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1. Introduction 
 

During 1980s, Japanese’s researchers had invited new 

advanced composite material that gradually changed 

smoothly through a certain spatial direction from metal 

phase to ceramic phase, and known as Functionally graded 

materials (FGMs), (Alshorbagy et al. 2011, Abo-Bakr et al. 

2020a). These materials have enhanced mechanical 

properties, such as, rigidity, toughness, hardness, corrosion 

resistance, and thermal conductivity (Eltaher et al. 2018). 

Through the fabrication of FGM, microvoids are created 

and formed during sintering process because of the 

deviation in solidification temperatures of material 

constituents (Zhu et al. 2001). Sources of porosity 

formation include air bubbles entering the matrix material 

during melting or mixing processes and formation of water 

vapor on particles surfaces during solidification (Tapia et al. 

2016). The porosity may be created by manufacturer in 

different applications, such as lightweight structures, 

biomedical systems, catalysts in electrochemical actuators  
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and fuel cells, a piezoelectric ceramic graded actuator, 

porous titanium dioxide nano-layers, Hamed et al. (2019a). 

Recently, many researchers and engineering are 

interesting in analyses of mechanical responses of FG 

porous structures with continuum mechanics theories. 

Kitipornchai et al. (2017) investigated the free vibration and 

buckling of FG porous beams reinforced by graphene 

platelets. Soliman et al. (2018) studied nonlinear transient 

response of natural gas pipe manufactured from FGM and 

subjected to internal pressure and unsteady temperature. 

Demirhan and Taskin (2019) investigated the bending and 

free vibration FG porous plate by using state space 

approach and four variable plate theory. Akbari et al. (2020) 

presented numerical solution for free vibration of sandwich 

porous FG cylindrical panels based on the linear 

poroelasticity theory of Biot. Akbaş et al. (2020a, b) 

developed a numerical finite element model to study the 

vibration response of FG porous 2D thick beam under the 

dynamic sine pulse load with and without viscoelastic 

support. Shariati et al. (2020) studied stability and dynamics 

of viscoelastic moving Rayleigh beams with an 

asymmetrical distribution of material parameters. Asemi et 

al. (2020) examined the static and dynamic responses of FG 

porous annular sector plates reinforced by graphene 

platelets by using finite element with a 4-node 2D element 

with 20 degrees of freedom. Hamed et al. (2020) illustrated 
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Abstract.  This paper explores the size–dependent vibration response of porous functionally graded (FG) micro/nanobeams 

based on an integrated nonlocal-couple stress continuum model (NLCS). The mutual effect of the microstructure local rotation 

and nonlocality are modelled using the modified couple stress theory and Eringen nonlocal elasticity theory, respectively, into 

the classical Euler–Bernoulli beam model. All the material properties of the bulk continuum including the microstructure 

material length scale parameter (MLSP) are assumed to be graded along the thickness according to a power law. For the first 

time, the effect of the porosity and voids on the modulus of elasticity and MLSP is taken as a ratio of the mass density with 

porosity-to-that without porosity. Accounting for the physical neutral axis concept and generalized elasticity theory, Hamilton's 

principle is utilized to formulate the equations of motion and boundary conditions for the FG porous micro/nanobeams. The 

analytical solution using Navier method is applied to solve the governing equations and obtain the results. The impact of 

different parameters such as the gradation index, porosity pattern, porosity parameter, nonlocal parameter, and MLSP on the free 

vibration characteristics of simply supported FG nanobeams are presented discussed in detail. The current model is efficient in 

many applications used porous FGM, such as aerospace, nuclear, power plane sheller, and marine structures. 

Keywords:  analytical solutions; functionally graded structure; modified porosity model; nonlocal–modified couple 

stress model; size-dependent nanobeams 
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the effect of axial load function on static stability of 

sandwich FG beams with porous core using higher order 

shear theory. Lyashenko et al. (2020) presented a dynamical 

model of the asymmetric actuator of directional motion 

based on power-law graded materials. Le et al. (2020) 

developed an analytical approach of nonlinear thermo-

mechanical buckling of FG-CNTs composite laminated 

cylindrical shells under compressive axial load surrounded 

by elastic foundation. Ebrahimi et al. (2020) derived an 

exact solution of the buckling response of porous magneto-

electro-elastic FG beam via different thermal loading 

functions. Bashiri et al. (2021) studied the free vibration of 

multilayered FG deep beams under thermal load by using 

2D twelve-node plane element. Alnujaie et al. (2021a, b) 

studied the forced damped and undamped vibration 

responses of porous FG beam resting on viscoelastic 

foundation using 2D finite element and Newmark time 

integration technique. Abo-Bakr et al. (2021a) investigated 

the optimum weight of the FG beam structure subjected to 

variable compressive axial load under critical buckling 

constraints. Esen et al. (2021a) explored the vibration 

behavior of FG Timoshenko beam rested on elastic 

foundation with symmetric and sigmoidal material 

functions under the moving mass using a finite element 

analysis. Su et al. (2021) predicted the vibration response of 

FG porous piezoelectric deep curved beams resting on 

discrete elastic supports. 

To consider the influence of size of nanostructures on 

the mechanical responses, various modified continuum 

theories are recommended, such as nonlocal elasticity, 

couple stress, strain gradient, nonlocal strain gradient 

(NSGT) and surface elasticity theories, Abdelrahman and 

Eltaher (2020). Reddy (2011) studied the nonlinear 

mechanical responses of Euler–Bernoulli and Timoshenko 

FG nanobeams including the microstructure influences.  

Farajpour et al. (2014) illustrated the surface effects on the 

mechanical characteristics of microtubule networks in 

living cells. Sedighi et al. (2014) investigated static and 

dynamic pull-in instability of multi-walled CNTs by he’s 

iteration perturbation method. Ebrahimi and Salari (2015) 

illustrated the influence of thermal load on buckling and 

vibration characteristics of FG nonlocal Timoshenko 

nanobeams by using Navier type solution. Li and Hu (2016) 

explored analytically the nonlinear bending and vibration 

behaviors of NSGT FG nanobeams. Attia (2017) studied 

analytically the size-dependent mechanical responses of FG 

nanobeams using an integrated nonclassical continuum 

model. Attia and Abdelrahman (2018) considered the size 

influence on free vibration of FG viscoelastic nanobeams 

including the microstructure rotation and surface energy. 

