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1. Introduction 
 

An example for a smart material is piezoelectric-elastic 

material in which electric environments may lead to 

mechanical deformation (Aboudi 2001, Pan and Han 2005, 

Li and Pan 2015). This means that there is a coupling 

between electric and elastic performances in such materials 

(Li and Shi 2009, Guo et al. 2016). In such materials, the 

material properties can be characterized by elastic, 

piezoelectric and even magnetic constants. Structural 

components (beams, shells and plates) made of such smart 

materials are broadly utilized in actuators, sensors and 

intelligent systems. The material distribution in these 

structures may be homogenous or non-homogenous. When 

the material profile is variable thorough the thickness of a 

structure, the material distribution may be non-

homogenous. As an example, a functional graded material is 

a non-homogenous material in which two materials are 

involved and all material properties change from one 

material to another. Based on the percentage and volume 

fraction of each material, the complete behavior of the 

structure can be defined. Another example is multi-phase 

piezoelectric material with homogenous nature in which the 

constituents are combined with each other to create a 

composite-type material. In multi-phase piezoelectric 

composites, the volume fraction of each constituent has a 

remarkable effect on effective properties of the composite 

material. There are several investigations on smart 

piezoelectric-magnetic-elastic structures having different 

material distribution (Kumaravel et al. 2007, Annigeri et al. 
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2007). 

Up to now, different studies have been devoted to 

mechanical characterization of materials and structures 

(Zhang et al. 2018, Zenggang et al. 2019, Zhao et al. 2020, 

Lv et al. 2020a, b, Zhang et al. 2021a, b, c, Deng et al. 

2020, 2021, Duan et al. 2021, Chen et al. 2021, Feng et al. 

2021, Huang et al. 2021, Kordestani et al. 2021, Jiang et al. 

2021, Lv and Liu 2021, Wang et al. 2021, Xu et al. 2021). 

According to recent experiments and atomistic simulations, 

it is reported that the mechanical character of small-size 

piezo-electric and piezo-magnetic structures are relied on 

small scale effects (Barati 2017, Al-Maliki et al. 2019, 

Kunbar et al. 2020). However, owning to the fact that 

classic continuum mechanical modelling is classified as a 

size free model, analyzing and investigating mechanical 

characteristics of small size structures based on the classic 

continuum theory yields inaccurate findings and 

accordingly wrongful designs (Ebrahimi and Barati 2017, 

Fenjan et al. 2020a, b). Howbeit, the atomistic modeling 

and molecular simulations are powerful tools for describing 

the size-dependent characteristics of small size structures, 

their application is not more economical because of the 

extra computational attempts. To prevail over such 

problems, a variety of size-dependent elasticity models 

including the nonlocal elasticity theory (Eringen 1972), 

strains gradient elasticity theory, refined couple stresses 

theory (Yang et al. 2002) and etc, are established for 

incorporating small size effects via standardizing some 

scale parameters and have been broadly exerted for the 

designing and study of the mechanical character of micro or 

nano structures (Thai and Vo 2012, Eltaher et al. 2012, 

Mirjavadi et al. 2020a, b, c, d, e, f, g, h, i, j, k, l, 

Abdulrazzaq et al. 2020, Ahmed et al. 2020a, b, Barati 

2018a, b, c, Barati and Shahverdi 2018a, b, Ebrahimi and 

Barati a, b, c, d, e, f, g, h, Shariati et al. 2020a, b). The 
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smart material discussed in previous paragraph has been 

extensively applied in micro/nano-structures and 

micro/nano-devices. However, at the microscale, the 

behavior of structure is dissimilar to macro scale 

counterparts. This is owning to the existence of small size 

effects. Such small size effects are incorporated in non-

classical elasticity theories such as modified strain gradient 

theory (MSGT) which is also used by other authors. 

According to MSGT, three scale coefficients have been 

introduced which are shown to have the ability to describe 

microscale effects. 

The present article has been devoted to investigate the 

nonlinear free vibrations of multi-phase piezoelectric 

doubly-curved microshells in the context of modified strain 

gradient elastic (MSGT). The microshell has been made 

from two constituents for which different compositions 

have been considered by defining a piezoelectric phase 

percentage. The microscale effects have been described 

with the incorporation of three scale coefficients involved in 

MSGT. With the use of suitable Fourier series and the 

concept of Galerkin’s method, the solution for the 

governing equations of double-curvature microshell have 

been provided. The calculated frequencies are dependent on 

the piezoelectric phase percentage, scale coefficients, 

curvature radius and applied electric voltage. 

 

 

2. Piezoelectric composites 
 

A doubly-curved microshell of dimension L and b has 

been shown in Fig.1. This doubly curved microshell is 

made of a piezoelectric composite having two phases: a 

piezoelectric phase BaTiO3 with volume fraction Vf and a 

piezo-magnetic phase CoFe2O4. All of material properties 

for the phases can be found in Table 1 which contains 

elastic (Cij) and piezoelectric (eij) coefficients. Furthermore, 

kij expresses the dielectric constant (Mirjavadi et al. 2020a, 

b, c, d, e, f, g). 

 

 

3. Basic equations according to MSGT 

 

Utilizing Hamilton’s rule in the subsequent manner, the 

governing equations may be established: 

∫ 𝛿(𝛱𝑆 − 𝛱𝐾 + 𝛱𝑊)𝑑𝑡 = 0
𝑡

0

 (1) 

Here, 𝛱𝑆, 𝛱𝐾  and 𝛱𝑊 exhibit the strain energy, kinetic 

energy and energy of exterior force. The strain energy for 

the model in hand may be achieved as a function of 

electrical field (Ex, Ey, Ez) and electrical field displacements 

(Di): 

𝛱𝑆 = ∫(𝑆𝑥𝑥𝛿𝜀𝑥𝑥 + 𝑆𝑦𝑦𝛿𝜀𝑦𝑦 + 𝑆𝑥𝑦𝛿𝛾𝑥𝑦
𝑉

 

+𝜏𝑥𝑥𝑥𝛿𝜍𝑥𝑥𝑥 + 𝜏𝑦𝑥𝑥𝛿𝜍𝑦𝑥𝑥 + 𝜏𝑧𝑥𝑥𝛿𝜍𝑧𝑥𝑥 + 𝜏𝑥𝑦𝑦𝛿𝜍𝑥𝑦𝑦 

+𝜏𝑦𝑦𝑦𝛿𝜍𝑦𝑦𝑦 + 𝜏𝑧𝑦𝑦𝛿𝜍𝑧𝑦𝑦 + 𝜏𝑥𝑥𝑦𝛿𝜍𝑥𝑥𝑦  

+𝜏𝑦𝑥𝑦𝛿𝜍𝑦𝑥𝑦 + 𝜏𝑧𝑥𝑦𝛿𝜍𝑧𝑥𝑦 + 𝜏𝑦𝑥𝑧𝛿𝜍𝑦𝑥𝑧 

+𝜏𝑦𝑦𝑧𝛿𝜂𝑦𝑦𝑧 − 𝐷𝑥𝛿𝐸𝑥 − 𝐷𝑦𝛿𝐸𝑦 − 𝐷𝑧𝛿𝐸𝑧)𝑑𝑉 

(2) 

