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1. Introduction 

 

Various researchers proposed new HOSDT for better 

description of displacement field along the thickness 

direction. Main aim of the new proposed theories was 

examination of zero out of plane shear strains at top and 

bottom of plates and shells. Although this theory is useful 

for better prediction of mechanical behavior of plates and 

shells, however they still include some incompleteness such 

as zero out of plane normal strain. To account this 

components, HOSNDT has been proposed. This theory 

proposes an additional function responsible for out of plane 

normal strain. In this work, this theory is developed for a 

cylindrical nano panel subjected to electromagneto-

mechanical loads. A literature survey is presented with 

focus on the works related to higher-order shear and normal 

deformation theory, electromagnetic fields and cylindrical 

panels. 

Atmane and Tounsi (2017) studied effect of thickness 

stretching as well as various patterns of porosity on the 

vibration, bending and buckling behaviors of the 

functionally graded (FG) beams resting on Pasternak’s 

foundation. Unlike traditional theories of beams, this theory 

uses a thickness variable transverse displacement to cover 

more general conditions using a parabolic function. Effect 

of porosity characteristics was studied on the static bending, 

free vibration and buckling results of the beam. Sayyad and 

Ghugal (2018) examined effect of thickness stretching in  
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the framework of trigonometric shear and normal 

deformation theory on the buckling static bending and free 

vibration analyses of multi-layered sandwich composite 

beams. Cosine variation of out of plane transverse shear 

strains was accounted in the kinematic relations to show 

variation along the transverse direction for satisfying the 

zero shear strain at top and bottom. Accuracy and trueness 

of the proposed theory and corresponding outputs have been 

confirmed using comparison with those obtained results 

based on higher-order shear deformation theories 

(HOSDTs) available in literature. Carrera et al. (2011) 

concluded on the effect of thickness stretching in the plate 

and shell structures made from functionally graded 

materials (FGMs) by correction of transverse normal strain 

in various HOSDTs. The results of the present formulation 

with various order of transverse displacement along the 

transverse direction have been compared with those results 

with constant transverse displacement. Alibeigloo and Liew 

(2014) developed an analytical method for 3D dynamic 

responses of sandwich cylindrical panels including a FG 

core based on Fourier series. Based on the analytical 

method, effect of main parameters such as in-homogeneous 

index, span angle, and various geometric characteristics was 

studied on the results. 

Bodaghi and Shakeri (2012) studied dynamic analysis of 

SS FG piezoelectric panel subjected to time-dependent 

pulses through the Hamilton’s principle and the FSDT. 

Kheroubi et al. (2016) investigated bending and dynamics 

of nanobeams using a refined hyperbolic higher-order beam 

theory including nonlocal parameter. Tounsi et al. (2013) 

proposed a small scale dependent shear deformable model 

including out of plane normal strains. It was shown that 

there is no need to any factor to correct changes of shear 

stress due to proposed theory. They investigated effect of 
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nano scale parameter, side length ratio and out of plane 

normal strain on the static and dynamic responses of the 

nanobeam. Adim and Daouadji (2016) studied bending and 

free vibration analyses of FG plates based on a higher order 

shear and normal deformation theory (HOSNDT). Based on 

the proposed theory, the transverse displacement was 

decomposed into bending, shear and thickness stretching 

parts. Merzouki et al. (2019) developed a finite element 

(FE) based formulation for static bending analysis of a 

beam in nano scale based on nonlocal Eringen theory and 

considering thickness stretching effect. The problem was 

formulated using a generalized shear deformation theory 

with presentation of a 3-nodes beam element. A wide 

parametric analysis on the effect of structural and material 

parameters on the bending results of nanobeam was 

performed. Size dependency was included in vibration 

analysis of nanoshells (Hashemi Kachapi 2020, Farrokhi 

Nia et al. 2020).  

Belarbi et al. (2019) provided a layerwise finite element 

(FE) based formulation for dynamic study of sandwich 

plates using the various shear deformation theories. The 

sandwich plate was modeled using the various higher and 

lower-order shear deformation theories for core and face-

sheets, respectively. Accuracy and efficiency of the 

proposed method was confirmed through comparison with 

those results available in literature based on 3D theory of 

elasticity. Talebizadehsardari et al. (2020) studied effect of 

out of plane normal strain on the wave propagation 

characteristics of curved beams reinforced by graphene 

nanoplatelets. The HOSNDT was used for analyzing the 

model. Effective material properties of GNPs reinforced 

curved beam was estimated using the Halpin-Tsai 

micromechanical model and rule of mixture for modulus of 

elasticity and density, respectively. A size dependent model 

to cover all conditions of softening and hardening including 

two small scale parameters was employed. Through a wide 

parametric analysis, effect of significant input parameters 

such as span angle, amount of reinforcement, number of 

constituent layers and various wave numbers were 

investigated on the results. There are some works (Zhao et 

al. 2020a, b, Chen et al. 2021a, b, Xu et al. 2019, Guo et al. 

2021, Li et al. 2021, Sun et al. 2021, Zhuo et al. 2020, Feng 

et al. 2021, Wang et al. 2018, Yang et al. 2017, 2020, Zhang 

et al. 2015, 2019, Ni et al. 2021) on the application of nano 

materials subjected to electro-magnetic loads in various 

situations.  Rezaiee-Pajand et al. (2018) studied nonlinear 

analysis of thin/thick shells using two triangular shell 

element including three and six nodes with seven degrees of 

freedom. Thickness stretching was included in the 

kinematic relations. Elmascri et al. (2020) developed a 

hyperbolic shear and normal deformation theory (SNDT) in 

order to study free vibration responses of a FG plate 

subjected to thermomechanical loads. Efficiency and 

accuracy of the present paper was justified through 

comparison with those three-dimensional results of 

literature. Ganapathi (2019) developed a novel 

trigonometric shear deformation theory including out of 

plane normal strain for dynamic analysis of a curved beam 

reinforced with graphene porous materials. Gupta (2020) 

studied effect of a HOSNDT on the dynamic responses of a 

FG plate resting on elastic foundation. Eringen nonlocal 

elasticity theory was used for dynamic analysis of nano 

structures in various environments (Asrari et al. 2020, 

Asghar et al. 2020, Bellal et al. 2020, Asiri et al. 2020). 

  Effect of temperature variation as well as humidity 

was investigated on the bending results of orthotropic 

cylindrical shells based on three-dimensional hygro-

thermoelasticity relations by Mohamed Ali et al. (2016). 

