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Abstract.

This paper investigates dynamic behavior of porous functionally graded beams under various boundary conditions

using State-space approach. The material parameters of FG beams change continuously along the thickness direction according
to the power-law function (PFGM) or sigmoid function (SFGM). The porous FG beams are assumed to have even and uneven
distributions of porosities over the beam cross-section. The classical beam theory, first-order and higher-order shear deformation
theories are employed to consider beams of various boundary conditions. Hamilton’s principle are employed for derivation of
the equations of motion. Fundamental frequencies are calculated numerically for different boundary conditions, gradient index,
volume fraction of porosity, distribution shape of porosity, and span-to-depth ratios. The results show that the variation of the
distribution shape of porosity has an effect on the fundamental frequencies.
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1. Introduction

Functionally graded material is a category of composites
introduced by Japanese material scientists, which the
properties vary continuously along a certain direction. The
material gradation function’s continuity results in
overcoming the stress concentrations and delamination
disadvantages in laminates. Due to their superior
performance and the increasing demand for their
characteristics, functionally graded materials’ applications
have been increasing in various modern industries like
aeronautics, thermo-generators, industrial constructions,
civil infrastructure, defense, nuclear reactors, mining,
nanostructures, and biosensors. Consequently, the accurate
prediction of the FGM structures behavior under various
loading conditions is important for the design
considerations.

The gradient elasticity theory states that materials
should be considered as atoms with higher-order
deformation mechanism at small scale rather than modeled
just as collections of points, and the stress must consider
additional strain gradient terms. Yang et al. (2002) modified
the gradient elasticity theory. The modified gradient
elasticity theory states strain energy density must be
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considered as a function of both strain tensor conju-gated
with stress tensor and curvature tensor conjugated with
couple stress tensor. By using the modified gradient
elasticity theory, Reddy (2011) developed Euler—Bernoulli
and Timoshenko beams models for bending, vibration and
buckling of FG beams. Simsek and Reddy (2013) presented
a unified beam theory that contains various higher order
beam theories as well as the Euler—Bernoulli and
Timoshenko beam theory for the static bending and free
vibration FG microbeams based on modified couple stress
theory. Based on the Euler-Bernoulli beam theory, the
vibration responses of FGM beams have been widely
studied by different approaches. Simsek and Kocatiirk
(2009) studied the dynamic response of an FGM simply
supported beam under a concentrated moving harmonic
load, in which the effects of the material homogeneity, the
velocity of the moving harmonic load, and the excitation
frequency on the dynamic responses of the beam were
discussed. The vibration of structures such as beams is a
very important subject to study in particular in civil
engineering. Structures behave dynamically when subjected
to loads and displacements. Therefore, it is important to
analyze the influence of the conditions at the supports on
the mechanical behavior of elastic structures in technical
studies (Pradhan 2013, Avcar 2019, Abdelhak et al. 2016,
Benferhat et al. 2019, 2021, Sayyad 2018, Ashraf et al.
2020, Asrari et al. 2020, Behrouz et al. 2020, Ghayesh
2018b, 2019c, d, Shariati et al. 2020b, Sedighi et al. 2014,
Benhenni et al. 2021, Kablia et al. 2020, Abderezak et al.
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2021, TIidji et al. 2021, Bekki et al. 2021, Milad et al.
2019). In the framework of the first shear deformation
theory or the Timoshenko beam theory, Li (2008) presented
analytical solutions for the static bending and free vibration
of FGM Timoshenko and Euler-Bernoulli beams
(Abdulracof et al. 2020, Ghayesh 2018a, 2019b,
Allahkarami, 2020, Anwariningsih 2013, Arefi et al. 2020,
Emrah et al. 2020, Eltaher et al. 2020, Ghannadpour et al.
2020, Heidari et al. 2020, lakov et al. 2020, Koochi et al.
2021, Mahesh et al. 2020). Huang and Li (2010) also
studied the free vibration of axially FGMs with non-
uniform cross-sections by using the integration technique to
transform the differential governing equations into the
Freedom integral equations (Moory-Shirbani et al. 2018,
Benferhat et al. 2020, Le et al. 2020, Phung-Van et al.
2021, Nazemnezhad and Shokrollahi et al. 2020, Tran et al.
2020, Abdelhak et al. 2021, Benferhat et al. 2016, Shariati
et al. 2020a, Ghayesh 2019a, Sheng et al. 2020, Liu et al.
2020, Yuan et al. 2020, Zhu et al. 2020).