Moory-Shirbani et al. (2018) studied experimental and 

mathematical analysis of a piezoelectrically actuated 

multilayered imperfect microbeam subjected to applied 

electric potential. Jena et al. (2019) studied the buckling 

loads and stability of SWCNTs nanobeam rested on Winkler 

foundation and exposed to a thermal environment 

considering the surface energy effect. Esmaeili and Tadi 

Beni (2019) examined the buckling and vibration behavior 

of FG flexoelectric nanobeam including the surface 

influences.  

Hamidi et al. (2020) studied the forced axial vibration of 

NSGT nanobeam under axial harmonic moving and 

constant distributed forces. Attia and Mohamed (2020) 

studied the nonlinear thermal buckling and postbuckling of 

2D-FGM tapered microbeams by using Reddy beam theory. 

Daikh et al. (2020) developed a comprehensive analysis to 

present the size and microstructure influences on static 

behavior of multilayer NSGT nanobeam reinforced by 

carbon nanotubes. Zine et al. (2020) explored the bending 

characteristics of graded porous plates employing a refined 

shear deformation theory. Abo-Bakr et al. (2020b, 2021b) 

studied the weight optimization of axially FG modified 

couple stress Timoshenko microbeams under buckling and 

vibration conditions. She (2020) and She et al. (2021) 

presented the Wave propagation and resonances of curved 

modified strain gradient theory microbeams reinforced with 

GNPs by utilizing Navier-type solution procedure. Alazwari 

et al. (2021) exploited modified couple stress and the 

modified Gurtin-Murdoch surface elasticity to include the 

microstructures influences on the static behavior of 

perforated microbeam. Abdelrahman et al. (2021a) 

exploited NSGT to analyze the dynamic behavior of 

perforated nanobeam structures under moving mass/load. 

Daikh et al. (2021a) studied bending of sigmoid FG 

sandwich nanoplates by using a novel NSGT quasi-3D plate 

theory. Daikh et al. (2021a) presented modified continuum 

model to examine the buckling and postbuckling of cross-

ply single-walled carbon nanotube reinforced composite 

curved sandwich nanobeams subjected to thermal 

environment. Zhang et al. (2021) studied the nonlinear 

bending of FG curved nanobeams reinforced by CNTs in 

thermal environment by including effects of surface elastic 

theory and geometric nonlinearity. Esen et al. (2021b, c) 

studied the free vibration and buckling loads of FG NSGT 

nanobeams exposed to magnetic and thermal fields. Lu et 

al. (2021a, b) investigated free vibration, dynamic stability 

and postbuckling characteristics of geometrically imperfect 

FG-GPLRC modified strain gradient microtubes with 

different five distribution patterns. Koochi and 

Goharimanesh (2021) investigated the nonlinear oscillation 

of CNTs manufactured nano-resonator in the context of the 

nonlocal elasticity. Sedighi et al. (2021) reassessed flexure 

mechanics of nano-scale beams in the framework of the 

modified couple stress theory by applying a consistent 

variational scheme.  

For a porous nanostructure including a size-dependent 

theories, Barati et al. (2017) studied forced vibration of 

porous metal foam NSGT nanoplates on elastic medium 

using a 4-variable plate theory and different porosity 

distributions functions. Eltaher et al. (2018) developed a 

modified implicit porosity model based on the apparent 

density to capture the real behavior of porous FG materials 

under static and dynamic behaviors. Dong et al. (2018) 

presented an analytical study to explore the buckling of 

spinning FG graphene reinforced porous nanocomposite 

cylindrical shells. Hamed et al. (2019) exploited nonlocal 

differential form of elasticity to include the size influence 

on the static deflection of porous FG Euler-Bernoulli 

nanobeam. Alipour and Shariyat (2019) developed a zigzag 

nonlocal model to study the deformation and stress 
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distribution of annular/circular 2D FG porous sandwich 

nanoplates with weak interfacial adhesions. Ebrahimi and 

Dabbagh (2019) exploited homogenization scheme to 

develop a novel porosity-based model and investigate a 

wave propagation in axially excited FG porous nanobeams. 

Aria and Friswell (2019) presented a nonlocal strain-driven 

FE model to analyze the free vibration and buckling 

behaviors of FG. Aria et al. (2019) exploited the previous 

model to investigate the thermo-elastic behavior of 

imperfect FG porous nanobeams rested on double-

parameter elastic foundation. Ebrahimi et al. (2019) derived 

an exact solution of a thermo-mechanical vibration of 

porous curved FG NSGT nanobeams subjected to uniform 

thermal environmental conditions. Farzam and Hassani 

(2019) examined the mechanical behaviors of in-plane FG 

porous modified couple stress microplates by using 

isogeometric analysis. Emdadi et al. (2019) studied free 

vibration of annular sandwich plates with various FG 

porous modified couple stress nanoplate with carbon 

nanotubes reinforced composite. Esmaeilzadeh et al. (2019) 

utilized the NSGT to investigate the dynamic response of 

bi-2D FG porous nanoplates resting on elastic foundations. 

Kim et al. (2019) studied mechanical responses of modified 

couples stress FG porous microplates by using Navier 

solution technique. Sahmani and Madyira (2019) studied 

the size dependency in the nonlinear primary resonance of 

harmonic soft excited FG porous micro/nano-beams 

nanocomposite reinforced with graphene platelets. 

Karamanli and Aydogdu (2020) studied structural dynamics 

and stability of 2D-FG microbeams with two-directional 

porosity distribution and variable material length scale 

parameter. Ghandourh and Abdraboh (2020) developed 

nonlocal finite element model to study the influence of size-

dependent on the dynamic behavior of FG porous 

nanobeam. Fenjan et al. (2020) utilized differential 

quadrature method for investigating free vibrations of 

porous FG micro/nano beams in thermal environments. 