 
Fig. 1 A doubly-curved microshell 

 

 

in such a way that Sij and 𝜏𝑖𝑗𝑘  respectively exhibit the 

stress and double stress tensors; εij and  𝜍𝑖𝑗𝑘 exhibit strain 

field and strain gradients. By taking into account the plane 

stress condition, all components of Sij, Di and 𝜏𝑖𝑗𝑘 should 

be expressed by: 

𝑆𝑥𝑥 = 𝐶̃11𝜀𝑥𝑥 + 𝐶̃12𝜀𝑦𝑦 − 𝑒̃31𝐸𝑧 (3) 

𝑆𝑦𝑦 = 𝐶̃12𝜀𝑥𝑥 + 𝐶̃11𝜀𝑦𝑦 − 𝑒̃31𝐸𝑧 (4) 

𝑆𝑥𝑦 = 𝐶̃66𝛾𝑥𝑦 (5) 

𝐷𝑥 = +𝑘̃11𝐸𝑥 (6) 

𝐷𝑦 = +𝑘̃11𝐸𝑦 (7) 

𝐷𝑧 = 𝑒̃31𝜀𝑥𝑥 + 𝑒̃31𝜀𝑦𝑦 + 𝑘̃33𝐸𝑧 (8) 

𝜏𝑥𝑥𝑥 = 𝑌1𝜍𝑥𝑥𝑥 + 𝑌2𝜍𝑥𝑦𝑦 + 𝑌3𝜍𝑦𝑥𝑦 (9) 

𝜏𝑦𝑥𝑥 = 𝑌2𝜍𝑦𝑦𝑦 + 𝑌5𝜍𝑦𝑥𝑥 + 𝑌4𝜍𝑥𝑥𝑦  (10) 

𝜏𝑧𝑥𝑥 = 𝑌5𝜍𝑧𝑥𝑥 + 𝑤1𝜍𝑦𝑦𝑧 + 2𝑤2𝜍𝑧𝑦𝑦 (11) 

𝜏𝑥𝑦𝑦 = 𝑌4𝜍𝑦𝑥𝑦 + 𝑌2𝜍𝑥𝑥𝑥 + 𝑌5𝜍𝑥𝑦𝑦  (12) 

𝜏𝑦𝑦𝑦 = 𝑌2𝜍𝑦𝑥𝑥 + 𝑌3𝜍𝑥𝑥𝑦 + 𝑌1𝜍𝑦𝑦𝑦 (13) 

𝜏𝑧𝑦𝑦 = 2𝑤2𝜍𝑧𝑥𝑥 + 𝑌5𝜍𝑧𝑦𝑦 + 𝑌4𝜍𝑦𝑦𝑧 (14) 

𝜏𝑥𝑥𝑦 = 𝜏𝑥𝑦𝑥 = 0.5𝑌3𝜍𝑦𝑦𝑦 + 𝑌6𝜍𝑥𝑥𝑦 + 0.5𝑌4𝜍𝑦𝑥𝑥 (15) 

𝜏𝑦𝑥𝑦 = 𝜏𝑦𝑦𝑥 = 0.5𝑌4𝜍𝑥𝑦𝑦 + 0.5𝑌3𝜍𝑥𝑥𝑥 + 𝑌6𝜍𝑦𝑥𝑦 (16) 

𝜏𝑧𝑥𝑦 = 𝜏𝑧𝑦𝑥 = 2𝑤4𝜍𝑧𝑥𝑦 + 𝑤5𝜍𝑦𝑥𝑧 (17) 

in which Yi are: 

𝑌1 = 2(𝑤1 +w2 + w3 + w4 + w5) 
𝑌2 = w1 + 2w2 
𝑌3 =w1 + 2w3 
𝑌4 = w1 + 2w5 
𝑌5 = 2(𝑤2 + w4) 
𝑌6 = w3 + 2w4 + w5 

(18) 

In regard to the MSGT explained by Wang et al. (2013), 

the values of wi should be taken as: 
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𝑤1 = C66(𝑙2
2 −

4

15
𝑙1

2); 

𝑤2 = C66(𝑙0
2 - 

1

15
𝑙1

2 - 
1

2
𝑙2

2); 

𝑤3 = -C66(+
4

15
𝑙1

2 + 
1

2
𝑙2

2); 

𝑤4 = C66(
1

3
𝑙1

2 + l2
2); 

𝑤5 = C66(
2

3
𝑙1

2 - l2
2); 

(19) 

Here, the scale coefficient l0 exhibits the effect of 

dilatation gradient, l1 and l2 respectively exhibit the effects 

of deviatoric stretch gradient and symmetric rotation 

gradient. It must be explained that that by selecting l0=l1=0, 

the modified couple stress theory (MCST) may be rendered. 

Furthermore, supposing the plane stress conditions yields 

the below modified constants as: 

𝐶̃11 = 𝐶11 −
𝐶13

2

𝐶33

, 𝐶̃12 = 𝐶12 −
𝐶13

2

𝐶33

, 

𝐶̃66 = 𝐶66, 𝑒̃31 = 𝑒31 −
𝐶13𝑒33

𝑐33

,  

𝑘̃11 = 𝑘11, 𝑘̃33 = 𝑘33 +
𝑒33

2

𝐶33

 

(20) 

The work because of the external loading can be 

determined by (Mirjavadi et al. 2020): 

𝛿𝛱𝑊 = ∫(𝑁𝑥
0

𝜕(𝑤)

𝜕𝑥

𝜕𝛿(𝑤)

𝜕𝑥
+ 𝑁𝑦

0
𝜕(𝑤)

𝜕𝑦

𝜕𝛿(𝑤)

𝜕𝑦𝑉

)𝑑𝑉 (21) 

in such as way that 𝑁𝑥
0, 𝑁𝑦

0 exhibit the exerted in-plane 

loading. The kinetic energy variation of the microshell 

should be determined by: 

𝛿𝛱𝐾 = ∫ ∫ [𝐼0(
𝑏

0

𝜕𝑢

𝜕𝑡

𝜕𝛿𝑢

𝜕𝑡
+

𝜕𝑣

𝜕𝑡

𝜕𝛿𝑣

𝜕𝑡
+

𝜕𝑤

𝜕𝑡

𝜕𝛿𝑤

𝜕𝑡
)

𝐿

0

 

−𝐼1(
𝜕𝑢

𝜕𝑡

𝜕𝛿𝑤

𝜕𝑥𝜕𝑡
+

𝜕𝑤

𝜕𝑥𝜕𝑡

𝜕𝛿𝑢

𝜕𝑡
+

𝜕𝑣

𝜕𝑡

𝜕𝛿𝑤

𝜕𝑦𝜕𝑡
 

+
𝜕𝑤

𝜕𝑦𝜕𝑡

𝜕𝛿𝑣

𝜕𝑡
) + 𝐼2(

𝜕𝑤

𝜕𝑥𝜕𝑡

𝜕𝛿𝑤

𝜕𝑥𝜕𝑡
+

𝜕𝑤

𝜕𝑦𝜕𝑡

𝜕𝛿𝑤

𝜕𝑦𝜕𝑡
)]𝑑𝑦𝑑𝑥 

(22) 

where 

(𝐼0, 𝐼1, 𝐼2) = ∫ (1, 𝑧, 𝑧2)𝜌𝑑𝑧
0.5ℎ

−0.5ℎ

 (23) 