In this work, the vibration of micro-beams with
functional graduation incorporated which will be studied
and analyzed. So we set as the objective of this article is to
present a State-space approach to dynamic analysis of
porous FG beams under different boundary conditions. The
effects of the shear deformation and the parameters
influencing the dynamic behavior of beams are discussed in
detail. Wherein, it should be stressed that the relationship
between the parameters describing the beam vibration and
the different boundary parameters will be considered.

2. Mathematical formulation of the present method
and solution procedure

2.1 Theoretical formulation

According to the rule of mixture, the effective material
properties, P, can be expressed as:

P(z) =PV, +PV, 1)

where Pm, P¢, Vim and V. are the material properties and the
volume fractions of the metal and the ceramic constituents
related by

Vi +V,.=1 (2a)

The effective material properties of the FGM beam is
characterized by the power-law form presented by Pradhan
et al. (2013). The volume fraction of the ceramic
constituent and the metal of the beam material is expected
to be given by the classical mixing law of FGM materials:

V@) = G+ (2b)

where k is the non-negative variable parameter which
dictates the material variation profile through the thickness
of the beam.

Therefore, from Egs. (1)-(3), the effective material
properties of the FG beam can be expressed as follows:

P(2) = (Pc = Pp) xV(2) + Py, ®3)

On account of a porous FG beam, the rule of mixture
should be modified. For even and uneven types distribution
shape of porosity, the modified rule of mixture becomes:

Even distribution

a
P(Z):(Pc_Pm)-V(Z)+Pm_E(Pc+P‘m) (4)
Uneven distribution

a Z
P(Z):(Pc_Pm)-V(Z)+P‘m_§(Pc+P‘m)(22) (5)

PG) = (B = ).V + B = 5 (24 B =) (9

1
P@) = (B~ B) V(@) + By =5 B+ B)G =) (1)

2.2 Theory and formulations

The axial displacement, ux, and the transverse
displacement of any point of the beam, u,, are given as:

u(x,2,0) = U +20bow + 1) + s (—2w '+ f) g,
w(x,z,t) =W

where “f ” is the transverse shear function and U = U(xt)
and W = W (x,t) present denote the axial and transverse
displacement of the beam at any point x and z directions
while ¢ = ¢(x,t) is the rotational angle of the cross-
section abouty-axis compared to the undeform position. The
prime (‘) expresses the derivatives of the functions in
accordance with x coordinate.

Yo=-1, P, =1 and Y; =1 are the constants
characterizing the axial displacements over the thickness,
which can be utilized to determine the shear deformation
theory considered. ,, ¥, and 5 only exist in the
formulations for the CBT, FOBT and HOBT. Respectively.
By utilizing these constants, one can describe the CBT,
FOBT and HOBT at the same time.

