𝑐

𝑟
))) +

1

𝑟
(((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴11𝑏

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵11𝑏

𝜕𝑢1𝑏

𝜕𝑟
−

ℎ𝑐

2
𝐴11𝑏

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴12𝑏

𝑢0𝑐

𝑟
+ 𝐵12𝑏

𝑢1𝑡

𝑟
−

ℎ𝑐

2
𝐴12𝑏

𝑢1𝑐

𝑟
+

𝐴12𝑏

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵12𝑏

𝑟

𝜕𝑣1𝑏

𝜕𝜃
−

ℎ𝑐

2

𝐴12𝑏

𝑟

𝜕𝑣1𝑐

𝜕𝜃
)) + 𝑟 (

∂

∂𝑟
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴11𝑏

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵11𝑏

𝜕𝑢1𝑏

𝜕𝑟
−

ℎ𝑐

2
𝐴11𝑏

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴12𝑏

𝑢0𝑐

𝑟
+

𝐵12𝑏
𝑢1𝑡

𝑟
−

ℎ𝑐

2
𝐴12𝑏

𝑢1𝑐

𝑟
+

𝐴12𝑏

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵12𝑏

𝑟

𝜕𝑣1𝑏

𝜕𝜃
−

ℎ𝑐

2

𝐴12𝑏

𝑟

𝜕𝑣1𝑐

𝜕𝜃
)))) −

1

𝑟
((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴12𝑏

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵12𝑏

𝜕𝑢1𝑏

𝜕𝑟
−

ℎ𝑐

2
𝐴12𝑏

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴22𝑏

𝑢0𝑐

𝑟
+ 𝐵22𝑏

𝑢1𝑡

𝑟
−

ℎ𝑐

2
𝐴22𝑏

𝑢1𝑐

𝑟
+

𝐴22𝑏

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵22𝑏

𝑟

𝜕𝑣1𝑏

𝜕𝜃
−

ℎ𝑐

2

𝐴22𝑏

𝑟

𝜕𝑣1𝑐

𝜕𝜃
)) +

1

𝑟
(
∂

∂θ
  ((1 +

𝜏𝑠
𝜕

𝜕𝑡
) (

𝐴66𝑏(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐵66𝑏(
∂

∂θ
 𝑢1𝑏)

𝑟
−

𝐴66𝑏ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑏 (

∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑏 (

∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐴66𝑏(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐴66𝑏𝑣0𝑐

𝑟
−

𝐵66𝑏𝑣1𝑡

𝑟
+

𝐴66𝑏ℎ𝑐𝑣1𝑐

2𝑟
))) = I0𝑡

𝜕2𝑢0𝑐

𝜕𝑡2
+ I1𝑡

𝜕2𝑢1𝑐

𝜕𝑡2
+ I2𝑡

𝜕2𝑢1𝑡

𝜕𝑡2
+ I0𝑏

𝜕2𝑢0𝑐

𝜕𝑡2
− I1𝑏

𝜕2𝑢1𝑐

𝜕𝑡2
+ I2𝑏

𝜕2𝑢1𝑏

𝜕𝑡2
+ I0𝑐

𝜕2𝑢0𝑐

𝜕𝑡2
+

I1𝑐
𝜕2𝑢1𝑐

𝜕𝑡2
, 

(19c) 

𝛿𝑣0𝑐:
1

𝑟

(

  
 ∂

∂θ
 

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐴12𝑡
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐵12𝑡
𝜕𝑢1𝑡
𝜕𝑟

+
ℎ𝑐
2
𝐴12𝑡

𝜕𝑢1𝑐
𝜕𝑟

+ 𝐴22𝑡
𝑢0𝑐
𝑟
+ 𝐵22𝑡

𝑢1𝑡
𝑟

+
ℎ𝑐
2
𝐴22𝑡

𝑢1𝑐
𝑟
+
𝐴22𝑡
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐵22𝑡
𝑟

𝜕𝑣1𝑡
𝜕𝜃

+
ℎ𝑐
2

𝐴22𝑡
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)

)

 
 

)

  
 

+
1

𝑟

(

  
 
((1 + 𝜏𝑠

𝜕

𝜕𝑡
)(
𝐴66𝑡 (

∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑡 (

∂

∂θ
 𝑢1𝑡)

𝑟
+
𝐴66𝑡ℎ𝑐 (

∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑡 (

∂

∂𝑟
 𝑣0𝑐)

+ 𝐵66𝑡 (
∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐴66𝑡 (
∂

∂𝑟
 𝑣1𝑐)

2
−
𝐴66𝑡𝑣0𝑐
𝑟

−
𝐵66𝑡𝑣1𝑡
𝑟

−
𝐴66𝑡ℎ𝑐𝑣1𝑐

2𝑟
))

+ 𝑟

(

 
 ∂

∂𝑟
 ((1 + 𝜏𝑠

𝜕

𝜕𝑡
)(
𝐴66𝑡 (

∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑡 (

∂

∂θ
 𝑢1𝑡)

𝑟
+
𝐴66𝑡ℎ𝑐 (

∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑡 (

∂

∂𝑟
 𝑣0𝑐)

+ 𝐵66𝑡 (
∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐴66𝑡 (
∂

∂𝑟
 𝑣1𝑐)

2
−
𝐴66𝑡𝑣0𝑐
𝑟

−
𝐵66𝑡𝑣1𝑡
𝑟

−
𝐴66𝑡ℎ𝑐𝑣1𝑐

2𝑟
))

)

 
 

)
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+
1

𝑟

(

 
 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)

(

 
 

𝐴66𝑡 (
∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑡 (

∂

∂θ
 𝑢1𝑡)

𝑟
+
𝐴66𝑡ℎ𝑐 (

∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑡 (

∂

∂𝑟
 𝑣0𝑐)

+𝐵66𝑡 (
∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐴66𝑡 (
∂

∂𝑟
 𝑣1𝑐)

2
−
𝐴66𝑡𝑣0𝑐
𝑟

−
𝐵66𝑡𝑣1𝑡
𝑟

−
𝐴66𝑡ℎ𝑐𝑣1𝑐

2𝑟 )

 
 

)

 
 
 

 

+
1

𝑟

(

  
 ∂

∂θ
 

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐴12𝑐
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐵12𝑐
𝜕𝑢1𝑐
𝜕𝑟

+ 𝐴22𝑐
𝑢0𝑐
𝑟

+𝐵22𝑐
𝑢1𝑐
𝑟
+
𝐴22𝑐
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐵22𝑐
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)

)

 
 

)

  
 

+
1

𝑟

(

 
 
 
 

(

  
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)

(

 
 
𝐴66𝑐 (

∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑐 (

∂

∂θ
 𝑢1𝑐)

𝑟
+ 𝐴66𝑐 (

∂

∂𝑟
 𝑣0𝑐)

+𝐵66𝑐 (
∂

∂𝑟
 𝑣1𝑡) −

𝐴66𝑐𝑣0𝑐
𝑟

−
𝐵66𝑐𝑣1𝑐
𝑟 )

 
 

)

  
 

+ 𝑟

(

 
 
 ∂

∂𝑟
 

(

  
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)

(

 
 
𝐴66𝑐 (

∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑐 (

∂

∂θ
 𝑢1𝑐)

𝑟
+ 𝐴66𝑐 (

∂

∂𝑟
 𝑣0𝑐)

+𝐵66𝑐 (
∂

∂𝑟
 𝑣1𝑡) −

𝐴66𝑐𝑣0𝑐
𝑟

−
𝐵66𝑐𝑣1𝑐
𝑟 )

 
 

)

  
 

)

 
 
 

)

 
 
 
 

+
1

𝑟

(

  
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)

(

 
 
𝐴66𝑐 (

∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑐 (

∂

∂θ
 𝑢1𝑐)

𝑟
+ 𝐴66𝑐 (

∂

∂𝑟
 𝑣0𝑐)

+𝐵66𝑐 (
∂

∂𝑟
 𝑣1𝑡) −

𝐴66𝑐𝑣0𝑐
𝑟

−
𝐵66𝑐𝑣1𝑐
𝑟 )

 
 

)

  
 

 

+
1

𝑟

(

 
 
 
 
∂

∂θ
 

(

 
 
 
 

(1 + 𝜏𝑠
𝜕

𝜕𝑡
)

(

 
 
 
𝐴12𝑏

𝜕𝑢0𝑐
𝜕𝑟

+ 𝐵12𝑏
𝜕𝑢1𝑏
𝜕𝑟

−
ℎ𝑐
2
𝐴12𝑏

𝜕𝑢1𝑐
𝜕𝑟

+𝐴22𝑏
𝑢0𝑐
𝑟
+ 𝐵22𝑏

𝑢1𝑡
𝑟
−
ℎ𝑐
2
𝐴22𝑏

𝑢1𝑐
𝑟

+
𝐴22𝑏
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐵22𝑏
𝑟

𝜕𝑣1𝑏
𝜕𝜃

−
ℎ𝑐
2

𝐴22𝑏
𝑟

𝜕𝑣1𝑐
𝜕𝜃 )

 
 
 

)

 
 
 
 

)

 
 
 
 

+
1

𝑟

(

 
 
 
 
 
 

(

 
 
 
 
 

(1 + 𝜏𝑠
𝜕

𝜕𝑡
)

(

 
 
 
 
 