Mohammadimehr and Meskini (2020) investigated the free 

and forced vibration of modified couple stress sandwich 

microplate with porous core layer and magnetoelectric face 

sheets. Fattahi et al. (2020) studied nonlinear secondary 

resonance of FG porous NSGT micro/nanobeams under 

periodic hard excitations by using the Galerkin method. Fan 

et al. (2021) studied thermal postbuckling response of 

porous FGM quasi-3D nanoplates based upon surface stress 

elasticity. Xu et al. (2021) presented the comparative 

analysis of the influence of nanovoids distribution 

associated with trigonometric functions on forced 

mechanical characteristics of FG curved nanobeams. Hadji 

and Avcar (2021) explored free vibration of porous FG 

nanobeams using nonlocal elasticity and hyperbolic shear 

deformation beam theory.  

As seen from the literature survey, there is no study 

investigating the size-dependent vibration response of 

porous FG micro/nanobeam based on an integrated 

nonlocal-modified couple stress model. Therefore, this 

study aims to analyze the free vibration characteristics of 

porous FG micro/nanobeams considering the simultaneous 

effect of microstructure and nonlocal elasticity via the 

modified couple stress and Eringen’s nonlocal elasticity 

theories, respectively, for the first time. Unlike the existing 

model, a modified porosity model is adopted to account for 

the implicit dependency of the material properties on the 

porosity content. Based on the generalized elasticity theory, 

the exact position of physical neutral axis is included. 

Different material properties such as the mass density, 

modulus of elasticity, Poisson’s ratio, and material length 

scale parameter are graded along thickness direction as 

function of the gradient index and porosity. The nonlocal 

governing equations and associated boundary conditions are 

exactly derived using the generalized Hamilton’s principle. 

Navier type solution is employed to derive an exact form 

for free vibration frequency of simply supported porous FG 

beams. Numerical results are presented and discussed to 

emphasize the effects of the porosity content, even and 

uneven distributions of porosities, gradient index, graded 

material length scale parameter, and the nonlocal parameter 

on the first three frequencies of porous FG nanobeams. The 

present results can be useful for the optimization of porous 

FG nanobeams and for validating other solution approaches. 

 

 

2. Porous functionally graded materials 
 

A FG nanobeam with length L, width b, and thickness h 

is considered accounting for random porosity distribution, 

with the rectangular coordinates system (x, y, z). The 

volume fraction of the constituent materials is graded along 

the beam thickness employing simple power law, which 

satisfies 

𝓋𝑐(𝑧) = (
1

2
+

𝑧

ℎ
)

𝐾

, 𝓋𝑚(𝑧) + 𝓋𝑐(𝑧) = 1,     0 ≤ 𝐾 <  ∞  (1) 

where the subscripts “𝑚” and “𝑐” denote the metallic and 

ceramic constituents, respectively, and 𝐾 is the gradation 

power–law index via the thickness direction. 

In the conventional porosity model (CPM), it is assumed 

that the porosity reduces the volume content of both 

metallic and ceramic phases equally, i.e., 𝓋𝑚 and 𝓋𝑐 by 

0.5 p, where p denotes the porosity parameter, 

(Wattanasakulpong and Ungbhakorn 2014, Faleh et al. 

2018, Jalaei and Civalek 2019, Ebrahimi et al. 2016, 2021). 

In this model, the effective material property 𝒫(𝑧) of FG 

beam is introduced a modified rule of mixtures based on the 

even and uneven distributions of porosity, respectively, 

(Jalaei and Civalek 2019) as follows: 

𝒫(𝑧) = 𝒫𝑚 + (𝒫𝑐 − 𝒫𝑚)𝓋𝑐(𝑧) −
1

2
𝑝(𝒫𝑚 + 𝒫𝑐) (1) 

𝒫(𝑧) = 𝒫𝑚 + (𝒫𝑐 − 𝒫𝑚)𝓋𝑐(𝑧) −
1

2
𝑝 (1 −

2|𝑧|

ℎ
) (𝒫𝑚 + 𝒫𝑐)  (2) 

where 𝒫𝑚  and 𝒫𝑐  denote, respectively, the material 

property of the metallic and ceramic phases. Although, Eqs. 

(2) and (3) are widely employed to evaluate the effective 

values of Young’s modulus, mass density, Poisson’s ratio, 

and other material properties, this relation reflects only the 

direct dependency on the mass density on the porosity but is 

not provide the dependency of other material properties 

such as the Young’s modulus and Poisson’s ratio on the 

mass density. In this regard, the modified porosity model  
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(MPM) proposed by Eltaher et al. (2018) is adopted to 

incorporates the porosity effect on the effective properties 

via the true and apparent densities of the material. In the 

MPM, the effective density can be approximated following 

Eqs. (2) and (3), for even and uneven distributed porosity, 

respectively, as 

𝜌(𝑧) = 𝜌𝑚 + (𝜌𝑐 − 𝜌𝑚)𝓋𝑐(𝑧) −
1

2
𝑝(𝜌𝑚 + 𝜌𝑐) (4) 

𝜌(𝑧) = 𝜌𝑚 + (𝜌𝑐 − 𝜌𝑚)𝓋𝑐(𝑧) −
1

2
𝑝 (1 −

2|𝑧|

ℎ
) (𝜌𝑚 + 𝜌𝑐) (5) 

The true mass density 𝑚𝑡 and apparent mass density 

𝑚𝑎 are given by, Eltaher et al. (2018) 

𝑚𝑡 = ∫ ∫ 𝜌(𝑧)
𝐴

𝑑𝐴𝑑𝑥
𝐿

0

     for  𝑝 = 0 (6a) 

𝜌𝑚𝑎 = ∫ ∫ 𝜌(𝑧)
𝐴

𝑑𝐴𝑑𝑥
𝐿

0

    for  𝑝 > 0 (6b) 

Then, the effective modulus of elasticity (𝐸), Poisson’s  

 

 

ratio (𝜈), microstructure material length scale  parameter (𝑙) 
can be approximately related to the true and apparent mass 

densities as follows: 

For even distribution of porosities: 

