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1. Introduction 
 

A new type of composite material without explicit 

boundary conditions is a functionally graded material. This 

type of inhomogeneous structure is the combination of 

several phases that are minor changes without separation. 

This proposed combination causes many properties of other 

materials, including the appropriate flexibility of metal 

phases thermal and thermal dispersion of ceramic phases, 

which could be suitably combined in the FGM with metal 

and ceramic in the unit composition. In short, the aim of 

creating FGMs is to have the complex properties of several 

materials in a compound structure. FGMs can increase the 

thermal resistance of structures by defusing the thermal 

concentration and thermal stress, so the high-temperature 

resistance has been seen for these complex functional 

structures without fumbling structural safety confronted 

with homogeneous materials. This progress has made 

FGMs a decent replacement for conventional materials, 

these enchanting characteristics bring numerous researchists 

to study this field (Hamidi et al. 2015, Allahkarami et al. 

2017, Ehyaei et al. 2017, Akbas 2018a, Arefi and Zenkour 

2018, Aydogdu et al. 2018, Bensaid et al. 2018, Navi et al. 

2019, Gafour et al. 2020, Matouk et al. 2020). 

Porosity is generally explicitly created to meet practical 

performance requirements, however, the existence of 

porosity, voids, or other defects in the production process 

are inevitable. They have greater design flexibility and are 

more appropriate than conventional materials, they have  
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played an essential role in various applications, for 

example, biotechnology and topology optimization 

chemical techniques. In the imperfect structures, especially 

in the nonuniform ones, the porosity complicates the 

mathematical modeling. For example, the porosity existence 

in the tapered or axially functionally beams and plates, the 

mentioned structures are switched to two-dimensional 

graded material, which is more complex than the 

homogenous ones. So, analyzing the imperfect structures 

due to the porosity existence in the nonuniform structures 

has been less attention (Addou Farouk et al. 2019, 

Berghouti et al. 2019, Medani et al. 2019, Al-Furjan et al. 

2020, 2021, Bekkaye et al. 2020, Kaddari et al. 2020, 

Safarpour et al. 2020, Zine et al. 2020, Arshid et al. 2021, 

Bellifa et al. 2021, Guellil et al. 2021, Huang et al. 2021a, 

Tahir et al. 2021a, b). 

Lately, many researches have shown that the behavior of 

microstructures to check out the behavior for designing and 

producing micro-size systems like micro-fluid-flow 

controllers, energy harvesters, micro-actuator, micro-

switches, microsensors, microelectromechanical (MEMS), 

and atomic force microscopes (AFM) (Huang et al. 2019b, 

Li et al. 2019, Wu et al. 2020, Zhao et al. 2020, Chen et al. 

2021, Cheng et al. 2021, Deng et al. 2021, Feng et al. 2021, 

Lv and Liu 2021, Lv et al. 2021a, b, Sheng et al. 2021, Xie 

et al. 2021, Zhang et al. 2021a, b). While the size-effect in 

the micro-structures have a significant effect, the 

experimental analysis has also shown the classical theory 

could not be recommended their results for the small-scale 

structures, so, in order to implement the length-scale effect 

on the local and classical theories, a number of higher-order 

theories have been defined in the past few years. The 

modified couple stress continuum theory has been the 

leading theory to explain the impact on a small scale 

proposed by Yang et al. (2002) in order to determine the 
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properties of the small-scale effect in microstructures by 

impacting the parameters of size effect size and lame 

constants. According to the laboratory data, the 

microstructure simulation modified by the couple stress 

theory is very comparable to the actual structure. It causes 

many researchers to have determined this higher-order 

theory to investigate the length-scale effect on small-scale 

structures (Ghabussi et al. 2020, 2021, Lori et al. 2020, 

Shariati et al. 2020a, Shokrgozar et al. 2020, Chen et al. 

2021, Jiao et al. 2021, Ma et al. 2021, Moradi et al. 2021, 

Zhao et al. 2021). 

Static analysis of macro/, micro/, and nano/-structures is 

one of the fundamental engineering problems that controls 

the stability of structures due to internal and external 

loading, among them, bending and buckling analysis plays 

an essential role in the control and design of stability and 

instability of systems. In the past few years, much attention 

has been paid to the static analysis of small-scale structures. 

Hou, Wu et al. (2021) investigated the linear and nonlinear 

stability of the nonuniform functionally graded microsize 

cylindrical beam based on the classical beam theory and 

using the couple stress theory employing the homotopy 

perturbation method. Ebrahimi, Hashemabadi et al. (2020) 

analyzed the stability of porosity-dependent functionally 

graded micro-scale cylindrical shells on the basis of 

modified couple stress theory and using the analytical 

procedure. Moayedi et al. (2019) studied the dynamic and 

statical behavior of reinforced microdisk in order to 

investigate the stability and instability of these structures 

based on the generalized differential quadrature method. 

Shariati et al. (2020b) described the stability and dynamic 

of axially functionally graded (AFG) classical beams 

utilizing the Galerkin method. Bensattalah et al. (2018) 

examined the static analysis of single-walled nanotube in an 

elastic foundation due to the buckling behavior on the basis 

of a couple of nonlocal the classic beam theory. Wang et al. 

(2021) studied buckling characteristics of bi-directional 

functionally graded nano-scale shear deformation tubes 

applying the nonlocal strain gradient theory and the higher-

order tube theory via a numerical approach. Semmah et al. 