  

 

4. Governing equations for doubly-curved  
microshells 

 
By using thin shell theory for a doubly-curved 

microshell with curvatures (R1, R2), the three-dimensional 

displacement field which contains axial (u), circumferential 

(v) and transverse (w) components can be expressed as 

follows: 

𝑢1(𝑥, 𝑦, 𝑧) = 𝑢(𝑥, 𝑦) − 𝑧
𝜕𝑤

𝜕𝑥
(𝑥, 𝑦) (24) 

𝑢2(𝑥, 𝑦, 𝑧) = 𝑣(𝑥, 𝑦) − 𝑧
𝜕𝑤

𝜕𝑦
(𝑥, 𝑦) (25) 

𝑢3(𝑥, 𝑦, 𝑧) = 𝑤(𝑥, 𝑦) (26) 

Above field components result in below relations foe the 

strain field: 

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
+

𝑤

𝑅1

− 𝑧
𝜕2𝑤

𝜕𝑥2
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

 

𝜀𝑦𝑦 =
𝜕𝑣

𝜕𝑦
+

𝑤

𝑅2

− 𝑧
𝜕2𝑤

𝜕𝑦2
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

 

𝛾𝑥𝑦 =
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
− 2𝑧

𝜕2𝑤

𝜕𝑥𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
 

(27) 

According to the calculated strains, the strain gradients 

may be determined as: 

𝜍𝑥𝑥𝑥 =
𝜕2𝑢

𝜕𝑥2
+

1

𝑅1

𝜕𝑤

𝜕𝑥
− 𝑧

𝜕3𝑤

𝜕𝑥3
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥2
 

= 𝜍𝑥𝑥𝑥0 − 𝑧𝜍𝑥𝑥𝑥1 

𝜍𝑦𝑥𝑥 =
𝜕2𝑢

𝜕𝑥𝜕𝑦
+

1

𝑅1

𝜕𝑤

𝜕𝑦
− 𝑧

𝜕3𝑤

𝜕𝑥2𝜕𝑦
 

+
𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑥
= 𝜍𝑦𝑥𝑥0 − 𝑧𝜍𝑦𝑥𝑥1 

𝜍𝑧𝑥𝑥 = 𝜍𝑧𝑥𝑥0 = −
𝜕2𝑤

𝜕𝑥2
 

𝜍𝑥𝑦𝑦 =
𝜕2𝑣

𝜕𝑥𝜕𝑦
+

1

𝑅2

𝜕𝑤

𝜕𝑥
− 𝑧

𝜕3𝑤

𝜕𝑥𝜕𝑦2
 

+
𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
= 𝜍𝑥𝑦𝑦0 − 𝑧𝜍𝑥𝑦𝑦1 

𝜍𝑦𝑦𝑦 =
𝜕2𝑣

𝜕𝑦2
+

1

𝑅2

𝜕𝑤

𝜕𝑦
− 𝑧

𝜕3𝑤

𝜕𝑦3
 

+
𝜕𝑤

𝜕𝑦

𝜕2𝑤

𝜕𝑦2
= 𝜍𝑦𝑦𝑦0 − 𝑧𝜍𝑦𝑦𝑦1 

𝜍𝑧𝑦𝑦 = 𝜍𝑧𝑦𝑦0 = −
𝜕2𝑤

𝜕𝑦2
 

𝜍𝑥𝑥𝑦 = 𝜍𝑥𝑦𝑥 =
1

2
(

𝜕2𝑢

𝜕𝑥𝜕𝑦
+

𝜕2𝑣

𝜕𝑥2
− 2𝑧

𝜕3𝑤

𝜕𝑥2𝜕𝑦
 

+
𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥𝜕𝑦
) = 𝜍𝑥𝑥𝑦0 − 𝑧𝜍𝑥𝑥𝑦1 

𝜍𝑦𝑥𝑦 = 𝜍𝑦𝑦𝑥 =
1

2
(
𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑣

𝜕𝑥𝜕𝑦
− 2𝑧

𝜕3𝑤

𝜕𝑥𝜕𝑦2
 

+
𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
) = 𝜍𝑦𝑥𝑦0 − 𝑧𝜍𝑦𝑥𝑦1 

𝜍𝑧𝑥𝑦 = 𝜍𝑧𝑦𝑥 = −
𝜕2𝑤

𝜕𝑥𝜕𝑦
= 𝜍𝑧𝑥𝑦0 

(28) 

The induced electric field having electric potential (𝛷) 

to the doubly-curved micro-scale shell can be expressed as 

(Mirjavadi et al. 2020): 

𝛷(𝑥, 𝑦, 𝑧) = − 𝑐𝑜𝑠( 𝜉𝑧)𝜙(𝑥, 𝑦) +
2𝑧

ℎ
𝑉𝐸 (29) 

Next, 𝑉𝐸  defines the exterior electrical voltages 

induced to the smart shell. All ingredients of electrical field 

(Ex, Eθ, Ez) can be obtained as: 
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𝐸𝑥 = −𝛷,𝑥 = 𝑐𝑜𝑠( 𝜉𝑧)
𝜕𝜙

𝜕𝑥
,  (30) 

𝐸𝑦 = −𝛷,𝑦 = 𝑐𝑜𝑠( 𝜉𝑧)
𝜕𝜙

𝜕𝑦
,  (31) 

𝐸𝑧 = −𝛷,𝑧 = −𝜉 𝑠𝑖𝑛( 𝜉𝑧)𝜙 −
2𝑉𝐸

ℎ
 (32) 

With the help of Hamilton’s rule and placing Eqs. (2), 

(21) and (22) into Eq. (1) yields four governing equations 

for the piezoelectric doubly-curved microshells: 

𝜕𝑁𝑥𝑥

𝜕𝑥
+

𝜕𝑁𝑥𝑦

𝜕𝑦
−

𝜕2𝑇𝑥𝑥𝑥

𝜕𝑥2
−

𝜕2𝑇𝑦𝑥𝑥

𝜕𝑥𝜕𝑦
−

1

2

𝜕2𝑇𝑥𝑥𝑦

𝜕𝑥𝜕𝑦
 

−
1

2

𝜕2𝑇𝑦𝑥𝑦

𝜕𝑦2
= 𝐼0

𝜕2𝑢

𝜕𝑡2
− 𝐼1

𝜕3𝑤

𝜕𝑥𝜕𝑡2
 

(33) 

𝜕𝑁𝑥𝑦

𝜕𝑥
+

𝜕𝑁𝑦𝑦

𝜕𝑦
−

𝜕2𝑇𝑥𝑦𝑦

𝜕𝑥𝜕𝑦
−

𝜕2𝑇𝑦𝑦𝑦

𝜕𝑦2
−

1

2

𝜕2𝑇𝑥𝑥𝑦

𝜕𝑥2
 

−
1

2

𝜕2𝑇𝑦𝑥𝑦

𝜕𝑥𝜕𝑦
= 𝐼0

𝜕2𝑣

𝜕𝑡2
− 𝐼1

𝜕3𝑤

𝜕𝑦𝜕𝑡2
 

(34) 