The strain—displacement relations are given by:

du , P , .
g = o= U+ 2[(o — Y)W +Pip 1+ sfop” (%)
ou @ : d
Vs =a—lz‘+%= L+ 3o — Y)W '+ (Y +w3d—’;)¢ (9b)

2.3 Variation formulation

The strain energy and Kinetic energy of the FGM beam
are given as:

f (8IT— SK)dt = 0 (10)

where S/7 and 6K denote the virtual variation of the strain
energy and Kinetic energy.
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The virtual variation of the strain energy is given by:

ST = f " f ’ [ f hn(axé'ex + axzayxz)dzdydx] (11a)
0 J0

hna

SI1
( NosU +M (1/"’_1/’3)5”/,] Papsse’ )
_ L X + x ++I/}15¢, + x¢3 ¢ dx (11b)
, d
|+ 0L+ 00 — )W + (1 + L p)50]
In which:
h h
N, = J-_Z o.bdz M, = Zhaxzbdz (12a)

N>

b
2

d
0ufbis Qo = [ sy + bz (120

-

The virtual variation of the kinetic energy can be
determined as:

6K

L. .o, PP L e
- fotfo (wsu +w6:)ﬂ(z)dxdt jotjo {[0 (+l[{1/6éjw)
Yo(W'SU + USW)

Frh [+w1(¢xau + U8,) — s (W50 + UsWr)| (9
+ o+ L (=W W' + 11§86, + PsW'SW')

+1flp3 (¢X60 + U6¢x) - szll)3 ((bx5W' + W’é‘(bx)
+21p3, 6, Jdxde

N>

where:

h
(o, Iy, I, 15, I, I 2) = fzh(l,z, 2%, f,zf, fH)p(2)bdz (14)
2

2.4 Constitutive equations

The stress—strain relation for the FGM beam is
expressed as:

o, =Ee,
E (15)

Oxz = myxz

By subbing Eq. (6) into Eq. (12), the stress resultants
can be extended as below:

N, A B C O
M, (B D F o
B.(lc F H o
0 0 0 A
sz UI S (16)
(Yo — Y)W ' + 119’
Y30

(L + o — Y)W + (Y1 +3)9

where:

(4,B,D,C,F,H) = jE(l,Z,Zz,f.Zf,fZ)dA 17
~ E df
Ag = Lm [1.01 + Y3 (E)Z] dA (18)

2.5 Governing equations of motion

By substituting Egs. (11) and (13) into Eg. (10),
integrating the equation by part, and collecting the
coefficients of 6U, 8¢ and 6W the general equation of
vibration of FG beam can be written as:

N, = o0 + LW+ —paW  (199)
M;Z(‘/h _."Po) = {QW_11(¢0{?,_¢3U,) (19b)
L (oW — Y3 W) + sl

Mpy + Py = Qua iy + ) (159

=L, U+ Ly § + [psU — Lps W + Laapsp

By using the state space approach, the displacement
components can be expressed as:

U(x,t) U(x)
Pp(x,t) ¢ = [ d(x) |e™* (20)
W(x,t) W(x)

where o is the eigen-frequency, which we point out that this
assumption has been made.

By substituting Eq. (20) into Eqg. (19), a system of
ordinary differential equations is obtained:
U'=eU+e,W +eW"

; ) , 21
WW =e,U +esW + egW 1)

For CBT: {
U” = C1U + C2¢ + C3W’

¢ =cU+csd+cgW (22)
W' =c,¢" + cgW

For FOBT:

For HOBT:
U"=bU+byp+bsW+bW"
¢" = bsU + bgp + bW + bgW"
WW = boU" + byg¢p' + by W + by, W"
where the e,, c, and b, are the constants coefficients
and are described in the Appendix.

The systems of Egs. (21)-(23) can be converted into a
matrix form as:

(23)

Z'(x) = TZ(x) (24)
where:

Z(x) = (U, U, W,W W' W"} forCBT. (25a)

Z(x) ={U,U, ¢, ¢’ ,W,W"} for FOBT. (25b)
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Z(x) ={U,U,p,6 W, W, W', W"} for HOBT. (25c)

And matrix T can be seen in the Appendix.
A formal solution of Eq. (24) is given by:

Z(x) =e™K (26a)
where K is a constant column vector determined from the
boundary conditions at x = +L/2; and e™ is the general
matrix solution of Eq. (24) which is given as:

ehx 0
e™ = [E] ' [E]™ (26b)
0 . enx

where A;(i =1,n=1,6) for CBT and FOBT, A;(i =
1,n=1,8) for HOBT and [E] are eigenvalues and
corresponding matrix of eigenvectors, respectively,
associated with the matrix T.