(2019) scrutinized the mechanical buckling analysis of 

nanotubes based on the Timoshenko beam theory and 

utilizing the nonlocal theory surrounded in a Winkler-type 

foundation on account of thermal loading. Chemi et al. 

(2015) studied the mechanical buckling load of the chiral 

nanosize double-walled tube by virtue of the axial compress 

load found on a couple of nonlocal and first-order shear 

deformation beam theories. Moreover, Bouhadra et al. 

(2021) utilizing the high-order shear deformation beam 

theory for the micro and nanoscale structures examined the 

impact of boundary conditions on the buckling behavior of 

imperfect FG nanobeam. Nejad and Mohammadimehr 

(2020) explained the buckling treatment of the porosity-

dependent classical sandwich beam via a numerical method 

surrounded by an elastic foundation. Shafiei and Kazemi 

(2017) investigated the nonlinear strains of Von-Karman 

theory on the buckling characteristics of imperfect 

functionally graded micro-rectangular beams based on the 

classic beam theory and modified couple stress theory 

employing the numerical and iteration technique. Also, the 

thermal buckling behavior of axially functionally graded 

microbeams considering the nonlinearity impacts was 

investigated by Shafiei et al. (2017a) for fully clamped and 

fully simply-supported boundary conditions in the thermal 

conditions and using the temperature-dependents materials. 

In another research, they Mirjavadi et al. (2017b) studied 

the linear thermal buckling of AFG nanobeams in the 

thermal environment depend on a couple of nonlocal 

Eringen theory and classic beam theory applied for various 

boundary supports. The static behavior of imperfect 

microsize nonuniform beams, in as much as porous 

materials, made by bi-directional FG materials by cause of 

thermal buckling load was examined by Mirjavadi et al. 

(2017a).  

Also, many other researchers paid their attention to the 

buckling behavior of microbeams and microtubes and other 

applicable structures, nevertheless, the investigation of 

static analysis of micro-cylindrical beams and tubes via 

different beams and tubes theory is still needed to develop. 

Therefore, in this study, the buckling behavior of axially 

functionally graded microtubes is examined found on the 

modified couple stress theory and based on the Timoshenko 

beam theory. The presented structures are considered 

imperfect as long as the porous materials and the material 

distributions are varied along the tube length direction. The 

cross-section is assumed nonuniform hinge on the various 

and applicable functions of the section. Moreover, the 

nonlinearity effect of nonlinear Von-Karman theory is 

coupled to the high-order tube theory that one may examine 

nonlinear impacts. And finally, the generalized differential 

quadrature method (GDQM) is connected via an iteration 

technique to solve the nonlinear governing equations. 
 

 

2. Mathematical modeling 
 

A uniform cylindrical tube is displayed in Fig. 1, in 

which the Ri and Ro are the internal and external radius, 

and L is the tube length. The right tube side is made of pure 

metal, while the left tube side is made of pure ceramic, so 

the material distributions changed along the tube length, 

and the axially graded materials have been made. 

In this study, three types of nonuniform radius functions 

that are made the nonuniform sections, involving the 

exponential, linear and convex functions, are depicted in 

Fig. 2, in which the mathematic formulation of them are as 

follows (Chen et al. 2021, Hou et al. 2021): 

𝑅 = 𝑅𝐿 (1 − 𝜛
𝑥

𝐿
)
𝜉

 (1a) 

𝑅 = 𝑅𝐿𝑒
(−𝜁

𝑥

𝐿
)
 (1b) 

 

 

 
Fig. 1 Schematic of the uniform axially functionally 

graded tube 
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where ‘RL’ is the tube radius at the left tube side, and ‘𝜛’ is 

the ‘RR/RL’, ‘ξ’ is a parameter to control the radius function 

that ‘ξ = 0’ refers to the uniform section, ‘ξ = 1’ is the linear 

and ‘ξ = 0.5’ introduces the convex function. Furthermore, 

Eq. (1b) describes the mathematical equation of exponential 

section, which ‘ζ’ is the nonzero parameter. It should be 

noted that Eq. (1) supports both inner (Ri) and outer radius 

(Ro) functions. 

The mathematical equations of porosity-dependent 

axially functionally graded materials properties, including 

the Poisson ratio (ν) and Young’s modulus (E) that are 

combined with the axially functionally graded materials and 

the porosity distributions along the radius direction made 

the two-dimensional functionally graded (2D-FG) materials 

that are determined as follows (Chen et al. 2021, Hou et al. 

2021): 

𝐸(𝑥, 𝑟) = [(𝐸𝑐 − 𝐸𝑚) (
𝑥

𝐿
)
𝑝

+ 𝐸𝑚] [1 − 𝜌𝛱(𝑟)] (2a) 

𝜈(𝑥, 𝑟) = [(𝜈𝑐 − 𝜈𝑚) (
𝑥

𝐿
)
𝑝

+ 𝜈𝑚] [1 − 𝜌𝛱(𝑟)] (2b) 

‘ρ’ is the porous parameter, ‘p’ is the volume fraction 

parameter of the FG material, and ‘c’ refers to the ceramic 

phase and ‘m’ regards to the metal phase, which the 

material properties of ceramic and metal phases are 

performed in Table 1. Also, function of porosity distribution 

‘𝛱(𝑟)’ is defined as (Kim et al. 2019):  

Type1: 