They reduced the governing equations to some simpler 

forms such as generalized plane strain problem. A new 

HOSDT and zigzag displacement function were used for 

description of displacement field. Shariyat and Alipour 

(2017) studied elastic results of a FG circular/annular plates 

with a negative Poisson ratio based on a semi-analytical 

method. To apply various normal and shear surface tractions 

on the top and bottom layers, a SNDT including out of 

plane normal strain was employed for formulation. A wide 

numerical investigation was provided to study influence of 

negative Poisson ratio on the elastic results of plate. Higher-

order Reddy’s shell theory was used for free vibration 

analysis of isotropic cylindrical shell with SS boundary 

conditions by Kabir and Askar (2005) using the dynamic 

form of virtual work principle. Based on the proposed shear 

deformable model, three displacement and two rotation 

functions were used for kinematic relations. The efficiency 

and accuracy of the proposed formulation was justified 

through comparison of results with those results obtained 

using Rayleigh–Ritz, FE and FD methods. Gholami et al. 

(2020) investigated primary resonance dynamics of 

functionally graded cylindrical panel in nano scale using the 

strain gradient theory to account size dependency. Authors 

indicated that the present formulation may be reduced to 

simpler forms. As an important discussion, the results were 

presented in terms of various size dependent theories such 

as modified couple stress, modified strain gradient and 

classical plate theories.   

Amabili and Reddy (2020) developed HOSNDT for 

nonlinear static and dynamic analyses of laminated 

composite shell. Rivera et al. (2016) studied large 

deformation analysis of a composite shell through 

developing a new twelve-parameter element based on finite 

element method to account thickness stretching. The 

obtained results using the new element have been compared 

with those results using lower-order element. Amabili 

(2015) studied static and dynamic analyses of isotropic and 

laminated doubly curved shells based on a third-order 

thickness and shear deformation theory considering 

imperfection. All nonlinear strain components have been 

accounted in the formulation. Alijani and Amabili (2014a) 

studied nonlinear forced vibration and static bending 

analyses of rectangular plates with accounting the 

nonlinearities in all rotational and normal deformations. 

Accuracy and importance of the proposed theory were 

confirmed through comparison with those results in 

literature. Amabili (2014) developed a geometrically 

nonlinear theory including third-order thickness stretching 

terms and higher-order shear deformation terms for large-

amplitude vibration analysis of laminated doubly curved 

shells. Alijani and Amabili (2014b) accounted full nonlinear 

terms in strain-displacement relations for large-amplitude 
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vibration analysis of functionally graded rectangular plate 

based on a higher-order shear deformation theory 

considering thickness stretching term. Rivera et al. (2020) 

employed finite element approach for nonlinear analysis of 

various problems with accounting an eight node element. 

Accuracy and trueness of the present formulation was 

confirmed through comparison with results of commercial 

codes ABAQUS and ANSYS. Zenkour (2020a) studied 

thermal shock analysis of a cylindrical shell subjected to 

thermal and mechanical loads. Zenkour and Kutbi (2020) 

studied effect of continuous heat source without energy 

dissipation on the thermoelastic interactions in a hollow 

cylinder based on linear generalized Green–Naghdi 

thermoelasticity theory. To find the governing equations in 

space domain, the state space approach was employed. 

Barati and Zenkour (2019) studied effect of graphene 

nanoplatelets on the free vibration analysis of porous 

nanocomposite shell with different distributions of porosity. 

Halpin–Tsai micromechanics model and rule of mixture 

were used for computation of effective material properties. 

Zenkour (2018) studied effect of thermal shock and variable 

thermal conductivity on the thermoelastic analysis of a 

clamped axisymmetric infinite hollow cylinder based on 

Generalized thermoelasticity theories such as Green and 

Lindsay, Lord and Shulman, and coupled thermoelasticity. 

Zenkour (2016) presented an analytical solution for 

investigating effect of the hygrothermal loads on the multi-

field behavior of a heterogeneous piezoelectric elastic 

cylinders. The cylinder was subjected to a combination of 

mechanical, electrical and hygrothermal loads. Zenkour 

(2020b) studied thermo-diffusion analysis of an isotropic 

cylinder under thermal flux and chemical potential impacts 

based on Green and Naghdi generalized thermoelasticity 

theory. 
Author tried to summarize some more related works to 

the subject of the present paper with focus on the higher-
order shear and normal deformation theory, cylindrical 
panel, and piezomagnetic materials. Based on author’s 
knowledge, there is no work on application of HOSNDT to 
MEE bending results of cylindrical nano panel subjected to 
applied electric and magnetic potentials. Thickness 
stretching is included in the governing equations. Based on 
this theory, the total transverse deflection is assumed as 
combination of bending, shear and stretching parts. Third-
order shear deformation theory as well as nonlocal 
piezomagnetoelasticity relations were used for analysis of 
the problem. Based on the proposed theories, the magneto-
electro-elastic bending results are presented to investigate 
effect of nano scale parameter, applied electric and 
magnetic potentials and length to radius ratio. 

 

 

2. Thickness-stretching formulation of piezomagnetic 
nano panel 

 

This section present governing equations of a 

piezomagnetic nano panel subjected to electromagneto-

mechanical loads in the framework of HOSNDT. This theory 

assumes displacement field as follows:  

𝑢(𝑥, 𝜃, 𝑧) = 𝑢0(𝑥, 𝜃) − 𝑧
𝜕𝑤𝑏(𝑥,𝜃)

𝜕𝑥
− 𝑓(𝑧)

𝜕𝑤𝑠(𝑥,𝜃)

𝜕𝑥
, (1) 

𝑣(𝑥, 𝜃, 𝑧) = (1 +
𝑧

𝑅
) 𝑣0(𝑥, 𝜃) −

𝑧

𝑟

𝜕𝑤𝑏(𝑥, 𝜃)

𝜕𝜃

−
𝑓(𝑧)

𝑟

𝜕𝑤𝑠(𝑥, 𝜃)

𝜕𝜃
, 

𝑤(𝑥, 𝜃, 𝑧) = 𝑤𝑏(𝑥, 𝜃) + 𝑤𝑠(𝑥, 𝜃) + 𝑔(𝑧)𝜒(𝑥, 𝜃), 

where 𝑢, 𝑣, w  are displacement components along axial, 

circumferential and radial directions, respectively. 

