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Abstract.

This paper is devoted to investigate the nonlinear free vibrations of multi-phase piezoelectric doubly-curved

microshells in the context of modified strain gradient elastic (MSGT). The microshell has been made from two constituents for
which different compositions have been considered by defining a piezoelectric phase percentage. The microscale effects have
been described with the incorporation of three scale coefficients involved in MSGT. With the use of suitable Fourier series and
the concept of Galerkin’s method, the solution for the governing equations of double-curvature microshell have been provided.
The calculated frequencies are dependent on the piezoelectric phase percentage, scale coefficients, curvature radius and applied

electric voltage.
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1. Introduction

An example for a smart material is piezoelectric-elastic
material in which electric environments may lead to
mechanical deformation (Aboudi 2001, Pan and Han 2005,
Li and Pan 2015). This means that there is a coupling
between electric and elastic performances in such materials
(Li and Shi 2009, Guo et al. 2016). In such materials, the
material properties can be characterized by elastic,
piezoelectric and even magnetic constants. Structural
components (beams, shells and plates) made of such smart
materials are broadly utilized in actuators, sensors and
intelligent systems. The material distribution in these
structures may be homogenous or non-homogenous. When
the material profile is variable thorough the thickness of a
structure, the material distribution may be non-
homogenous. As an example, a functional graded material is
a non-homogenous material in which two materials are
involved and all material properties change from one
material to another. Based on the percentage and volume
fraction of each material, the complete behavior of the
structure can be defined. Another example is multi-phase
piezoelectric material with homogenous nature in which the
constituents are combined with each other to create a
composite-type material. In multi-phase piezoelectric
composites, the volume fraction of each constituent has a
remarkable effect on effective properties of the composite
material. There are several investigations on smart
piezoelectric-magnetic-elastic structures having different
material distribution (Kumaravel et al. 2007, Annigeri et al.
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2007).

Up to now, different studies have been devoted to
mechanical characterization of materials and structures
(Zhang et al. 2018, Zenggang et al. 2019, Zhao et al. 2020,
Lv et al. 2020a, b, Zhang et al. 2021a, b, ¢, Deng et al.
2020, 2021, Duan et al. 2021, Chen et al. 2021, Feng et al.
2021, Huang et al. 2021, Kordestani et al. 2021, Jiang et al.
2021, Lv and Liu 2021, Wang et al. 2021, Xu et al. 2021).
According to recent experiments and atomistic simulations,
it is reported that the mechanical character of small-size
piezo-electric and piezo-magnetic structures are relied on
small scale effects (Barati 2017, Al-Maliki et al. 2019,
Kunbar et al. 2020). However, owning to the fact that
classic continuum mechanical modelling is classified as a
size free model, analyzing and investigating mechanical
characteristics of small size structures based on the classic
continuum  theory vyields inaccurate findings and
accordingly wrongful designs (Ebrahimi and Barati 2017,
Fenjan et al. 2020a, b). Howbeit, the atomistic modeling
and molecular simulations are powerful tools for describing
the size-dependent characteristics of small size structures,
their application is not more economical because of the
extra computational attempts. To prevail over such
problems, a variety of size-dependent elasticity models
including the nonlocal elasticity theory (Eringen 1972),
strains gradient elasticity theory, refined couple stresses
theory (Yang et al. 2002) and etc, are established for
incorporating small size effects via standardizing some
scale parameters and have been broadly exerted for the
designing and study of the mechanical character of micro or
nano structures (Thai and Vo 2012, Eltaher et al. 2012,
Mirjavadi et al. 2020a, b, c, d, e, f, g, h, i, j, k, |,
Abdulrazzaq et al. 2020, Ahmed et al. 2020a, b, Barati
2018a, b, c, Barati and Shahverdi 2018a, b, Ebrahimi and
Barati a, b, c, d, e, f, g, h, Shariati et al. 2020a, b). The
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smart material discussed in previous paragraph has been
extensively applied in  micro/nano-structures and
micro/nano-devices. However, at the microscale, the
behavior of structure is dissimilar to macro scale
counterparts. This is owning to the existence of small size
effects. Such small size effects are incorporated in non-
classical elasticity theories such as modified strain gradient
theory (MSGT) which is also used by other authors.
According to MSGT, three scale coefficients have been
introduced which are shown to have the ability to describe
microscale effects.