2.6 Boundary conditions (BCs)

In this paper a classical boundary conditions are
investigated. Boundary conditions can be expressed in
terms of unknown function Z(x) as follows:

For CBT:
Clamped (C): U=W =W =0 (27a)
Hinged (H): U=W =BU' —DW =0 (27b)

Pinned (P): AU —BW =W =BU —DW" =0 (27c)

Free (F): AU' —=BW =BU —DW  =BU" —

DW" + Lw?U — Lw?*W =0 27d)

For FOBT:
Clamped (C): U=¢p =W =0 (28a)
Hinged (H): U=W =BU"+ D¢ =0 (28b)

Pinned (P): AU '+ B¢’ =W =BU +D¢p =0 (28¢)

Free (F): AU + B¢ =BU + D¢’

= AP +W) =0 (289
For HOBT:
Clamped (C): U=¢p =W =W =0 (29a)
Hinged (H): U=W = AU — FW "+ H¢' (29b)
=BU —DW"'+F¢ =0
Pinned (P): AU —BW +C¢p =W =AU — FW (290)

+H¢' =BU' —DW' +F¢p' =0

Free (F): AU —BW +C¢'=BU —DW' +F¢’
=BU " —DW"+F¢"+ Lw?U + J,w?¢p (29d)
—Lw?W =AU —FW" "+ H¢p =0

Substituting Eq. (24) into Egs. (27)-(29), a homo-
geneous system of equations is obtained as:

G, =K =0, (i,j) =1n=16 for CBT, FOBT and
(i,j) = 1,n = 8 for HOBT.
where

ehx 0
[G(0)] = [E] o [E]"*  (30)

0 . enx
By setting the determinant of G;; to zero, the natural

frequency o can be determined. It should be noted that a
trial and error procedure need to be used to obtain the
natural frequency values due to the attendant of unknown ®
in matrix T.

3. Results and discussion:

Numerical investigation is carried out in this section to
show the efficiency of the present approach and to illustrate
the effects of various parameters on the free vibration
behavior of the porous PFGM and SFGM beams. Otherwise
stated, The FG beam made from aluminum (Al) and
alumina (Al>Os) with the following material properties is
employed here with:

- Em = 70 GPa, pm = 2702 kg/m® vm = 0.3 for
aluminum.

- Ec = 380 GPa, pc = 3960 kg/m?, vc = 0.3 for alumina.

Table 1 shows the comparison of fundamental non-
dimensional frequencies of perfect FG beams with various.
The material parameters are 0, 1, 2, 5 and 10. All the results
relating to PFGM and SFGM beams under C-C, C—F and
S-S boundary conditions agree well with Sayyad et al
(2018) for perfect FG beams. It can be seen that natural
frequencies reduce significantly along with the increase of
gradient index k.

Tables 2 and 3 provide the effect of volume fraction of
porosity on the fundamental non-dimensional frequencies of
imperfect FG beams with various boundary conditions. The
volume fraction of porosity is taken equal 0.1 and 0.2. The
span-to-depth ratio is taken equal to L/h = 5. It is seen that
for an imperfect FG beams the fundamental non-
dimensional frequencies become more important.

The influence of porosity on the fundamental non-
dimensional frequencies of a perfect and imperfect FG
beams with span-to-depth ratio equal to 20 is also presented
in the Tables 4-6. The results are calculated with five values
of gradient index (k = 0, 1, 2, 5 and 10). As expected, the
results from imperfect FG beams are larger than perfect
beams due to decrement of beam’s stiffness. The inclusion
of porosity effect leads to increase fundamental non-
dimensional frequencies.