𝜕2𝑀𝑥𝑥

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦

𝜕𝑥𝜕𝑦
+

𝜕2𝑀𝑦𝑦

𝜕𝑦2
−

𝑁𝑦𝑦

𝑅2

 

−
𝑁𝑥𝑥

𝑅1

+
1

𝑅1

𝜕𝑇𝑥𝑥𝑥

𝜕𝑥
−

𝜕3𝑀𝑥𝑥𝑥

𝜕𝑥3
+

1

𝑅1

𝜕𝑇𝑦𝑥𝑥

𝜕𝑦
 

−
𝜕3𝑀𝑦𝑥𝑥

𝜕𝑥2𝜕𝑦
+

𝜕2𝑇𝑧𝑥𝑥

𝜕𝑥2
+

𝜕2𝑇𝑧𝑦𝑦

𝜕𝑦2
+

1

𝑅2

𝜕𝑇𝑥𝑦𝑦

𝜕𝑥
 

−
𝜕3𝑀𝑥𝑦𝑦

𝜕𝑥𝜕𝑦2
+

1

𝑅2

𝜕𝑇𝑦𝑦𝑦

𝜕𝑦
−

𝜕3𝑀𝑦𝑦𝑦

𝜕𝑦3
 

−
𝜕3𝑀𝑥𝑥𝑦

𝜕𝑥2𝜕𝑦
−

𝜕3𝑀𝑦𝑥𝑦

𝜕𝑥𝜕𝑦2
+

𝜕2𝑇𝑧𝑥𝑦

𝜕𝑥𝜕𝑦
 

+(𝑁𝑥
0 + 𝑁𝑥𝑥)(

𝜕2𝑤

𝜕𝑥2
) + (𝑁𝑦

0 + 𝑁𝑦𝑦)(
𝜕2𝑤

𝜕𝑦2
) 

+2𝑁𝑥𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
= +𝐼0

𝜕2𝑤

𝜕𝑡2
+ 𝐼1

𝜕3𝑢

𝜕𝑥𝜕𝑡2
 

+𝐼1

𝜕3𝑣

𝜕𝑦𝜕𝑡2
− 𝐼2(

𝜕4𝑤

𝜕𝑥2𝜕𝑡2
+

𝜕4𝑤

𝜕𝑦2𝜕𝑡2
) 

(35) 

∫ (
𝑐𝑜𝑠( 𝜉𝑧)

𝜕𝐷𝑥

𝜕𝑥
+ 𝑐𝑜𝑠( 𝜉𝑧)

𝜕𝐷𝑦

𝜕𝑦
+𝜉 𝑠𝑖𝑛( 𝜉𝑧)𝐷𝑧

) 𝑑𝑧 = 0
ℎ/2

−ℎ/2

 (36) 

Also, note that Nij, Tij and Mij (ij = xx, xy, yy) describe 

membrane forces and bending moments: 

(𝑁𝑥𝑥 , 𝑁𝑦𝑦 , 𝑁𝑥𝑦) = ∫ (𝑆𝑥𝑥 , 𝑆𝑦𝑦 , 𝑆𝑥𝑦)𝑑𝑧
+0.5ℎ

−0.5ℎ

 

(𝑀𝑥𝑥 , 𝑀𝑦𝑦 , 𝑀𝑥𝑦) = ∫ (𝑆𝑥𝑥 , 𝑆𝑦𝑦 , 𝑆𝑥𝑦)𝑧𝑑𝑧
+0.5ℎ

−0.5ℎ

 

(𝑇𝑥𝑥𝑥 , 𝑇𝑦𝑥𝑥 , 𝑇𝑧𝑥𝑥) = ∫ (𝜏𝑥𝑥𝑥 , 𝜏𝑦𝑥𝑥 , 𝜏𝑧𝑥𝑥)𝑑𝑧
+0.5ℎ

−0.5ℎ

 

(𝑇𝑥𝑦𝑦 , 𝑇𝑦𝑦𝑦 , 𝑇𝑧𝑦𝑦) = ∫ (𝜏𝑥𝑦𝑦 , 𝜏𝑦𝑦𝑦 , 𝜏𝑧𝑦𝑦)𝑑𝑧
+0.5ℎ

−0.5ℎ

 

(37) 

(𝑇𝑥𝑥𝑦 , 𝑇𝑦𝑥𝑦 , 𝑇𝑧𝑥𝑦) = ∫ (𝜏𝑥𝑥𝑦 , 𝜏𝑦𝑥𝑦 , 𝜏𝑧𝑥𝑦)𝑑𝑧
+0.5ℎ

−0.5ℎ

 

(𝑀𝑥𝑥𝑥 , 𝑀𝑦𝑥𝑥) = ∫ (𝜏𝑥𝑥𝑥 , 𝜏𝑦𝑥𝑥)𝑧𝑑𝑧
+0.5ℎ

−0.5ℎ

 

(𝑀𝑥𝑦𝑦 , 𝑀𝑦𝑦𝑦) = ∫ (𝜏𝑥𝑦𝑦 , 𝜏𝑦𝑦𝑦)𝑧𝑑𝑧
+0.5ℎ

−0.5ℎ

 

(𝑀𝑥𝑥𝑦 , 𝑀𝑦𝑥𝑦) = ∫ (𝜏𝑥𝑥𝑦 , 𝜏𝑦𝑥𝑦)𝑧𝑑𝑧
+0.5ℎ

−0.5ℎ

 

Accordingly, 𝑁𝑥
0, 𝑁𝑦

0 define the in-plane loading 

owning to external electrical voltages 𝑉𝐸 and is defined as: 

𝑁𝐸 = − ∫ 𝑒̃31

2𝑉𝐸

ℎ
𝑑𝑧

ℎ/2

−ℎ/2

 (38) 

Then, one can calculate the stress resultants through 

integration of Eq. (37) over the thickness of microshell as: 

𝑁𝑥𝑥 = 𝐴11(
𝜕𝑢

𝜕𝑥
−

𝑤

𝑅1

+
1

2
(
𝜕𝑤

𝜕𝑥
)2) − 𝐵11

𝜕2𝑤

𝜕𝑥2
 

+𝐴12(
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅2

+
1

2
(
𝜕𝑤

𝜕𝑦
)2) − 𝐵12

𝜕2𝑤

𝜕𝑦2
+ 𝐴31

𝑒 𝜙 

(39) 

𝑀𝑥𝑥 = 𝐵11(
𝜕𝑢

𝜕𝑥
−

𝑤

𝑅1

+
1

2
(
𝜕𝑤

𝜕𝑥
)2) − 𝐷11

𝜕2𝑤

𝜕𝑥2
 

+𝐵12(
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅2

+
1

2
(
𝜕𝑤

𝜕𝑦
)2) − 𝐷12

𝜕2𝑤

𝜕𝑦2
+ 𝐸31

𝑒 𝜙 

(40) 