The present article has been devoted to investigate the
nonlinear free vibrations of multi-phase piezoelectric
doubly-curved microshells in the context of modified strain
gradient elastic (MSGT). The microshell has been made
from two constituents for which different compositions
have been considered by defining a piezoelectric phase
percentage. The microscale effects have been described
with the incorporation of three scale coefficients involved in
MSGT. With the use of suitable Fourier series and the
concept of Galerkin’s method, the solution for the
governing equations of double-curvature microshell have
been provided. The calculated frequencies are dependent on
the piezoelectric phase percentage, scale coefficients,
curvature radius and applied electric voltage.

2. Piezoelectric composites

A doubly-curved microshell of dimension L and b has
been shown in Fig.1. This doubly curved microshell is
made of a piezoelectric composite having two phases: a
piezoelectric phase BaTiOs; with volume fraction V: and a
piezo-magnetic phase CoFe;O4. All of material properties
for the phases can be found in Table 1 which contains
elastic (Cj;) and piezoelectric (ejj) coefficients. Furthermore,
kij expresses the dielectric constant (Mirjavadi et al. 20203,
b,c def Q).

3. Basic equations according to MSGT

Utilizing Hamilton’s rule in the subsequent manner, the
governing equations may be established:

f ta(ns — Iy + I,)dt = 0 1)
0

Here, Ilg, 1T, and II,, exhibit the strain energy, kinetic
energy and energy of exterior force. The strain energy for
the model in hand may be achieved as a function of
electrical field (Ex, Ey, E;) and electrical field displacements

(Di):

Il = f(Sxxé‘exx + Sy 68y, + SiyVay
v

FToxx O + Tyxxaqyxx + Toxx0Csxx + Txyy(sgxyy
TTyyy8Syyy + Tayy8Szyy + Taxy SGxny
+Tyxy6§yxy + szy6§zxy + Tyxz(snyz

+7yy,0Myy,; — Dx6Ex — D, 6E,, — D,6E,)dV

@)

[

Fig. 1 A doubly-curved microshell

in such a way that Sj and 75 respectively exhibit the
stress and double stress tensors; &jj and  ¢;;, exhibit strain
field and strain gradients. By taking into account the plane
stress condition, all components of Sj, Di and ; should
be expressed by:

Six = Ci18xx + Ci28yy — 834 E; 3)
Syy = Crobx + C~11£yy — 3.k, (4)
Sy = C~66yxy ®)

D, = +i€11Ex (6)

D, = +ky;E, )

D, = €318 + €318y + kssE, 8)
Tyxx = V1Sxxx T Y2Cxyy + Y304y 9)
Tyxx = Y2Cyyy + YsCyux + Yaloyy (10)
Tzxx = Y5Szux + WiCyyz + 2W5Gsy, (11)
Tayy = YaSyxy + YaGuxx + YsGuyy (12)
Tyyy = YoCyxx + Y3Guxy + Y16y (13)
Tayy = 2WoSaxx + YsGayy + Yagyy, (14)

Txxy = Txyx = 0-5Y3§yyy + y6§xxy + 0-5Y4§yxx (15)
Tyxy = Tyyx = 0-5Y4§xyy + O'SYBgXXX + yégyxy (16)

Toxy = Tzyx = 2WaSzxy + WsCyxz a7
in which Y; are:

Y, =2(w; +w, + w3 + w, + ws)
Y, =w; + 2w,

Y =w; + 2w;

Y, =w; + 2wy

Ys =2(w, +wy)

Yo = w3 + 2w, + wg

In regard to the MSGT explained by Wang et al. (2013),
the values of w; should be taken as:

(18)
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4
wp = Cee(l% - _lf)'
_ 2
wy = Cee(l - 15 lz)
=. — Z12): 19
w3 C66(+15l1 + 212). (19)
1
Wy = Css(g l% + l%);
2
W5 = Cee(g l% - l%)i

Here, the scale coefficient lp exhibits the effect of
dilatation gradient, l; and I, respectively exhibit the effects
of deviatoric stretch gradient and symmetric rotation
gradient. It must be explained that that by selecting lo=1:=0,
the modified couple stress theory (MCST) may be rendered.
Furthermore, supposing the plane stress conditions yields
the below modified constants as:

~ Ch o Ch
€y =Ciq — 1€ =Cp — 7,
c 33
. 13€33
Cos = Co6r €31 =€33 ——, (20)
C33
2
k11 = k11, k33 = k33 + _C
33

The work because of the external loading can be
determined by (Mirjavadi et al. 2020):

a(w) 05(w) _ dw) aa(w)
0x y dy

8Mly, = f (N ——)dv  (21)
in such as way that Ny, N, exhibit the exerted in-plane

loading. The Kkinetic energy variation of the microshell
should be determined by:

sII f J‘ Jdu ddéu avaé'v ow déw
K= at ot Yacae Tor o
ou 06W ow déu Ov déw
“LGa s T3 (22)
ot 0xdt 0xdt ot Jt dydt
4 ow 06v bl ow 65W+ ow déw dvd
ayar ot T 2 Graraxar T ayat ayar Y
where
0.5h
(I, I, ) =f (1,z,z%)pdz (23)
—0.5h

4. Governing equations for doubly-curved
microshells

By using thin shell theory for a doubly-curved
microshell with curvatures (Ri1, Rz), the three-dimensional
displacement field which contains axial (u), circumferential
(v) and transverse (w) components can be expressed as
follows:

0
w(y,2) = u(x,y) = 25 (6,3) (24)

ow
u,(x,y,2) = v(x,y) - & (x,y) (25)
uz(x,y,z) = w(x,y) (26)

Above field components result in below relations foe the
strain field:

ou w 2w 1<6W)2

B T ox TR, T “ox2 ox
ov w 2w 1 /0w\?
_v w 1w 27
Eyy ay-I_R2 Zayz (6y> (@7)
ou ov 2’°w  owadw

Vo =55 ox ~ ““oxay ox oy

According to the calculated strains, the strain gradients
may be determined as:

3 2°u 1 ow 63W ow 0%w
Sxex = 52 R, 0x Zox® " ox ox?
= Cxxx0 — ZGCxxx1

0’u 1 dw 03w

Syex = 0xdy * R, 0y z 0x2dy
0w ow
+ axaya = Cyxx0 — ZCyxx1
0%w
Czxx = Czxx0 = _W

%v 1 dw 23w

= —+___ R
Sxyy 0xdy R, 0x ZaxayZ
2°w ow
+ axaya = Cxyy0o — ZGCxyy1
3 2%v N 1 ow 23w
Syyy = ayz R2 ay z ay3 (28)
ow 9%w
@ ay2 = Syyyo ~ ZSyyy1
2w
gzyy = gzyyO = - ayz
3 1 0%u +62v ) 23w
Sxxy = Sxyx T3 (Oxay d0x? Zaxzay
0’wow Oow 9%w
+W@ + am) = Cxxyo — ZSxxy1
3 1 02u+ 0%v ) 23w
Syay = Syx =35 (E)yz 0x0y Zaxayz
owa’w  9%w ow
+$6—yz + m@) = Cyxyo ~ ZSyxy1
2w
Czxy = Szyx = _m = Czxy0

The induced electric field having electric potential (&)
to the doubly-curved micro-scale shell can be expressed as
(Mirjavadi et al. 2020):

b(xy,2) = —cos(EDPEY) + Ve (29)

Next, Vg defines the exterior electrical voltages
induced to the smart shell. All ingredients of electrical field
(Ex, Eo, E;) can be obtained as:
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E,=—-0,= cos(fz)g—f, (30)

a
E,=-®, = cos(fz)%, (31)
E,= _¢,Z = _f Sin(fz)d) - % (32)

With the help of Hamilton’s rule and placing Egs. (2),
(21) and (22) into Eq. (1) yields four governing equations
for the piezoelectric doubly-curved microshells:

Ny ONpy 0Ty 0%Typy 10Ty,
0x dy dx? dxdy 2 0xdy (33)
10%Ty,y, . 0%u . 03w
2 dy?2 %9tz oxot?
Ny, 0Ny, 02Ty, 0°Ty,, 10°Ty,
Ox dy dxdy dy? 2 0x? (34)
10%Tyy,  0%v ! 3w
2 oxdy ~ °otz loydt?
azMxx azMxy azMyy _ M
dx? dxdy dy? R,
_% +iaTXXX _ aSMXXX iaTyxx
R, R, 0x d0x3 R, 0dy
My | 0Ty | 0Ty | 1 0Ty
dx%dy d0x? dy? R, 0x
*Myyy 10Ty, 0°M,y,
dxdy? R, dy dy3 (35)
03M,yyy  03M,y,  0°T,,
0x?dy  dxdy? = dxdy
o 0%w o 0%w
+(Nx + Nxx)(ﬁ) + (Ny + Nyy)(W)
+2N. o"w = +I 62W+I 0u
Y oxay %otz ! oxot?
" 3v ! o*w N o*w
Loyot? 2Gr7ar ayzatz)
oD aD
h/2 X Ty
f cos(¢z) 9% + cos(¢z) 3y |dz=0 (36)
~h/2\ +& sin(éz)D,

Also, note that Njj, Tij and Mj; (ij = xx, Xy, yy) describe
membrane forces and bending moments:

+0.5h
(Nogx» Nyy' ny) = f (Sxxs Syy: Sxy)dz
—0.5h

+0.5h
(M, Myy' Mxy) = f (Sxxs Syy: Sxy)ZdZ
-0.5h (37)

+0.5h

(Txxx' Tyxx' szx) = f (Txxx: Tyxxr szx)dz
—05h
+0.5h
(Teyys Tyyy Tayy) = f (Txyys Tyyys Tzyy)dz
—0.5h

+0.5h

(Txxy' Tyxyl szy) = f (Txxy' Tyxy: szy)dz

—0.5h
+0.5h

(Txxx: Tyxx )Z dz

(Mxxx: Myxx) zf

-0.5h

+0.5h

(Myyy, Myyy) = f (Txyy) Tyyy)zdz
_-I(—)(')E?gh

(Mxxy' Myxy) = J-OSh (Txxy' Tyxy)ZdZ

Accordingly, N7, Ny define the in-plane loading
owning to external electrical voltages V; and is defined as:

h/2 2V,
NE = _f é3lTEdZ (38)
—h/2

Then, one can calculate the stress resultants through
integration of Eq. (37) over the thickness of microshell as:

N =4 ou W+1 w_, B 0w
xx = 11(ax Rl Z(OX) ) 11 9x2 (39)
A ov w+1 ow_, B 62w+Ae
12(6y R, Z(Gy) ) — By 3y 519
P ou W+1 ow_, D 2w
xx — 11(ax Rl Z(ax) ) 11 axz (40)
B ov w+1 w_, D 62w+Ee
12(631 R, Z(Oy) ) — Dy, 3y 310
N =4 ou W+1 w., 5 9%w
o 12(6x R, Z(Gx) )= Bi dx? (1)
A ov W+1 ow_, 5 62W+Ae
11(ay Rz 2 (ay) ) 11 ayz 31¢
M =B ou w+1 w_, D 9%w
o 12(6x R, Z(Gx) ) 12 g2 (42)
B v w+1 w_, D 62W+Ee
11(6}1 R, 2(6}1) ) 115,72 319
N =4 6u+6v+awaw . 2°w 43)
xy - 66(6y ox Ox ay) 66 9xdy
P ou N ov N ow ow b 2°w (44)
v 66(6)1 dx 0x ay) 66 9xdy
h/2 a¢
f D, cos(éz)dz =+ F}, — (45)
~h/2 0x
h/2 ad)
f Dy cos(§z)dz = + F3, — (46)
~n/2 dy
J‘h/zD ] Uy = A€ ou W+1 ow._,
2 ,§ sin($z)dz = A3, (ax R, Z(Ox) ) -
a8 ov w N 1 ow,, e 2w+ 2w pe
31(ay RZ 2 (ay) ) 31(ax2 ayz) 33¢

Moreover, the resultants associated with the double
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stresses may be introduced by:

0°u 1 ow odwadw

Texx =

7 (— 4+ ———
11(6x2 + R, Ox +
6211 1 6W 2*w aw
0x ay R2 ax 6x6y dy
o*u  9%*v  owdiw

+Z (5%

dx 0x?

0%w ow

0.5Z53(z— —-—
+ 33(63/2 + dxdy + 6x dy?
3w

—Fii-—= 9x3 —(F+F3)s=

0xdy?

+ d0xdy E

)

0°u 1w owad*w

My = F11(W+R—1§
6211 1 6W 2%w ow

axay R2 ax axay@
0*u 9%v  Owd*w

+F (==

dx 0x?