𝐸(𝑧) = 𝐸𝑚 + (𝐸𝑐 − 𝐸𝑚)𝓋𝑐(𝑧) −  
1

2
 
𝑚𝑡 − 𝑚𝑎

𝑚𝑡

(𝐸𝑚 + 𝐸𝑐) (7a) 

𝜈(𝑧) = 𝜈𝑚 + (𝜈𝑐 − 𝜈𝑚)𝓋𝑐(𝑧) −  
1

2
 
𝑚𝑡 − 𝑚𝑎

𝑚𝑡

(𝜈𝑚 + 𝜈𝑐)  (7b) 

𝑙(𝑧) = 𝑙𝑚 + (𝑙𝑐 − 𝑙𝑚)𝓋𝑐(𝑧) −   
1

2
 
𝑚𝑡 − 𝑚𝑎

𝑚𝑡

(𝑙𝑚 + 𝑙𝑐) (7c) 

 For uneven distribution of porosities:   

𝐸(𝑧) = 𝐸𝑚 + (𝐸𝑐 − 𝐸𝑚)𝓋𝑐(𝑧) 

−  
1

2
 
𝑚𝑡−𝑚𝑎

𝑚𝑡
(1 −

2|𝑧|

ℎ
) (𝐸𝑚 + 𝐸𝑐)  (8a) 

𝜈(𝑧) = 𝜈𝑚 + (𝜈𝑐 − 𝜈𝑚)𝓋𝑐(𝑧) 

−  
1

2
 
𝑚𝑡−𝑚𝑎

𝑚𝑡
(1 −

2|𝑧|

ℎ
) (𝜈𝑚 + 𝜈𝑐)  (8b) 

  

  
Fig. 1 Variation of the dimensionless position of the physical neutral axis of FG nanobeam with the gradient index 

based on classical and modified porosity models for even and uneven distributions of porosities 
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𝑙(𝑧) = 𝑙𝑚 + (𝑙𝑐 − 𝑙𝑚)𝓋𝑐(𝑧) 

−   
1

2

𝑚𝑡−𝑚𝑎

𝑚𝑡
(1 −

2|𝑧|

ℎ
) (𝑙𝑚 + 𝑙𝑐)  (8c) 

 

 

Due to the material gradation along the thickness 

direction, the properties of FG nanobeam are unsymmetric 

about its middle surface and thus the physical neutral plane 

deviates from the geometric midplane. On the basis of 

  

  

  
Fig. 2 Variation of the apparent mass density and rigidity of FG nanobeam with the gradient index based on classical 

and modified porosity models for even and uneven distributions of porosities 
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Table 1 Material properties of the FG nanobeam (stainless 

steel-alumina) 

Material 
Modulus of elasticity 

(GPa) 

Mass density 

(kg/m3) 
Poisson’s ratio 

Steel 210 7800 0.30 

Alumina 390 3960 0.24 

 

 

generalized elasticity theory, the shift 𝑒𝑛  between the 

physical neutral plane and midplane can be estimated as 

Eltaher et al. (2013), Simsek (2016), Attia (2018) 

𝑒𝑛 =
∫ 𝑧[𝜆(𝑧) + 2𝜇(𝑧)] 𝑑𝑧

ℎ

∫ [𝜆(𝑧) + 2𝜇(𝑧)] 𝑑𝑧
ℎ

 (9) 

Ignoring the effect of Poisson’s ratio (one-dimensional 

elasticity), Eq can be written as 

𝑒𝑛 =
∫ 𝑧𝐸(𝑧) 𝑑𝑧

ℎ

∫ 𝐸(𝑧) 𝑑𝑧
ℎ

 (10) 

Lamé’s constants 𝜇(𝑧)  and 𝜆(𝑧)  of continuum are 

given by 

𝜇(𝑧) = 𝐸(𝑧)
1

2(1 + 𝜈(𝑧))
    and 

𝜆(𝑧) = 𝐸(𝑧)
𝜈(𝑧)

(1 + 𝜈(𝑧))(1 − 2𝜈(𝑧))
 

(11) 

In the present work, the FG nanobeam is assumed to be 

made of steel (metal constituent) and alumina (metal 

constituent), whose material properties are provided in 

Table 1, Fouda et al. (2017) and Eltaher et al. (2018). Also, 

the geometric parameters of the uniform nanobeam are 𝐿 = 

104 nm, 𝑏 = 103 nm, and ℎ = 𝐿/20, unless other values 

are mentioned. 

The influence of the gradation index on the 

dimensionless location of physical neutral plane, i.e., 𝑒𝑛/ℎ, 

of porous FG nanobeam is shown in Fig. 1 for both even 

and uneven distributions based on classical and modified 

porosity models. Increasing the gradient index 𝐾 yields a 

significant rise in the distance 𝑒𝑛 , with a maximum 𝑒𝑛 

reached at 𝐾∗. The value of  𝐾∗ depends on the porosity 

parameter for CPM, whereas it is almost constant (𝐾∗=1.9) 

for MPM. Also, it is noted that at a constant porosity 

parameter, the deviation 𝑒𝑛  associated with the uneven 

type is always less than that associated with the even type 

and classical porosity model (CPM) gives a greater 𝑒𝑛 

compared with modified porosity model (MPM). 

Fig. 2 shows the variations of the apparent mass (𝑚𝑎) 

and the rigidity ( 𝐷𝑥 = ∫ (𝑧2𝐸(𝑧))𝑑𝑧
0.5ℎ−𝑒𝑛

−0.5ℎ−𝑒𝑛
) of the 

nanobeam with the gradient index and porosity using both 

classical and modified porosity models for even and uneven 

distributions. It is depicted that increasing the gradient 

index shows an increase in the apparent mass and a 

decrease in the rigidity, which is attributed to rising the 

volume content of the metallic phase, which has higher 

mass density and lower modulus of elasticity, with 

increasing the gradient index. Based on both the classical 

and modified porosity model, the mass and rigidity of the 

nanobeam are reduced as the porosity parameter ( 𝑏 ) 

increases in even and uneven distributions. The ratio of the 

predicted rigidity utilizing the MPM -to- that utilizing the 

CPM is about 0.9624 and 1.033 at 𝐾 = 0.5 and 1.0383 and 

1.05 at 𝐾 = 2, for even and uneven cases, respectively. 
 

