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Analytical and mathematical simulation for nonlinear stability
of scale-dependent magneto-electro-elastic system
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Abstract. By using differential quadrature method (DQM), a numerical investigation was provided for nonlinear stability
behavior of magneto-electro-elastic (MEE) cylindrical shells at microscale. It is assumed that the cylindrical shell has been
subjected to compressive loads leading to buckling phenomena in geometrically nonlinear regime. The non-uniformity of strain
field has been inserted in the formulation for considering the microscale effects. The material properties of the shell are
considered to be inhomogeneous with graded distribution. After solving the governing equations using DQM, it is realized that if
the nanoscale shell is subjected to electrical and magnetic fields, the post-buckling path may be changed with the value of
electrical voltage and magnetic potential. Also, strain gradient effects have remarkable influence on post-buckling curves and
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critical voltages.
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1. Introduction

Presenting supreme mechanical performance within
electric and magnetic environments, magneto-electrical-
elastic (MEE) materials can be introduced as a sort of
ingenious materials with excellent applications in sensing
devices, ingenious systems and structures (Pan 2001).
Subjecting to an external mechanical force, such smart
materials are able to represent electro-magnetic field
sensing. Also, subjecting to an electro-magnetic field, these
materials experience mechanical deformation (Ramirez et
al. 2006). As an instance, BaTiOs; and CoFe,O4 may be
combined to each other in order to produce composites of
MEE material. Based on the percentages of these two
materials, it will be possible to describe any material
property of the composites including elastic modulus and
piezo-magnetic constants. However, the particles of these
materials are not directly combined and it is possible to
provide a graded distribution of materials. Actually,
functionally graded (FG) materials can be produced with
the gradation the two materials (Chikh et al. 2016, Sayyad
and Ghugal 2018). Mathematical description of FG
materials can be done using a power-law function. In fact, a
FG-MEE material might be created and described with
specific properties which are varying from BaTiOs; to
CoFe,04 or contrariwise (Barati and Zenkour 2018).

Recently, many papers have been devoted to material
and structural characterization (Chen et al. 2020, Dai et al.
2020, 20214, b, Fang et al. 2020, Kovalnogov et al. 2020,
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Li et al. 2021, Medvedev et al. 2020, 2021a, b, Qiao et al.
2021, Simos et al. 2020, 2021, Sun et al. 2021, Tan et al.
2021, Xu and Nieto-Vesperinas 2019, Yan et al. 2020,
Zhang and Ou 2015, Zhang and Zhang 20213, b, Zhao et al.
2020a, b, Zhu et al. 2020). Mathematical description of
nano-sized structural components such as shells can be
performed by utilizing several new elasticity theories which
differ from classical elasticity theory (Ebrahimi and Barati
2019a, b, ¢, Fenjan et al. 2021, Ahmed et al. 20204, b, c,
Muhammad et al. 2019). Some of these theories are known
as nonlocal theory and strain gradient theory which have
small-scale parameters in order to explain size-dependent
behavior of nano-sized structures (Eltaher et al. 2016,
Barretta et al. 2016, Heydarpour and Malekzadeh 2019).
Based on previous researches, a structural stiffness
increment has been provided by strain gradient influence.
Also, a structural stiffness reduction has been reported
based on nonlocal elasticity theory of Eringen (1983). This
stiffness reduction is observed for nanoshells leading to
lower vibration frequencies and buckling loads compared to
macro-size shells (Zeighampour et al. 2018). Taking into
account the effect of nonlocal elasticity, static/dynamic
properties of nano-sized magneto-electro-elastic structures
have been investigated by various authors (Ke and Wang
2014, Farajpour et al. 2016, Ke et al. 2014, Waksmanski
and Pan 2017).