𝛱(𝑟) = 𝑐𝑜𝑠 (𝜋 (
𝑟 − 𝑅𝑖

𝑅𝑜 − 𝑅𝑖
)) (3a) 

Type2: 

𝐸𝛱(𝑟) = 𝑐𝑜𝑠 (
𝜋

2
(
𝑟 − 𝑅𝑖

𝑅𝑜 − 𝑅𝑖
)) (3b) 

Based on the energy conservation method for the statics 

problem, the governing equations and associated boundary 

conditions’ equations are obtained as follows: 

 

Table 1 Mechanical material properties, involving Young’s 

modulus and Poisson ratio of the ceramic and metal phases 

(Yang and Shen 2002) 

 E (Pa) 

SUS304 2.0779e+11 

Si3N4 3.22269e+11 

 

 

𝛿𝑉 + 𝛿𝑆 = 0 (4) 

Here, ‘V’ is the energy of external work, and ‘S’ is the 

strain energy, that the strain energy of small-scale structures 

on the basis of the modified couple stress theory can be 

determined as follow (Yang et al. 2002): 

𝑆 =∭𝑠𝑑𝑣 =
1

2
∭(𝜎: 𝜀 + 𝑚:𝜒)𝑑𝑣 (5) 

where ‘ε’ is the strain equations of tubes, and according to 

the first-order shear deformation beam theory of 

Timoshenko, they are represented as: 

𝜀𝑥𝑥 =
𝜕𝑢1
𝜕𝑥

=
𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑤

𝜕𝑥
)
2

+ 𝑧
𝜕𝜓

𝜕𝑥
 (6a) 

𝜀𝑥𝑦 = 0 (6b) 

𝜀𝑥𝑧 =
1

2
(
𝜕𝑢1
𝜕𝑧

+
𝜕𝑢3
𝜕𝑥

) =
1

2
(
𝜕𝑤

𝜕𝑥
+ 𝜓) (6c) 

where 

𝑢1(𝑥, 𝑦, 𝑧) = 𝑢 + 𝑧𝜓(𝑥) 
𝑢2(𝑥, 𝑦, 𝑧) = 0 
𝑢3(𝑥, 𝑦, 𝑧) = 𝑤(𝑥) 

(7) 

Here, the displacements element along the x, y, and z-

direction are indicated via u1, u2, and u3. ‘w’ is the lateral 

deflection and ‘∂w/∂x’ is the rotation angle around the y-

direction. Also, ‘ψ’ is rotation. And stresses are 

𝜎𝑥𝑥 = 𝐸𝜀𝑥𝑥  (8a) 

 
Fig. 2 Different radius functions along the beam length, including the uniform, convex, linear, and exponential types 

(Hou et al. 2021) 
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𝜎𝑥𝑦 = 𝐺𝜀𝑥𝑦 , 𝐺 =
𝐸

2(1+𝜈)
  (8b) 

𝜎𝑥𝑧 = 𝐺𝜀𝑥𝑦  (8c) 

On the basis of modified couple stress theory, ‘m’ is the 

deviatoric matrices that are defined as follows: 

𝑚 = 2𝑙2𝜇𝜒 (9) 

“l” is the length-scale parameter, ‘μ’ and describe the 

Lamé constant, and ‘χ’ is presented as follows: 

𝜒 =
1

2
(𝛻𝜃 + (𝛻𝜃)𝑇) (10) 

where 

𝜃 =
1

2
𝑐𝑢𝑟𝑙(𝑢) (11) 

Using the Eqs. (9)-(11), the symmetric curvature and the 

deviatoric tensor are represented as: 

𝜒11 = 0, 𝜒22 = 0, 𝜒33 = 0  (12a) 

𝜒12 = 𝜒21 =
1

4
(
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) −

1

2

𝜕2𝑤

𝜕𝑥2
, 𝜒13 = 𝜒31 = 0 (12b) 

𝜒23 = 𝜒32 = 0 (12c) 

The virtual strain energy of first-order micro-scale tube 

based on the modified couple stress theory is estimated as: 

𝛿𝑆 =∭𝛿𝑠𝑑𝑣 = −∫
𝜕

𝜕𝑥
(𝐴11

𝜕𝑢

𝜕𝑥
)𝑑𝑥

𝐿

0

𝛿(𝑢) 

+𝐴11
𝜕𝑢

𝜕𝑥
|
0

𝐿

𝛿(𝑢) + ∫
𝜕2

𝜕𝑥2
(𝐷11

𝜕2𝑤

𝜕𝑥2
)𝑑𝑥

𝐿

0

𝛿(𝑤) 

+𝐷11
𝜕2𝑤

𝜕𝑥2
|
0

𝐿

𝛿 (
𝜕𝑤

𝜕𝑥
) −

𝜕

𝜕𝑥
(𝐷11

𝜕2𝑤

𝜕𝑥2
)|
0

𝐿

𝛿(𝑤) 

+∫
𝜕2

𝜕𝑥2
(𝐷11

𝜕2𝑤

𝜕𝑥2
)𝑑𝑥

𝐿

0

𝛿(𝑤) + 𝐷11
𝜕2𝑤

𝜕𝑥2
|
0

𝐿

𝛿 (
𝜕𝑤

𝜕𝑥
) 

−
𝜕

𝜕𝑥
(𝐷11

𝜕2𝑤

𝜕𝑥2
)|
0

𝐿

𝛿(𝑤) − ∫
𝜕

𝜕𝑥
(𝐷11

𝜕𝜓

𝜕𝑥
)𝑑𝑥

𝐿

0

𝛿(𝜓) 