 

3. Mathematical formulation 
 

In the present study, Euler–Bernoulli beam theory is 

used to express the kinematics of nanobeam under 

consideration. The displacement components u and w along 

x and z directions, respectively, at any point of the beam, 

are given as, Alshorbagy et al. (2011)  

𝑢(𝑥, 𝑧, 𝑡)  = −𝑧𝑛

𝜕𝑊(𝑥, 𝑡)

𝜕𝑥
𝑤(𝑥, 𝑧, 𝑡) = 𝑊(𝑥, 𝑡)

 (12) 

where 𝑊(𝑥, 𝑡) is the transverse displacement of the elastic 

center on the physical neutral axis at time 𝑡 and 𝑧𝑛 = 𝑧 −
𝑒𝑛.  

 
3.1 Review of the modified couple stress theory 
 

In the context of the generalized linear elasticity theory 

combined with the modified couple stress theory (MCST) 

proposed by Yang et al. (2002) and Ma et al. (2008), the 

constitutive equations of the beam can be written as 

𝜎𝑖𝑗 = 2𝜇(𝑧)𝜀𝑖𝑗 + 𝜆(𝑧)𝜀𝑘𝑘𝛿𝑖𝑗 (13) 

𝑚𝑖𝑗 = 2𝑙(𝑧)2𝜇(𝑧)𝜒𝑖𝑗  (14) 

where 𝜎𝑖𝑗 is the local–Cauchy stress vector and 𝑚𝑖𝑗 is the 

deviatoric part of the couple stress tensor and 𝛿𝑖𝑗 is the 

Kronecker delta. The material length scale parameter 

(MLSP) “𝑙(𝑧)” is a measure of the influence of material 

microstructure, Mindlin (1963). In this study, the MLSP 

depends on both the gradient index and porosity parameter, 

for the first time. In Eqs. (6) and (7), the summation 

convention and standard index notation are implied, Latin 

and Greek indices run over, respectively, 1,2,3, and 1,2.  

On the basis of the infinitesimal strain assumptions, the 

strain (𝜀𝑖𝑗) and the symmetric curvature tensors (𝜒𝑖𝑗) are 

given by the following relations, respectively, Yang et al. 

(2002) and Ma et al. (2008) 

𝜀𝑖𝑗 =
1

2
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖)  (15) 

𝜒𝑖𝑗 =
1

2
(𝜃𝑖,𝑗 + 𝜃𝑗,𝑖)  

𝜃𝑖 =
1

2
𝜀𝑖𝑗𝑘𝑢𝑘,𝑗  

(16) 

in which, 𝑢𝑖 and 𝜃𝑖 are, respectively, the components of 

the displacement and the rotation vector and 𝜀𝑖𝑗𝑘  denotes 

the permutation tensor. 𝜀𝑖𝑗, 𝜒𝑖𝑗 , 𝜃𝑖 

Inserting Eq. (5) into Eqs. (8)-(10), one can obtain the 

components 𝜀𝑖𝑗, 𝜃𝑖, and 𝜒𝑖𝑗 , and then using Eqs. (6) and 

(7), the components of 𝜎𝑖𝑗 and 𝑚𝑖𝑗 can be obtained, as 

follows: 
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𝜀𝑥𝑥(𝑡) = −𝑧𝑛
𝜕2𝑊(𝑥,𝑡)

𝜕𝑥2   (17) 

𝜃𝑦(𝑡) = −
𝜕𝑊(𝑥,𝑡)

𝜕𝑥
  

𝜒𝑥𝑦(𝑡) = −
1

2

𝜕2𝑊(𝑥, 𝑡)

𝜕𝑥2
 

(18) 

𝜎𝑥𝑥 = −𝑧𝑛[𝜆(𝑧) + 2𝜇(𝑧)]
𝜕2𝑊(𝑥, 𝑡)

𝜕𝑥2
    

𝜎𝑦𝑦 = 𝜎𝑧𝑧 = −𝑧𝑛𝜆(𝑧)
𝜕2𝑊(𝑥, 𝑡)

𝜕𝑥2

 (19) 

𝑚𝑥𝑦 = −[𝑙(𝑧)2𝜇(𝑧)] 
𝜕2𝑊(𝑥, 𝑡)

𝜕𝑥2
 (20) 

  

3.2 Review of the nonlocal constitutive relation 

Based on Eringen nonlocal elasticity theory, Eringen 

(1983), the transformed differential nonlocal constitutive 

equation is 

𝜎𝑖𝑗
𝑛 − 𝜂 ∇2𝜎𝑖𝑗

𝑛 = 𝜎𝑖𝑗
𝑙  (21) 

where 𝜎𝑖𝑗
𝑙  and 𝜎𝑖𝑗

𝑛   represent, respectively, the 

components of local and the nonlocal stress tensors, 𝜂 is 

the nonlocal parameter that measures the significance of the 

inter-atomic long-range force, i.e., 𝜂 = (𝑒0𝑎)2 , where 𝑎 

denotes a material-dependent internal characteristic length 

and 𝑒0  an experimental constant appropriate to each 

material. For isotropic FG nanobeam and in light of Eqs. 

(18)-(20), the nonlocal constitutive relations are as follows: 

𝜎𝑥𝑥
𝑛 − 𝜂 ∇2𝜎𝑥𝑥

𝑛 = 𝜎𝑥𝑥
𝑙 ≡ −𝑧𝑛[𝜆(𝑧) + 2𝜇(𝑧)]

𝜕2𝑊(𝑥,𝑡)

𝜕𝑥2   (22a) 

𝜎𝑦𝑦
𝑛 − 𝜂 ∇2𝜎𝑦𝑦

𝑛 = 𝜎𝑦𝑦
𝑙 ≡ −𝑧𝑛𝜆(𝑧)

𝜕2𝑊(𝑥, 𝑡)

𝜕𝑥2
,     

 𝜎𝑧𝑧
𝑛 = 𝜎𝑦𝑦

𝑛  

(22b) 