The effect of span to depth ratio (L/h) on the
fundamental non-dimensional frequencies of FG beams is
shown in Table 7. The effect of the volume porosity fraction
is also presented in both law of mixture models. It can be
seen that the results are in excellent agreement with those



Table 1 Comparison of the fundamental non-dimensional frequencies of FG beams for different boundary
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conditions Alpha = 0, L/h = 5t

PFGM SFGM
Theory k
cC CF SS CcC CF SS
0 12.1826 1.9385 5.3953 10.2214 1.6265 45267
12.1826* 1.93845* 5.39530* - - -
1 9.3642 1.4914 4.1484 9.3642 1.4914 41484
9.36422* 1.49135* 4.14840* - - -
CBT 2 8.5277 1.3599 3.7793 8.8483 1.4099 3.9204
8.52772* 1.35985* 3.77930* - - -
5 8.1096 1.2942 3.5949 8.3861 1.3368 3.7162
8.10955* 1.29416* 3.59490* - - -
10 7.8797 1.2565 3.4921 8.2447 1.3144 3.6536
7.87968* 1.25648* 3.49210* - - -
0 9.9975 1.8944 5.1525 8.3879 1.5894 4.3229
10.0344* 1.89479* 5.15247* - - -
1 7.8998 1.4628 3.9903 7.8998 1.4628 3.9903
7.92529* 1.46300* 3.99023* - - -
FBT 2 7.1880 1.3335 3.6344 7.5854 1.3857 3.7864
7.21134* 1.33376* 3.63438* - - -
5 6.6428 1.2642 3.4312 7.2904 1.3161 3.6015
6.66764* 1.26445* 3.43119* - - -
10 6.3148 1.2237 3.3135 7.1975 1.2948 3.5445
6.34062* 1.22398* 3.31343* - - -
0 10.0723 1.8953 5.1529 8.4504 1.5901 4.3233
10.0847* 1.89630* 5.15423* - - -
1 7.9514 1.4633 3.9905 7.9514 1.4633 3.9905
7.95826* 1.45116* 3.99140* - - -
HBT 5 7.1769 1.3326 3.6263 7.6427 1.3864 3.7881
7.19737* 1.32138* 3.62671* - - -
5 6.4900 1.2590 3.4003 7.3603 1.3172 3.6055
6.50354* 1.25892* 3.40000* - - -
10 6.1651 1.2183 3.2812 7.2728 1.2960 3.5494
6.19012* 1.22589* 3.28135* - - -

*Sayyad et al. (2018)

Table 2 Comparison of the fundamental non-dimensional frequencies of FG beams for different boundary

conditions Alpha=0.1; L/h =5

PFGM SFGM
Theory k
cC CF SS cC CF SS

0 12.3472 1.9646 5.4682 10.2214 1.6264 4.5267

1 9.1526 1.4579 4.0548 9.1526 1.4579 4.0548

CBT 2 8.0671 1.2873 3.5760 8.4963 1.3542 3.7649
5 7.4911 1.1971 3.3222 7.8980 1.2595 3.5003

10 7.2927 1.1644 3.2333 7.7125 1.2301 3.4183

0 10.1325 1.9200 5.2221 8.3879 1.5894 4.3229

7.7726 1.4312 3.9069 7.7726 1.4312 3.9069

FBT 6.8841 1.2643 3.4496 7.3619 1.3328 3.6458
6.2154 1.1713 3.1816 6.9648 1.2422 3.4041

10 5.8688 1.1346 3.0713 6.8373 1.2140 3.3285

0 10.2081 1.9209 5.2225 8.4504 1.5901 4.3233

1 7.8218 1.4317 3.9071 7.8218 1.4317 3.9071

HBT 6.8685 1.2633 3.4417 7.4176 1.3335 3.6478
6.0268 1.1653 3.1468 7.0352 1.2433 3.40874

10 5.6496 1.1271 3.0285 6.9142 1.2152 3.3342

351
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Table 3 Comparison of the fundamental non-dimensional frequencies of FG beams for different boundary
conditions Alpha=10,2; L/h =5