𝐴66𝑏 (
∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑏 (

∂

∂θ
 𝑢1𝑏)

𝑟
−
𝐴66𝑏ℎ𝑐 (

∂

∂θ
 𝑢1𝑐)

2𝑟

+𝐴66𝑏 (
∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑏 (

∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐴66𝑏 (
∂

∂𝑟
 𝑣1𝑐)

2

−
𝐴66𝑏𝑣0𝑐

𝑟
−
𝐵66𝑏𝑣1𝑡
𝑟

+
𝐴66𝑏ℎ𝑐𝑣1𝑐

2𝑟 )

 
 
 
 
 

)

 
 
 
 
 

+ 𝑟

(

 
 
 
 
 
 

∂

∂𝑟
 

(

 
 
 
 
 

(1 + 𝜏𝑠
𝜕

𝜕𝑡
)

(

 
 
 
 
 

𝐴66𝑏 (
∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑏 (

∂

∂θ
 𝑢1𝑏)

𝑟
−
𝐴66𝑏ℎ𝑐 (

∂

∂θ
 𝑢1𝑐)

2𝑟

+𝐴66𝑏 (
∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑏 (

∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐴66𝑏 (
∂

∂𝑟
 𝑣1𝑐)

2

−
𝐴66𝑏𝑣0𝑐

𝑟
−
𝐵66𝑏𝑣1𝑡
𝑟

+
𝐴66𝑏ℎ𝑐𝑣1𝑐

2𝑟 )

 
 
 
 
 

)

 
 
 
 
 

)

 
 
 
 
 
 

)

 
 
 
 
 
 

 

+
1

𝑟

(

 
 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)

(

 
 

𝐴66𝑏 (
∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑏 (

∂

∂θ
 𝑢1𝑏)

𝑟
−
𝐴66𝑏ℎ𝑐 (

∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑏 (

∂

∂𝑟
 𝑣0𝑐)

+𝐵66𝑏 (
∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐴66𝑏 (
∂

∂𝑟
 𝑣1𝑐)

2
−
𝐴66𝑏𝑣0𝑐

𝑟
−
𝐵66𝑏𝑣1𝑡
𝑟

+
𝐴66𝑏ℎ𝑐𝑣1𝑐

2𝑟 )

 
 

)
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Xusheng Wang, Liang Zhang 

= I0𝑡
𝜕2𝑣0𝑐
𝜕𝑡2

+ I1𝑡
𝜕2𝑣1𝑐
𝜕𝑡2

+ I2𝑡
𝜕2𝑣1𝑡
𝜕𝑡2

+ I0𝑏
𝜕2𝑣0𝑐
𝜕𝑡2

− I1𝑏
𝜕2𝑣1𝑐
𝜕𝑡2

+ I2𝑏
𝜕2𝑣1𝑏
𝜕𝑡2

+ I0𝑐
𝜕2𝑣0𝑐
𝜕𝑡2

+ I1𝑐
𝜕2𝑣1𝑐
𝜕𝑡2

 (19d) 

𝛿𝑤0𝑐:
1

𝑟
(((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴55𝑡𝑢1𝑡 + 𝐴55𝑡

𝜕𝑤0𝑐

𝜕𝑟
)) + 𝑟 (

∂

∂𝑟
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴55𝑡𝑢1𝑡 + 𝐴55𝑡

𝜕𝑤0𝑐

𝜕𝑟
)))) +

1

𝑟
(
∂

∂θ
( (1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴44𝑡𝑣1𝑡 +

𝐴44𝑡

𝑟

𝜕𝑤0𝑐

𝜕𝜃
))) +

1

𝑟
(((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴55𝑐𝑢1𝑐 + 𝐴55𝑐

𝜕𝑤0𝑐

𝜕𝑟
)) + 𝑟 (

∂

∂𝑟
  ((1 +

𝜏𝑠
𝜕

𝜕𝑡
) (𝐴55𝑐𝑢1𝑐 + 𝐴55𝑐

𝜕𝑤0𝑐

𝜕𝑟
)))) +

1

𝑟
(
∂

∂θ
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴44𝑡𝑣1𝑐 +

𝐴44𝑐

𝑟

𝜕𝑤0𝑐

𝜕𝜃
))) +

1

𝑟
(((1 +

𝜏𝑠
𝜕

𝜕𝑡
) (𝐴55𝑏𝑢1𝑏 + 𝐴55𝑏

𝜕𝑤0𝑐

𝜕𝑟
)) + 𝑟 (

∂

∂𝑟
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴55𝑏𝑢1𝑏 + 𝐴55𝑏

𝜕𝑤0𝑐

𝜕𝑟
)))) +

1

𝑟
(
∂

∂θ
( (1 +

𝜏𝑠
𝜕

𝜕𝑡
) (𝐴44𝑡𝑣1𝑏 +

𝐴44𝑏

𝑟

𝜕𝑤0𝑐

𝜕𝜃
))) − P (

1

𝑟

𝜕𝑤0𝑐

𝜕𝑟
+

𝜕2𝑤0𝑐

𝜕𝑟2
+

1

𝑟2

𝜕2𝑤0𝑐

𝜕𝜃2
) = I0𝑡

𝜕2𝑤0𝑐

𝜕𝑡2
+ I0𝑐

𝜕2𝑤0𝑐

𝜕𝑡2
+ I0𝑡

𝜕2𝑤0𝑐

𝜕𝑡2
, 

(19e) 

𝛿𝑢1𝑐:
ℎ𝑐
2𝑟

(

 
 
 
 
 

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐴11𝑡
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐵11𝑡
𝜕𝑢1𝑡
𝜕𝑟

+
ℎ𝑐
2
𝐴11𝑡

𝜕𝑢1𝑐
𝜕𝑟

+ 𝐴12𝑡
𝑢0𝑐
𝑟
+ 𝐵12𝑡

𝑢1𝑡
𝑟

+
ℎ𝑐
2
𝐴12𝑡

𝑢1𝑐
𝑟
+
𝐴12𝑡
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐵12𝑡
𝑟

𝜕𝑣1𝑡
𝜕𝜃

+
ℎ𝑐
2

𝐴12𝑡
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)

)

 
 

+ 𝑟

(

 
 
 
 
∂

∂𝑟
 

(

 
 
 
 

(1 + 𝜏𝑠
𝜕

𝜕𝑡
)

(

 
 
 
𝐴11𝑡

𝜕𝑢0𝑐
𝜕𝑟

+ 𝐵11𝑡
𝜕𝑢1𝑡
𝜕𝑟

+
ℎ𝑐
2
𝐴11𝑡

𝜕𝑢1𝑐
𝜕𝑟

+𝐴12𝑡
𝑢0𝑐
𝑟
+ 𝐵12𝑡

𝑢1𝑡
𝑟
+
ℎ𝑐
2
𝐴12𝑡

𝑢1𝑐
𝑟

+
𝐴12𝑡
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐵12𝑡
𝑟

𝜕𝑣1𝑡
𝜕𝜃

+
ℎ𝑐
2

𝐴12𝑡
𝑟

𝜕𝑣1𝑐
𝜕𝜃 )

 
 
 

)

 
 
 
 

)

 
 
 
 

)

 
 
 
 
 

−
ℎ𝑐
2𝑟

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐴12𝑡
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐵12𝑡
𝜕𝑢1𝑡
𝜕𝑟

+
ℎ𝑐
2
𝐴12𝑡

𝜕𝑢1𝑐
𝜕𝑟

+ 𝐴22𝑡
𝑢0𝑐
𝑟
+ 𝐵22𝑡

𝑢1𝑡
𝑟

+
ℎ𝑐
2
𝐴22𝑡

𝑢1𝑐
𝑟
+
𝐴22𝑡
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐵22𝑡
𝑟

𝜕𝑣1𝑡
𝜕𝜃

+
ℎ𝑐
2

𝐴22𝑡
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)

)

 
 

+
ℎ𝑐
2𝑟

(

 
 
 
 
 
 

∂

∂θ
 

(

 
 
 
 
 

(1 + 𝜏𝑠
𝜕

𝜕𝑡
)

(

 
 
 
 
 

𝐴66𝑡 (
∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑡 (

∂

∂θ
 𝑢1𝑡)

𝑟
+
𝐴66𝑡ℎ𝑐 (

∂

∂θ
 𝑢1𝑐)

2𝑟

+𝐴66𝑡 (
∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑡 (

∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐴66𝑡 (
∂

∂𝑟
 𝑣1𝑐)

2

−
𝐴66𝑡𝑣0𝑐
𝑟

−
𝐵66𝑡𝑣1𝑡
𝑟

−
𝐴66𝑡ℎ𝑐𝑣1𝑐

2𝑟 )

 
 
 
 
 

)

 
 
 
 
 

)

 
 
 
 
 
 

+
1

𝑟

(

 
 
 

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐵11𝑐
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐶11𝑐
𝜕𝑢1𝑐
𝜕𝑟

+ 𝐵12𝑐
𝑢0𝑐
𝑟

+𝐶12𝑐
𝑢1𝑐
𝑟
+
𝐵12𝑐
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐶12𝑐
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)

)

 
 

+ 𝑟

(

  
 ∂

∂𝑟

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐵11𝑐
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐶11𝑐
𝜕𝑢1𝑐
𝜕𝑟