Furthermore 𝑤𝑏 , 𝑤𝑠  are bending and shear parts of 

transverse displacements and 𝜒 is an additional functions for 

accounting out of plane normal strain. Based on this theory, 

the shape functions 𝑓(𝑧), 𝑔(𝑧) are assumed as follows: 

𝑓(𝑧) = 𝑧 − ℎ 𝜋⁄ sin(𝜋𝑧 ℎ⁄ ) ,

𝑔(𝑧) = 1 − 𝑓′(𝑧) = 𝑐𝑜𝑠⁡(𝜋𝑧 ℎ⁄ )⁡
 (2) 

The kinematic relations in cylindrical coordinate system 

are developed as: 

𝜀𝑧 =
∂𝑤

∂𝑧
, 𝜀𝜃 =

𝑤

𝑟
+
1

𝑟

∂𝑣

∂𝜃
, 𝜀𝑥 =

∂𝑢

∂𝑥
, 

𝛾𝑧𝜃 =
1

𝑟

∂𝑤

∂𝜃
+
∂𝑣

∂𝑧
−
𝑣

𝑟
, 𝛾𝑥𝑧 =

∂𝑤

∂𝑥
+
∂𝑢

∂𝑧
, 

𝛾𝑥𝜃 =
∂𝑣

∂𝑥
+
1

𝑟

∂𝑢

∂𝜃
, 

(3) 

Using Eq. (1) and substitution into Eq. (3), the strain 

components are derived as follows: 

𝜀𝑥 =
∂𝑢0
∂𝑥

− 𝑧
𝜕2𝑤𝑏
𝜕𝑥2

− 𝑓(𝑧)
𝜕2𝑤𝑠
𝜕𝑥2

,

𝜀𝜃 =
1

𝑟
(1 +

𝑧

𝑅
)
∂𝑣0
∂𝜃

+
𝑤𝑏
𝑟
−
𝑧

𝑟2
𝜕2𝑤𝑏
𝜕𝜃2

+
𝑤𝑠
𝑟
−
𝑓(𝑧)

𝑟2
𝜕2𝑤𝑠
𝜕𝜃2

+
𝑔(𝑧)

𝑟
𝜒,

𝜀𝑧 = 𝑔′(𝑧)𝜒,

𝛾𝑥𝜃 = (1 +
𝑧

𝑅
)
∂𝑣0
∂𝑥

+
1

𝑟

∂𝑢0
∂𝜃

− 2
𝑧

𝑟

𝜕2𝑤𝑏
∂𝑥𝜕𝜃

− 2
𝑓(𝑧)

𝑟

𝜕2𝑤𝑠
∂𝑥𝜕𝜃

,

𝛾𝑧𝜃 =
2𝑧

𝑟2
𝜕𝑤𝑏
𝜕𝜃

+
1

𝑟
𝑔(𝑧)

𝜕𝑤𝑠
𝜕𝜃

− (
𝑧

𝑅
)
𝑣0
𝑟
+
𝑔(𝑧)

𝑟

∂𝜒

∂𝜃
,

𝛾𝑥𝑧 = 𝑔(𝑧) (
∂𝑤𝑠
∂𝑥

+
∂𝜒

∂𝑥
) ,

 (4) 

Based on Eq. (4), it is confirmed that one of out of plane 

shear strain is zero 𝛾𝑥𝑧(𝑧 = ±ℎ 2⁄ ) = 𝑔(𝑧 =

±ℎ 2⁄ ) (
∂𝑤𝑠

∂𝑥
+

∂𝜒

∂𝑥
) = 0 and another is approximately zero 

because of existence of terms 𝑟2 and 𝑅 in  denominator. 

The nano panel is subjected to electromagnetic loads, in 

which the electromagnetic fields are obtained as (Arefi and 

Zenkour 2017, 2018a, b): 

E𝑥 =
𝜕Ψ

𝜕𝑥
𝑐𝑜𝑠

𝜋𝑧

ℎ
, E𝜃 =

1

𝑅 + 𝑧

𝜕Ψ

𝜕𝜃
𝑐𝑜𝑠

𝜋𝑧

ℎ
, 

E𝑧 = −
2

ℎ
𝛹0 −

𝜋

ℎ
𝛹𝑠𝑖𝑛

𝜋𝑧

ℎ
, 

H𝑥 =
𝜕Φ

𝜕𝑥
𝑐𝑜𝑠

𝜋𝑧

ℎ
, H𝜃 =

1

𝑅 + 𝑧

𝜕Φ

𝜕𝜃
𝑐𝑜𝑠

𝜋𝑧

ℎ
, 

H𝑧 = −
2

ℎ
Φ0 −

𝜋

ℎ
Φ𝑠𝑖𝑛

𝜋𝑧

ℎ
, 

(5) 

In which {E𝑥 , E𝜃 , E𝑧}  electric field components and 

{H𝑥 , H𝜃 , H𝑧}  magnetic field components. The nonlocal 

stress components are derived in electromagnetic 

environment as follow: 
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where, 𝐶𝑖𝑗𝑘𝑙  are stiffness coefficients, eij are piezoelectric 

coefficients, qij are piezomagnetic coefficients.  

Furthermore, the electric displacements are obtained as: 

In which, ij and dij are dielectric are magnetoelectric 

coefficients, respectively. 

The magnetic induction relations are developed as: 

where qij and ij are piezomagnetic and magnetic 

coefficients. 

Variation of strain energy is computed as follows 

(Mohammadimehr et al. 2016, Arefi et al. 2011, 2012,  

 

 

 

 

 

 

 

 

 

 

(1 − 𝜉2∇2)𝜎𝑥 = 𝐶𝑥𝑥𝑥𝑥 {
∂𝑢0
∂𝑥

− 𝑧
𝜕2𝑤𝑏
𝜕𝑥2

− 𝑓(𝑧)
𝜕2𝑤𝑠
𝜕𝑥2

}

+𝐶𝑥𝑥𝜃𝜃 {
1

𝑟
(1 +

𝑧

𝑅
)
∂𝑣0
∂𝜃

+
𝑤𝑏
𝑟
−
𝑧

𝑟2
𝜕2𝑤𝑏
𝜕𝜃2

+
𝑤𝑠
𝑟
−
𝑓(𝑧)