Theory K PFGM SFGM
CcC CF SS cC CF SS

0 12.5421 1.9957 5.5545 10.2212 1.6264 4.5267

1 8.8483 1.4099 3.9204 8.8483 1.4099 3.9204

CBT 2 7.3395 1.1724 3.2545 7.9796 1.2725 3.5364
5 6.3705 1.0208 2.8275 7.1625 1.1429 3.1749

10 6.1994 0.9930 2.7514 6.9030 1.1017 3.0601

0 10.2925 1.9503 5.3045 8.3879 1.5894 4.3229

7.5854 1.3857 3.7864 7.5854 1.3857 3.7864

FBT 2 6.3926 1.1544 3.1554 7.0202 1.2546 3.4373
5.4525 1.0027 2.7295 6.4472 1.1299 3.1027

10 5.0958 0.9702 2.6284 6.2567 1.0901 2.9953

0 10.3693 1.9512 5.3050 8.45049 1.5901 4.3233

7.6309 1.3862 3.7866 7.6309 1.3862 3.7866

HBT 2 6.3766 1.1535 3.1488 7.2653 1.2553 3.4396
5.2423 0.9967 2.6950 6.8094 1.1311 3.1080

10 4.7672 0.9597 2.5704 6.3341 1.0914 3.0017

Table 4 Comparison of the fundamental non-dimensional frequencies of FG beams for different boundary
conditions Alpha =0; L/h =20

PFGM SFGM
Theory k
cC CF SS cC CF SS

0 12.4143 1.9525 5.4778 10.4156 1.6381 4.5958

1 9.5554 1.5030 4.2164 9.5554 1.5030 4.2164

CBT 2 8.7186 1.3714 3.8472 9.0359 1.4213 3.9871
5 8.3007 1.3058 3.6629 8.5694 1.3479 3.7813

10 8.0556 1.2672 3.5547 8.4264 1.3255 3.7183

0 12.2202 1.9496 5.4603 10.2527 1.6357 4.5812

9.4292 1.5010 4.2051 9.4292 1.5010 4.2051

FBT 2 8.6020 1.3697 3.8368 8.9290 1.4197 3.9776
8.1676 1.3038 3.6509 8.4778 1.3466 3.7732

10 7.9102 1.2650 3.5416 8.3395 1.3242 3.7105

0 12.2222 1.9496 5.4604 10.2544 1.6357 4.5812

9.4306 1.5011 4.2051 9.4306 1.5011 4.2051

HBT 2 8.5964 1.3696 3.8362 8.9313 1.4197 3.9777
8.1426 1.3034 3.6484 8.4820 1.3466 3.7735

10 7.8846 1.2645 3.5390 8.3441 1.3242 3.7109

Table 5 Comparison of the fundamental non-dimensional frequencies of FG beams for different boundary
conditions Alpha = 0.10; L/h = 20

PFGM SFGM
Theory k
cC CF SS cC CF SS
0 12.5820 1.9789 5.5518 10.4156 1.6381 4.5958
CBT 1 9.3423 1.4694 4.1223 9.3423 1.4694 4.1223
2 8.2561 1.2987 3.6432 8.6806 1.3654 3.8304