+ 𝐵12𝑐
𝑢0𝑐
𝑟

+𝐶12𝑐
𝑢1𝑐
𝑟
+
𝐵12𝑐
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐶12𝑐
𝑟

𝜕𝑣1𝑐
𝜕𝜃

) 

)

 
 

)

  
 

)
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−
1

𝑟
((1 + 𝜏𝑠

𝜕

𝜕𝑡
)(
𝐵12𝑐

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶12𝑐

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐵22𝑐

𝑢0𝑐

𝑟

+𝐶22𝑐
𝑢1𝑐

𝑟
+

𝐵22𝑐

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶22𝑐

𝑟

𝜕𝑣1𝑐

𝜕𝜃

)) +
1

𝑟
(
∂

∂θ
((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐵66𝑐(
∂
∂θ
 𝑢0𝑐)

𝑟
+
𝐶66𝑐(

∂
∂θ
 𝑢1𝑐)

𝑟
+

𝐵66𝑐 (
∂

∂𝑟
 𝑣0𝑐)+𝐶66𝑐 (

∂

∂𝑟
 𝑣1𝑡)−

𝐵66𝑐𝑣0𝑐
𝑟

−
𝐶66𝑐𝑣1𝑐

𝑟
)))− ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴55𝑐𝑢1𝑐 +𝐴55𝑐

𝜕𝑤0𝑐
𝜕𝑟
))−

ℎ𝑐
2𝑟
(((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴11𝑏

𝜕𝑢0𝑐
𝜕𝑟
+𝐵11𝑏

𝜕𝑢1𝑏
𝜕𝑟
−
ℎ𝑐
2
𝐴11𝑏

𝜕𝑢1𝑐
𝜕𝑟
+𝐴12𝑏

𝑢0𝑐
𝑟
+𝐵12𝑏

𝑢1𝑡
𝑟
−
ℎ𝑐
2
𝐴12𝑏

𝑢1𝑐
𝑟
+
𝐴12𝑏
𝑟

𝜕𝑣0𝑐
𝜕𝜃
+

𝐵12𝑏
𝑟

𝜕𝑣1𝑏
𝜕𝜃
−
ℎ𝑐
2

𝐴12𝑏
𝑟

𝜕𝑣1𝑐
𝜕𝜃
))+ 𝑟(

∂

∂𝑟
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴11𝑏

𝜕𝑢0𝑐
𝜕𝑟
+𝐵11𝑏

𝜕𝑢1𝑏
𝜕𝑟
−
ℎ𝑐
2
𝐴11𝑏

𝜕𝑢1𝑐
𝜕𝑟
+𝐴12𝑏

𝑢0𝑐
𝑟
+

𝐵12𝑏
𝑢1𝑡
𝑟
−
ℎ𝑐
2
𝐴12𝑏

𝑢1𝑐
𝑟
+
𝐴12𝑏
𝑟

𝜕𝑣0𝑐
𝜕𝜃
+
𝐵12𝑏
𝑟

𝜕𝑣1𝑏
𝜕𝜃
−
ℎ𝑐
2

𝐴12𝑏
𝑟

𝜕𝑣1𝑐
𝜕𝜃
))))+

ℎ𝑐
2𝑟
((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴12𝑏

𝜕𝑢0𝑐
𝜕𝑟
+

𝐵12𝑏
𝜕𝑢1𝑏
𝜕𝑟
−
ℎ𝑐
2
𝐴12𝑏

𝜕𝑢1𝑐
𝜕𝑟
+𝐴22𝑏

𝑢0𝑐
𝑟
+𝐵22𝑏

𝑢1𝑡
𝑟
−
ℎ𝑐
2
𝐴22𝑏

𝑢1𝑐
𝑟
+
𝐴22𝑏
𝑟

𝜕𝑣0𝑐
𝜕𝜃
+
𝐵22𝑏
𝑟

𝜕𝑣1𝑏
𝜕𝜃
−
ℎ𝑐
2

𝐴22𝑏
𝑟

𝜕𝑣1𝑐
𝜕𝜃
))−

ℎ𝑐
2𝑟
(
∂

∂θ
((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐴66𝑏(
∂
∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑏(

∂
∂θ
 𝑢1𝑏)

𝑟
−
𝐴66𝑏ℎ𝑐(

∂
∂θ
 𝑢1𝑐)

2𝑟
+𝐴66𝑏 (

∂

∂𝑟
 𝑣0𝑐)+𝐵66𝑏 (

∂

∂𝑟
 𝑣1𝑡)−

ℎ𝑐𝐴66𝑏(
∂
∂𝑟
 𝑣1𝑐)

2
−
𝐴66𝑏𝑣0𝑐

𝑟
−
𝐵66𝑏𝑣1𝑡

𝑟
+
𝐴66𝑏ℎ𝑐𝑣1𝑐

2𝑟
) )) = J0𝑡

𝜕
2
𝑢0𝑐
𝜕𝑡2

+ J1𝑡
𝜕
2
𝑢1𝑐
𝜕𝑡2

+ J2𝑡
𝜕
2
𝑢1𝑡
𝜕𝑡2

− J0𝑏
𝜕
2
𝑢0𝑐
𝜕𝑡2

+

J1𝑏
𝜕
2
𝑢1𝑐
𝜕𝑡2

− J2𝑏
𝜕
2
𝑢1𝑏
𝜕𝑡2

+ I1𝑐
𝜕
2
𝑢0𝑐
𝜕𝑡2

+ I2𝑐
𝜕
2
𝑢1𝑐
𝜕𝑡2

, 

(19f) 

𝛿𝑣1𝑐:
ℎ𝑐
2𝑟

(

  
 ∂

∂θ

(

 
 
 (1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐴12𝑡
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐵12𝑡
𝜕𝑢1𝑡
𝜕𝑟

+
ℎ𝑐
2
𝐴12𝑡

𝜕𝑢1𝑐
𝜕𝑟

+ 𝐴22𝑡
𝑢0𝑐
𝑟
+ 𝐵22𝑡

𝑢1𝑡
𝑟

+
ℎ𝑐
2
𝐴22𝑡

𝑢1𝑐
𝑟
+
𝐴22𝑡
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐵22𝑡
𝑟

𝜕𝑣1𝑡
𝜕𝜃

+
ℎ𝑐
2

𝐴22𝑡
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)

)

 
 

)

  
 

+
ℎ𝑐
2𝑟

(

 
 
 
 
 
 

(

 
 
 
 
 

(1 + 𝜏𝑠
𝜕

𝜕𝑡
)

(

 
 
 
 
 

𝐴66𝑡 (
∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑡 (

∂

∂θ
 𝑢1𝑡)

𝑟
+
𝐴66𝑡ℎ𝑐 (

∂

∂θ
 𝑢1𝑐)

2𝑟

+𝐴66𝑡 (
∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑡 (

∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐴66𝑡 (
∂

∂𝑟
 𝑣1𝑐)

2

−
𝐴66𝑡𝑣0𝑐
𝑟

−
𝐵66𝑡𝑣1𝑡
𝑟

−
𝐴66𝑡ℎ𝑐𝑣1𝑐

2𝑟 )

 
 
 
 
 

)

 
 
 
 
 

+ 𝑟

(

 
 
 
 
 
 

∂

∂𝑟
 

(

 
 
 
 
 

(1 + 𝜏𝑠
𝜕

𝜕𝑡
)

(

 
 
 
 
 

𝐴66𝑡 (
∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑡 (

∂

∂θ
 𝑢1𝑡)

𝑟
+
𝐴66𝑡ℎ𝑐 (

∂

∂θ
 𝑢1𝑐)

2𝑟

+𝐴66𝑡 (
∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑡 (

∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐴66𝑡 (
∂

∂𝑟
 𝑣1𝑐)

2

−
𝐴66𝑡𝑣0𝑐
𝑟

−
𝐵66𝑡𝑣1𝑡
𝑟

−
𝐴66𝑡ℎ𝑐𝑣1𝑐

2𝑟 )

 
 
 
 
 

)

 
 
 
 
 

)

 
 
 
 
 
 

)

 
 
 
 
 
 

+
ℎ𝑐
2𝑟
((1 + 𝜏𝑠

𝜕

𝜕𝑡
)(
𝐴66𝑡 (

∂

∂θ
 𝑢0𝑐)

𝑟
+
𝐵66𝑡 (

∂

∂θ
 𝑢1𝑡)

𝑟
+
𝐴66𝑡ℎ𝑐 (

∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑡 (

∂

∂𝑟
 𝑣0𝑐)

+ 𝐵66𝑡 (
∂

∂𝑟
 𝑣1𝑡) +

ℎ𝑐𝐴66𝑡 (
∂

∂𝑟
 𝑣1𝑐)

2
−
𝐴66𝑡𝑣0𝑐
𝑟

−
𝐵66𝑡𝑣1𝑡
𝑟

−
𝐴66𝑡ℎ𝑐𝑣1𝑐

2𝑟
)) 

(19g) 
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+
1

𝑟
(
∂

∂θ
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐵12𝑐

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶12𝑐

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐵22𝑐

𝑢0𝑐

𝑟
+ 𝐶22𝑐

𝑢1𝑐

𝑟
+

𝐵22𝑐

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶22𝑐

𝑟

𝜕𝑣1𝑐

𝜕𝜃
))) +

1

𝑟
(((1 +

𝜏𝑠
𝜕

𝜕𝑡
) (

𝐵66𝑐(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑐(
∂

∂θ
 𝑢1𝑐)