0%w ow

SF5(— —
+05 33(6y2 + dxdy + 0x ayz

03w
—Hy— ax3 —(Hyy + H33) 7= %0y

62u 1 ow N

0xdy R 6y 0xdy ax

+Z L o | o7 +
u(g (axay dx?

3 3

— (Fas + Fss) ax20y

+Zs5(5 =

—Fy; a

ax 0x0y

+ d0xdy E)

2°w ow N ow 92w
dx? 0y

)

v 1dw owod*w

My = F22(0—312+R_25+
oF 0%u N 1 6W+ *w ow
55(6x6y Ry 0y  0x0y 0x

1 0*u 0%

G (axay ax2
3 3

(Has + Hss) %20y

_HZZW_

0w .
_ZSSW_

Toxx =

1 62 6217 aw 9w

ax d0xdy

ay 9y?

02W ow N ow 0w
d0x? dy

)

2w
2507

azw ow

Layy = ZM( ( axay ax 0y?

0%u 1 6W ow 9w

axz TRox

0%v 1 ow 0%w ow

m TR, R, ax axayw
23w 23w

_FZZ axg

220G Ox 0x?2

162u 0%v 6W62

axay E

62W ow

M =F
>y 44( ( axay Ax 9y?
oF 62u+ 1 6W+6W62
22(6x2 R, 0x = 0x axz)

axay E))

)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

oF 82v 1 aw 2%w ow
55 (5 dy R2 x axay dy
23w 23w
(H4—4— + HSS) axayz - HZZ axg
ro—g o0’u 1 ow N 0w ow
vy 22(6x6y R, dy ' 9xdy ox
7 1 0*u 0% N 0w ow N ow 0w
337 (axay ax2 ' 9x? dy  Ox axay))
7 d0%v N 10w odwd*w
11(6y2 R, dy 0y dy?
F,, + F. 0w F 0w
(Fy2 + F33) ax?0y 113y
I 62u+1aw+6zwaw
yyy = 22(6x6y R, 0y = 0x0y 0x
1 9%u 62 62W ow N ow d%w
3G Gray dy T T o dy | ox axay))
62 1 BW ow 9w
11( R By dy dy?
03w
—(Haz + Hss) ax%0y Hyy 3y
0w 0w
T,

zyy = —22'22@— Zssa—yZ

0°v 10w odwd’w

Toxy = Txyx = 0'5233(6—)/2 + R_ZE + E 9y?
6217 9%*w ow N ow 9%w
“( (a ay o T o dy = ox 6x6y))
1057 0%u N 1 6w+ o*w ow
' 44(0x0y R, 0y  0xdy Ox
3w
_0.5F33 ay3 (O 5F44 + F66) Zay

Mo =M. = OSF 62v+10w+0w02w
xxy — Mxyx — Y- 33(ay2 RZ ay ay ayz
oF 1 0%u N 0%v N 0’wow ow 9*w
56G Gxay T oxz T o2 dy = ox axay))
OS5 0%u N 1 ow N 2*w ow
’ 4‘*((?Jcay R, 0y  0xdy 0x
3 3y

w
—0_5H33 a—y3 - (051‘144 + H66) m

v 1w 0%*w ow

Tyyy =Tyyx = 0.5244(m + R—ZE +
0’u 1 ow owod*w
+0.SZ33(ﬁ+R—1$+am
1 62 62 awaz
+ 66( ( axay ax dy?

—(0.5F, + Feg) ——

azw ow

axay dy
_ OSF 3w
oxoy? Fs x3

)

d0xdy E

385

(55)

(56)

(87)

(58)

(59)

(60)
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Mo = M. = 0SF 62v+1aw+62waw
yxy = My = 0.5F0 (53 R, 0x  0xdy dy
LOSE 2%u N 1 ow N ow 9%w
' 33(6x2 R, 0x  9x 0x? (61)
oF 1 62u+ 0%v +6w62W+ 2°w ow
66(2 (6312 dxdy 0x dy?  0xdy 6y))
23w 03w
—(0.5H,4 + Hgg) oxdy? 3323
_ 0%w
szy = szx = =274 —axay (62)
so that
/2
{A11,B11, D11} = J- Ci1 {1, z,zz}dz, (63)
—h/2
n/z
{A12,B12, D12} = f Ci2{1,z, zz}dz, (64)
—h/2
/2
{As6) Beor Des} = f Cos {1vZ:ZZ}dZ: (65)
—h/2
/2
UsES) = [ engsin(elLaldz (69)
—h/2