𝑚𝑥𝑦
𝑛 − 𝜂 ∇2𝑚𝑥𝑦

𝑛 = 𝑚𝑥𝑦
𝑙 ≡ −[𝑙(𝑧)2𝜇(𝑧)] 

𝜕2𝑊(𝑥, 𝑡)

𝜕𝑥2
 (22c) 

 

3.3 Governing equation 
 

The generalized Hamilton’s principle states that 

𝛿 ∫ (𝕋 + 𝕎 − 𝕌) 𝑑𝑡
𝑡2

𝑡1

= 0 (23) 

in which, 𝕌 is the strain energy of the bulk continuum 

incorporating the influence of microstructure, 𝕋  is the 

kinetic energy, and 𝕎 is the work done by the applied 

external loadings and couple moment. Since the present 

study concerns with free vibration response of nanobeams, 

thus 𝕎 = 0. Using Eqs. (17)-(20), the variation of the 

strain energy can be calculated as: 

𝛿𝕌 =
1

2
𝛿 ∫ ∫(𝜎𝑖𝑗𝜀𝑖𝑗 + 𝑚𝑖𝑗𝜒𝑖𝑗)

𝐴

𝑑𝐴𝑑𝑥
𝐿

0

 (24) 

=
1

2
𝛿 ∫ ∫(𝜎𝑥𝑥𝜀𝑥𝑥 + 2𝑚𝑥𝑦𝜒𝑥𝑦)

𝐴

𝑑𝐴𝑑𝑥
𝐿

0

 

≡ ∫ −(𝑀𝑥 + 𝑌𝑥𝑦)
𝜕2𝛿𝑊(𝑥, 𝑡)

𝜕𝑥2
𝑑𝑥

𝐿

0

 

in which, the stress resultants are defined as 

𝑀𝑥 ≡ ∫ 𝑧𝑛𝜎𝑥𝑥  𝑑𝐴
𝐴

= −𝐷𝑥
𝜕2𝑊(𝑥,𝑡)

𝜕𝑥2    (25a) 

𝑌𝑥𝑦 ≡ ∫ 𝑚𝑥𝑦  𝑑𝐴
𝐴

= −𝑆𝑥𝑦
𝜕2𝑊(𝑥,𝑡)

𝜕𝑥2   (25b) 

with 

{
𝐷𝑥

𝑆𝑥𝑦
} ≡ ∫ {

𝑧𝑛
2(𝜆(𝑧) + 2𝜇(𝑧))

𝑙(𝑧)2𝜇(𝑧)
} 𝑑𝐴

𝐴

 (26) 

The variation of the kinetic energy ( 𝕋 ) or Euler–

Bernoulli nanobeam is given by 

𝛿𝕋 =
1

2
𝛿 ∫ ∫ 𝜌(𝑧) [(

𝜕𝑢(𝑥, 𝑡)

𝜕𝑡
)

2

+ (
𝜕𝑤(𝑥, 𝑡)

𝜕𝑡
)

2

]
𝐴

𝑑𝐴𝑑𝑥
𝐿

0

= ∫ [(I2

𝜕2𝑊(𝑥, 𝑡)

𝜕𝑥𝜕𝑡
)

𝜕2𝛿𝑊(𝑥, 𝑡)

𝜕𝑥𝜕𝑡

𝐿

0

+ (I0

𝜕𝑊(𝑥, 𝑡)

𝜕𝑡
)

𝜕𝛿𝑊(𝑥, 𝑡)

𝜕𝑡
]

𝜕2𝛿𝑊(𝑥, 𝑡)

𝜕𝑥𝜕𝑡
𝑑𝑥 

(27) 

The mass moments of inertia I0 and I2 are defined as 

follows: 

{
I0

I2
} ≡ ∫ 𝜌(𝑧) {

1
𝑧𝑛

2} 𝑑𝐴
𝐴

 (28) 

To this end, substituting Eqs. (24) and (28) into Eq. (26), 

proceeding the integration by parts, and specifying the 

coefficient of 𝛿𝑤  to zero, the following differential 

equation of motion with respect to the nonlocal stress 

resultants can be derived: 

I2
𝜕4𝑊

𝜕𝑥2𝜕𝑡2 − I0
𝜕2𝑊

𝜕𝑡2 + (
𝜕2𝑀𝑥

𝑛

𝜕𝑥2 +
𝜕2𝑌𝑥𝑦

𝑛

𝜕𝑥2 ) = 0    (29) 

with the following nonclassical boundary conditions: 

𝑊 = 𝑊̅      or    − I2
𝜕3𝑊

𝜕𝑥𝜕𝑡2 − (
𝜕𝑀𝑥

𝑛

𝜕𝑥
+

𝜕𝑌𝑥𝑦
𝑛

𝜕𝑥
) + 𝑉̅ = 0    (30a) 

𝜕𝑊

𝜕𝑥
=

𝜕𝑊

𝜕𝑥

̅̅ ̅̅ ̅
   or      𝑀𝑥

𝑛 + 𝑌𝑥𝑦
𝑛 − 𝑀̅ = 0 (30b) 

To formulate the derived equation of motion and 

associated boundary conditions in terms of the displacement 

components, employ the nonlocal differential elasticity 

theory and applying the conjugate differential operator 

(1 − 𝜂∇2) in Eq. (21) on the resultant moment (Eq. (25)), 

such that 

𝑀𝑥
𝑛 − 𝜂 

𝜕2𝑀𝑥
𝑛

𝜕𝑥2 = 𝑀𝑥
𝑙 ≡ −𝐷𝑥

𝜕2𝑊(𝑥,𝑡)

𝜕𝑥2     (31a) 

𝑌𝑥𝑦
𝑛 − 𝜂 

𝜕2𝑌𝑥𝑦
𝑛

𝜕𝑥2
= 𝑌𝑥𝑦

𝑙 ≡ −𝑆𝑥𝑦

𝜕2𝑊(𝑥, 𝑡)

𝜕𝑥2
 (31b) 

From Eqs. (31a) and (31b), 
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𝑀𝑥
𝑛 + 𝑌𝑥𝑦