𝑟
+ 𝐵66𝑐 (

∂

∂𝑟
 𝑣0𝑐) + 𝐶66𝑐 (

∂

∂𝑟
 𝑣1𝑡) −

𝐵66𝑐𝑣0𝑐

𝑟
−

𝐶66𝑐𝑣1𝑐

𝑟
)) + 𝑟(

∂

∂𝑟
  ((1 +

𝜏𝑠
𝜕

𝜕𝑡
) (

𝐵66𝑐(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑐(
∂

∂θ
 𝑢1𝑐)

𝑟
+ 𝐵66𝑐 (

∂

∂𝑟
 𝑣0𝑐) + 𝐶66𝑐 (

∂

∂𝑟
 𝑣1𝑡) −

𝐵66𝑐𝑣0𝑐

𝑟
−

𝐶66𝑐𝑣1𝑐

𝑟
)))) +

1

𝑟
((1 +

𝜏𝑠
𝜕

𝜕𝑡
) (

𝐵66𝑐(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑐(
∂

∂θ
 𝑢1𝑐)

𝑟
+ 𝐵66𝑐 (

∂

∂𝑟
 𝑣0𝑐) + 𝐶66𝑐 (

∂

∂𝑟
 𝑣1𝑡) −

𝐵66𝑐𝑣0𝑐

𝑟
−

𝐶66𝑐𝑣1𝑐

𝑟
)) − ((1 +

𝜏𝑠
𝜕

𝜕𝑡
) (𝐴44𝑡𝑣1𝑐 +

𝐴44𝑐

𝑟

𝜕𝑤0𝑐

𝜕𝜃
)) −

1

2𝑟
ℎ𝑐 (

∂

∂θ
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴12𝑏

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐵12𝑏

𝜕𝑢1𝑏

𝜕𝑟
−

ℎ𝑐

2
𝐴12𝑏

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐴22𝑏

𝑢0𝑐

𝑟
+

𝐵22𝑏
𝑢1𝑡

𝑟
−

ℎ𝑐

2
𝐴22𝑏

𝑢1𝑐

𝑟
+

𝐴22𝑏

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐵22𝑏

𝑟

𝜕𝑣1𝑏

𝜕𝜃
−

ℎ𝑐

2

𝐴22𝑏

𝑟

𝜕𝑣1𝑐

𝜕𝜃
))) −

ℎ𝑐

2𝑟
(((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐴66𝑏(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐵66𝑏(
∂

∂θ
 𝑢1𝑏)

𝑟
−

𝐴66𝑏ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑏 (

∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑏 (

∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐴66𝑏(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐴66𝑏𝑣0𝑐

𝑟
−

𝐵66𝑏𝑣1𝑡

𝑟
+

𝐴66𝑏ℎ𝑐𝑣1𝑐

2𝑟
)) + 𝑟 (

∂

∂𝑟
( (1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐴66𝑏(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐵66𝑏(
∂

∂θ
 𝑢1𝑏)

𝑟
−

𝐴66𝑏ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑏 (

∂

∂𝑟
 𝑣0𝑐) +

𝐵66𝑏 (
∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐴66𝑏(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐴66𝑏𝑣0𝑐

𝑟
−

𝐵66𝑏𝑣1𝑡

𝑟
+

𝐴66𝑏ℎ𝑐𝑣1𝑐

2𝑟
)))) −

ℎ𝑐

2𝑟
((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐴66𝑏(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐵66𝑏(
∂

∂θ
 𝑢1𝑏)

𝑟
−

𝐴66𝑏ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐴66𝑏 (

∂

∂𝑟
 𝑣0𝑐) + 𝐵66𝑏 (

∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐴66𝑏(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐴66𝑏𝑣0𝑐

𝑟
−

𝐵66𝑏𝑣1𝑡

𝑟
+

𝐴66𝑏ℎ𝑐𝑣1𝑐

2𝑟
)) = J0𝑡

𝜕2𝑣0𝑐

𝜕𝑡2
+ J1𝑡

𝜕2𝑣1𝑐

𝜕𝑡2
+ J2𝑡

𝜕2𝑣1𝑡

𝜕𝑡2
− J0𝑏

𝜕2𝑣0𝑐

𝜕𝑡2
+ J1𝑏

𝜕2𝑣1𝑐

𝜕𝑡2
− J2𝑏

𝜕2𝑣1𝑏

𝜕𝑡2
+ I1𝑐

𝜕2𝑣0𝑐

𝜕𝑡2
+ I2𝑐

𝜕2𝑣1𝑐

𝜕𝑡2
, 

(19g) 

𝛿𝑢1𝑏:
1

𝑟

(

 
 
 
 
 

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐵11𝑏
𝜕𝑢0𝑐
𝜕𝑟

+ 𝐶11𝑏
𝜕𝑢1𝑏
𝜕𝑟

−
ℎ𝑐
2
𝐵11𝑏

𝜕𝑢1𝑐
𝜕𝑟

+ 𝐵12𝑏
𝑢0𝑐
𝑟
+ 𝐶12𝑏

𝑢1𝑡
𝑟

−
ℎ𝑐
2
𝐵12𝑏

𝑢1𝑐
𝑟
+
𝐵12𝑏
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐶12𝑏
𝑟

𝜕𝑣1𝑏
𝜕𝜃

−
ℎ𝑐
2

𝐵12𝑏
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)

)

 
 

+ 𝑟

(

 
 
 
 
∂

∂𝑟
 

(

 
 
 
 

(1 + 𝜏𝑠
𝜕

𝜕𝑡
)

(

 
 
 
𝐵11𝑏

𝜕𝑢0𝑐
𝜕𝑟

+ 𝐶11𝑏
𝜕𝑢1𝑏
𝜕𝑟

−
ℎ𝑐
2
𝐵11𝑏

𝜕𝑢1𝑐
𝜕𝑟

+𝐵12𝑏
𝑢0𝑐
𝑟
+ 𝐶12𝑏

𝑢1𝑡
𝑟
−
ℎ𝑐
2
𝐵12𝑏

𝑢1𝑐
𝑟

+
𝐵12𝑏
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐶12𝑏
𝑟

𝜕𝑣1𝑏
𝜕𝜃

−
ℎ𝑐
2

𝐵12𝑏
𝑟

𝜕𝑣1𝑐
𝜕𝜃 )

 
 
 

)

 
 
 
 

)

 
 
 
 

)

 
 
 
 
 

−
1

𝑟
((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐵12𝑏

𝜕𝑢0𝑐
𝜕𝑟

+ 𝐶12𝑏
𝜕𝑢1𝑏
𝜕𝑟

−
ℎ𝑐
2
𝐵12𝑏

𝜕𝑢1𝑐
𝜕𝑟

+ 𝐵22𝑏
𝑢0𝑐
𝑟
+ 𝐶22𝑏

𝑢1𝑡
𝑟

−
ℎ𝑐
2
𝐵22𝑏

𝑢1𝑐
𝑟
+
𝐵22𝑏
𝑟

𝜕𝑣0𝑐
𝜕𝜃

+
𝐶22𝑏
𝑟

𝜕𝑣1𝑏
𝜕𝜃

−
ℎ𝑐
2

𝐵22𝑏
𝑟

𝜕𝑣1𝑐
𝜕𝜃

)) 

(19h) 
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Also, general associated boundary conditions can be given 

by: 

 

 

3. Solution procedure 
 

GDQ method as the strong solver can be used in Refs.  

 

 

 

 

 

 

 

+
1

𝑟

(

  
 
∂

∂θ
 

(

 
 
(1 + 𝜏𝑠

𝜕

𝜕𝑡
)(

𝐵66𝑏(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑏(
∂

∂θ
 𝑢1𝑏)

𝑟
−

𝐵66𝑏ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐵66𝑏 (

∂

∂𝑟
 𝑣0𝑐)

+𝐶66𝑏 (
∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐵66𝑏(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐵66𝑏𝑣0𝑐

𝑟
−

𝐶66𝑏𝑣1𝑡

𝑟
+

𝐵66𝑏ℎ𝑐𝑣1𝑐

2𝑟

)

)

 
 

)

  
 
− ((1 +

𝜏𝑠
𝜕

𝜕𝑡
) (𝐴55𝑏𝑢1𝑏 + 𝐴55𝑏

𝜕𝑤0𝑐

𝜕𝑟
)) = K0𝑏

𝜕2𝑢0𝑐

𝜕𝑡2
− K1𝑏

𝜕2𝑢1𝑐

𝜕𝑡2
+ K2𝑏

𝜕2𝑢1𝑏

𝜕𝑡2
, 

(19h) 

𝛿𝑣1𝑏:
1

𝑟
(
∂

∂θ
  ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐵12𝑏

𝜕𝑢0𝑐

𝜕𝑟
+ 𝐶12𝑏

𝜕𝑢1𝑏

𝜕𝑟
−

ℎ𝑐

2
𝐵12𝑏

𝜕𝑢1𝑐

𝜕𝑟
+ 𝐵22𝑏

𝑢0𝑐

𝑟
+ 𝐶22𝑏

𝑢1𝑡

𝑟
−

ℎ𝑐

2
𝐵22𝑏

𝑢1𝑐

𝑟
+

𝐵22𝑏

𝑟

𝜕𝑣0𝑐

𝜕𝜃
+

𝐶22𝑏

𝑟

𝜕𝑣1𝑏

𝜕𝜃
−

ℎ𝑐

2

𝐵22𝑏

𝑟

𝜕𝑣1𝑐

𝜕𝜃
))) +

1

𝑟
(((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐵66𝑏(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑏(
∂