𝑁𝑦𝑦 = 𝐴12(
𝜕𝑢

𝜕𝑥
−

𝑤

𝑅1

+
1

2
(
𝜕𝑤

𝜕𝑥
)2) − 𝐵12

𝜕2𝑤

𝜕𝑥2
 

+𝐴11(
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅2

+
1

2
(
𝜕𝑤

𝜕𝑦
)2) − 𝐵11

𝜕2𝑤

𝜕𝑦2
+ 𝐴31

𝑒 𝜙 

(41) 

𝑀𝑦𝑦 = 𝐵12(
𝜕𝑢

𝜕𝑥
−

𝑤

𝑅1

+
1

2
(
𝜕𝑤

𝜕𝑥
)2) − 𝐷12

𝜕2𝑤

𝜕𝑥2
 

+𝐵11(
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅2

+
1

2
(
𝜕𝑤

𝜕𝑦
)2) − 𝐷11

𝜕2𝑤

𝜕𝑦2
+ 𝐸31

𝑒 𝜙 

(42) 

𝑁𝑥𝑦 = 𝐴66(
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
) − 2𝐵66

𝜕2𝑤

𝜕𝑥𝜕𝑦
 (43) 

𝑀𝑥𝑦 = 𝐵66(
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
) − 2𝐷66

𝜕2𝑤

𝜕𝑥𝜕𝑦
 (44) 

∫ 𝐷𝑥 𝑐𝑜𝑠( 𝜉𝑧)𝑑𝑧 =
ℎ/2

−ℎ/2

+ 𝐹11
𝑒

𝜕𝜙

𝜕𝑥
 (45) 

∫ 𝐷𝑦 𝑐𝑜𝑠( 𝜉𝑧)𝑑𝑧 =
ℎ/2

−ℎ/2

+ 𝐹22
𝑒

𝜕𝜙

𝜕𝑦
 (46) 

∫ 𝐷𝑧𝜉 𝑠𝑖𝑛( 𝜉𝑧)𝑑𝑧 = 𝐴31
𝑒

ℎ/2

−ℎ/2

(
𝜕𝑢

𝜕𝑥
−

𝑤

𝑅1

+
1

2
(
𝜕𝑤

𝜕𝑥
)2) 

+𝐴31
𝑒 (

𝜕𝑣

𝜕𝑦
−

𝑤

𝑅2

+
1

2
(
𝜕𝑤

𝜕𝑦
)2) − 𝐸31

𝑒 (
𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
) − 𝐹33

𝑒 𝜙 

(47) 

Moreover, the resultants associated with the double 
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stresses may be introduced by: 

𝑇𝑥𝑥𝑥 = 𝑍11(
𝜕2𝑢

𝜕𝑥2
+

1

𝑅1

𝜕𝑤

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥2
) 

+𝑍22(
𝜕2𝑣

𝜕𝑥𝜕𝑦
+

1

𝑅2

𝜕𝑤

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
) 

+0.5𝑍33(
𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑣

𝜕𝑥𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
) 

−𝐹11

𝜕3𝑤

𝜕𝑥3
− (𝐹22 + 𝐹33)

𝜕3𝑤

𝜕𝑥𝜕𝑦2
 

(48) 

𝑀𝑥𝑥𝑥 = 𝐹11(
𝜕2𝑢

𝜕𝑥2
+

1

𝑅1

𝜕𝑤

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥2
) 

+𝐹22(
𝜕2𝑣

𝜕𝑥𝜕𝑦
+

1

𝑅2

𝜕𝑤

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
) 

+0.5𝐹33(
𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑣

𝜕𝑥𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
) 

−𝐻11

𝜕3𝑤

𝜕𝑥3
− (𝐻22 + 𝐻33)

𝜕3𝑤

𝜕𝑥𝜕𝑦2
 

(49) 

𝑇𝑦𝑥𝑥 = 𝑍22(
𝜕2𝑣

𝜕𝑦2
+

1

𝑅2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑦

𝜕2𝑤

𝜕𝑦2
) 

+𝑍55(
𝜕2𝑢

𝜕𝑥𝜕𝑦
+

1

𝑅1

𝜕𝑤

𝜕𝑦
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑥
) 

+𝑍44(
1

2
(

𝜕2𝑢

𝜕𝑥𝜕𝑦
+

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥𝜕𝑦
)) 

−𝐹22

𝜕3𝑤

𝜕𝑦3
− (𝐹44 + 𝐹55)

𝜕3𝑤

𝜕𝑥2𝜕𝑦
 

(50) 

𝑀𝑦𝑥𝑥 = 𝐹22(
𝜕2𝑣

𝜕𝑦2
+

1

𝑅2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑦

𝜕2𝑤

𝜕𝑦2
) 

+𝐹55(
𝜕2𝑢

𝜕𝑥𝜕𝑦
+

1

𝑅1

𝜕𝑤

𝜕𝑦
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑥
) 

+𝐹44(
1

2
(

𝜕2𝑢

𝜕𝑥𝜕𝑦
+

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥𝜕𝑦
)) 

−𝐻22

𝜕3𝑤

𝜕𝑦3
− (𝐻44 + 𝐻55)

𝜕3𝑤

𝜕𝑥2𝜕𝑦
 

(51) 

𝑇𝑧𝑥𝑥 = −𝑍55

𝜕2𝑤

𝜕𝑥2
− 2𝑍22

𝜕2𝑤

𝜕𝑦2
 (52) 

𝑇𝑥𝑦𝑦 = 𝑍44(
1

2
(
𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑣

𝜕𝑥𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
)) 

+𝑍22(
𝜕2𝑢

𝜕𝑥2
+

1

𝑅1

𝜕𝑤

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥2
) 

+𝑍55(
𝜕2𝑣

𝜕𝑥𝜕𝑦
+

1

𝑅2

𝜕𝑤

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
) 

−(𝐹44 + 𝐹55)
𝜕3𝑤

𝜕𝑥𝜕𝑦2
− 𝐹22

𝜕3𝑤

𝜕𝑥3
 

(53) 

𝑀𝑥𝑦𝑦 = 𝐹44(
1

2
(
𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑣

𝜕𝑥𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
)) 

+𝐹22(
𝜕2𝑢

𝜕𝑥2
+

1

𝑅1

𝜕𝑤

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥2
) 

(54) 

+𝐹55(
𝜕2𝑣

𝜕𝑥𝜕𝑦
+

1

𝑅2

𝜕𝑤

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
) 

−(𝐻44 + 𝐻55)
𝜕3𝑤

𝜕𝑥𝜕𝑦2
− 𝐻22

𝜕3𝑤

𝜕𝑥3
 

𝑇𝑦𝑦𝑦 = 𝑍22(
𝜕2𝑢

𝜕𝑥𝜕𝑦
+

1

𝑅1

𝜕𝑤

𝜕𝑦
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑥
) 

+𝑍33(
1

2
(

𝜕2𝑢

𝜕𝑥𝜕𝑦
+

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥𝜕𝑦
)) 