Simultaneous effects of nonlocal and strain gradient
theory can be captured via a unified theory named nonlocal
strain gradient theory (NSGT). As proved by molecular
dynamic simulations, the two parameters play an important
role in mechanical behaviors of nanostructures (Mehralian
et al. 2017a, b). In recent years, many authors tried to
examine static and dynamical responses of nano-structural
components in the framework of NSGT. NSGT modeling
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and buckling analysis of a nanobeam based on classic beam
theory is carried out by Li and Hu (2015). Utilizing a shear
deformation beam theory and NSGT, Lu et al. (2017)
researched vibrational frequencies of a beam with nano-
dimension. Based on NSGT formulation, examination of
nonlinear  bending/vibration  characteristics of FG
nanobeams have been accomplished by Li and Hu (2016).
In another study, closed-forms of bending solution and
vibration solution for NAGT-modeled FG nanobeams have
been introduces by Simsek (2019). Moreover, wave
propagation characteristics of nanoshells possessing
magneto-electro-elastic material of functionally graded type
are researched by Ma et al. (2018). In another work, she et
al. (2018) researched geometrically nonlinear deflections
and frequency curves of a cylindrical nanoshell possessing
FG properties in the context of NSGT. In the context of
NSGT, Arefi et al. (2019) examined bending properties of
nano-sized plate structures with bottom and top layers of
magneto-electro-elastic material. By searching in the
literature, it can be deduced that post-buckling behavior of
FG-METE cylindrical nanoshell in the context of NSGT
and taking into account geometric nonlinear effects is not
explored yet.

By using differential quadrature method (DQM), a
numerical investigation was provided for nonlinear stability
behavior of magneto-electro-elastic (MEE) cylindrical
shells at microscale. It is assumed that the cylindrical shell
has been subjected to compressive loads leading to buckling
phenomena in geometrically nonlinear regime. The non-
uniformity of strain field has been inserted in the
formulation for considering the microscale effects. The
material properties of the shell are considered to be
inhomogeneous with graded distribution. After solving the
governing equations using DQM, it is realized that if the
nanoscale shell is subjected to electrical and magnetic
fields, the post-buckling path may be changed with the
value of electrical voltage and magnetic potential. Also,
strain gradient effects have remarkable influence on post-
buckling curves.

2. Strain gradient micro-shell modeling

A scale parameter has been considered in strain gradient
theory which is called strain gradient parameter (I). So,
stress-strain  relationship for strain gradient theory
dependents on this parameter. By knowing that V2 is
Laplacian operator, the stress-strain relationship based on
strain gradient theory may be written by (Ebrahimi et al.
2016):

0ij = Cijia[1 — 1?V?]ey, 1)
Here, Ciju defines the material properties; ojj and e are
the stress and strain components. By assuming | = 0, the

stress-strain relation based on classical elasticity theory will
be achieved (Aydogdu et al. 2018, Uzun and Civalek 2019).

()
Ui(j ) = Cijklgkl (2)

3. Shells made of FG-MEE materials

Power-law function is known as an effectual model for

D, Y

Fig. 1 Configuration of MEE cylindrical microshell

characterizing a functionally graded material. This function
is able to describe material distribution in transverse
direction. So, it is possible to express each material property
(Ps) such as piezo-magnetic and elastic properties in such a
way that they vary from top surface (P:) to bottom surface
(Py) based on following relation:

Pr(2) = (P = P)C+)P + P ()

Material gradient index (p) is able to characterize
material dispersions along thickness direction of the
nanoshell. Here, h is microshell thickness.

There are different theories for modeling of beams,
plates and shells (Barati and Shahverdi 2021, Mirjavadi et
al. 20204, b, ¢, d, e, f, g, h, Shariati et al. 2020a, b). In order
to establish nonlinear formulation for post-buckling of the
microshell, traditional or classic shell theory has been
employed in this research. Accordingly, the displacements
of microshell (ui, uz, us) might be expressed based upon
longitudinal (u), circumferential (v) and transverse (w) field
components as:

ul(xf%z)=u(x,}’)_z(;_v;(x,}’) (4)
z 0w

uz(x»)’»z)=v(x'}’)_ﬁg(x'y) (5)

u3(nylZ) = W(x'y) (6)

The strain field of microshells incorporating the
geometrical nonlinearity is:

_ou 0*w N 1 (6W)2
G = ox T P ax2 T 2\ox
v w 2w N 1 (6W)2
Syy_ay R Zayz 2\dy
_8u+6v ) 62W+6waw
T dy  ox Zaxay dox dy

Bearing in mind that MEE microshell is exposed to
electrical-magnetic field having electric (&) and magnetic
potentials (Y), it is possible to express the potentials as
follows based on electric voltage (V) and magnetic intensity
(Q):

()

Vxy
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2z
q)(x,y,z) = —COS({Z)d)(X,y) +7V (8)