∂θ
 𝑢1𝑏)

𝑟
−

𝐵66𝑏ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+

𝐵66𝑏 (
∂

∂𝑟
 𝑣0𝑐) + 𝐶66𝑏 (

∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐵66𝑏(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐵66𝑏𝑣0𝑐

𝑟
−

𝐶66𝑏𝑣1𝑡

𝑟
+

𝐵66𝑏ℎ𝑐𝑣1𝑐

2𝑟
)) + 𝑟(

∂

∂𝑟
  ((1 +

𝜏𝑠
𝜕

𝜕𝑡
) (

𝐵66𝑏(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑏(
∂

∂θ
 𝑢1𝑏)

𝑟
−

𝐵66𝑏ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐵66𝑏 (

∂

∂𝑟
 𝑣0𝑐) + 𝐶66𝑏 (

∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐵66𝑏(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐵66𝑏𝑣0𝑐

𝑟
−

𝐶66𝑏𝑣1𝑡

𝑟
+

𝐵66𝑏ℎ𝑐𝑣1𝑐

2𝑟
)))) +

1

𝑟
((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (

𝐵66𝑏(
∂

∂θ
 𝑢0𝑐)

𝑟
+

𝐶66𝑏(
∂

∂θ
 𝑢1𝑏)

𝑟
−

𝐵66𝑏ℎ𝑐(
∂

∂θ
 𝑢1𝑐)

2𝑟
+ 𝐵66𝑏 (

∂

∂𝑟
 𝑣0𝑐) +

𝐶66𝑏 (
∂

∂𝑟
 𝑣1𝑡) −

ℎ𝑐𝐵66𝑏(
∂

∂𝑟
 𝑣1𝑐)

2
−

𝐵66𝑏𝑣0𝑐

𝑟
−

𝐶66𝑏𝑣1𝑡

𝑟
+

𝐵66𝑏ℎ𝑐𝑣1𝑐

2𝑟
)) − ((1 + 𝜏𝑠

𝜕

𝜕𝑡
) (𝐴44𝑡𝑣1𝑏 +

𝐴44𝑏

𝑟

𝜕𝑤0𝑐

𝜕𝜃
)) =

K0𝑏
𝜕2𝑣0𝑐

𝜕𝑡2
− K1𝑏

𝜕2𝑣1𝑐

𝜕𝑡2
+ K2𝑏

𝜕2𝑣1𝑏

𝜕𝑡2
, 

(19i) 

𝛿𝑢1𝑡: (𝑟𝑀𝑟𝑟𝑡)𝑛𝑟 + (
𝑀𝑟𝜃𝑡

𝑟
) 𝑛𝜃 = 0, (20a) 

𝛿𝑣1𝑡: (𝑀𝑟𝜃𝑡)𝑛𝑟 + (
𝑀𝜃𝜃𝑡

𝑟
) 𝑛𝜃 = 0, (20b) 

𝛿𝑢0𝑐: (𝑁𝑟𝑟𝑡 + 𝑁𝑟𝑟𝑐 +𝑁𝑟𝑟𝑏)𝑛𝑟 + (
𝑁𝑟𝜃𝑡

𝑟
+

𝑁𝑟𝜃𝑐

𝑟
+

𝑁𝑟𝜃𝑏

𝑟
) 𝑛𝜃 = 0, (20c) 

𝛿𝑣0𝑐: (𝑁𝑟𝜃𝑡 + 𝑁𝑟𝜃𝑐 + 𝑁𝑟𝜃𝑏)𝑛𝑟 + (
𝑁𝜃𝜃𝑡

𝑟
+

𝑁𝜃𝜃𝑐

𝑟
+

𝑁𝜃𝜃𝑏

𝑟
) 𝑛𝜃 = 0, (20d) 

𝛿𝑤0𝑐 : (𝑁𝑟𝑧𝑡 +𝑁𝑟𝑧𝑐 +𝑁𝑟𝑧𝑏)𝑛𝑟 + (
𝑁𝜃𝑧𝑡

𝑟
+

𝑁𝜃𝑧𝑐

𝑟
+

𝑁𝜃𝑧𝑏

𝑟
) 𝑛𝜃 = 0, (20e) 

𝛿𝑢1𝑐 : (
ℎ𝑐

2
𝑁𝑟𝑟𝑡 +𝑀𝑟𝑟𝑐 −

ℎ𝑐

2
𝑁𝑟𝑟𝑏) 𝑛𝑟 + (

ℎ𝑐

2

𝑁𝑟𝜃𝑡

𝑟
+

𝑀𝑟𝜃𝑐

𝑟
−

ℎ𝑐

2

𝑁𝑟𝜃𝑏

𝑟
) 𝑛𝜃 = 0, (20f) 

𝛿𝑣1𝑐 : (
ℎ𝑐

2
𝑁𝑟𝜃𝑡 +𝑀𝑟𝜃𝑐 −

ℎ𝑐

2
𝑁𝑟𝜃𝑏) 𝑛𝑟 + (

ℎ𝑐

2

𝑁𝜃𝜃𝑡

𝑟
+

𝑀𝜃𝜃𝑐

𝑟
−

ℎ𝑐

2

𝑁𝜃𝜃𝑏

𝑟
) 𝑛𝜃 = 0, (20g) 

𝛿𝑢1𝑡: (𝑟𝑀𝑟𝑟𝑏)𝑛𝑟 + (
𝑀𝑟𝜃𝑏

𝑟
) 𝑛𝜃 = 0, (20h) 

𝛿𝑣1𝑡: (𝑀𝑟𝜃𝑏)𝑛𝑟 + (
𝑀𝜃𝜃𝑏

𝑟
) 𝑛𝜃 = 0. (20i) 
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(Feng et al. 2021a, b, He et al. 2020, Weng et al. 2021). In the 

current section of this scrutinization, we demonstrated a solution 

technique known as GDQ model to solve the current problem’s 

equations. GDQ method as the strong solver can be used for 

solving various systems and structures. In this technique have 

(Shu 2012): 

𝜕𝑛𝑓

𝜕𝑟𝑛
= ∑ 𝐶(𝑛)𝑗,𝑚𝑓𝑚,𝑘

𝑀

𝑚=1

 (21) 

In which, 𝐶(𝑛) denotes weighting elements for the nth-order 

derivative in the direction of radius, that would be derived as 

below: 

𝐶𝑖𝑗
(1)
= − ∑ 𝐶𝑖𝑗

(1)

𝑛

𝑖≠𝑗,𝑗=1

𝑗 = 𝑖 

𝐶𝑖𝑗
(1)
=

𝑀(𝑥𝑖)

(−𝑥𝑗 + 𝑥𝑖)𝑀(𝑥𝑗)
𝑗, 𝑖 = 1,2, . . . , 𝑛 , 𝑗 ≠ 𝑖 

(22) 

where, 

𝑀(𝑥𝑖) = ∏ (𝑥𝑖 − 𝑥𝑗)

𝑛

𝑗=1,𝑗≠𝑖

 (23) 

The derivatives of Eq. (21) would be given as the next 

relations (Feng et al. 2021c, Han et al. 2021, Jiang et al. 2021, 

Li et al. 2020, 2019): 

𝐶𝑖𝑖
(𝑛)

= − ∑ 𝐶𝑖𝑗
(𝑛)

𝑛

𝑗=1,𝑖≠𝑗

≤ 𝑛 ≤ 𝑁 − 1 

while𝑗, 𝑖 = 1,2,… , 𝑁 

𝐶𝑖𝑗
(𝑛)

= 𝑟 [𝐶𝑖𝑗
(𝑛−1)

𝐶𝑖𝑗
(1)
−

𝐶𝑖𝑗
(𝑛−1)

(𝑥𝑖 − 𝑥𝑗)
] 

𝑖 ≠ 𝑗, 2 ≤ 𝑛 ≤ 𝑁 − 1  while𝑗, 𝑖 = 1,2, . . . , 𝑁. 

(24) 

Moreover, Employing Chebyshev polynomials greed points, 

the seed through r-axes would be distributed as (Shu and 

Richards 1992): 

𝑟𝑖 =
𝑅0 − 𝑅𝑖
2

(1 − 𝑐𝑜𝑠 (
(𝑖 − 1)

(𝑁𝑖 − 1)
𝜋)) + 𝑅𝑖𝑖 

= 1,2,3, . . . , 𝑁𝑖 

(25) 

Moreover, disk’s displacement fields could be provided by 

(Dai and Safarpour 2021, Ebrahimi and Safarpour 2018, Huang 

et al. 2021b, Jiao et al. 2021, Moradi et al. 2021, Wang et al. 