+𝑍11(
𝜕2𝑣

𝜕𝑦2
+

1

𝑅2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑦

𝜕2𝑤

𝜕𝑦2
) 

−(𝐹22 + 𝐹33)
𝜕3𝑤

𝜕𝑥2𝜕𝑦
− 𝐹11

𝜕3𝑤

𝜕𝑦3
 

(55) 

𝑀𝑦𝑦𝑦 = 𝐹22(
𝜕2𝑢

𝜕𝑥𝜕𝑦
+

1

𝑅1

𝜕𝑤

𝜕𝑦
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑥
) 

+𝐹33(
1

2
(

𝜕2𝑢

𝜕𝑥𝜕𝑦
+

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥𝜕𝑦
)) 

+𝐹11(
𝜕2𝑣

𝜕𝑦2
+

1

𝑅2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑦

𝜕2𝑤

𝜕𝑦2
) 

−(𝐻22 + 𝐻33)
𝜕3𝑤

𝜕𝑥2𝜕𝑦
− 𝐻11

𝜕3𝑤

𝜕𝑦3
 

(56) 

𝑇𝑧𝑦𝑦 = −2𝑍22

𝜕2𝑤

𝜕𝑥2
− 𝑍55

𝜕2𝑤

𝜕𝑦2
 (57) 

𝑇𝑥𝑥𝑦 = 𝑇𝑥𝑦𝑥 = 0.5𝑍33(
𝜕2𝑣

𝜕𝑦2
+

1

𝑅2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑦

𝜕2𝑤

𝜕𝑦2
) 

+𝑍66(
1

2
(

𝜕2𝑢

𝜕𝑥𝜕𝑦
+

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥𝜕𝑦
)) 

+0.5𝑍44(
𝜕2𝑢

𝜕𝑥𝜕𝑦
+

1

𝑅1

𝜕𝑤

𝜕𝑦
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑥
) 

−0.5𝐹33

𝜕3𝑤

𝜕𝑦3
− (0.5𝐹44 + 𝐹66)

𝜕3𝑤

𝜕𝑥2𝜕𝑦
 

(58) 

𝑀𝑥𝑥𝑦 = 𝑀𝑥𝑦𝑥 = 0.5𝐹33(
𝜕2𝑣

𝜕𝑦2
+

1

𝑅2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑦

𝜕2𝑤

𝜕𝑦2
) 

+𝐹66(
1

2
(

𝜕2𝑢

𝜕𝑥𝜕𝑦
+

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥𝜕𝑦
)) 

+0.5𝐹44(
𝜕2𝑢

𝜕𝑥𝜕𝑦
+

1

𝑅1

𝜕𝑤

𝜕𝑦
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑥
) 

−0.5𝐻33

𝜕3𝑤

𝜕𝑦3
− (0.5𝐻44 + 𝐻66)

𝜕3𝑤

𝜕𝑥2𝜕𝑦
 

(59) 

𝑇𝑦𝑥𝑦 = 𝑇𝑦𝑦𝑥 = 0.5𝑍44(
𝜕2𝑣

𝜕𝑥𝜕𝑦
+

1

𝑅2

𝜕𝑤

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
) 

+0.5𝑍33(
𝜕2𝑢

𝜕𝑥2
+

1

𝑅1

𝜕𝑤

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥2
) 

+𝑍66(
1

2
(
𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑣

𝜕𝑥𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
)) 

−(0.5𝐹44 + 𝐹66)
𝜕3𝑤

𝜕𝑥𝜕𝑦2
− 0.5𝐹33

𝜕3𝑤

𝜕𝑥3
 

(60) 
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𝑀𝑦𝑥𝑦 = 𝑀𝑦𝑦𝑥 = 0.5𝐹44(
𝜕2𝑣

𝜕𝑥𝜕𝑦
+

1

𝑅2

𝜕𝑤

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
) 

+0.5𝐹33(
𝜕2𝑢

𝜕𝑥2
+

1

𝑅1

𝜕𝑤

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥2
) 

+𝐹66(
1

2
(
𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑣

𝜕𝑥𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
)) 

−(0.5𝐻44 + 𝐻66)
𝜕3𝑤

𝜕𝑥𝜕𝑦2
− 0.5𝐻33

𝜕3𝑤

𝜕𝑥3
 

(61) 

𝑇𝑧𝑥𝑦 = 𝑇𝑧𝑦𝑥 = −2𝑍44

𝜕2𝑤

𝜕𝑥𝜕𝑦
 (62) 

so that 

{𝐴11, 𝐵11, 𝐷11} = ∫ 𝐶̃11

ℎ/2

−ℎ/2

{1, 𝑧, 𝑧2}𝑑𝑧, (63) 

{𝐴12, 𝐵12, 𝐷12} = ∫ 𝐶̃12

ℎ/2

−ℎ/2

{1, 𝑧, 𝑧2}𝑑𝑧,  (64) 

{𝐴66, 𝐵66, 𝐷66} = ∫ 𝐶̃66

ℎ/2

−ℎ/2

{1, 𝑧, 𝑧2}𝑑𝑧, (65) 

{𝐴31
𝑒 , 𝐸31

𝑒 } = ∫ 𝑒̃31𝜉 𝑠𝑖𝑛( 𝜉𝑧){1, 𝑧}
ℎ/2

−ℎ/2

𝑑𝑧 (66) 

{𝐹11
𝑒 , 𝐹22

𝑒 , 𝐹33
𝑒 } 

= ∫ {
𝑘̃11 𝑐𝑜𝑠2( 𝜉𝑧), 𝑘̃22 𝑐𝑜𝑠2( 𝜉𝑧),

𝑘̃33𝜉2 𝑠𝑖𝑛2( 𝜉𝑧)
}

ℎ/2

−ℎ/2

𝑑𝑧 
(67) 

{𝑍11, 𝑍22, 𝑍33, 𝑍44, 𝑍55, 𝑍66} 

= ∫ {𝛽1,
ℎ/2

−ℎ/2

𝛽2, 𝛽3, 𝛽4, 𝛽5, 𝛽6}𝑑𝑧 
(68) 

{𝐹11, 𝐹22, 𝐹33, 𝐹44, 𝐹55, 𝐹66} 

= ∫ {𝛽1,
ℎ/2

−ℎ/2

𝛽2, 𝛽3, 𝛽4, 𝛽5, 𝛽6}𝑧𝑑𝑧 
(69) 

{𝐻11, 𝐻22, 𝐻33, 𝐻44, 𝐻55, 𝐻66} 

= ∫ {𝛽1,
ℎ/2

−ℎ/2

𝛽2, 𝛽3, 𝛽4, 𝛽5, 𝛽6}𝑧2𝑑𝑧 
(70) 

{𝑍22, 𝑍44} = ∫ {𝑎2,
ℎ/2

−ℎ/2

𝑎4}𝑑𝑧 (71) 

  

 

5. Method of solution 
 

Based on Galerkin’s method, it is possible to provide a 

solution for vibration problem of piezo-electric microshells 

based on the boundary conditions: 

𝜙 = 0     on electrical displacement (72) 

𝑤 =
𝜕2𝑤

𝜕𝑥2 = 0      on deflection (73) 