{Flel' erz; F363}
- [ {k cos?(£2), T 6052(52)'} L
k33&2 sin?(éz)

—h/2

{le, ZZZ' Z33'Z4—4—' ZSS' Z66}

h/2
o T AT 8)
{Fn'h%z, F33, F44, Fss, Fee}
= [ B ) (©9)
2

{Hy1, 722, H33, Has, Hss, Hee}
h/2

[ BB B s B (70)
—h/2
/2
{Z32,Z44} = f {az, a4}dz (71)
—n/2

5. Method of solution

Based on Galerkin’s method, it is possible to provide a
solution for vibration problem of piezo-electric microshells
based on the boundary conditions:

¢=0

on electrical displacement (72)

w= Lw _ 0 on deflection (73)

ax2

In next step, the four variables based on thin piezo-
electric shell model can be defined by:

u= i i Uppii(x,y) = i i Urp %Gp(y) (74)

r=1p=1 r=1p=1

S

r=1p=1

[oe]

izmcm SO

[y

8

[oe]

EOPNLETEEDY)

Wi, () G, () (76)

r=1p=1 r=1p=1
¢ = i i Drpb(x,7) = i i 91y, () Gy () (77)
r=1p=1 r=1p=1

In this research, the vibrational amplitudes have been
denoted by U,p, V;p, W,y and@,,,. Two functions G, =
sin(7-x) and Gy —sm(?y) for simply-supported
edges are chosen to satisfy the boundary conditions.
Pursuant to the method of Galerkin and insertion of
displacements represented as Eqgs. (74)-(77) in the
governing equations, each of equations may be exhibited as
residual R; (i=1, 2, 3, 4) leading to:

f f ZZu(xy)Rl—O (78)

m=1n=

jjiiﬁ(x,y)Rzzo (79)

co o

j j Z Zv‘v(x.y) Ry =0 (80)

ffii (x,y)R, =0 (81)

m=1n=

The above procedure leads to the below ordinary
equations of having nonlinear terms as:

k]_lU + k21V + k31W + g]_WZ + k41(p =0 (82)
k12U + ksz + k32W + ngz + k42® =0 (83)

MW + ky3U + kpsV + kasW + gsW2 + g, W (84)

k14U + k24V + k34W + gSWZ + k44¢) =0 (85)

Note that g; and k;; are the components of nonlinear and
linear stiffness matrices. Owning to the reason that there are
four coupled nonlinear governing equations, providing the
closed-form frequency as a function of maximum amplitude
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(W) is very hard. Thus, by simultaneous solve of Egs. (82),
(83), and (85), it is feasible to calculate amplitudes (U, V,
@) as functions of transverse amplitude or maximum
deflection (W). Next, calculated amplitudes (U, V, &)
have been placed in Eq. (84) in order to find a single
nonlinear governing equation for microshell as:

. K K, Ky .
W2 W + 22 WIW] + 22 W2 =0 (87)

By simplifying the obtained equation, the above
equation may be obtained as:

It must be pointed out that Ky, K> and K3 have complex
forms and expressing their closed forms is very difficult.
According to the primary conditions W = W, W =0 att=
0, the solution of Eq. (87) may be assumed with the use of
trigonometric function as:

W =W cos(wyt) (88)

where wy; exhibits the nonlinear vibration frequency.
Finally, the nonlinear vibrational frequency can be
expressed by (Barati and Shahverdi 2018b):

K BWK, 3Ky (89)
“’NL‘\/MJ’EMWM(W)

To present obtained results, non-dimension frequency
and deflection can be defined by:

,p“ — W
w = 10wy, L C_ﬁ'wzf (90)

6. Results and discussions

In this chapter, impacts of different factors such as
electrical field, three scale coefficients, curvature radius and
material compositions on nonlinear vibrational frequencies
of doubly-curved MEE microshells have been examined.
The thickness of micro-sized shell has been chosen to be h
= 10 pm. The values of scale coefficients have been
selected in range of 0 < lp=1,= 1< 0.5 has used in former
researches (Mirjavadi et al. 2020b). Table 1 represents the
material properties of the two phases of composite
piezoelectric material.