2z
Y(x,y,2z) = —cos($z)y(x,y) + -5 ©)

where ¢ = z/h. Determining all gradients of electrical-
magnetic potentials leads to the electric field (Ex, Eo, E;)
and magnet field components (Hx, He, Hz) in below form:

Ey=—®, = cos(fz)g—f, (10)
E,=—®, = cos(fz)‘;—;’j, (12)
E, =-®,=—¢sin($z)¢p — zh_v (12)
H, = —Y, = cos(&z) Z_Z' (13)
H, = -Y, = cos(¢z) %, (14)
Hy= -, = ~£sin(En)y (15)

All components of stress field, electric environment
displacement (Dy, Dy, D;) and magnetic inductions (By, By,
B;) for a scale-dependent microshell within the framework
of SGT might be introduced as:

O = (1 — lzvz)[cll‘gxx + C~12$yy] —é5.E;

—{z1H, — ¢10,AT (16)
Jyf =1 _~lz‘zz)[c”12£xx + C11£yy] —éyE, (17)
—{31H, — ¢,10,AT
Oxy = a- lzvz)éﬁﬁyxy (18)
D, = +5,E, + dy, H, (19)
Dy = +5,,E, + dy; H, (20)
DZ~= (1 = IPV?)[E316xx + E316yy] + 533E, 1)
+d33H,
B, = +dy1Ex + %11 H, (22)
B, = +dy,E, + %11H, (23)
B, = (1 = 1*V?)[G318xx + C73153/31] (24)

+&33Ez + )Z33Hz

Elasto-piezo-magnetic material properties have been
respectively represented by Cj, ejj and g;. Bearing in mind
the plane stress conditions, each material property can be
re-written as (Ke et al. 2014):

C? C?
= 13 = 13
Ci1=C1—5, Cp=0Cp——,
Cze
= o 13€33
Cos = Co6r €31 = €31 ——,
c C33
~ 13933 5 5
q31 = 431 — I , dyp =dqq, (25)
33 R
3 3 q33€33 . €33
ds3 =dsz3 + Coo 2511 = S11 833 = 833 +_C )
33 ) 33
S . q33 . €133
X11=X11 X33 =Xzt~ G =0 ———
C33 C33

If U denotes strain energy of the microshell and V is the
work of external forces, it is possible to introduce

Hamilton’s rule using the below equation (Medani et al.
2017):

t
f S(U—-1)dt=0 (26)
0
where

6U = (6,52)6 Exx T a,ﬁ})& Ve + 0'353,)58”,
14

1 0 1
+O'35y) 0 Ve, + G,Ey)é‘ Yay + a,gy)d Vxy 27)
-D,6E, — D,6E, — D,6E, — B,6H,

—B,8H, — B,6H,)dV

8V = f(Nx0 (az—w) + N, aZ—W))cSde (28)
. 9x2 y dy?
Furthermore, the exerted forces are:
Nyo = Nyg = N + N¥ + NM (29)

Exerted forces in longitudinal and lateral directions have
become the sum of elastic loading (NM), electrical loading
(NE), and magnetic loading (N") in such a way that:

hz v
NE = —f éy,—dz,

—h/2 h 30

h/2 20 ( )
e e
—h/2 h

With the help of Eq. (26), the compilation of field
variables leads to the subsequent governing equations of
microshells:

ON,, ON

xy
— = 31
dx + dy 0 (31)
ONyy ON,,
Y 2
Ep + 3y 0 (32)
0%*M,., 62Mxy aZMyy M
dx? dxdy dy? R
0w 0w
+(Nx0 + Nxx)(ﬁ) + (Nyo + Nyy) (a_yz) (33)
d0%w
+2N,

Y 0xdy =0
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h/2 dD, aDy
f costGn) Gt eos@AF 4z =0  (34)
M2\ +¢& sin(éz)D,
h/2 05, 0B
f cos(E) Gt eosCDZ g =0 (35)
“h2\ +¢& sin(éz)B,

It should be clarified that Nis and Mys (rs=xx, Xy, yy)
express membrane loads and out-of-plane moments:

h2
Nxx:f @@ —veWydz = NO — PN D

h/2

" O @ ) @
Nyy = f Opy — VOy,)dz = Ny’ — VN,

—h/2

W2
N,, = f @@ = vePydz = N — TN

—h

W2 (36)
M, =f Z(a,g? Va(l))dz b(o) VMb(l)