2021, Xu et al.2021, Zhang et al. 2021b, Zhao et al. 2021): 

{
 
 

 
 
𝑢0
𝑣0
𝑤0
𝑢1
𝑣1 }
 
 

 
 

= ∑

{
 
 

 
 
𝑢0𝑛(𝑅) × 𝑠𝑖𝑛( 𝑛𝜃)

𝑣0𝑛(𝑅) × 𝑐𝑜𝑠( 𝑛𝜃)
𝑤0𝑛(𝑅) × 𝑠𝑖𝑛( 𝑛𝜃)

𝑢1𝑛(𝑅) × 𝑠𝑖𝑛( 𝑛𝜃)

𝑣1𝑛(𝑅) × 𝑐𝑜𝑠( 𝑛𝜃)}
 
 

 
 

𝑒𝑖𝜔𝑡
∞

𝑛=1

 (26) 

Ultimately, the GDQ form of the final equations would 

be altered to (Hou et al. 2021, Huang et al. 2021c, Liu et al. 

2021b, Ma et al. 2017, Safarpour et al. 2017a, b, Yu et al. 

2022): 

{[
[𝐶𝑑𝑑] [𝐶𝑑𝑏]

[𝐶𝑏𝑑] [𝐶𝑏𝑏]
] 𝜔𝑛 + [

[𝑀𝑑𝑑] [𝑀𝑑𝑏]

[𝑀𝑏𝑑] [𝑀𝑏𝑏]
] 𝜔𝑛

2

+ [
[𝐾𝑑𝑑] [𝐾𝑑𝑏]

[𝐾𝑏𝑑] [𝐾𝑏𝑏]
]} {
𝛿𝑑
𝛿𝑏
} = 0 

(27) 

M, K, and C, respectively, are the damping, stiffness, and 

mass matrixes. Then, by solving the next equation, system’s 

frequency and displacement fields may be extracted employing 

GDQ technique. 

𝐾∗ +𝑀∗𝜔2 + 𝐶∗𝜔 = 0 (28) 

  
 
4. Fourth-order Runge-Kutta approach 

 

The final relations of the current system would be defined as 

next equation: 

𝑀𝑋̈ + 𝐶𝑋̇ + 𝐾𝑋 = 0  (29) 

By applying X=X1 have: 

𝑀𝑋̈1 + 𝐶𝑋̇1 + 𝐾𝑋1 = 0 (30) 

Then Eq. (34) separate into two first-order relations: 

𝑋̇1 = 𝑋2  (31a) 

𝑋̇2 = −
𝐶

𝑀
𝑋2 −

𝐾

𝑀
𝑋1 (31b) 

here: 

𝑋1 = {
𝛿𝑑
𝛿𝑏
} , 𝑋2 = {

𝛿̇𝑑
𝛿̇𝑏
}, (32a) 

𝐶 = [
[𝐶𝑑𝑑] [𝐶𝑑𝑏]

[𝐶𝑏𝑑] [𝐶𝑏𝑏]
] ,𝑀 = [

[𝑀𝑑𝑑] [𝑀𝑑𝑏]

[𝑀𝑏𝑑] [𝑀𝑏𝑏]
] , 𝐾

= [
[𝐾𝑑𝑑] [𝐾𝑑𝑏]

[𝐾𝑏𝑑] [𝐾𝑏𝑏]
] 

(32b) 

here the primary conditions would be 𝑋1(0) = 1  and 

𝑋̇2(0) = 0. 

The problem’s frequencies would be achieved as 

solutions of Eq. (29). Moreover, the non-dimensional 

frequency, dimensionless deflection could be given as 

follows: 

𝜔̄𝑛 = 𝜔𝑛𝑅𝑜
2√
𝜌𝑚
𝐸𝑚

 

𝑊̄ =
𝑊

𝑊𝑚𝑎𝑥
 

(33) 

 

 

5. Deep learning-based comparative study 
 
Deep learning can be used for predicting behavior of the 

complex systems and structures (Liu et al. 2020a, Mi et al. 

2021, Ni et al. 2020a, b). Recently, a broad range of 

scientists and researchers have been attracted by deep 

learning to employ it as an applicable tool in multifarious 

fields including segmentation, regression and classification 

duties. Then, the authors would be able to design a deep 

neural network (DNN) considering optimization factors 

achieved by ADADELTA (an abbreviation for adaptive  
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Fig. 2 The system configuration of the fully-connected 

deep neural network 

 

 
Fig. 3 Operation mechanism and elements of each 

perceptron (Wu 2021) 

 

 

delta). Deep learning can be used for predicting the 

behavior of complex systems and structures (Shariati et al. 

2012, 2016a, b, 2019, 2020g, 2021a, b). The set of 𝑋 =

{
𝑅𝑜

𝑅𝑖
, 𝜃, Λ𝐺𝑃𝐿 ,

𝑡𝑚

𝑙𝑚
,
ℎ𝐻

ℎ𝑡
,
𝑙𝐺𝑃𝐿

𝑤𝐺𝑃𝐿
,
𝑙𝐺𝑃𝐿

𝑡𝐺𝑃𝐿
}
𝑇

could be selected as the 

regression-based DNN input to estimate the dimensionless 

frequency 𝑌̂ = 𝜔̅. The mentioned DNN schematic would 

be illustrated in Fig. 2.  

All DNN layers have numerical units called perceptron. The 

next figure (Fig. 3) illustrates the details of operations conducted 

in each perceptron (Shariati et al. 2020d, e, f, h, i) 

The perceptron input would be the output of the units 

constituting the last network layer. To achieve the computational 

output of the unit, the amount of each input should be 

mathematically operated with biases and weights. To obtain 

more knowledge regarding the basics of the neural network 

technique, readers can take a look the contents of (Wu 2021) as 

the reference. The mean squared error (MSE) would be the 

metric chosen in this research to examine the DNN accuracy in 

the estimation of the natural frequency. The next relation 

explained MSE as the mean of the squared difference between 

the foreseen frequency and expected one (Cao et al. 2020, Gao 

et al. 2020a, Ghabussi et al. 2020a, 2021, Ma et al. 2021, 

Morasaei et al. 2021). 

MSE=
1

𝑛
∑ (Y-Ŷ)𝑛
i=1

2
. (34) 

 

5.1 ADADELTA optimizer to tune the DNN factors 
 

ADADELTA could be selected as the optimization 

technique to discover decent biases and weights for 

minimizing the MSE. The key ADADELTA advantages 

have been listed below: 

• This technique automatically sets the learning rate  

• ADADELTA would not sensitive to the amounts of 

the hyperparameters 

• This technique would be able to be used in distributed 

environments along with the local ones  

To upgrade the neural network factors (weights and 

biases) at all iteration steps (epoch), one would employ the 

next equation 

ℏ𝑡+1 = ℏ𝑡 +△ ℏ𝑡 

△ 𝜒𝑡 = −𝜂
𝜕𝑓(𝜒𝑡)

𝜕𝜒𝑡
 

(35) 

here, 𝜂 denotes the primary learning rate. For simplifying 

indicating the gradient of the involved factors at the tth 

epoch, we employ Gt in place of 
𝜕𝑓(ℏ𝑡)

𝜕ℏ𝑡
. To achieve the 

updated weights and biases, it is needed to compute the 

gradient root mean square at the provided epoch by next 

equation 

𝑅𝑀𝑆[ℜ𝑡] = √𝐸[ℜ𝑡
2] + 𝜀 (36) 

where, 𝜀  would be a constant. It must be implied that 

𝐸[ℜ𝑡
2]  indicates the expected amount of the squared 

gradient which would be achieved due to the subsequent 

definition 

𝐸[ℜ𝑡
2[] 𝐸[ℜ𝑡−1

2 [](1 − 𝜌)𝑡
2]] (37) 

here, 𝜌 implies the decay rate. applying Eq. (36) and Eq. 

(37), one would acquire the update of the implied factors as 

below 

△ ℏ
𝜂

𝑅𝑀𝑆[ℜ𝑡[]]𝑡𝑡
 (38) 

To wrap it up, the needed steps to discover the optimum 

amounts of the factors, next pseudo-code is given as Table. 1.  

To contrast the ADADELTA performance with other 

optimization techniques, Ref. (Guo et al. 2021) investigated 

their error in classifying the MNIST dataset handwriting 

digits for 50 epochs. As it is demonstrated in this figure, 

ADADELTA has a better performance rather than other 

optimization approaches and reaches the final amount of the 

error during the least number. Subsequently, ADADELTA 

would be classified be as one of the high-speed optimizer 

approach with the ability to reach the less amount of the 

lowest error amongst the well-known optimization 

techniques. 

As previously implied, ADADELTA technique was 

employed to tune the factors of DNN to make a regression-

based estimator of disk’s vibration response. The hidden 
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layers’ activation function behaves regarding Rectified 

linear unit (ReLU). The procedure of training is conducted 

by applying the 70% of the dataset. The results accuracy 

has been evaluated by investigating the MSE of the 

validation and testing dataset section. The geometrical and 

mechanical properties of the matrix and reinforcement have 

been illustrated in Table 2. 

To evaluate the accuracy and validity of the provided 

research’s approaches and techniques, calculational results have 

been compared with those of Ref. (Han and Liew 1999) in Table 

3 in the case of the circular isotropic plate. Then, the decent 

agreement has been reported by the table, implying that the  

 

 

 

 

 

maximum discrepancy between the outcomes has been foreseen 

about 1%. Moreover, it has been seen that the frequency tended 

to raise by soaring up the number of modes, while the implied 

phenomena is likely to be reversed by adding the amount of 

h/Ro. So, increasing h/Ro value would lead to a drop in the 

frequency. 