Table 5 Continued
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Theory K PFGM SFGM
CcC CF SS cC CF SS
CBT 5 7.6835 1.2088 3.3906 8.0757 1.2703 3.5635
10 7.4699 1.1751 3.2963 7.8878 1.2408 3.4806
0 12.3852 1.9759 5.5341 10.2527 1.6357 4.5812
1 9.2242 1.4677 4.1118 9.2242 1.4677 41118
FBT 8.1544 1.2972 3.6341 8.5857 1.3640 3.8219
7.5687 1.2070 3.3803 7.9991 1.2692 3.5567
10 7.3372 1.1731 3.2843 7.8164 1.2397 3.4743
0 12.3875 1.9759 5.5341 10.2544 1.6357 4.5812
1 9.2255 1.4677 4.1118 9.2255 1.4677 41118
HBT 8.1488 1.2971 3.6335 8.5882 1.3640 3.8221
7.5401 1.2066 3.3776 8.0034 1.2692 3.5570
10 7.3017 1.1725 3.2809 7.8214 1.2398 3.4747

Table 6 Comparison of the fundamental non-dimensional frequencies of FG beams for different boundary

conditions Alpha = 0. 20; L/h = 20

Theory K PFGM SFGM
CcC CF SS cC CF SS
0 12.7806 2.0101 5.6394 10.4156 1.6381 4.5958
1 9.0359 1.4213 3.9871 9.0359 1.4213 3.9871
CBT 2 7.5235 1.1836 3.3200 8.1582 1.2833 3.6000
5 6.5612 1.0324 2.8955 7.3301 1.1531 3.2346
10 6.3811 1.0040 2.8160 7.0665 1.1116 3.1183
0 12.5808 2.0071 5.6215 10.2527 1.6357 4.5812
8.9290 1.4197 3.9776 8.9290 1.4197 3.9776
FBT 7.4437 1.1824 3.3128 8.0794 1.2821 3.5929
6.4804 1.0312 2.8883 7.2727 1.1522 3.2295
10 6.2790 1.0025 2.8069 7.0151 1.1109 3.1137
0 12.5836 2.0071 5.6215 10.2544 1.6357 4.5812
1 8.9301 1.4197 3.9776 8.9301 1.4197 3.9776
HBT 7.4388 1.1823 3.3123 8.0819 1.2822 3.5931
6.4516 1.0307 2.8856 7.2773 1.1523 3.2298
10 12.7806 2.0101 5.6394 10.4156 1.6381 4.5958
Table 7 The fundamental non-dimensional frequencies of FG beams with respect to span to depth ratio
alpha U PFGM SFGM
cC CF SS cC CF SS
5 7.1770 1.3326 e?gjg(?) 7.6426 1.3864 3?7733(})
10 82329 13618 B 8.6109 14128 o
0 20 8.5964 1.3696 ?‘?’.'88\;?’?(% 8.9313 1.4197 3?_-9977;(3)
50 8.7095 1.3718 388‘;?3 9.0295 1.4217 3?38833)
100 8.7262 1.3721 ;’::5511(% 9.0439 1.4220 g’_'ggll(%
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Table 7 Continued

PFGM SFGM
alpha 1/h
cc CF SS cc CF SS
3.1488 3.4396
5 6.3766 1.1535 3174 7.0736 1.2553 3.45000)
3.2769 3.5602
10 7.1738 1.1763 3 2840 7.8372 1.2766 3.564
3.3123 3.5931
0.20 20 7.438799 1.1823 33140 8.0819 1.2822 3.594(0)
3.3225 3.6025
50 7.5202 1.1840 33230 8.1561 1.2837 3.6030
3.3240 3.6039
100 7.5322 1.1842 3 3240 8.1669 1.2840 3.604®
®Avcar 2019
14 . - m—F ratio=0,25
—E ratio=0,25 12 L e £ ratin=10,5
— ratio=0,5 —F ratio=1
e = 1 2t 0=1 m—F ratio=2
e = [ At 0= 2 —F ratio=4
—Erat?a:-‘i 10 m—F ratio=6
— 1 atio=6 \
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Fig. 1 Effect of Young’s modulus ratio on the non-dimensional fundamental natural frequencies of clamped-clamped
FGM beam with respect to power-law exponent (L/h = 5)