For the case of micro-scaled isotropic cylindrical shells
formulated via MSGT, the frequencies reported by
Zeyghampour and Beni (2014) have been re-calculated in
this article and the comparison has been presented in Table
2. The scale coefficients in Table 2 have been chosen as lo=
li=1=0 and lp= .= I =h when the microshell dimension
is h/R = 0.02 and h/R = 0.05. Further verification has been
presented via the comparison of the nonlinear vibrational
frequencies of piezoelectric shells with those of Mirjavadi
et al. (2020b), as indicated in Fig. 2. For the figure, it has
been considered that L/R = 2, R/h = 100.

Fig. 3 exhibits the changing of non-dimensional
vibrational frequency of multi-phase doubly-curvature
microshells with respect to normalized amplitude, based on
diverse scale coefficients (lo, I1, I2) assuming Ve=0and R =

Table 1 Material properties of two-phase piezo-electrics
made of BaTiOs-CoFe204

Property Vi=0 Vt=02 Vi=04 Vi=06 Vi=038
Cu(GPa) 286 250 225 200 175
Cis 170 145 125 110 100
Cis 2695 240 220 190 170
en(C/m) 0 2 3 35 4
ess 0 4 7 11 14
"élA(/lrg; 008 033 0.8 0.9 1
ks 0093 25 5 75 10

Table 2 Comparing the of natural frequencies of microshells

using MSGT (L/R = 5)
lo=l=12=0

Zeighampour

lo=lh=12=h
Zeighampour

hR and Beni 2014 present and Beni 2014 present
0.02 0.19543 0.19544 0.19801 0.19802
0.05 0.19588 0.19588 0.21109 0.21109
2.5
2.0
oy
5
% 15
=]
g
T 10
é —— Mirjavadi et al. (2020)
s == = Present
0.5
0.0
0.0 05 1.0 1.5 20

Normalized deflection (W)

Fig. 2 Vibrational frequency validation of a smart piezo-
electric shell (L/R =2, R/h = 100, VE = 0)

7L. For ease of investigation, it has been selected that Ip=
l1= l,. The piezoelectric phase percentage is selected to be
Vi = 20%. The first intuition is that the vibrational
frequency initially declines by the addition of normalized
amplitude (W). Subsequently, the vibrational frequency
starts to be increased at high values of W. It should be
elucidated that the frequency has been named linear
vibrational frequency when W =0 and it is named
nonlinear vibrational frequency when W > 0. It can be
understood that non-dimensional vibration frequency of
doubly-curvature micro-scaled shells is often greater than
that of macro-scale shells for which lg= 11 =l = 0. The non-
dimensional frequency increases via increasing in the strain
gradient coefficients. This finding is owning to the fact that
the impression of micro scale, that describes the reciprocal
impacts of each point inside the region, may improve the
strength of structures.

An analogy among the calculated frequencies according
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Fig. 3 Dimensionless frequency of doubly-curved micro-
shells versus non-dimension deflection according to
different scale parameters (R = 7L, L = 50h, Ve= 0, V=

20%)

Fig. 4 Dimensionless frequency of doubly-curved micro-
shells versus non-dimension deflection according to
different elasticity theories (R = 7L, L = 50h, Ve= 0, V=

20%)

Fig. 5 Dimensionless frequency of doubly-curved micro-
shells versus non-dimension deflection according to
different voltages (R = 7L, lo=l; = I,= 0.4h, L = 50h, Vs=

20%)

Vibration frequency

Vibration frequency

Vibration frequency

30

Dongxuan Wang, Yazhou Xing and Su Zhang

25

20 i,

—1y=L,=1,=0

ly=l;=1,=0.2
.......... ly=l;=1,=0.4
ly=l;=1,=0.5

tnay, e
SETTIITITLS

39

3.0

05 10 15

20

25

Normalized deflection (W)

3.0

25¢

g
=3

wn

—— CET (ly=1,=1,=0)
MCST (lp=1;=0.1,=0.4)
e MSGT (Ig=1;=1,=0.4)

iy, ot
M

%80

30

05 10 15

20

25

Normalized deflection (W)

3.0

25

g
o

wn

< Vg=+100
s Vg =+200

39

05 1.0 15

20

25

Normalized deflection (W)