The disk’s first six frequencies would be achieved and 

listed in Table 4 and contrasted with those determined from 

the computational and experimental outcomes (Alimirzaei 

and Mohammadimehr et al. 2019) with the current research. 

As it would be clear, the outcomes are in a desirable 

agreement with those achieved by the provided research. 

Table 1 The steps required for applying ADADELTA to optimize the DNN elements (Wu 2021) 

calculating updated ADADELTA at time t 

requirement: consider the amounts of 𝜌 and 𝜀 factors, suppose ℏ𝑡 

1: Initialize accumulation variables 𝐸 [ℜ2]0 = 0,𝐸 [∆ℏ
2]0 = 0 

2: for t= 1 :T do %% Loop over # of updates 

3: calculate Gradient: ℜ𝐿 

4: Accumulate Gradient: 𝐸 [ℜ2]𝑡 = 𝜌𝐸 [ℜ
2]𝑡−1 + (1 − 𝜌)ℜ𝑡

2 

5: calculate Update:∆𝑥𝑡 = −
𝑅𝑀𝑆[∆ℏ] 𝑡−1

𝑅𝑀𝑆[ℜ] 𝑡
ℜ𝑡 

6: Accumulate Updates:𝐸[∆ℏ2]𝑡 = 𝜌𝐸[∆ℏ
2]𝑡−1 + (1 − 𝜌)∆ℏ𝑡

2 

7: Employ Update:ℏ𝑡+1 = ℏ𝑡 + ∆ℏ𝑡 

8: end for loop 

Table 2 Material characteristics and GPLs’ efficiency factor of concrete matrix  

wGPL[μm] 1.5 tGPL[nm] 1.5 𝑙GPL[μm] 2.5 ρGPL [
kg

𝑚3] 1062.5 νGPL0.186 EGPL[Gpa]1010 Graphene platelets  

(Shahverdi et al. 2019) 

ρ𝑚 [
kg

𝑚3] 2300 ν𝑚0.2 E𝑚[Gpa]25 Concrete matrix 

ρ𝑠 [
kg

𝑚3] 2700 ν𝑠0.34 E𝑠[Gpa]70 Core aluminum 

  10−5[𝑠] Relaxation time 

Table 3 Contrasting achieved dynamics for multifarious h/Ro with the outcome of Ref (Han and Liew 1999) 

h/Ro 

Mode 

number=1 

(Ref (Han and 

Liew 1999)) 

Mode 

number=1 

(Present) 

Mode 

number=2  

(Ref (Han and 

Liew 1999)) 

Mode 

number=2 

(Present) 

Mode 

number=3  

(Ref (Han and 

Liew 1999)) 

Mode 

number=3 

(Present) 

Mode 

number=4  

(Ref (Han and 

Liew 1999)) 

Mode 

number=4 

(Present) 

0.001 27.280 27.621156 75.364 76.137500 148.21 149.25865 245.47 246.72681 

0.05 26.534 27.139571 71.228 71.934144 135.24 138.23412 215.08 218.86644 

0.1 24.629 25.471425 62.140 61.888783 111.12 113.50531 167.16 169.44431 

0.15 22.230 22.903314 52.762 52.671618 90.286 93.677721 131.35 132.25517 

Table 4 Contrasting the first six frequencies (Hz) of the annular isotropic plate (E = 200 GPa, = 0.3, = 7850 

Kg/m3, R0 = 125 mm, Ri = 20 mm, and h = 2 mm). 

Mode number Experimental (Alimirzaei et al. 2019) Numerical (Alimirzaei et al. 2019) Present study 

1 168.782 163.684 162.75 

2 280.974 268.845 268.23 

3 399.645 389.479 388.95 

4 633.833 629.471 629.12 

5 705.598 683.921 683.75 

6 982.243 1048.23 1047.95 
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Fig. 4 Viscoelastic sandwich disk’s frequency response 

with respect to 𝑅𝑜 𝑅𝑖⁄  for three 𝜃 with 𝑅𝑖 = 200𝑚𝑚, 

ℎ𝐻 = 0.05𝑅𝑖,  P = 0, 
𝑡𝑚

𝑙𝑚
= 0.01 , 

ℎ𝑚

𝑙𝑚
= 0.2 , Λ𝐺𝑃𝐿 =

0.1 (𝑤𝑡%), and 
ℎ𝐻

ℎ𝑡
= 10 

 

 
Fig. 5 Sandwich viscoelastic disk’s frequency response 

with respect to 𝛬𝐺𝑃𝐿  for three 𝑡𝑚/𝑙𝑚  with 𝑅𝑖 =

200𝑚𝑚, ℎ𝐻 = 0.05𝑅𝑖, 
𝑅𝑜

𝑅𝑖
= 2, P = 0, 

ℎ𝑚

𝑙𝑚
= 0.2,  

ℎ𝐻

ℎ𝑡
=

10, 𝜃 =
𝜋

4
 

 

 
Fig. 6 Sandwich viscoelastic disk’s frequency response 

with respect to hH/Ri for three hH/ht with 𝑅𝑖 = 200𝑚𝑚, 
𝑅𝑜

𝑅𝑖
= 2 , P = 0, 

𝑡𝑚

𝑙𝑚
= 0.01 , 

ℎ𝑚

𝑙𝑚
= 0.2 , Λ𝐺𝑃𝐿 =

0.1 (𝑤𝑡%), and 𝜃 =
𝜋

4
 

 

 
Fig. 7 Sandwich viscoelastic disk’s frequency response 

with respect to lGPL/tGPL for three lGPL/wGPL with 𝑅𝑖 =

200𝑚𝑚 , ℎ𝐻 = 0.05𝑅𝑖,   
𝑅𝑜

𝑅𝑖
= 2 , P = 0, 

𝑡𝑚

𝑙𝑚
= 0.01 , 

ℎ𝑚

𝑙𝑚
= 0.2,  

ℎ𝐻

ℎ𝑡
= 10, Λ𝐺𝑃𝐿 = 0.1 (𝑤𝑡%), and 𝜃 =

𝜋

4
 

 

 
Fig. 8 The sandwich viscoelastic disk’s frequency 

response with respect to lGPL/tGPL for three 𝜃 with 𝑅𝑖 =

200𝑚𝑚 , ℎ𝐻 = 0.05𝑅𝑖,   
𝑅𝑜

𝑅𝑖
= 2 , P = 0, 

𝑡𝑚

𝑙𝑚
= 0.01 , 

ℎ𝑚

𝑙𝑚
= 0.2, Λ𝐺𝑃𝐿 = 0.1 (𝑤𝑡%), and 

ℎ𝐻

ℎ𝑡
= 10 

 

 
Fig. 9 The sandwich viscoelastic disk’s frequency 

response respect to lGPL/tGPL for three tm/lm with 𝑅𝑖 =

200𝑚𝑚 , ℎ𝐻 = 0.05𝑅𝑖,   
𝑅𝑜

𝑅𝑖
= 2 , P = 0, 

ℎ𝑚

𝑙𝑚
= 0.2 ,  

ℎ𝐻

ℎ𝑡
= 10, Λ𝐺𝑃𝐿 = 0.1 (𝑤𝑡%), and 𝜃 =

𝜋

4
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Fig. 10 The sandwich viscoelastic disk’s frequency 

response of the respect to lGPL/tGPL for three hm/lm with 

𝑅𝑖 = 200𝑚𝑚, ℎ𝐻 = 0.05𝑅𝑖 , 
𝑅𝑜

𝑅𝑖
= 2, P = 0, 

𝑡𝑚

𝑙𝑚
= 0.01, 

ℎ𝐻

ℎ𝑡
= 10, Λ𝐺𝑃𝐿 = 0.1 (𝑤𝑡%), and 𝜃 =

𝜋

4
 

 

 
Fig. 11 sandwich viscoelastic disk’s frequency response 

respect to lGPL/tGPL for three hH/Ri with 𝑅𝑖 = 200𝑚𝑚, 
𝑅𝑜

𝑅𝑖
= 2, P = 0, 

𝑡𝑚

𝑙𝑚
= 0.01, 

ℎ𝑚

𝑙𝑚
= 0.2,  

ℎ𝐻

ℎ𝑡
= 10, Λ𝐺𝑃𝐿 =

0.1 (𝑤𝑡%), and 𝜃 =
𝜋

4
 

 

 
Fig. 12 deflection and Time history of the viscoelastic 

sandwich system with attention to the natural residual 

pressure’s influence with 𝑅𝑖 = 200𝑚𝑚 , ℎ𝐻 = 0.05𝑅𝑖, 
𝑅𝑜

𝑅𝑖
= 2 , 

𝑡𝑚

𝑙𝑚
= 0.01 , 

ℎ𝑚

𝑙𝑚
= 0.2 ,  

ℎ𝐻

ℎ𝑡
= 10 , Λ𝐺𝑃𝐿 =

0.1 (𝑤𝑡%), and 𝜃 =
𝜋

4
 

 

 
Fig. 13 sandwich viscoelastic disk’s deflection and Time 

history of the with attention to the influence of fibers 

angel with 𝑅𝑖 = 200𝑚𝑚 , ℎ𝐻 = 0.05𝑅𝑖 , 
𝑅𝑜

𝑅𝑖
= 2 , P=0, 

𝑡𝑚

𝑙𝑚
= 0.01, 

ℎ𝑚

𝑙𝑚
= 0.2, Λ𝐺𝑃𝐿 = 0.1 (𝑤𝑡%), and 

ℎ𝐻

ℎ𝑡
= 10 

 

 

6. Numerical results 

 

Research on the sandwich viscoelastic disk’s frequency 

response considering honeycomb core and FG-GPLRVC 

face sheets taking into account the impact of the angel of 

honeycomb core in Fig. 4. Moreover, for the angle of below 

𝜋 3⁄ , with raise in  𝜃 the disk’s stability faces with a drop 

while for the angle would be more than 𝜋 3⁄ , there is an 

enhancement in the sandwich viscoelastic disk’s dynamics. 