—h/2

h/2
y=f / 26 - 7aPydz = M2® — ymP®
—h/2

/2
My, = f 2(0y) — Valhydz = MY® — vmySd
2

In above relations:

h/2 h/2
0 0 1 1
N = f (0.)dz, NP = f (0)dz
—h/2

(0) "z ) @ | h/z @ 5
M = f z(0;;7)dz, M~ = f z(0y;")dz
—h/2 —h/2

In order to define classical and non-classical stresses,

two symbols have been respectively employed as @ and @,

With the help of Hamilton’s rule, it is feasible to calculate

electro-elastic BCs for MEE microshell taking into account
nx and ny as cosines of orientation:

u = 0,0rNyyny + Nyyn,, =0 (38)
v = 0,0rNyyn, + Nyyn, =0 (39)
oM. oM ow
w=0,0rn(—= + —2 — Nyg=—)
a dy 0x (40)
aMyy aMxy aw
y( ax Ny, E) =0
ow
—— = 0,0rMy,ny + Myyn, =0 (41)
0x
ow
W = 0,0rMyyn, + My,n, =0 (42)
M2 rcos(&z)Dyn
¢>=0,orf ( xT )dz=o (43)
2 +cos(¢z)Dyn,,
M2 icos(&z)Byn
_o, ( xTL )d -0 44
14 or f—h/z + cos(¢z)Bymn, z (44)

Determining the integrals represented in Eq.(36) results
in the below relations for MEE microshells based on SGT
as:

1-127)[A + 0*w
( ) 11( 2(6x) )= By 522 (45)
w 1 dw 0w . m
+4;; (ay R E(E) ) =Bz W)] + A5, ¢ + A5y
- ou 1 ow 0%w
My, = (1 -1V )[311( E(a) )— 11@ 46
v w 1 ow 0w . m (46)
+By; (@ E( )?) = Dy W] + E51¢ + E3Ty
- au 1 ow 0°w
Ny, = (1 -1V )[AIZ( (_) ) - 12@
w 1 dw OZW . m (47)
+A11(0y R 2(6y) )_Blla—yz] + A3, ¢ + ASyy
202 2 2*w
yy—(l—l ‘7)[312( ( ))—Du_z
w 0w (48)
+B11(ay R E( ) ) —Dyy 3y 2] + E51¢ + E3ly
New = (1— 27AA 6u+6v+6w6w
xy — ( )[ 66(ay Ix dx ay
_2366 axay]
1 — P72)(B 6u v 4 dw ow
xy - ( )[ 66( a Ix ay)
aZW (50)
_2D66 axay]
"2 9 9
f D, cos(£z)dz = + F&, 22 4 Y (51)
—i)2 0x Ox
k2 ap .0y
Dy cos(éz)dz =+ F§, — + Fj5 — (52)
—hJ2 dy dy
hf2 . u 1 ow
f D, sin(§2)dz = 4%, G5 (o))
—h/2 2
v W £, 62w N 2w (53)
_F33¢’ Fi3y
& 2 2
f B, cos(ézydz = + Fn 22 1 xm &Y (54)
—ij2 dx ax
h/2 ad) a.y
By cos(§z)dz = + FJ; —— + X7, 55
[, Bcostennts =+ sy (55)
" B¢ sineydz = azy O —+ Low
[, B sincears = a5 G5 GOY
v w 1 dow
me~ _Z -7 56
+431 3y R 2( )?) (56)
0°w 0w

—E% W"'W) — F33¢ — Xy
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in which
42
{A11,B11, D11} = C11 {L,z,z }dZ (57)
—4)2
Bz
(2, Bra Do) = | G (7 (58)
—4[2
h2z
{A66) Beer Des} = y Ces {1,2,2%}dz, (59)
—h/2
h/2
{451, E$1} = J- é31¢ sin(é2){1,2} dz (60)
—h/2
h/2
{A31:E31} = J- G31€ sin( fz){l,z} dz (61)
—h/2

{F\, F5,, F55}
h/2

- f (811 COS2(£2), 555 c052(£2), §5a82 sin? (£} dz (02
—h/2

{F1, F32, F53}
/2

= f {dy11 cos?(&z), dy, cos?(§2),d33é? sin?(€z)}dz (630
Yy

X1, X35, X33}
" N S (64)
= h/z{){n c05?(§2), T2 €05%(§2), 3387 sin*(§2)} dz
The possible governing equations for MEE microshells
induced by electro-magnetic environments incorporating
strain gradient influence can be derived by placing Egs.
(45)-(56) into Egs. (31)-(35) as:
2u  9*wow 3w
o or) P
%w ow 3w

~—Y—By,——
dxdy ay) 12 3xdy?