𝑛 = 𝜂 (
𝜕2𝑀𝑥

𝑛

𝜕𝑥2
+ 

𝜕2𝑌𝑥𝑦
𝑛

𝜕𝑥2
) − 𝐷𝑒

𝜕2𝑊(𝑥, 𝑡)

𝜕𝑥2
 (32) 

in which, 𝐷𝑒 = 𝐷𝑥 + 𝑆𝑥𝑦 . Substituting the second 

derivative of (𝑀𝑥
𝑛 + 𝑌𝑥𝑦

𝑛 ) from Eq. (29) into Eq. (32) and 

then substitute into Eq. (29) gives the following six-order 

differential nonlocal equation of motion in terms of the 

displacement of porous FG Euler–Bernoulli nanobeam: 

−𝜂I2

𝜕6𝑊

𝜕𝑥6𝜕𝑡2
+ (I2 + 𝜂I0)

𝜕4𝑊

𝜕𝑥2𝜕𝑡2
− I0

𝜕2𝑊

𝜕𝑡2

− 𝐷𝑒

𝜕4𝑊

𝜕𝑥4
= 0 

(33) 

The corresponding nonlocal boundary conditions at 𝑥 =
0 and 𝑥 = 𝐿 are as follows: 

𝑊 = 𝑊̅        or     

−𝜂I2

𝜕5𝑊

𝜕𝑥3𝜕𝑡2
+ (I2 − 𝜂 I0)

𝜕3𝑊

𝜕𝑥2𝜕𝑡
− 𝐷𝑒

𝜕4𝑊

𝜕𝑥4
= 𝑉̅  

(34a) 

𝜕𝑊

𝜕𝑥
=

𝜕𝑊

𝜕𝑥

̅̅ ̅̅ ̅
      or       

−𝜂 I2
𝜕4𝑊

𝜕𝑥2𝜕𝑡2 + 𝜂 I0
𝜕2𝑊

𝜕𝑡2 − 𝐷𝑒
𝜕2𝑊

𝜕𝑥2 = 𝑀̅  
(34b) 

 
 

4. Analytical solution 
 

The Navier solution procedure is adopted to analytically 

solve the derived equation of motion for free vibration of a 

simply supported porous FG nanobeam based on the 

nonlocal-modified couple stress theory. For simply 

supported ends, the nonlocal boundary conditions at are 

𝑊 = 𝑊̅        and     

−𝜂 I2
𝜕4𝑊

𝜕𝑥2𝜕𝑡2 + 𝜂 I0
𝜕2𝑊

𝜕𝑡2 − 𝐷𝑒
𝜕2𝑊

𝜕𝑥2 = 0     𝑎𝑡 𝑥 = 0, 𝐿      (35) 

To satisfy the equation of motion given by Eq. (33) and 

the boundary conditions in Eq. (35), the displacement field 

can be assumed as, Reddy (2007) 

𝑊(𝑥, 𝑡) = ∑ W𝑚

∞

𝑚=1

sin (𝑚𝜋
𝑥

𝐿
) 𝑒𝑖𝜔𝑚𝑡 (36) 

where 𝑖 = √−1 , W𝑚  are the unknown Fourier 

coefficients, and 𝜔𝑚  is the vibration natural frequency. 

Substitution of Eq. (36) into Eq. (33), the closed–form 

solution for the natural frequency of porous FG simply 

supported Euler-Bernoulli nanobeam can be obtained as: 

𝜔𝑚
2 =

𝐷𝑒𝜉𝑚
4

(1 + 𝜂𝜉𝑚
2 )(I0 + 𝜉𝑚

2 I2)
, 𝜉𝑚 =

𝑚𝜋

𝐿
 (37) 

  

 

5. Numerical results and discussions 
 

In this section, the influence of porosity content, 

porosity distribution, gradient index, and the material length 

scale parameter on the free vibration characteristic of a 

simply supported porous FG nanobeam is explored 

employing the developed nonlocal-couple stress model. 

There is no available data in the open literature for the 

microscale material properties on the basis of combining the 

nonlocal and modified couple stress theories and therefore, 

the material properties are assumed to be size-independent. 

Here, a porous FG nanobeam with the material properties 

provided in Table 1 and dimensions 𝐿=10000 nm, 𝑏=1000 

nm, and ℎ = 𝐿/20, unless other values are mentioned. Due 

to the lack of experimental data on porous FG materials, the 

nonlocal parameter is taken as 3×10‒12 and the 

microstructure material length scale parameter 𝑙(𝑧)  is 

modelled according to Eq. (8c) as a function of the gradient 

index and porosity content with 𝑙𝑚 = 0.4ℎ  and 𝑙𝑐 =
4𝑙𝑚/3. To explore the small scale effect, four different 

continuum models are employed; the classical model “CL” 

which ignores the contribution of both microstructure and 

nonlocality ( 𝑙𝑚 = 𝑙𝑐 = 𝜂 = 0 ), modified couple stress 

model “CS” which includes only the influence of 

microstructure via the MCST (𝜂 = 0), nonlocal elasticity 

model “NL” which incorporates the influence of nonlocal 

elasticity only ( 𝑙𝑚 = 𝑙𝑐 = 0 ), and nonlocal elasticity-

modified couple stress model “NLCS” which combines the 

influences of nonlocal elasticity and microstructure. All the 

forthcoming results are performed based on the modified 

porosity model (MPM). For convenience, the fundamental 

frequencies are presented as nondimensional as 𝜔̅𝑚 =

𝜔𝑚𝐿2√𝜌𝑐𝐴/𝐸𝑐𝐼. 

The effect of the porosity content on the vibration of FG 

nanobeam is predicted based on the different continuum 

models, i.e., CL, CS, NL, and NLCS. Figures 4–6 show the 

variation of the dimensionless first three frequencies versus 

the porosity parameter at different values of the gradient 

index, considering both even and uneven patterns of 

porosity distribution. It is revealed that for pure ceramic 

( 𝐾 =0), the even distribution of porosity yields higher 

frequencies compared with the uneven one, which is in 

accordance with the plots in Fig. 1. As the porosity 

parameter ( 𝑝 ) increases, the predicted frequencies are 

significantly reduced for even case and are remarkably 

increased for the uneven case, depending on the value of the 

gradient exponent. It is seen that for CL and NL models of 

porous nanobeam with 𝐾=0, the increase in the porosity 

content of even type leads to a reduction in the frequencies 

till reaching a certain value, then the trend is reversed. This 

is because that in CS and NLCS models, the porosity 

content contributes to the material length scale parameter 

and thus reduces the beam rigidity. It is seen that for the 

first three frequencies, the highest values are obtained 

employing the CS model due to the significant increase in 

the beam rigidity, whereas the lowest values are obtained 

employing the NL model, due to the softening effect of 

nonlocal elasticity. 