−∫
𝜕

𝜕𝑥
(𝐷11

𝜕2𝑤

𝜕𝑥2
)𝑑𝑥

𝐿

0

𝛿(𝜓) + 𝐷11
𝜕𝜓

𝜕𝑥
|
0

𝐿

𝛿(𝜓) 

+𝐷11
𝜕2𝑤

𝜕𝑥2
|
0

𝐿

𝛿(𝜓) + ∫
𝜕2

𝜕𝑥2
(𝐷11

𝜕𝜓

𝜕𝑥
)𝑑𝑥

𝐿

0

𝛿(𝑤) 

+𝐷11
𝜕𝜓

𝜕𝑥
|
0

𝐿

𝛿 (
𝜕𝑤

𝜕𝑥
) −

𝜕

𝜕𝑥
(𝐷11

𝜕𝜓

𝜕𝑥
)|
0

𝐿

𝛿(𝑤) 

−2∫
𝜕2

𝜕𝑥2
(𝐷11

𝜕2𝑤

𝜕𝑥2
)𝑑𝑥

𝐿

0

𝛿(𝑤) − 2𝐷11
𝜕2𝑤

𝜕𝑥2
|
0

𝐿

𝛿 (
𝜕𝑤

𝜕𝑥
) 

+2
𝜕

𝜕𝑥
(𝐷11

𝜕2𝑤

𝜕𝑥2
)|
0

𝐿

𝛿(𝑤) + ∫
𝜕

𝜕𝑥
(𝐷11

𝜕2𝑤

𝜕𝑥2
)𝑑𝑥

𝐿

0

𝛿(𝜓) 

−𝐷11
𝜕2𝑤

𝜕𝑥2
|
0

𝐿

𝛿(𝜓) − ∫
𝜕2

𝜕𝑥2
(𝐷11

𝜕𝜓

𝜕𝑥
)𝑑𝑥

𝐿

0

𝛿(𝑤) 

−𝐷11
𝜕𝜓

𝜕𝑥
|
0

𝐿

𝛿 (
𝜕𝑤

𝜕𝑥
) +

𝜕

𝜕𝑥
(𝐷11

𝜕𝜓

𝜕𝑥
)|
0

𝐿

𝛿(𝑤) 

−
1

2
∫

𝜕

𝜕𝑥
(𝐴11 (

𝜕𝑤

𝜕𝑥
)
3

)𝑑𝑥
𝐿

0

𝛿(𝑤) +
𝐴11
2
(
𝜕𝑤

𝜕𝑥
)
3

|
0

𝐿

𝛿(𝑤) 

(13) 

−∫
𝜕

𝜕𝑥
(𝐴11

𝜕𝑢

𝜕𝑥

𝜕𝑤

𝜕𝑥
) 𝑑𝑥

𝐿

0

𝛿(𝑤) + 𝐴11
𝜕𝑢

𝜕𝑥

𝜕𝑤

𝜕𝑥
|
0

𝐿

𝛿(𝑤) 

−
1

2
∫

𝜕

𝜕𝑥
(𝐴11 (

𝜕𝑤

𝜕𝑥
)
2

)𝑑𝑥
𝐿

0

𝛿(𝑢) +
𝐴11
2
(
𝜕𝑤

𝜕𝑥
)
2

|
0

𝐿

𝛿(𝑢) 

−∫
𝜕

𝜕𝑥
(𝐶10

𝜕𝑤

𝜕𝑥
) 𝑑𝑥

𝐿

0

𝛿(𝑤) + 𝐶10
𝜕𝑤

𝜕𝑥
|
0

𝐿

𝛿(𝑤) 

+∫ 𝐶10𝜓𝛿(𝜓) + 𝐶10
𝜕𝑤

𝜕𝑥
𝛿(𝜓)

𝐿

0

𝑑𝑥 

−∫
𝜕

𝜕𝑥
(𝐶10(𝜓))𝑑𝑥

𝐿

0

𝛿(𝑤) + 𝐶10𝜓|0
𝐿𝛿(𝑤) 

+𝑙2

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 −∫

𝜕

𝜕𝑥
[
1

4
𝐴10 (

𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) −

1

2
𝐴10

𝜕2𝑤

𝜕𝑥2
] 𝑑𝑥

𝐿

0

𝛿(𝜓)

+(
1

4
𝐴10 (

𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) −

1

2
𝐴10

𝜕2𝑤

𝜕𝑥2
)|
0

𝐿

𝛿(𝜓)

−
𝜕

𝜕𝑥

[
 
 
 
 −
1

4
𝐴10 (

𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
)

+(𝐴10 −
1

2
𝐴10)

𝜕2𝑤

𝜕𝑥2 ]
 
 
 
 

||

0

𝐿

𝛿(𝑤)

+∫
𝜕2

𝜕𝑥2

[
 
 
 
 −
1

4
𝐴10 (

𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
)

+(𝐴10 −
1

2
𝐴10)

𝜕2𝑤

𝜕𝑥2 ]
 
 
 
 

𝑑𝑥
𝐿

0

𝛿(𝑤)

+(𝐴10 (
𝜕𝜓

𝜕𝑥
+
𝜕2𝑤

𝜕𝑥2
) + (𝐴10 −

1

2
𝐴10)