30

3.0

— V;=0%
Vp=20%
o Vp=d0%
V;=60%
- Ve=80%

25

N
=)

Vibration frequency
o

930 05 10 15 20 25 30
Normalized deflection (W)
(a) Ve = +100

40

— Vr=0%
Vy=20%

Vibration frequency

8o 05 10 15 20 25 30
Normalized deflection (W)

(b) Ve =-100
Fig. 6 Dimensionless frequency of doubly-curved micro-
shells versus non-dimension deflection according to
different piezoelectric volume fraction (R = 7L, lo= 1=
= 0.4h, L = 50h)

to various elasticity theories containing CET with lo= 1= I,
= 0, MCST with lp=1.=0, I,= 0.4h and MSGT with lp=1;
= I, = 0.4h has been exhibited in Fig. 4. The smallest
frequency value has been achieved according to CET in
which no scale coefficient is present. The frequency value
according to MCST is smaller than that of MSGT. This is
owning to the fact that MCST has only one scale coefficient
and the impressions of dilatation gradient and deviatoric
stretch gradient have been discarded.

In Fig. 5, changing of non-dimension vibration
frequency of doubly-curved piezoelectric microshell versus
non-dimension amplitude is illustrated for different
electrical voltages when L = 50h and Vi= 20%. This is
deduced that non-dimension vibration frequencies of doubly-
curved piezoelectric micro-size shell are significantly
influenced by the magnitude and sign of electric potentials
for each values of non-dimension amplitude. It is concluded
that smaller magnitudes of electrical voltages result in
greater vibration frequency. Actually, the imposed
positive/negative electrical fields might generate the in-
plane compressive and tensile forces. It is also found that
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Fig. 7 Dimensionless frequency of doubly-curved micro-

shells versus non-dimension deflection according to

different curvature radius (Vi= 20%, lo=l1=1,=0.4h, L

=50h, Ve=0)
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Fig. 8 Vibration frequency of FGP doubly-curved micro-
shell against normalized deflection based on different
boundary conditions (lo=l1=1,=0.4h, L = 50h, Ve = 0)

the vibration frequency begins to decline with the increase
of non-dimension amplitude. Next, the vibration frequency
begins to increase at larger values of non-dimension
amplitude.

Fig. 6 depicts the variation of vibration frequency
against normalized amplitude accounting for various
percentages of piezoelectric ingredient (Vi= 0, 20%, 40%,
60% and 80%). For simplicity, the scale factors are selected
to be lo= I = I, = 0.4h. The applied electric voltage is
chosen as Ve =-100 V and Ve= +100 V. It is realized that
the highest frequency at Ve = +100 V occurs for zero piezo-
electric phase percentage Vi= 0. But, the highest frequency
at Ve= -100 V occurs for piezoelectric phase percentage V¢
80%. This observation is associated with the negative value
of piezoelectric constant (es1) as presented in Table 1.
Therefore, the material composition in multi-phase
piezoelectric material has a key role in vibration analysis of
micro-scale shells

Non-dimension frequency against normalized deflection
of the microshell accounting for various curvature radius
has been exhibited in Fig. 7. Note that an infinite curvature
radius results in frequency curves for flat plates. So, as the
value of curvature has been reduced, the curvature radius
has more announced effect on frequency curves.

In Fig. 8, the frequency results for a doubly-curved
micro-size shell according to diverse boundary conditions
have been presented. The assumed boundary conditions are:
SSSS, CCSS and CCCC. Consider that SSSS refers to fully
simply-supported boundary conditions and CCCC refers to
fully clamped boundary conditions. As expected inclusion
of clamped edge conditions leads to a stiffer micro-size
shell and higher vibration frequencies.

7. Conclusions

Vibration characteristics of a piezo-electric microshell
with double curvature were reported in the present article.
The complete formulation and solution for the problem
based on thin shell model was presented. This was reported
that the vibration behavior of the micro-sized shell is
sensitive to material composition. There was a notable
change in vibration frequency versus applied voltage when
the piezoelectric volume fraction was changed. Also,
applying positive or negative electrical potentials led to
increasing or reducing the vibration frequency. Another
observation was that size effects due to strain gradients
changed significantly the vibration behaviors of piezo-
electric micro-sized shell. Also, as the value of curvature
was reduced, the curvature radius had more announced
effect on frequency curves.
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