The effect of the gradient index on the predicted first 

three frequencies of simply supported porous FG nanobeam 

is demonstrated in Figs. 7-9, adopting different continuum 

models. The results are recorded with even and uneven 

distribution of porosity. It is depicted that the vibration 

response of the beam is remarkably influenced by varying  
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Fig. 3 Variation of the dimensionless first frequency with the porosity parameter using even and uneven porosity 

models and different gradient indices 

  
Fig. 4 Variation of the dimensionless second frequency with the porosity parameter using even and uneven porosity 

models and different gradient indices 
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Fig. 4 Continued 

  

  
Fig. 5 Variation of the dimensionless third frequency with the porosity parameter using even and uneven porosity 

models and different gradient indices 
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Fig. 6 Variation of the dimensionless first frequency with the gradient index at different porosities using even and 

uneven porosity models 

  
Fig. 7 Variation of the dimensionless second frequency with the gradient index at different porosities using even and 

uneven porosity models 
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Fig. 7 Continued 

  

  
Fig. 8 Variation of the dimensionless third frequency with the gradient index at different porosities using even and 

uneven porosity models 
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Fig. 9 Variation of the dimensionless first frequency with the nonlocal parameter (𝜂) at different porosities using even 

and uneven porosity model (𝐾 = 1) 

  
Fig. 10 Variation of the dimensionless second frequency with the nonlocal parameter (𝜂) at different porosities using 

even and uneven porosity model (𝐾 = 1) 

  
Fig. 11 Variation of the dimensionless third frequency with the nonlocal parameter (𝜂) at different porosities using 

even and uneven porosity model (𝐾 = 1) 
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Fig. 12 Variation of the dimensionless first frequency with the dimensionless material length scale parameter (𝑙𝑚/ℎ) 

at different porosities using even and uneven porosity model (𝐾 = 1) 

  
Fig. 13 Variation of the dimensionless second frequency with the dimensionless material length scale   parameter 

(𝑙𝑚/ℎ) at different porosities using even and uneven porosity model (𝐾 = 1) 

  
Fig. 14 Variation of the dimensionless third frequency with the dimensionless material length scale parameter (𝑙𝑚/ℎ) 

at different porosities using even and uneven porosity model (𝐾 = 1) 
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the power-law exponent 𝐾 , which is attributed to the 

increase of the metallic content as 𝐾 and therefore, the 

mass and stiffness of the porous FG nanobeam are 

respectively, increases and decreases. In addition, the 

contribution of nonlocal parameter is not affected with 𝐾, 

and thus the ratio of the predicted frequencies based on NL 

model-to-that based on CL model is almost independent of 

𝐾. The effect of the porosity content based on the CS and 

NLCS models, is very small compared with that based on 

the CL and NL models. 

The influence of the porosity content at different values 

of the nonlocal parameter in the framework of NL and 

NLCS models is illustrated in Figs. 10–12. It is depicted the 

variations of the first three frequencies with the nonlocal 

parameter have the same trends for different porosity 

contents under both even and even types. These constant 

trends are owing to that the porosity content is not 

contribute to the nonlocal parameter. Also, as the nonlocal 

parameter increases, the predicted frequencies considerably 

decrease due to the stiffness-softening effect introduced by 

the nonlocality. Additionally, it is noticeable that for all 

values of the nonlocal parameter, the effect of porosity 

content for even type is much greater than that of uneven 

type, epically with the NLCS modelling. Also, the effect of 

porosity with even and uneven types becomes more 

pronounced for the NLCS and NL analyses, respectively. 

Higher modes of vibration results in a lower influence of 

porosity content on the predicted frequency. 

Figs. 13-15 demonstrate the variations of dimensionless 

first three frequencies of porous FG nanobeam with the 

ratio of the material length scale parameter-to-thickness 

(𝑙𝑚/ℎ) based on the CS and NLCS continuum models. To 

explore the impact of porosity content and type of 

distribution, the results are predicted at various porosity 

parameters using even and uneven distribution of porosities. 

Interestingly, it is found that for both CS and NLCS models, 

increasing 𝑙𝑚/ℎ shows the impact of the porosity content 

increases and decreases for even and uneven types of 

distribution, respectively. It is shown that the predicted 

dimensionless frequencies are remarkably increased as 

𝑙𝑚/ℎ  rises, which is owing to the increased stiffness-

hardening effect by increasing 𝑙𝑚/ℎ and thus the beam 

becomes stiffer. The NLCS model gives lower frequencies 

than those predicted from the CS model due to the nonlocal 

softening effect. It is depicted that the nonlocal effect 

reduces as 𝑙𝑚/ℎ rises. 

 

 

6. Conclusions 
 

An investigation on post-buckling behavior of FG-MEE 

cylindrical microshell under mechanical, electrical and 

magnetic loadings was presented in the article. 

Mathematical formulation based on strain gradient theory 

gave a scale coefficient for the description of increase in 

structural stiffness at microscale. Functionally gradation of 

material properties was defined according to power-law 

function. The governing equations were presented in the 

framework of DQ method and then post-buckling curves 

were obtained as functions of maximum deflection. It was 

seen that the buckling load of microshell first reduced with 

increase of maximum deflection and then it increased. In 

fact, immediately after the critical buckling load, the 

microshell had no post-buckling capability and buckling 

load reduced. Another observation was that post-buckling 

curves of the microshell were influenced by strain gradient 

effects. It was also seen that increase of material index led 

to lower post-buckling loads. Also, as the value of material 

index was smaller, the post-buckling curves based on 

various values of applied electric voltage became closer to 

each other. 
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