In next step, the four variables based on thin piezo-

electric shell model can be defined by: 

𝑢 = ∑ ∑ 𝑈𝑟𝑝𝑢̄(𝑥, 𝑦)

∞

𝑝=1

∞

𝑟=1

= ∑ ∑ 𝑈𝑟𝑝

𝜕𝐺𝑟(𝑥)

𝜕𝑥
𝐺𝑝(𝑦)

∞

𝑝=1

∞

𝑟=1

 (74) 

𝑣 = ∑ ∑ 𝑉𝑟𝑝𝑣̄(𝑥, 𝑦)

∞

𝑝=1

∞

𝑟=1

= ∑ ∑ 𝑉𝑟𝑝𝐺𝑟(𝑥)
𝜕𝐺𝑝(𝑦)

𝜕𝑦

∞

𝑝=1

∞

𝑟=1

 (75) 

𝑤 = ∑ ∑ 𝑊𝑟𝑝𝑤̄(𝑥, 𝑦)

∞

𝑝=1

∞

𝑟=1

= ∑ ∑ 𝑊𝑟𝑝𝐺𝑟(𝑥)

∞

𝑝=1

𝐺𝑝(𝑦)

∞

𝑟=1

 (76) 

𝜙 = ∑ ∑ 𝛷𝑟𝑝𝜙̄(𝑥, 𝑦)

∞

𝑝=1

∞

𝑟=1

= ∑ ∑ 𝛷𝑟𝑝𝐺𝑟(𝑥)

∞

𝑝=1

𝐺𝑝(𝑦)

∞

𝑟=1

 (77) 

In this research, the vibrational amplitudes have been 

denoted by 𝑈𝑟𝑝,  𝑉𝑟𝑝,  𝑊𝑟𝑝  and𝛷𝑟𝑝 . Two functions 𝐺𝑚 =

𝑠𝑖𝑛(
𝑟𝜋

𝐿
𝑥)  and 𝑮𝒏 = 𝒔𝒊𝒏(

𝒑𝝅

𝒃
𝒚)  for simply-supported 

edges are chosen to satisfy the boundary conditions. 

Pursuant to the method of Galerkin and insertion of 

displacements represented as Eqs. (74)-(77) in the 

governing equations, each of equations may be exhibited as 

residual Ri (i = 1, 2, 3, 4) leading to: 

∫ ∫ ∑ ∑ 𝑢̄(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

𝐿

0

𝑏

0

𝑅1 = 0 (78) 

∫ ∫ ∑ ∑ 𝑣̄(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

𝐿

0

𝑏

0

𝑅2 = 0 (79) 

∫ ∫ ∑ ∑ 𝑤̄(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

𝐿

0

𝑏

0

𝑅3 = 0 (80) 

∫ ∫ ∑ ∑ 𝜙̄(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

𝐿

0

𝑏

0

𝑅4 = 0 (81) 

The above procedure leads to the below ordinary 

equations of having nonlinear terms as: 

𝑘11𝑈 + 𝑘21𝑉 + 𝑘31𝑊 + 𝑔1𝑊2 + 𝑘41𝛷 = 0 (82) 

𝑘12𝑈 + 𝑘22𝑉 + 𝑘32𝑊 + 𝑔2𝑊2 + 𝑘42𝛷 = 0 (83) 

𝑀𝑊̈ + 𝑘13𝑈 + 𝑘23𝑉 + 𝑘33𝑊 + 𝑔3𝑊2 + 𝑔4𝑊3 
+𝑔5𝑈𝑊 + 𝑔6𝑉𝑊 + 𝑘43𝛷 + 𝑔7𝛷𝑊 = 0 

(84) 

𝑘14𝑈 + 𝑘24𝑉 + 𝑘34𝑊 + 𝑔8𝑊2 + 𝑘44𝛷 = 0 (85) 

Note that gi and kij are the components of nonlinear and 

linear stiffness matrices. Owning to the reason that there are 

four coupled nonlinear governing equations, providing the 

closed-form frequency as a function of maximum amplitude 
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(W) is very hard. Thus, by simultaneous solve of Eqs. (82), 

(83), and (85), it is feasible to calculate amplitudes (U, V, 

𝛷 ) as functions of transverse amplitude or maximum 

deflection (W). Next, calculated amplitudes (𝑈̂ , 𝑉̂ , 𝛷̂ )  

have been placed in Eq. (84) in order to find a single 

nonlinear governing equation for microshell as: 

𝑊̈ +
𝐾1

𝑀
𝑊 +

𝐾2

𝑀
𝑊|𝑊| +

𝐾3

𝑀
𝑊3 = 0 (87) 

By simplifying the obtained equation, the above 

equation may be obtained as: 

It must be pointed out that K1, K2 and K3 have complex 

forms and expressing their closed forms is very difficult. 

According to the primary conditions 𝑊 = 𝑊̄, 𝑊̇ = 0 at t = 

0, the solution of Eq. (87) may be assumed with the use of 

trigonometric function as: 

𝑊 = 𝑊̄ 𝑐𝑜𝑠( 𝜔𝑁𝐿𝑡) (88) 

where 𝜔𝑁𝐿 exhibits the nonlinear vibration frequency. 

Finally, the nonlinear vibrational frequency can be 

expressed by (Barati and Shahverdi 2018b): 

𝜔𝑁𝐿 = √
𝐾1

𝑀
+

8𝑊̄

3𝜋

𝐾2

𝑀
+

3

4

𝐾3

𝑀
(𝑊̄)2 (89) 

To present obtained results, non-dimension frequency 

and deflection can be defined by: 

𝜛 = 10𝜔𝑁𝐿𝐿√
𝜌𝑢

𝐶11
𝑢 , 𝑊̃ =

𝑊̄

ℎ
 (90) 

  

 

6. Results and discussions 
 

In this chapter, impacts of different factors such as 

electrical field, three scale coefficients, curvature radius and 

material compositions on nonlinear vibrational frequencies 

of doubly-curved MEE microshells have been examined. 

The thickness of micro-sized shell has been chosen to be h 

= 10 µm. The values of scale coefficients have been 

selected in range of 0 < l0 = l1 = l2 < 0.5 has used in former 

researches (Mirjavadi et al. 2020b). Table 1 represents the 

material properties of the two phases of composite 

piezoelectric material. 
For the case of micro-scaled isotropic cylindrical shells 

formulated via MSGT, the frequencies reported by 

Zeyghampour and Beni (2014) have been re-calculated in 

this article and the comparison has been presented in Table 

2. The scale coefficients in Table 2 have been chosen as l0 = 

l1 = l2 = 0 and l0 = l1 = l2 = h when the microshell dimension 

is h/R = 0.02 and h/R = 0.05. Further verification has been 

presented via the comparison of the nonlinear vibrational 

frequencies of piezoelectric shells with those of Mirjavadi 

et al. (2020b), as indicated in Fig. 2. For the figure, it has 

been considered that L/R = 2, R/h = 100. 