O P
%v 1 6w

axdy Rox
O, v wow owotw
+A66(6y2 + 0xdy + dxdy dy + dx dy?

3w a9 Y
— - e
265 3ay?) + 4515y +A =0

12(
(65)

2%w ow
dx? dy

(1 - 27+ 20
dox 6y ax?

d0x 0xdy 66 9x2dy

0%u 6W 2*w B *w

6x8y dx 6x6y) 12 9x2dy

v 1ow d*wow

32 Roy ' ay?ay
3

o, +A313(£+A§"13—§

A (= (66)

=0

1 — 272)(B 63u+63waw+62w62w

( ! 11(6x3 0x3 0x  0x?2 0x2 (67)
0w 0w o*w

PGy T PPugiagyr W gyagy

D o*w + B v 10%w N 3w ow
g4 12(6x26y R 9x2  0x2%0y 0y

N 0*w 9%w 28 o3u N a%v
dxdy axay) 66(6x6y2 ox2%0y
*wad*w  ow 33w 3w ow

e
dx% dy? = dx dxdy? 0x%dy dy

N ’w 9%w + B 3u N ow 33w
0xdy Oxay) 12(6x6y2 d0x 0xdy?

N ’w 9%w + B 6317 10%w N 3w ow
0xdy Oxay) 11( R dy?  0dy3 dy
*wocw_ A, au 1 0w, By d%w

D+ R -2
dy? dy R 2 0x R 0x
A ov w1 ow By, 0%w

R ay R 2( ) R ayz]
¢ 2*¢ 9%y 9%
a 2) + E31(ax2 2)

+E31(

+A_¢+A_ + (1 -1PrH)[A ( (—)2)
R R (G *2Gx
0%w ov w 1 dw
_311F+A12(_ - E( )?)
62
3126 2)]+A§1¢+A )’)(a 2)

F2(((1 — 27 [Agg(X2 aU+C”—W6—W
Boe 2V 1 W 1 (1 - 127y
oo axay])(axay) (- 7)o +5 )
0°w w 1 dw 62W
_BIZW+A11(_ > E(E) ) — By a_yz]
+A%, ¢ + AT )’)(a 2)
0°w  0%w
_(NE H myZ W TWe
+[-(N* + N" + N )(axz + 6)/2)] 0
2¢ 9%y 024 9%y
+F1162+F1102+F2262+F226y
Ju 1w, v w1 68
’w  0%w
“ES(Gzt a—yz) —F¢—Fy =0
9%¢ %y 024 8%y
+F116 2+X116 2+F22a 2+X226y
+aAm 6u+ 1 617 w 69
02 02
—Ezﬁ(ﬁ+a—yz) —F5¢—Xiy=0

4. Solution by differential quadrature method (DQM)

In the present chapter, differential quadrature method
(DQM) has been utilized for solving the governing
equations for the MEE microshell. According to DQM, at

an assumed grid point (x;,y;) the derivatives for function
F are supposed as weighted linear summation of all
functional values within the computation domains as:

N

d"F
dxn | x=x, = Z (n)F(xJ) (70)

j=1
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where
m(x;)
ctH = : Lj=12,.,N, i#j (71)
! (xi = xj) n(x})
in which m(x;) is defined by
N
n(xl-) = H(Xi - xj), i :rt] (72)
j=1
and when i =j
N
@ _ W _ _ )
Gy =cu = Z Cikc > (73)
k=1

i=12,..,N,

Then, weighting coefficients for high orders derivatives
may be expressed by:

N
@ _\ (00
Cij = Z Cix ij
k=1
N N
®_N 00 N 000
Cj = Z Ci Gy = Z Cire” C;j
k=1 k=1
N N
P = Z ey = Z ey ij=12..,N. (74)
k=1 k=1
N N
©_N 0@ N @0
Cj = Z Ci G = Z Cire” C;j
k=1 k=1
N N
© _N (06 _N 0600
Ci}‘ - Z Cik ij - Z Cik ij
k=1 k=1