A presentation on the sandwich viscoelastic disk’s 

frequency response considering the influence of weight 

fraction of GPLs (Λ𝐺𝑃𝐿 ) and thickness to length ratio 

(𝑡𝑚/𝑙𝑚) is proved in Fig. 5. The most highlighted outcome 

in this step is that the influence of 𝑡𝑚/𝑙𝑚 on the sandwich 

viscoelastic disk’s frequency of the considering FG-

GPLRVC face sheets and honeycomb core has highly 

dependent on Λ𝐺𝑃𝐿 . In order to create a comprehensive 

definition should imply that for primary amounts of Λ𝐺𝑃𝐿 , 

raising 𝑡𝑚/𝑙𝑚would be a reason to boost the disk’s natural 

frequency while raising the reinforcement percentage in the 

epoxy matrix and after a specific value of Λ𝐺𝑃𝐿 , system’s 

stability response would be declined when the Λ𝐺𝑃𝐿  factor 

raises. 

A presentation on the sandwich viscoelastic disk’s 

frequency response taking into consideration the influences 

of the honeycomb core to thickness ratio of FG face sheet 

(hH/ht) and thickness of honeycomb core to internal radius 

ratio (hH/Ri) is provided in Fig. 6. Commonly, for all 

amounts of hH/ht, raising the hH/Ri could boost the sandwich 

viscoelastic disk’s dynamics, linearly. For simply-simply 

ends, as honeycomb core’s thickness increases, we would 

be facing better dynamic performance in the system, 

however, this enhancement would be weak at higher hH/ht.  

To scrutinize the sandwich viscoelastic disk’s frequency 

response considering FG-GPLRVC face sheets and 

honeycomb core regarding influences of the honeycomb 

core on the ratio thickness of FG face sheet (hH/ht) and ratio 

of honeycomb core thickness to internal radius (hH/Ri) has 

been provided in Fig. 7. If the system is filled with the 

512



 

Physics-informed neural networks: A deep learning framework for solving the vibrational problems 

 

 

wither and thicker GPLs, the porous sandwich disk’s 

frequency will be decreasing and boosting, respectively. By 

a precise looking at Fig. 8 it would be clear that in the case 

of longer GPLs, the impacts of the thickness width and of 

the filler on the frequency drops. 

An analysis on the sandwich viscoelastic disk’s 

frequency response considering FG-GPLRVC face sheets 

and honeycomb core regarding the effects of honeycomb 

core angle (𝜃) and the lGPL/tGPL would be provided in Fig. 8.  

A study on the viscoelastic sandwich disk’s frequency 

considering honeycomb core regarding the influences of the 

lGPL/tGPL and tm/lm is presented in Fig. 9. For the below 

figure could be reported that using the longer GPLs 

provides an improvement on the stability of the viscoelastic 

sandwich system. 

The sandwich porous disk’s frequency response 

considering honeycomb core has been analyzed in Fig. 10 

regarding influences of the hm/lm and lGPL/tGPL. By attention 

to Fig. 10 would be implied that there would be an 

improvement in the sandwich porous system’s stability 

considering a raise in the lGPL/tGPL and a drop in the hm/lm.  

Fig. 11 investigates the dynamics of the sandwich 

viscoelastic disk by considering hH/Ri and 𝑙𝐺𝑃𝐿 𝑡𝐺𝑃𝐿⁄  

influences. In addition to enhancing the dynamics due to a 

drop in the hH/Ri, the sandwich disk’s frequency would be 

boosted by applying the thinner GPLs. 

Scrutinize on the time history of the sandwich disk by 

considering the internal pressure 𝑝 impact on the system’s 

 

 

deflection, which is reported in Fig. 12. Accordingly, as the 

internal pressure enhances, the time domain rises but the 

system’s deflection drops. So, when the internal pressure 

increases, providing a stable condition needs more time. 

The provided diagrams in Fig.13 create an investigation 

on sandwich viscoelastic disk’s deflection and the time 

history regarding the influence of fibers angle. Through 

Fig.13, the structure’s stability would be created in less 

time, as long as the fibers in the matrix distribute vertically. 

Moreover, for all time domains, as the fibers angle raises, 

the system’s deflection declines. 

The training process outcomes are illustrated in Table 5. 

Regarding this table, the nuance between the estimated 

dimensionless frequencies and the expected ones are highly 

acceptable for various  
ℎ𝐻

𝑅𝑖
 and 

ℎ𝐻

ℎ𝑡
. Since the estimated 

points have a little distance from the solid line. The training 

procedure’s small MSE (𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 = 0.09 ∗ 10−6) denotes 

the superb abilities of ADADELTA to discover the decent 

factors to tune the DNN. To mentioned fully connected 

DNN’s astonishing performance to be reliable, it would be 

needed to analyze the approach accuracy toward test and 

validation sets. Due to the given table, the nuance between 

the thought frequencies and the estimated ones would be 

reasonable desirable. Because the estimated points have a 

little distance from the solid line. The test procedure’s small 

MSE (𝑀𝑆𝐸𝑇𝑒𝑠𝑡 = 0.45 ∗ 10
−6) denotes the strength of the 

mentioned technique to estimate the system’s vibration. It 

Table 5 DNN’s estimation performance of the model with respect to training data with 𝑅𝑖 = 200𝑚𝑚, 
𝑅𝑜

𝑅𝑖
= 2, 

P=0, 
𝑡𝑚

𝑙𝑚
= 0.01, 

ℎ𝑚

𝑙𝑚
= 0.2,  Λ𝐺𝑃𝐿 = 0.1 (𝑤𝑡%), and 𝜃 =

𝜋

4
 

ℎ𝐻
ℎ𝑡
= 10 

 Predicted 

ℎ𝐻
𝑅𝑖

 Fit 𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 = 0.09 × 10
−6 𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 = 0.15 × 10

−6 𝑀𝑆𝐸𝑇𝑟𝑎𝑖𝑛 = 0.45 × 10
−6 

0.05 0.3061 0.3525 0.3132 0.3085 

0.1 0.3186 0.2673 0.3012 0.3123 

0.15 0.3303 0.2821 0.3142 0.3291 

0.2 0.3424 0.4175 0.3546 0.3473 

0.25 0.3545 0.2923 0.3452 0.3512 

0.3 0.3666 0.3894 0.3723 0.3673 

0.35 0.3787 0.3154 0.3652 0.3745 

0.4 0.3908 0.4721 0.4012 0.3991 

ℎ𝐻
ℎ𝑡
= 50 

0.05 0.2691 0.1985 0.2541 0.2612 

0.1 0.2782 0.3121 0.2875 0.2799 

0.15 0.2878 0.3212 0.2963 0.2901 

0.2 0.2962 0.2432 0.2863 0.2941 

0.25 0.3057 0.3512 0.3112 0.3061 

0.3 0.3145 0.3011 0.3095 0.3101 

0.35 0.3241 0.3921 0.3345 0.3291 

0.4 0.3332 0.3541 0.3412 0.3341 
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can be concluded that by increasing the 𝑀𝑆𝐸𝑇𝑒𝑠𝑡  value, the 

results are close to the actual outcomes.  
 
 

7. Conclusions 
 
Sandwich viscoelastic disk’s vibrational characteristics 

considering GPLRVC face sheets and honeycomb core with 

concrete matrix via deep learning had been analyzed. The 

optimum values of the parameters involved in the fully 

connected neural network had been determined through the 

momentum-based optimizer. The strength of the method 

applied in this study came from the high accuracy besides 

lower epochs needed to train the multi-layered network. 

The strains and stresses were achieved employing FSDT. 

Modified Halpin–Tsai and mixture Rule model are involved 

in creating the efficient graphene nano-platelets face sheets’ 

material constant of the viscoelastic sandwich disk. 

Ultimately, the most highlighted outcomes of this research 

would be as below: 

• The system’s stability would be created in less time, as 

long as the matrix fibers distribute vertically. Moreover, for 

all time domains, as the angel of fibers and internal pressure 

raise, the system deflection would be declined. 

• The relation between frequency characteristics and 

𝑅𝑜 𝑅𝑖⁄  of the sandwich, viscoelastic disk considering FG 

face sheet and honeycomb core has considerable 

dependence on the angle of honeycomb core. 

• For hH/ht values of below 30, if we raise the hH/ht, the 

frequency decreases, however, this system’s behavior would 

be boosted for hH/ht higher than 30. 

• As the GPLs are wider, more frequency has been 

observed specifically at the primary 𝑙𝐺𝑃𝐿 𝑡𝐺𝑃𝐿⁄ . 

• By increasing the 𝑀𝑆𝐸𝑇𝑒𝑠𝑡  value, the results are close 

to the actual outcomes. 
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