Fig. 3 exhibits the changing of non-dimensional 

vibrational frequency of multi-phase doubly-curvature 

microshells with respect to normalized amplitude, based on 

diverse scale coefficients (l0, l1, l2) assuming VE = 0 and R =  

Table 1 Material properties of two-phase piezo-electrics 

made of BaTiO3-CoFe2O4 

Property Vf = 0 Vf = 0.2 Vf = 0.4 Vf = 0.6 Vf = 0.8 

C11 (GPa) 286 250 225 200 175 

C13 170 145 125 110 100 

C33 269.5 240 220 190 170 

e31 (C/m2) 0 -2 -3 -3.5 -4 

e33 0 4 7 11 14 

k11 (10-9 

C/Vm) 
0.08 0.33 0.8 0.9 1 

k33 0.093 2.5 5 7.5 10 

 

Table 2 Comparing the of natural frequencies of microshells 

using MSGT (L/R = 5) 

 l0 = l1 = 12 = 0 l0 = l1 = 12 = h 

h/R 
Zeighampour 

and Beni 2014 
present 

Zeighampour 

and Beni 2014 
present 

0.02 0.19543 0.19544 0.19801 0.19802 

0.05 0.19588 0.19588 0.21109 0.21109 

 

 
Fig. 2 Vibrational frequency validation of a smart piezo-

electric shell (L/R = 2, R/h = 100, VE = 0) 
 
 

7L. For ease of investigation, it has been selected that l0 = 

l1= l2. The piezoelectric phase percentage is selected to be 

Vf = 20%. The first intuition is that the vibrational 

frequency initially declines by the addition of normalized 

amplitude (𝑊̃ ). Subsequently, the vibrational frequency 

starts to be increased at high values of 𝑊̃. It should be 

elucidated that the frequency has been named linear 

vibrational frequency when 𝑊̃ = 0 and it is named 

nonlinear vibrational frequency when 𝑊̃ > 0. It can be 

understood that non-dimensional vibration frequency of 

doubly-curvature micro-scaled shells is often greater than 

that of macro-scale shells for which l0 = l1 = l2 = 0. The non-

dimensional frequency increases via increasing in the strain 

gradient coefficients. This finding is owning to the fact that 

the impression of micro scale, that describes the reciprocal 

impacts of each point inside the region, may improve the 

strength of structures.  

An analogy among the calculated frequencies according 
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Fig. 3 Dimensionless frequency of doubly-curved micro-

shells versus non-dimension deflection according to 

different scale parameters (R = 7L, L = 50h, VE = 0, Vf = 

20%) 

 

 
Fig. 4 Dimensionless frequency of doubly-curved micro-

shells versus non-dimension deflection according to 

different elasticity theories (R = 7L, L = 50h, VE = 0, Vf = 

20%) 
 

 
Fig. 5 Dimensionless frequency of doubly-curved micro-

shells versus non-dimension deflection according to 

different voltages (R = 7L, l0 = l1 = l2 = 0.4h, L = 50h, Vf = 

20%) 

 

 
(a) VE = +100 

 
(b) VE = -100 

Fig. 6 Dimensionless frequency of doubly-curved micro-

shells versus non-dimension deflection according to 

different piezoelectric volume fraction (R = 7L, l0 = l1 = l2 

= 0.4h, L = 50h) 
 

 

to various elasticity theories containing CET with l0 = l1 = l2 

= 0, MCST with l0 = l1 = 0, l2 = 0.4h and MSGT with l0 = l1 

= l2 = 0.4h has been exhibited in Fig. 4. The smallest 

frequency value has been achieved according to CET in 

which no scale coefficient is present. The frequency value 

according to MCST is smaller than that of MSGT. This is 

owning to the fact that MCST has only one scale coefficient 

and the impressions of dilatation gradient and deviatoric 

stretch gradient have been discarded. 

In Fig. 5, changing of non-dimension vibration 

frequency of doubly-curved piezoelectric microshell versus 

non-dimension amplitude is illustrated for different 

electrical voltages when L = 50h and Vf = 20%. This is 

deduced that non-dimension vibration frequencies of doubly- 

curved piezoelectric micro-size shell are significantly 

influenced by the magnitude and sign of electric potentials 

for each values of non-dimension amplitude. It is concluded 

that smaller magnitudes of electrical voltages result in 

greater vibration frequency. Actually, the imposed 

positive/negative electrical fields might generate the in- 

plane compressive and tensile forces. It is also found that 
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Fig. 7 Dimensionless frequency of doubly-curved micro-

shells versus non-dimension deflection according to 

different curvature radius (Vf = 20%, l0 = l1 = l2 = 0.4h, L 

= 50h, VE = 0)  
 

 
Fig. 8 Vibration frequency of FGP doubly-curved micro-

shell against normalized deflection based on different 

boundary conditions (l0 = l1 = l2 = 0.4h, L = 50h, VE = 0)  

 

 

the vibration frequency begins to decline with the increase 

of non-dimension amplitude. Next, the vibration frequency 

begins to increase at larger values of non-dimension 

amplitude. 

Fig. 6 depicts the variation of vibration frequency 

against normalized amplitude accounting for various 

percentages of piezoelectric ingredient (Vf = 0, 20%, 40%, 

60% and 80%). For simplicity, the scale factors are selected 

to be l0 = l1 = l2 = 0.4h. The applied electric voltage is 

chosen as VE = -100 V and VE = +100 V. It is realized that 

the highest frequency at VE = +100 V occurs for zero piezo-

electric phase percentage Vf = 0. But, the highest frequency 

at VE = -100 V occurs for piezoelectric phase percentage Vf 

80%. This observation is associated with the negative value 

of piezoelectric constant (e31) as presented in Table 1. 

Therefore, the material composition in multi-phase 

piezoelectric material has a key role in vibration analysis of 

micro-scale shells 

Non-dimension frequency against normalized deflection 

of the microshell accounting for various curvature radius 

has been exhibited in Fig. 7. Note that an infinite curvature 

radius results in frequency curves for flat plates. So, as the 

value of curvature has been reduced, the curvature radius 

has more announced effect on frequency curves. 

In Fig. 8, the frequency results for a doubly-curved 

micro-size shell according to diverse boundary conditions 

have been presented. The assumed boundary conditions are: 

SSSS, CCSS and CCCC. Consider that SSSS refers to fully 

simply-supported boundary conditions and CCCC refers to 

fully clamped boundary conditions. As expected inclusion 

of clamped edge conditions leads to a stiffer micro-size 

shell and higher vibration frequencies. 

 

 

7. Conclusions 
 

Vibration characteristics of a piezo-electric microshell 

with double curvature were reported in the present article. 

The complete formulation and solution for the problem 

based on thin shell model was presented. This was reported 

that the vibration behavior of the micro-sized shell is 

sensitive to material composition. There was a notable 

change in vibration frequency versus applied voltage when 

the piezoelectric volume fraction was changed. Also, 

applying positive or negative electrical potentials led to 

increasing or reducing the vibration frequency. Another 

observation was that size effects due to strain gradients 

changed significantly the vibration behaviors of piezo-

electric micro-sized shell. Also, as the value of curvature 

was reduced, the curvature radius had more announced 

effect on frequency curves. 
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