According to presented approach, the dispersions of grid
points based upon Gauss-Chebyshev-Lobatto assumption
are expressed as:

L i—1
xi=§[1—cos<N_17T

Jj—1 )
yj=7TR[1—cos(M_1n)] j=12,..,M,

Next, the displacement components may be re-written
by

ik i=j

)] i=12,..,N, 75

{wv,w,¢0,v}(x,y) ={U,V,W,®,1}(x,y) (76)

where {U,V,W,®,Y}are the amplitudes. Then, it is
possible to express obtained boundary conditions as:

p=y=w=0,

2°w  9*w

ax7 " ayz 0 (77)
o*tw  9*w

axt oyt 0

Now, one can express the modified weighting
coefficients for all edges simply-supported as:

CH=CH=0i=12..,M,
@ _c@ _ . (78)
i1 T fYiM T Y L—1,2,...,N.
and
N N
~(3) _ @) 72) =(4) _ ) A(3)
Cj~ = Z Cie"Ckj G’ = Z i Co (79)

k=1 k=1

Considering DQ approach and placing displacement
variables presented by Eq. (76) into Egs. (65)-(69) yields
the subsequent ordinary nonlinear governing equations as:

k11U + k21V + k31W + Tl1W2 + k4lq) + k51Y: 0 (80)
k12U+k22V+k32W+n2W2 +k4_2q) +k52Y: 0 (81)

kizU + kosV + kgsW + ngW?2 + n, W3 + ngUW (82)
+Tl6VW + k43¢ + k53Y+ ngd)W + N YW =0

k14U + k24V + k34W + n7W2 + k4_4_¢ + k54_Y =0 (83)

k15U+k25V+k35W+n8W2 +k4_5q) +k55Y: 0 (84)

in which n; and k;; express the components of non-linearity
and linear stiffness matrices. Owning to the reason that five
coupled nonlinear governing equations are available,
providing the closed-form of critical force as a function of
maximum amplitude (W) is very hard. Thus, by
simultaneous solve of Egs. (80)-(84), it is feasible to
calculate amplitudes (U, V, @,Y) as functions of transverse
deflection or maximum deflection (W). Next, calculated
amplitudes (U, V, ®, ¥) have been placed in Eq. (82) in
order to establish a single nonlinear equation for microshell
as:

kiU + kysV + kysW + ngW?2 + n,W3 + nOW

+n6[7W + k43(’§ + k53?+ ng(’ﬁW + nlo?W = OdZ (85)

This equation must solved to obtain buckling loads as a
function of W. Also, some normalized parameters may be
presented in this article such as:

_ L l
N = NMt—,A =,
cih L 86
w2Rh (86)
W=ws6=—:

5. Numerical results and discussions

By using differential quadrature method (DQM), a
numerical investigation was provided for nonlinear stability
behavior of magneto-electro-elastic (MEE) cylindrical
shells at microscale. It is assumed that the cylindrical shell
has been subjected to compressive loads leading to buckling
phenomena in geometrically nonlinear regime. The non-
uniformity of strain field has been inserted in the
formulation for considering the microscale effects. The
material properties of the shell are considered to be
inhomogeneous with graded distribution where all
properties are represented in Table 1.

Post-buckling load of a FG cylindrical shell obtained by
presented study is compared with that provided by Bitch et
al. (2013) as shown in Fig. 2. In this figure, a FG shell with
material gradient indices p = 1, 5 and the length of L = 2R
has been considered. Obtained buckling curves completely
matches with that provided by Bich et al. (2013). Thus, the
established formulation and solution technique is adequate
for analysis of cylindrical shells.
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Table 1 Material properties of the FG-METE shell

Properties BaTiO3 CoFe,0,
C11 = C22 (GPa) 166 286
C12 77 173
Ces 445 56.5
€31 (Cm'z) -4.4 0
€15 11.6 0
q31 (N/Am) 0 580.3
q1s 0 550
s11 (1079C*m2N ) 11.2 0.08
S33 12.6 0.093
x11(1076Ns2C72/2) 5 -590
X33 10 157
di1 = dy; =d33 0 0
a;(1071/K) 10 15.7
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Fig. 2 Verification of post-buckling curves for FG shells
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Fig. 3 Post-buckling load versus normalized deflection

based on various strain gradient parameters (V =0, Q =
0,p=1,h=100 um, L = 2R, R/h = 100)