𝑟2
𝜕2𝑤𝑠
𝜕𝜃2

+
𝑔(𝑧)𝜒

𝑟
}

+𝐶𝑥𝑥𝑧𝑧{𝑔′(𝑧)𝜒} − 𝑒𝑥𝑥𝑧 {−
2

ℎ
𝛹0 −

𝜋

ℎ
𝛹𝑠𝑖𝑛

𝜋𝑧

ℎ
} − 𝑞𝑥𝑥𝑧 {−

2

ℎ
Φ0 −

𝜋

ℎ
Φ𝑠𝑖𝑛

𝜋𝑧

ℎ
}

(1 − 𝜉2∇2)𝜎𝜃 = 𝐶𝜃𝜃𝑥𝑥 {
∂𝑢0
∂𝑥

− 𝑧
𝜕2𝑤𝑏
𝜕𝑥2

− 𝑓(𝑧)
𝜕2𝑤𝑠
𝜕𝑥2

}

+𝐶𝜃𝜃𝜃𝜃 {
1

𝑟
(1 +

𝑧

𝑅
)
∂𝑣0
∂𝜃

+
𝑤𝑏
𝑟
−
𝑧

𝑟2
𝜕2𝑤𝑏
𝜕𝜃2

+
𝑤𝑠
𝑟
−
𝑓(𝑧)

𝑟2
𝜕2𝑤𝑠
𝜕𝜃2

+
𝑔(𝑧)𝜒

𝑟
}

+𝐶𝜃𝜃𝑧𝑧{𝑔′(𝑧)𝜒} − 𝑒𝜃𝜃𝑧 {−
2

ℎ
𝛹0 −

𝜋

ℎ
𝛹𝑠𝑖𝑛

𝜋𝑧

ℎ
} − 𝑞𝜃𝜃𝑧 {−

2

ℎ
Φ0 −

𝜋

ℎ
Φ𝑠𝑖𝑛

𝜋𝑧

ℎ
}

(1 − 𝜉2∇2)𝜎𝑧 = 𝐶𝑧𝑧𝑥𝑥 {
∂𝑢0
∂𝑥

− 𝑧
𝜕2𝑤𝑏
𝜕𝑥2

− 𝑓(𝑧)
𝜕2𝑤𝑠
𝜕𝑥2

}

+𝐶𝑧𝑧𝜃𝜃 {
1

𝑟
(1 +

𝑧

𝑅
)
∂𝑣0
∂𝜃

+
𝑤𝑏
𝑟
−
𝑧

𝑟2
𝜕2𝑤𝑏
𝜕𝜃2

+
𝑤𝑠
𝑟
−
𝑓(𝑧)

𝑟2
𝜕2𝑤𝑠
𝜕𝜃2

+
𝑔(𝑧)𝜒

𝑟
}

+𝐶𝑧𝑧𝑧𝑧{𝑔′(𝑧)𝜒} − 𝑒𝑧𝑧𝑧 {−
2

ℎ
𝛹0 −

𝜋

ℎ
𝛹𝑠𝑖𝑛

𝜋𝑧

ℎ
} − 𝑞𝑥𝑥𝑧 {−

2

ℎ
Φ0 −

𝜋

ℎ
Φ𝑠𝑖𝑛

𝜋𝑧

ℎ
}

(1 − 𝜉2∇2)𝜏𝑥𝜃 = 𝐶𝑥𝜃𝑥𝜃 {(1 +
𝑧

𝑅
)
∂𝑣0
∂𝑥

+
1

𝑟

∂𝑢0
∂𝜃

− 2
𝑧

𝑟

𝜕2𝑤𝑏
∂𝑥𝜕𝜃

− 2
𝑓(𝑧)

𝑟

𝜕2𝑤𝑠
∂𝑥𝜕𝜃

} ,

(1 − 𝜉2∇2)𝜏𝜃𝑧 = 𝐶𝜃𝑧𝜃𝑧 {
2𝑧

𝑟2
𝜕𝑤𝑏
𝜕𝜃

+
1

𝑟
𝑔(𝑧)

𝜕𝑤𝑠
𝜕𝜃

− (
𝑧

𝑅
)
𝑣0
𝑟
+
𝑔(𝑧)

𝑟

∂𝜒

∂𝜃
} − 𝑒𝜃𝑧𝑥 {

1

𝑟

𝜕Ψ

𝜕𝜃
𝑐𝑜𝑠

𝜋𝑧

ℎ
} − 𝑞𝜃𝑧𝑥 {

1

𝑟

𝜕Φ

𝜕𝜃
𝑐𝑜𝑠

𝜋𝑧

ℎ
} ,

(1 − 𝜉2∇2)𝜏𝑥𝑧 = 𝐶𝑥𝑧𝑥𝑧 {𝑔(𝑧) (
∂𝑤𝑠
∂𝑥

+
∂𝜒

∂𝑥
)} − 𝑒𝑥𝑧𝑥 {

𝜕Ψ

𝜕𝑥
𝑐𝑜𝑠

𝜋𝑧

ℎ
} − 𝑞𝑥𝑧𝑥 {

𝜕Φ

𝜕𝑥
𝑐𝑜𝑠

𝜋𝑧

ℎ
} ,

 (6) 

(1 − 𝜉2∇2)𝐷𝑥 = 𝑒𝑥𝑥𝑧 {𝑔(𝑧) (
∂𝑤𝑠
∂𝑥

+
∂𝜒

∂𝑥
)} + 𝜂𝑥𝑥 {

𝜕Ψ

𝜕𝑥
𝑐𝑜𝑠

𝜋𝑧

ℎ
} + 𝑑𝑥𝑥 {

𝜕Φ

𝜕𝑥
𝑐𝑜𝑠

𝜋𝑧

ℎ
} ,

(1 − 𝜉2∇2)𝐷𝜃 = 𝑒𝜃𝜃𝑧 {
2𝑧

𝑟2
𝜕𝑤𝑏
𝜕𝜃

+
1

𝑟
𝑔(𝑧)

𝜕𝑤𝑠
𝜕𝜃

− (
𝑧

𝑅
)
𝑣0
𝑟
+
𝑔(𝑧)