𝜕2𝑤

𝜕𝑥2
)|
0

𝐿

𝛿 (
𝜕𝑤

𝜕𝑥
)
}
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 

In which 

(𝐴11, 𝐷11) = ∫𝐸(𝑥, 𝑟)
𝐴

(1, 𝑧2)𝑑𝐴 (14a) 

(𝐴10, 𝐶10) = ∫𝐺(𝑥, 𝑟)
𝐴

(1, 𝐾𝑆)𝑑𝐴  (14b) 

Here, ‘KS’ is the shear correction factor for the shear 

deformation theory of circular beams that is calculated as 

follows (Ma et al. 2020): 

𝐾𝑆 =
6(1 + 𝜉2)2(1 + 𝜈)2

(7 + 14𝜈 + 8𝜈2)(1 + 𝜉2)2 + 4𝜉2(5 + 10𝜈 + 4𝜈2)
 

, 𝜉 =
𝑅𝑖
𝑅𝑂

 
(15) 

The virtual energy of external work is defined as 

follows: 

𝛿𝑉 =∭(𝐹̄ (
𝜕𝑤

𝜕𝑥
) 𝛿 (

𝜕𝑤

𝜕𝑥
) 𝛿𝑤) 𝑑𝑣 (16) 

𝐹̅ is the mechanical buckling load. Finally, by 

substitution of Eqs. (13) and (16) in Eq. (4), the following 

Euler-Lagrange equations of first-order shear deformation 

micro-scale beam theory are obtained as: 

𝜕

𝜕𝑥
(𝐴11

𝜕𝑢

𝜕𝑥
) +

1

2

𝜕

𝜕𝑥
(𝐴11 (

𝜕𝑤

𝜕𝑥
)
2

) = 0  (17a) 

−
𝜕

𝜕𝑥
(𝐷11

𝜕𝜓

𝜕𝑥
) −

1

4
𝑙2𝐴10 (

𝜕𝜓

𝜕𝑥
−
𝜕2𝑤

𝜕𝑥2
) + 𝐶10 (𝜓 +

𝜕𝑤

𝜕𝑥
) 

= 0 

(17b) 
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−
𝜕2

𝜕𝑥2
(
1

4
𝑙2𝐴10 (

𝜕𝜓

𝜕𝑥
−
𝜕2𝑤

𝜕𝑥2
)) −

𝜕

𝜕𝑥
(𝐶10 (𝜓 +

𝜕𝑤

𝜕𝑥
)) 

−
𝜕

𝜕𝑥
(
1

2
𝐴11 (

𝜕𝑤

𝜕𝑥
)
2 𝜕𝑤

𝜕𝑥
+ 𝐴11

𝜕𝑢

𝜕𝑥

𝜕𝑤

𝜕𝑥
) − 𝐹̄

𝜕2𝑤

𝜕𝑥2
+ 𝑞̄ = 0 

(17c) 

The boundary condition for the micro-size Timoshenko 

tubes are: 

𝑢 = 0 𝐴11
𝜕𝑢

𝜕𝑥
+
𝐴11
2
(
𝜕𝑤

𝜕𝑥
)
2

= 0 (18a) 

𝜓 = 0 𝐷11
𝜕𝜓

𝜕𝑥
+
1

4
𝑙2𝐴10 (

𝜕𝜓

𝜕𝑥
−
𝜕2𝑤

𝜕𝑥2
) = 0 (18b) 

𝑤 = 0 

+𝐶10 (𝜓 +
𝜕𝑤

𝜕𝑥
) +

1

4
𝑙2
𝜕

𝜕𝑥
(𝐴10 (

𝜕𝜓

𝜕𝑥
−
𝜕2𝑤

𝜕𝑥2
)) 

+𝐴11 (
1

2
(
𝜕𝑤

𝜕𝑥
)
2

+
𝜕𝑢

𝜕𝑥
)
𝜕𝑤

𝜕𝑥
= 0 

(18c) 

 
 

3. Numerical solution procedure 
 

The generalized differential quadrature method 

(GDQM) as the robust method is used in this paper to 

resolve the linear and nonlinear equations (Ghadiri et al. 

2016a, b, 2017a, b, Ghadiri and Shafiei 2016a, b, Shafiei et 

al. 2016a, b, c, d, e, f, g, 2017a, 2019, 2020, Ebrahimi et al. 

2017, Shafiei and Kazemi 2017, Mirjavadi et al. 2017a, 

Azimi et al. 2018, Safarpour et al. 2020, Chen et al. 2021, 

Hou et al. 2021, Huang et al. 2021a). Depend on the 

eigenvalue problem, the general nonlinear equation is 

solved utilizing the following equation: 

{[𝐾]𝐿𝑖𝑛𝑒𝑎𝑟 + [𝐾]𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 − 𝐹̄[𝑀]}{𝜆} = 0  (19) 

‘K’ is the stiffness matrices, and ‘M’ is the mass 

matrices in the static problem, and ‘λ’ is the mode shapes. 