—PFFGI-CC
e PFGIL-CF
—PFGILSS
— SFGI-CC
5 | o SFGM-CF

[=2]
T

— TGS | | e

Non-dimensional fundamental frequencies

0 I I I I I I I I
0 1 2 3 4 5 6 8 9 10
k
Eratio = 0.25

Non-dimensional fundamental frequencies

— PFGM-CC
— PFGM-CF
— PFGM-5S
= SFGM-CC
— SFGM-CF
— SFGM-SS

=

Eratio =4

Fig. 2 Effect of the boundary conditions on the non-dimensional fundamental natural frequencies of FG beam with

respect to power-law exponent (I/h = 5)
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Fig. 6 The variation of the dimensionless fundamental frequency of porous FG beam versus span-to-depth ratio

from of Avcar (2019). Also, the fundamental non-
dimensional frequencies increase with increasing of span to
depth ratio (L/h) and decreases when the beam contains
pores.

Fig 1. present the effect of Young's modulus ratio on the
non-dimensional fundamental natural frequencies of
clamped-clamped FGM beam versus gradient index (k).
The span-to-depth ratio is taken equal to L/h = 5. Two
forms of mixing laws are used namely PFGM and SFGM.
This figure showed that the values of non-dimensional
fundamental natural frequencies decrease with the increase
of Young’s modulus ratio for both perfect PFGM and
SFGM beams.

The effect of the boundary conditions on the non-
dimensional fundamental natural frequencies of FG beam
versus power-law exponent is shown in Fig 2. The value of
Young’s modulus ratio is taken equal Eratio = 0.25 and 4. It
can be seen that the non-dimensional fundamental natural
frequencies become more important with the increase of the
Young’s modulus ratio.

The Figs. 3-5 show the effect of the distribution shape of
the porosity on the dimensionless fundamental frequency of
imperfect FGM beam under various boundary conditions
versus porosity volume fraction. Different distribution
shapes of porosity are taken into consideration, namely:
homogenous, O, X and V shapes. From these figures, it can
be seen that the effect of the distribution shape of porosity
on the dimensionless fundamental frequency becomes more
important with the increase in the volume fraction of
porosity for different boundary conditions.

The variation of the dimensionless fundamental
frequency of porous FG beam as a function of span-to-
depth ratio (L/h) is presented in Fig. 6. The gradient index
is taken equal k = 2 and the volume fraction of porosity is a
= 0.15. Two types of law of mixture are used in these
figures namely: PFGM and SFGM. As can be seen, by
increase in the span-to-depth ratio, the dimensionless
fundamental frequency of porous FG beam increase in all
porosities models.

4. Conclusions

In the present article, dynamic analyses of functionally
graded beams are investigated using state-space approach.
The FG beams are considered with porosities and the
materials are assumed to be graded in the thickness
direction according to PFGM and SFGM distribution. The
equations of motion and the boundary conditions are
derived by using the Hamilton’s principle. The effect of
various boundary conditions, power law index, span-to-
depth ratios, porosity and its distribution shape on the free
vibration frequency of the FG beams are discussed.
According of the present study, the following conclusion
can be drawn:

 The results obtained for the fundamental frequencies
by the present approach agree well with the reference
solutions considered.

» More metal content in the FG beam causes lower
fundamental frequencies, on the other hand more porosity
content in the FG beam causes greater fundamental
frequencies.

« The variation of the distribution shape of porosity in
the FG beam has an important effect on the fundamental
frequencies.
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Appendix A. The coefficients in Egs. (21)-(23)

For Eq. (21):
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For Eq. (23):
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Appendix B. Matrix T in Eq. (24)

For CBT:
0 1.0 0 0 O
eqs 0 0 e 0 ey
0 0 0 1 0 O
0 0 0 0 1 O
0 0 0 0 0 1
10 e, es 0 e O
For FOBT:
0 1.0 0 0 O
¢ 0 ¢ 0 0 c3
0 0 0 1 0 O
¢t 0 ¢ 0 0 ¢
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