𝑟

∂𝜒

∂𝜃
} + 𝜂𝜃𝜃 {

1

𝑟

𝜕Ψ

𝜕𝜃
𝑐𝑜𝑠

𝜋𝑧

ℎ
} + 𝑑𝜃𝜃 {

1

𝑟

𝜕Φ

𝜕𝜃
𝑐𝑜𝑠

𝜋𝑧

ℎ
} ,

(1 − 𝜉2∇2)𝐷𝑧 = 𝑒𝑧𝑥𝑥 {
∂𝑢0
∂𝑥

− 𝑧
𝜕2𝑤𝑏
𝜕𝑥2

− 𝑓(𝑧)
𝜕2𝑤𝑠
𝜕𝑥2

}

+𝑒𝑧𝜃𝜃 {
1

𝑟
(1 +

𝑧

𝑅
)
∂𝑣0
∂𝜃

+
𝑤𝑏
𝑟
−
𝑧

𝑟2
𝜕2𝑤𝑏
𝜕𝜃2

+
𝑤𝑠
𝑟
−
𝑓(𝑧)

𝑟2
𝜕2𝑤𝑠
𝜕𝜃2

+
𝑔(𝑧)𝜒

𝑟
}

+𝑒𝑧𝑧𝑧{𝑔′(𝑧)𝜒} + 𝜂𝑧𝑧 {−
2

ℎ
𝛹0 −

𝜋

ℎ
𝛹𝑠𝑖𝑛

𝜋𝑧

ℎ
} + 𝑑𝑧𝑧 {−

2

ℎ
Φ0 −

𝜋

ℎ
Φ𝑠𝑖𝑛

𝜋𝑧

ℎ
} ,

 (7) 

(1 − 𝜉2∇2)𝐵𝑥 = 𝑞𝑥𝑥𝑧 {𝑔(𝑧) (
∂𝑤𝑠
∂𝑥

+
∂𝜒

∂𝑥
)} + 𝑑𝑥𝑥 {

𝜕Ψ

𝜕𝑥
𝑐𝑜𝑠

𝜋𝑧

ℎ
} + 𝜇𝑥𝑥 {

𝜕Φ

𝜕𝑥
𝑐𝑜𝑠

𝜋𝑧

ℎ
} ,

(1 − 𝜉2∇2)𝐵𝜃 = 𝑞𝜃𝜃𝑧 {
2𝑧

𝑟2
𝜕𝑤𝑏
𝜕𝜃

+
1

𝑟
𝑔(𝑧)

𝜕𝑤𝑠
𝜕𝜃

− (
𝑧

𝑅
)
𝑣0
𝑟
+
𝑔(𝑧)

𝑟

∂𝜒

∂𝜃
} + 𝑑𝜃𝜃 {

1

𝑟

𝜕Ψ

𝜕𝜃
𝑐𝑜𝑠

𝜋𝑧

ℎ
} + 𝜇𝜃𝜃 {

1

𝑟

𝜕Φ

𝜕𝜃
𝑐𝑜𝑠

𝜋𝑧

ℎ
} ,

(1 − 𝜉2∇2)𝐵𝑧 = 𝑞𝑧𝑥𝑥 {
∂𝑢0
∂𝑥

− 𝑧
𝜕2𝑤𝑏
𝜕𝑥2

− 𝑓(𝑧)
𝜕2𝑤𝑠
𝜕𝑥2

}

+𝑞𝑧𝜃𝜃 {
1

𝑟
(1 +

𝑧

𝑅
)
∂𝑣0
∂𝜃

+
𝑤𝑏
𝑟
−
𝑧

𝑟2
𝜕2𝑤𝑏
𝜕𝜃2

+
𝑤𝑠
𝑟
−
𝑓(𝑧)

𝑟2
𝜕2𝑤𝑠
𝜕𝜃2

+
𝑔(𝑧)𝜒

𝑟
}

+𝑞𝑧𝑧𝑧{𝑔′(𝑧)𝜒} + 𝑑𝑧𝑧 {−
2

ℎ
𝛹0 −

𝜋

ℎ
𝛹𝑠𝑖𝑛

𝜋𝑧

ℎ
} + 𝜇𝑧𝑧 {−

2

ℎ
Φ0 −

𝜋

ℎ
Φ𝑠𝑖𝑛

𝜋𝑧

ℎ
} ,

 (8) 
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2014): 

where, the mechanical, electrical and magnetic resultant 

components are defined as: 

Arranging the variables after integration by part leads to: 

The variation of external work is obtained as: 

where 𝐹𝑓 = 𝐾1𝑤0 − 𝐾2∇
2𝑤0. Applying the minimum total 

energy principle as 𝛿Π = 0 in which Π = −𝑈 +𝑊, gives 

final governing equations as follows:  

 

 

 

 

 

 

 

 

 

 

𝑈 = ∫ ∫ ({𝑁𝑥
∂𝛿𝑢0
∂𝑥

− 𝑀𝑥

𝜕2𝛿𝑤𝑏
𝜕𝑥2

− 𝑆𝑥
𝜕2𝛿𝑤𝑠
𝜕𝑥2

} + {𝑃𝜃
∂𝛿𝑣0
∂𝜃

+ 𝑁𝜃𝛿𝑤𝑏 −𝑀𝜃

𝜕2𝛿𝑤𝑏
𝜕𝜃2

+ 𝐺𝜃𝛿𝑤𝑠 − 𝑆𝜃
𝜕2𝛿𝑤𝑠
𝜕𝜃2

+ 𝑄𝜃𝛿𝜒} + {𝑁𝑧𝛿𝜒}
𝑥𝜃

+ {𝑁𝑥𝜃
∂𝛿𝑣0
∂𝑥

+ 𝑃𝑥𝜃
∂𝛿𝑢0
∂𝜃

− 𝑀𝑥𝜃

𝜕2𝛿𝑤𝑏
∂𝑥𝜕𝜃

− 𝑆𝑥𝜃
𝜕2𝛿𝑤𝑠
∂𝑥𝜕𝜃

} + {𝑀𝑧𝜃

𝜕𝛿𝑤𝑏
𝜕𝜃

+ 𝑄𝑧𝜃
𝜕𝛿𝑤𝑠
𝜕𝜃

− 𝑁𝑧𝜃𝛿𝑣0 +𝑄𝑧𝜃
∂𝛿𝜒

∂𝜃
}

+ {𝑄𝑥𝑧
∂𝛿𝑤𝑠
∂𝑥

+ 𝑄𝑥𝑧
∂𝛿𝜒

∂𝑥
} − 𝐷̅𝑥

𝜕𝛿Ψ

𝜕𝑥
− 𝐷̅𝜃

𝜕𝛿Ψ

𝜕𝜃
+ 𝐷̅𝑧𝛿𝛹 − 𝐵̅𝑥

𝜕𝛿Φ

𝜕𝑥
− 𝐵̅𝜃

𝜕𝛿Φ

𝜕𝜃
+ 𝐵𝑧𝛿Φ)𝑑𝜃𝑑𝑥, 

(9) 