Where, the detail of stiffness matrices is defined as follows: 

[𝐾]𝐿𝑖𝑛𝑒𝑎𝑟

=

[
 
 
 
 
 
 
𝜕

𝜕𝑥
(𝐴11

𝜕

𝜕𝑥
) 0 0

0 −
𝜕

𝜕𝑥
(𝐷11

𝜕

𝜕𝑥
)−

1

4
𝑙2𝐴10

𝜕

𝜕𝑥
+ 𝐶10

1

4
𝑙2𝐴10

𝜕2

𝜕𝑥2
+ 𝐶10

𝜕

𝜕𝑥

0 −
𝜕2

𝜕𝑥2
(
1

4
𝑙2𝐴10

𝜕

𝜕𝑥
) −

𝜕

𝜕𝑥
(𝐶10)

𝜕2

𝜕𝑥2
(
1

4
𝑙2𝐴10

𝜕2

𝜕𝑥2
) −

𝜕

𝜕𝑥
(𝐶10

𝜕

𝜕𝑥
)
]
 
 
 
 
 
 

 

{
𝑢
𝜓
𝑤
} 

(20a) 

[𝐾]𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟

=

[
 
 
 
 
 0 0

1

2

𝜕

𝜕𝑥
(𝐴11

𝜕𝑤

𝜕𝑥

𝜕

𝜕𝑥
)

0 0 0

−
𝜕

𝜕𝑥
(
1

2
𝐴11

𝜕𝑤

𝜕𝑥

𝜕

𝜕𝑥
) 0 −

1

2

𝜕

𝜕𝑥
(𝐴11 (

𝜕𝑤

𝜕𝑥
)

2 𝜕

𝜕𝑥
+ 𝐴11

𝜕𝑢

𝜕𝑥

𝜕

𝜕𝑥
)
]
 
 
 
 
 

{
𝑢
𝜓
𝑤
} (20b) 

Also, the detail of mass matrices are determined as 

follows: 

[𝑀] = [

0 0 0
0 0 0

0 0
𝜕2

𝜕𝑥2

] {
𝑢
𝜓
𝑤
}  (21) 

According to the GDQ method, the rth-order derivative 

function of P (𝜕𝑟𝑃/𝜕𝑥𝑟) is considered as follows: 

  
𝜕𝑟𝑃(𝑥)

𝜕𝑥𝑟
|
𝑥=𝑥𝑃

= ∑ 𝐶𝑖𝑗
(𝑟)𝑃(𝑥𝑖)

𝑛
𝑗=1  (22) 

here ‘n’ regards the grid-point number in the tube length 

direction, and 

𝐶𝑖𝑗
(1) =

𝑀̃(𝑥𝑖)

(𝑥𝑖 − 𝑥𝑗)𝑀̃(𝑥𝑗)
; 𝑖, 𝑗 = 1,2, . . . , 𝑛 𝑎𝑛𝑑 𝑖 ≠ 𝑗 

𝐶𝑖𝑗
(1) = − ∑ 𝐶𝑖𝑗

(1)

𝑛

𝑗=1,𝑖≠𝑗

; 𝑖 = 𝑗 

(23) 

also 𝑀̃(x) is: 

𝑀̃(𝑥𝑖) = ∏ (𝑥𝑖 − 𝑥𝑗)

𝑛

𝑗=1,𝑗≠𝑖

 (24) 

‘C(r)’ is the rth-order weighting coefficient that is defined 

as 

𝐶𝑖𝑗
(𝑟) = 𝑟 [𝐶𝑖𝑗

(𝑟−1)𝐶𝑖𝑗
(1) −

𝐶𝑖𝑗
(𝑟−1)

(𝑥𝑖 − 𝑥𝑗)
] ; 𝑖, 𝑗 

= 1,2, … , 𝑛, 𝑖 ≠ 𝑗 𝑎𝑛𝑑 2 ≤ 𝑟 ≤𝑛 − 1 

𝐶𝑖𝑖
(𝑟) = − ∑ 𝐶𝑖𝑗

(𝑟)

𝑛

𝑗=1,𝑖≠𝑗

; 𝑖, 𝑗 = 1,2, … , 𝑛 𝑎𝑛𝑑 1 

≤ 𝑟 ≤𝑛 − 1 

(25) 

Furthermore, the grid-points are divided as follows: 

𝑥𝑖 =
𝐿

2
(1 − 𝑐𝑜𝑠 (

2𝑖−1

2𝑛
𝜋)) 𝑖 = 1,2,3, . . . , 𝑛  (26) 

First, neglecting the nonlinear terms, the linear stiffness 

matrices based on the GDQM is written as follow: 

{[𝐾]𝐿𝑖𝑛𝑒𝑎𝑟 − 𝐹̄[𝑀]}{𝜆} = 0  (27) 

In the following, the boundary conditions will be 

assembled with the governing equations. Applying the 

weight coefficients based on the GDQ technique, the linear 

buckling load of FG microtube is derived as: 

[
[𝐾𝑑𝑑] [𝐾𝑑𝑏]

[𝐾𝑏𝑑] [𝐾𝑏𝑏]
]
𝐿𝑖𝑛𝑒𝑎𝑟

{
{𝜆𝑑}

{𝜆𝑏}
}

= 𝐹̄𝑙𝑖𝑛𝑒𝑎𝑟 [
[𝑀𝑑𝑑] [𝑀𝑑𝑏]

[𝑀𝑏𝑑] [𝑀𝑏𝑏]
] {
{𝜆𝑑}

{𝜆𝑏}
} 

(28) 

where d and b indexes are the domain and boundary, 

respectively and λ shows the mode shape. Using the linear 

result of eigenvalue problem (Eq. (28)) and then 

substitution of linear mode shape, as the initial answer, into 

the following equation, the initial nonlinear result will be 

obtained. 