Fig. 3 illustrates buckling load of FG-MEE microshell
versus normalized deflection based on various strain
gradient parameters when L = 2R and R/h = 100. For all
curves, obtained buckling load at W= 0 is called critical
buckling load. With increase of normalized deflection in
positive direction, post-buckling curves exhibit an
interesting and surprising behavior. In fact, the buckling
load of microshell first reduces with increase of normalized
deflection then it increases. So, immediately after the
critical buckling load, the microshell has no post-buckling
capability and buckling load will reduce. It means that the
microshell can be subjected to higher deformations under
smaller loads. However, the buckling load will increase at
higher normalized deflections where the microshell can
endure higher loads. Another observation from this figure is
that post-buckling curves of the microshell are influenced
by strain gradient effects. Post-buckling curves move higher
with increase of strain gradient parameter which introduces
structural stiffening effect. In special cases when A = 0,
post-buckling curves of a macro size MEE shell can be
obtained.

Influences of applied electric voltage (V) and material
gradient index (p) on post-buckling curves of a FG-MEE
microshell have been illustrated in Fig. 4 when A = 0.2. It
can be deduced that post-buckling curves of FG-MEE
microshell rely on the value of material gradient index.
Indeed, increase of material index vyields lower post-
buckling loads because the amount of CoFe,O4 having
lower elastic moduli is decreased compared to the amount
of BaTiOs. Also, as the value of p is smaller, the post-
buckling curves based on various values of applied electric
voltage become closer to each other. It is due to the fact that
at smaller values of p, the portion of CoFe;Os in FG
material is more than BaTiOs. Since CoFe;O4 has a zero
piezoelectric constant (es; = 0) according to Table 1, electric
field effects on post-buckling curves reduces at higher
portion of CoFe,O4 or lower values of material index. Also,
it may be observed from the figure that negative voltage
gives higher post-buckling curves than positive voltage.
Actually, positive voltage may induce an axial compressive
load to the nanoshell leading to lower structural stiffness
and buckling loads.

Fig. 5 indicates the effects of magnetic field intensity
() on post-buckling curves of a FG-MEE microshell
modeled by strain gradient theory. It may be seen from the
figure that negative magnetic field intensity gives lower
post-buckling curves than positive magnetic field intensity.
Indeed, negative magnetic field intensity leads to lower
structural stiffness by exerting an axial compressive load to
the microshell.

From a scientific point of view, buckling occurs when
the structures is subjected to a large compressive load. This
load can be a mechanical load acting in axial direction
leading to buckling of a microshell. Also, the microshell
may buckle under an intense electric or magnetic field. The
voltage in which the microshell buckles is called buckling
voltage an. Fig. 6 depicts buckling voltage with respect to
normalized maximum deflection and various values of
strain gradient parameters. As can be seen, the microshell is
buckled at positive values of electric voltage according to
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Fig. 6 Buckling voltage versus normalized deflection
based on various electric voltages (Q =0, h =1 um, p =
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Fig. 6. Considering absolute values of buckling voltage, the
post-buckling curves first diminishes with increase of
normalized deflection. Then, the post-buckling curves will
rise at higher values of normalized deflection. As mentioned
before, the cylindrical microshells have no post-buckling
capability immediately after critical buckling values.

6. Conclusions

An investigation on post-buckling behavior of FG-MEE
cylindrical microshell under mechanical, electrical and
magnetic loadings was presented in the article.
Mathematical formulation based on strain gradient theory
gave a scale coefficient for the description of increase in
structural stiffness at microscale. Functionally gradation of
material properties was defined according to power-law
function. The governing equations were presented in the
framework of DQ method and then post-buckling curves
were obtained as functions of maximum deflection. It was
seen that the buckling load of microshell first reduced with
increase of maximum deflection and then it increased. In
fact, immediately after the critical buckling load, the
microshell had no post-buckling capability and buckling
load reduced. Another observation was that post-buckling
curves of the microshell were influenced by strain gradient
effects. It was also seen that increase of material index led
to lower post-buckling loads. Also, as the value of material
index was smaller, the post-buckling curves based on
various values of applied electric voltage became closer to
each other.
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