{𝑁𝑥 , 𝑀𝑥 , 𝑆𝑥} = ∫ (𝑅 + 𝑧)𝜎𝑥{1, 𝑧, 𝑓(𝑧)}d𝑧

ℎ

2

−
ℎ

2

, 

{𝑁𝜃 , 𝑃𝜃 , 𝑀𝜃 , 𝐺𝜃 , 𝑆𝜃 , 𝑄𝜃} = ∫ 𝜎𝜃(𝑅 + 𝑧) {
1

𝑟
,
1

𝑟
(1 +

𝑧

𝑅
) ,
𝑧

𝑟2
,
1

𝑟
,
𝑓(𝑧)

𝑟2
,
𝑔(𝑧)

𝑟
} d𝑧

ℎ

2

−
ℎ

2

, 

{𝑁𝑧} = ∫ (𝑅 + 𝑧)𝑔′(𝑧)𝜎𝑧d𝑧

ℎ

2

−
ℎ

2

, 

{𝑁𝑥𝜃 , 𝑃𝑥𝜃 , 𝑀𝑥𝜃 , 𝑆𝑥𝜃} = ∫ 𝜏𝑥𝜃(𝑅 + 𝑧) {(1 +
𝑧

𝑅
) ,
1

𝑟
, 2
𝑧

𝑟
, 2
𝑓(𝑧)

𝑟
} d𝑧

ℎ

2

−
ℎ

2

, 

{𝑀𝑧𝜃 , 𝑄𝑧𝜃 , 𝑁𝑧𝜃 , 𝑄𝑧𝜃} = ∫ 𝜏𝑥𝜃(𝑅 + 𝑧) {
2𝑧

𝑟2
,
𝑔(𝑧)

𝑟
,
𝑧

𝑅𝑟
,
𝑔(𝑧)

𝑟
} d𝑧

ℎ

2

−
ℎ

2

, 

{𝑄𝑥𝑧} = ∫ (𝑅 + 𝑧)𝑔(𝑧)𝜏𝑥𝑧d𝑧

ℎ

2

−
ℎ

2

, 

{𝐷̅𝑥, 𝐷̅𝜃 , 𝐷̅𝑧} = ∫ {𝐷𝑥(𝑅 + 𝑧)𝑐𝑜𝑠
𝜋𝑧

ℎ
, 𝐷𝜃𝑐𝑜𝑠

𝜋𝑧

ℎ
, 𝐷𝑧

𝜋

ℎ
(𝑅 + 𝑧)𝑠𝑖𝑛

𝜋𝑧

ℎ
} d𝑧

ℎ

2

−
ℎ

2

 

{𝐵̅𝑥, 𝐵̅𝜃 , 𝐵̅𝑧} = ∫ {𝐵𝑥(𝑅 + 𝑧)𝑐𝑜𝑠
𝜋𝑧

ℎ
, 𝐵𝜃𝑐𝑜𝑠

𝜋𝑧

ℎ
, 𝐵𝑧

𝜋

ℎ
(𝑅 + 𝑧)𝑠𝑖𝑛

𝜋𝑧

ℎ
} d𝑧

ℎ

2

−
ℎ

2

 

(10) 

𝛿𝑈 = ∫ ∫

(

 
 
 
 
−[
∂𝑁𝑥
∂𝑥

+
∂𝑃𝑥𝜃
∂𝜃

] 𝛿𝑢0 − [
∂𝑁𝑥𝜃
∂𝑥

+ 𝑁𝑧𝜃 +
∂𝑃𝜃
∂𝜃
] 𝛿𝑣0 + [𝑁𝜃 −

𝜕2𝑀𝑥

𝜕𝑥2
−
𝜕2𝑀𝑥𝜃

∂𝑥𝜕𝜃
−
𝜕𝑀𝑧𝜃

𝜕𝜃
−
𝜕2𝑀𝜃

𝜕𝜃2
] 𝛿𝑤𝑏

+[𝐺𝜃 −
𝜕2𝑆𝑥
𝜕𝑥2

−
𝜕2𝑆𝑥𝜃
∂𝑥𝜕𝜃

−
𝜕𝑄𝑧𝜃
𝜕𝜃

−
𝜕2𝑆𝜃
𝜕𝜃2

−
∂𝑄𝑥𝑧
∂𝑥

] 𝛿𝑤𝑠 + [𝑄𝜃 +𝑁𝑧 −
∂𝑄𝑧𝜃
∂𝜃

−
∂𝑄𝑥𝑧
∂𝑥

] 𝛿𝜒

+ [
𝜕𝐷̅𝑥
𝜕𝑥

+
𝜕𝐷̅𝜃
𝜕𝜃

+ 𝐷̅𝑧] 𝛿𝛹 + [
𝜕𝐵̅𝑥
𝜕𝑥

+
𝜕𝐵̅𝜃
𝜕𝜃

+ 𝐵𝑧] 𝛿Φ
)

 
 
 
 

𝑥𝜃

𝑑𝜃𝑑𝑥 (11) 

𝛿𝑊 = ∫ [𝑃𝑖 (𝛿𝑤𝑏 + 𝛿𝑤𝑠 + 𝑔(𝑧 = −
ℎ

2
)𝛿𝜒) − 𝐹𝑓 (𝛿𝑤𝑏 + 𝛿𝑤𝑠 + 𝑔(𝑧 = +

ℎ

2
)𝛿𝜒)] (𝑅 + 𝑧)𝑑𝜃𝑑𝑥

𝑙

0

, (12) 

𝛿𝑢0 :⁡
∂𝑁𝑥
∂𝑥

+
∂𝑃𝑥𝜃
∂𝜃

= 0, 𝛿𝑣0 :⁡
∂𝑁𝑥𝜃
∂𝑥

+ 𝑁𝑧𝜃 +
∂𝑃𝜃
∂𝜃

= 0, 𝛿𝑤𝑏:⁡𝑁𝜃 −
𝜕2𝑀𝑥

𝜕𝑥2
−
𝜕2𝑀𝑥𝜃

∂𝑥𝜕𝜃
−
𝜕𝑀𝑧𝜃

𝜕𝜃
−
𝜕2𝑀𝜃

𝜕𝜃2
= 𝑃𝑖 − 𝐹𝑓 , 

𝛿𝜒:𝑄𝜃 + 𝑁𝑧 −
∂𝑄𝑧𝜃
∂𝜃

−
∂𝑄𝑥𝑧
∂𝑥

= 𝑃𝑖𝑔(𝑧 = −
ℎ

2
) − 𝐹𝑓𝑔(𝑧 = +

ℎ

2
), 
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Finally, we will have:   