[
[𝐾𝑑𝑑] [𝐾𝑑𝑏]

[𝐾𝑏𝑑] [𝐾𝑏𝑏]
]
𝐿𝑖𝑛𝑒𝑎𝑟

{
{𝜆𝑑}

{𝜆𝑏}
} 

+[
[𝐾𝑑𝑑] [𝐾𝑑𝑏]

[𝐾𝑏𝑑] [𝐾𝑏𝑏]
]
𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟

{
{𝜆𝑑}

{𝜆𝑏}
} 

= 𝐹̄𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 [
[𝑀𝑑𝑑] [𝑀𝑑𝑏]

[𝑀𝑏𝑑] [𝑀𝑏𝑏]
] {
{𝜆𝑑}

{𝜆𝑏}
} 

(29) 

Subsequently, the nonlinear calculated results, involving 

the nonlinear mode shape, will be applied in Eq. (29) to 
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obtain the new nonlinear results. This cycle will be 

continued until the results converge. The following relation 

is used to considering the converge rate. 

𝑒𝑟𝑟𝑜𝑟 =
𝐹̄𝑖+1−𝐹̄𝑖

𝐹̄𝑖+1
;        i = 1,2,3,… (30) 

It is repeated until the relative error between the 

estimated eigenvalue in two consecutive iterations is within 

the suggested value (0.0001 is a suitable value) (Shafiei et 

al. 2016a, b, c, d, e, f, g). 
 
 

4. Numerical results and discussion 
 

Before the discussion of the results, the validation of 

them is necessary. While, in this paper, the buckling 

behavior of 2D-FG microtubes is investigated for different 

cross-sections under the clamped and pinned boundary 

supports; Fig. 3 shows the comparison of presented 

numerical results of the non-dimensional buckling load of 

beam and tubes with the results of Reddy (2011). For the 

most part, some non-dimensional parameters are 

represented in the following in order to have a better 

judgment in the comparison and discussion of calculated 

numerical results.  

Nonlinear amplitude of large deflection: 

𝑊/𝑅 = 𝑤̄𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟√
𝐼0
𝐴0𝐿

2
 (31a) 

 Non-dimensional small-scale effect: 

𝜇 =
𝑙

𝑅0𝑜
 (31b) 

Non-dimensional buckling load: 

𝐹 = 𝐹̄
𝐿2

𝐸𝑐 × 𝐼0
 (31c) 

where “I0” is the second moment, and “A0” is the area of 

cross-section (at x=0). Also, ‘EC’ is Young’s modulus of 

Si3N4. The presented comparison in Fig. 3 proves the 

 

 

correctness and validation of computed results, governing 

equations, and solution procedure. For the cylindrical beam, 

‘h’ is the tube thickness. 

Fig. 4 explains the effect of nonlinear deflection (W/R) 

on the buckling characteristics of fully pinned and clamped 

tubes versus the different cross-section shapes. It is clearly 

shown that the increment of nonlinear amplitude enhances 

the buckling load; in fact, the nonlinear deflection increases 

the tube stiffness, and the hardening phenomenon is 

observed due to the nonlinear amplitude. So the stability of 

tubes improves via nonlinear effects. Furthermore, the 

uniform section is more stable than the nonuniform one 

because of its effective thickness. Also, the nonuniform 

linear section is more stable than the exponential section, 

and the nonuniform convex section is stable than the 

nonuniform linear section. The discussed results are valid 

for both pinned and clamped boundary supports. 

The volume fraction (p) impact on the nonlinear 

buckling load of the axially functionally graded uniform 

and nonuniform tubes is performed in Fig.  5. Increasing 

the FG parameter (p) decreases the buckling load because 

Si3N4 is stiffer than the SUS304, and the volume fraction 

parameter tends to decrease the tube stiffness. The softening 

behavior due to the FG parameter is observed, which means 

FG tubes’ stability depreciates by the volume fraction. The 

mentioned explains confirmed for both clamped and pinned 

boundaries and also for both uniform and nonuniform 

sections. As explained, the buckling of the uniform section 

is higher than the nonuniform, and in the nonuniform types, 

the nonlinear buckling load of the exponential section is 

lower than the nonuniform linear section buckling of the 

convex section is higher than the linear type. 

Fig. 6 displays the small-scale effect of modified couple 

stress effect on the nonlinear buckling load of axially 

functionally graded microtubes versus the uniform and 

nonuniform cross-sections for both clamped and pinned 

boundary conditions. The obtained outputs indicate that the 

small-scale parameter tends to increases the buckling load, 

which means the stiffness and stability of the AFG 

microtube develops by the size-effect parameters. In other 

words, the hardening characteristics are examined by mu. 