𝛿𝛹:
𝜕𝐷̅𝑥
𝜕𝑥

+
𝜕𝐷̅𝜃
𝜕𝜃

+ 𝐷̅𝑧 = 0, 𝛿Φ:
𝜕𝐵̅𝑥
𝜕𝑥

+
𝜕𝐵̅𝜃
𝜕𝜃

+ 𝐵𝑧 = 0, (13) 

𝛿𝑢0: ℵ1
∂2𝑢0

∂𝑥2
+ ℵ94

∂2𝑢0

∂𝜃2
+ (ℵ4 + ℵ93)

∂2𝑣0

∂𝑥 ∂𝜃
− ℵ2

𝜕3𝑤𝑏

𝜕𝑥3
− (ℵ6 + ℵ95)

𝜕3𝑤𝑏

∂𝑥𝜕𝜃2
+ ℵ5

∂𝑤𝑏

∂𝑥
⁡

−ℵ3
𝜕3𝑤𝑠

𝜕𝑥3
− (ℵ7 + ℵ96)

𝜕3𝑤𝑠

∂𝑥𝜕𝜃2
+ ℵ5

∂𝑤𝑠

∂𝑥
+ (ℵ8 + ℵ9)

∂𝜒

∂𝑥
+ ℵ10

∂𝛹

∂𝑥
+ ℵ11

∂Φ

∂𝑥
+
∂𝑁𝛹0
∂𝑥

+
∂𝑁Φ0
∂𝑥

= 0,

𝛿𝑣0: (ℵ168 + ℵ90)
∂2𝑢0

∂𝑥 ∂𝜃
+ℵ89

∂2𝑣0

∂𝑥2
+ ℵ171

∂2𝑣0

∂𝜃2
− ℵ119𝑣0 − ℵ173

𝜕3𝑤𝑏

𝜕𝜃3
− (ℵ169 + ℵ91)

𝜕3𝑤𝑏

∂𝜃𝜕𝑥2
⁡+ (ℵ117 + ℵ172)

∂𝑤𝑏

∂𝜃

−ℵ174
𝜕3𝑤𝑠

𝜕𝜃3
− (ℵ170 + ℵ92)

𝜕3𝑤𝑠

∂𝜃𝜕𝑥2
+ (ℵ118 + ℵ172)

∂𝑤𝑠

∂𝜃
+ (ℵ175 + ℵ120 + ℵ176)

∂𝜒

∂𝜃

+(ℵ177 − ℵ121)
𝜕Ψ

𝜕𝜃
+ (ℵ178 − ℵ122)

𝜕Φ

𝜕𝜃
+
∂𝑃𝜃,𝛹0
∂𝜃

+
∂𝑃𝜃,Φ0
∂𝜃

= 0,

𝛿𝑤𝑏: −ℵ12
𝜕3𝑢0

𝜕𝑥3
− (ℵ98 + ℵ45)

𝜕3𝑢0

𝜕𝜃2 ∂𝑥
+ ℵ34

∂𝑢0

∂𝑥
− ℵ48

∂3𝑣0

∂𝜃3
− (ℵ15 + ℵ97)

𝜕3𝑣0

𝜕𝑥2 ∂𝜃
+ (ℵ37 + ℵ107)

∂𝑣0

∂𝜃

+ℵ13
𝜕4𝑤𝑏

𝜕𝑥4
+ ℵ50

𝜕4𝑤𝑏

𝜕𝜃4
+ (ℵ17 + ℵ99 + ℵ46)

𝜕4𝑤𝑏

𝜕𝑥2𝜕𝜃2
− (ℵ35 + ℵ16)

𝜕2𝑤𝑏

𝜕𝑥2
− (ℵ39 + ℵ49 + ℵ105)

𝜕2𝑤𝑏

𝜕𝜃2
+ ℵ38𝑤𝑏

+ℵ14
𝜕4𝑤𝑠

𝜕𝑥4
+ ℵ51

𝜕4𝑤𝑠

𝜕𝜃4
+ (ℵ18 + ℵ100 + ℵ47)

𝜕4𝑤𝑠

𝜕𝑥2𝜕𝜃2
− (ℵ36 + ℵ16)

𝜕2𝑤𝑠

𝜕𝑥2
− (ℵ40 + ℵ106 + ℵ49)

𝜕2𝑤𝑠

𝜕𝜃2
+ ℵ38𝑤𝑠

−(ℵ19 + ℵ20)
𝜕2𝜒

𝜕𝑥2
− (ℵ52 + ℵ53 + ℵ108)

𝜕2𝜒

𝜕𝜃2
+ (ℵ41 + ℵ42)𝜒 − ℵ21

𝜕2𝛹

𝜕𝑥2
+ (ℵ109 − ℵ54)

𝜕2𝛹

𝜕𝜃2
+ ℵ43𝛹

−ℵ22
𝜕2Φ

𝜕𝑥2
+ (ℵ110 − ℵ55)

𝜕2Φ

𝜕𝜃2
+ ℵ44Φ−

𝜕2𝑀𝛹0

𝜕𝑥2
−
𝜕2𝑀Φ0

𝜕𝑥2
−
𝜕2𝑀𝜃,𝛹0

𝜕𝜃2
−
𝜕2𝑀𝜃,Φ0

𝜕𝜃2
+ 𝑁𝜃,𝛹0 +𝑁𝜃,Φ0 = 𝑃𝑖 − 𝐹𝑓 ,

𝛿𝑤𝑠: −ℵ23
𝜕3𝑢0

𝜕𝑥3
− ℵ102

𝜕3𝑢0

𝜕𝜃2 ∂𝑥
− ℵ56

𝜕3𝑢0

𝜕𝜃2 ∂𝑥
+ ℵ34

∂𝑢0

∂𝑥
− ℵ59

∂3𝑣0

∂𝜃3
− (ℵ26 + ℵ101)