 

 

 
Fig. 3 Comparison of the presented buckling results with the Reddy (2011), to validate the analytical results 
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Fig. 4 Nonlinear deflection (W/R) effect on the buckling load of the uniform and nonuniform pinned and clamped 

tube, L = 40Ro = 80Ri 

 
Fig. 5 Volume fraction parameter (p) effect on the buckling load of the uniform and nonuniform pinned and clamped 

tube, W/R = 1, L = 40Ro = 80Ri 
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Fig. 6 Length scale (μ) impact on the buckling load of the uniform and nonuniform pinned and clamped tube, W/R = 

p = 1, L = 40Ro = 80Ri 

 
Fig. 7 Porosity impact (type I) on the buckling load of the uniform and nonuniform pinned and clamped tube, W/R = 

p = 10μ = 1, L = 40Ro = 80Ri 
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Fig. 8 Porosity impact (type II) on the buckling load of the uniform and nonuniform pinned and clamped tube, W/R = 

p = 10μ = 1, L = 40Ro = 80Ri 

 
Fig. 9 The small-scale parameter impact on the linear and nonlinear buckling load of fully pinned and fully clamped 

tube with convex section versus the nonlinear deflection effect, L = 40Ro = 80Ri 
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Fig. 10 The volume fraction parameter impact on the linear and nonlinear buckling load of fully pinned and fully 

clamped microtube with convex section versus the nonlinear deflection effect, μ = 0.2, L = 40Ro = 80Ri 

 
Fig. 11 The porosity impact (distribution of type I) on the linear and nonlinear buckling load of fully pinned and fully 

clamped 2D-FG microtube with convex section versus the nonlinear deflection effect, p = 5, μ = 0.2, L = 40Ro = 80Ri 
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The imperfection impact of the porosity parameter (ρ) 

on the nonlinear buckling load of the 2D-FG fully clamped 

and fully pinned microtube is manifested in Figs. 7 and 8 

versus the uniform and non-uniform cross-section. The 

imperfection effect is presented in two different porosity 

distributions, which Figs. 7 and 8 are regarded to type I and 

type II, respectively. It is recorded that the porosity effect 

can be lead to both hardening and softening phenomena. In 

the first type, an increment of the porosity parameter 

increases the nonlinear buckling load, and stability of the 

2D-FG microtube is improved, while in the second type, the 

stiffness of the 2D-FG microtube limits by the porosity 

parameter. It is also shown in both porosity distribution 

types, the impact of the porosity parameter on the nonlinear 

buckling load is linearly, and the defined describes are 

recognized in both considered boundary conditions and 

cross-sections. 

The nonlinear impacts, along with the size effect on the 

nonlinear buckling load of microsize fully pinned and fully 

clamped tubes, are exposed in Fig. 9. It is shown that the 

small-scale parameter has more influence on the buckling 

load in lower nonlinear amplitude values. Moreover, both 

nonlinear amplitude and small-scale impacts improve the 

buckling load and stability of microtubes. Also, the fully 

clamped type is stiffer than the pinned type, and both linear 

and nonlinear buckling loads of clamped tubes are higher 

than the pinned ones. 

The coupled effect of nonlinear amplitude and volume 

 
 

fraction parameter on the nonlinear buckling load of the 

microsize clamped and pinned tube is displayed in Fig.  

10. The influence of FG parameters on the buckling load 

enhances via an increment of nonlinear deflection. As 

explained, an increment of the FG parameter decreases the 

linear and nonlinear buckling load that leads to limiting the 

microtubes’ stability. 

Figs. 11 and 12 explain the nonlinear amplitude and the 

porosity impact on the linear and nonlinear buckling 

characteristics of the 2D-FG microtube for pinned and 

clamped boundary conditions. Fig. 11 presents the buckling 

behavior of the imperfect tube versus the porosity 

distributions of type I, that increment of porosity parameter 

improves the stability of the 2D-FG microtube. In contrast, 

the second type of porosity distribution was rendered in Fig.  

12 that the softening behavior is seen due to the porosity 

impact. Furthermore, the nonlinear deflection plays an 

important role in the porosity impact on the linear and 

nonlinear buckling load. In type I of porosity distributions, 

the nonlinear amplitude limits the porosity effect on the 

buckling load, while, in the second porosity distribution 

type, the nonlinear deflection amplifies the porosity impact 

on the linear and nonlinear buckling load. 
 

 

5. Conclusions 
 

The contemporary study framework is the nonlinear 

 
Fig. 12 The porosity impact (distribution of type II) on the linear and nonlinear buckling load of fully pinned and 

fully clamped 2D-FG microtube with convex section versus the nonlinear deflection effect, p = 5, μ = 0.2, L = 40Ro = 

80Ri 
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buckling characteristics of the cylindrical micro-scale 

functionally graded tube under the external compress load 

based on the modified couple stress theory in conjunction 

with the first-order shear deformation beam theory along 

with the Von-Kármán theory. The nonlinear governing 

equations and boundary conditions equations have been 

derived by applying the energy conservation methods, 

which were solved by employing the generalized 

differential quadrature method. The obtained results were 

presented for both pinned and clamped boundary support 

types; that the main findings are: 

• The uniform section is more stable than the non-

uniform section, and the linear and nonlinear buckling load 

of uniform tubes contains a higher value than the non-

uniform type. 

• In the non-uniform sections, the convex type is more 

stable than the linear section, and the exponential section is 

unstable than the linear type. 

• The nonlinear deflection raises the buckling load that 

leads to improving the tube stiffness. 

• The volume fraction decreases the linear and nonlinear 

buckling load because the Si3N4 is stiffer than SUS304. 

• The modified couple stress parameter leads to the 

hardening phenomena, and an increment of size effect 

parameter predicts the higher linear and nonlinear buckling 

load. 

• The porosity can be lead to both softening and 

hardening characteristics based on the porosity distribution 

type. Because of stiffening behavior, Type-I of porosity 

distribution tends to enhance the linear and nonlinear 

buckling load, and in contrast, type-II leads to limiting the 

buckling load. 
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