𝜕3𝑣0

𝜕𝑥2 ∂𝜃
+ (ℵ37 ⁡+ ℵ113)

∂𝑣0

∂𝜃

+ℵ24
𝜕4𝑤𝑏

𝜕𝑥4
+ ℵ61

𝜕4𝑤𝑏

𝜕𝜃4
+ (ℵ28 + ℵ103 + ℵ57

𝜕4𝑤𝑏

𝜕𝑥2𝜕𝜃2
)
𝜕4𝑤𝑏

𝜕𝑥2𝜕𝜃2
− (ℵ27 + ℵ35)

𝜕2𝑤𝑏

𝜕𝑥2
− (ℵ39 + ℵ60 + ℵ111)

𝜕2𝑤𝑏

𝜕𝜃2
+ ℵ38𝑤𝑏
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𝜕4𝑤𝑠

𝜕𝑥4
+ ℵ62

𝜕4𝑤𝑠

𝜕𝜃4
+ (ℵ29 + ℵ104 + ℵ58)

𝜕4𝑤𝑠

𝜕𝑥2𝜕𝜃2
− (ℵ27 + ℵ36 + ℵ123)

𝜕2𝑤𝑠

𝜕𝑥2
− (ℵ40 + ℵ60 + ℵ112)

𝜕2𝑤𝑠

𝜕𝜃2
+ ℵ38𝑤𝑠

−(ℵ30 + ℵ31 + ℵ123)
𝜕2𝜒

𝜕𝑥2
− (ℵ63 + ℵ64 + ℵ114)

𝜕2𝜒

𝜕𝜃2
+ (ℵ41 + ℵ42)𝜒 + (ℵ124 − ℵ32)

𝜕2𝛹

𝜕𝑥2
+ (ℵ115 − ℵ65)

𝜕2𝛹

𝜕𝜃2
+ ℵ43𝛹

+(ℵ125 − ℵ33)
𝜕2Φ

𝜕𝑥2
+ (ℵ116 − ℵ66)

𝜕2Φ

𝜕𝜃2
+ ℵ44Φ−

𝜕2𝑆𝜃,𝛹0
𝜕𝜃2

−
𝜕2𝑆𝜃,Φ0
𝜕𝜃2

−
𝜕2𝑆𝛹0
𝜕𝑥2

−
𝜕2𝑆Φ0
𝜕𝑥2

+ 𝑁𝜃,𝛹0 + 𝑁𝜃,Φ0 = 𝑃𝑖 − 𝐹𝑓 ,

𝛿𝜒: (ℵ67 + ℵ78)
∂𝑢0
∂𝑥

+ (ℵ81 + ℵ113 + ℵ70)
∂𝑣0
∂𝜃

− (ℵ68 + ℵ79)
𝜕2𝑤𝑏
𝜕𝑥2

− (ℵ111 + ℵ83 + ℵ72)
𝜕2𝑤𝑏
𝜕𝜃2

+ (ℵ71 + ℵ82)𝑤𝑏

−(ℵ73 + ℵ84 + ℵ112)
𝜕2𝑤𝑠
𝜕𝜃2

− (ℵ69 + ℵ123 + ℵ80)
𝜕2𝑤𝑠
𝜕𝑥2

+ (ℵ71 + ℵ82)𝑤𝑠 − ℵ123
𝜕2𝜒

𝜕𝑥2
− ℵ114

𝜕2𝜒

𝜕𝜃2

+(ℵ74 + ℵ75 + ℵ85 + ℵ86)𝜒 + ℵ124
𝜕2𝛹

𝜕𝑥2
+ ℵ115

𝜕2Ψ

𝜕𝜃2
+ (ℵ87 + ℵ76)𝛹 + ℵ125

𝜕2Φ

𝜕𝑥2
+ ℵ116

𝜕2Φ

𝜕𝜃2

+(ℵ77 + ℵ88)Φ + 𝑁𝑧,𝛹0 + 𝑁𝑧,Φ0 + 𝑄𝜃,𝛹0 + 𝑄𝜃,Φ0 = 𝑃𝑖𝑔(𝑧 = −
ℎ

2
) − 𝐹𝑓𝑔(𝑧 = +

ℎ

2
),

𝛿𝛹:+ℵ135
∂𝑢0

∂𝑥
+ (ℵ138 − ℵ131)

∂𝑣0

∂𝜃
− ℵ136

𝜕2𝑤𝑏

𝜕𝑥2
+ (ℵ129 − ℵ140)

𝜕2𝑤𝑏

𝜕𝜃2
+ ℵ139𝑤𝑏 + (ℵ126 − ℵ137)

𝜕2𝑤𝑠

𝜕𝑥2

+(ℵ130 − ℵ142)
𝜕2𝑤𝑠

𝜕𝜃2
+ ℵ141𝑤𝑠 + ℵ126

𝜕2𝜒

𝜕𝑥2
+ ℵ132

𝜕2𝜒

𝜕𝜃2
+ (ℵ143 + ℵ144)𝜒

+ℵ127
𝜕2𝛹

𝜕𝑥2
+ ℵ133

𝜕2Ψ

𝜕𝜃2
− ℵ145𝛹 + ℵ128

𝜕2Φ

𝜕𝑥2
+ ℵ134

𝜕2Φ

𝜕𝜃2
− ℵ146Φ− 𝐷𝛹0 − 𝐷Φ0 = 0,

𝛿Φ:+ℵ156
∂𝑢0

∂𝑥
+ (ℵ159 − ℵ152)

∂𝑣0

∂𝜃
− ℵ157

𝜕2𝑤𝑏

𝜕𝑥2
+ (ℵ150 − ℵ161)

𝜕2𝑤𝑏

𝜕𝜃2
+ ℵ160𝑤𝑏 + ℵ151

𝜕2𝑤𝑠

𝜕𝜃2
+

(ℵ147 − ℵ158)
𝜕2𝑤𝑠

𝜕𝑥2
− ℵ163

𝜕2𝑤𝑠

𝜕𝜃2
+ ℵ162𝑤𝑠 + ℵ147

𝜕2𝜒

𝜕𝑥2
+ ℵ153

𝜕2𝜒

𝜕𝜃2
+ (ℵ164 + ℵ165)𝜒

+ℵ154
𝜕2Ψ

𝜕𝜃2
+ ℵ148

𝜕2𝛹

𝜕𝑥2
− ℵ166𝛹 + ℵ149

𝜕2Φ

𝜕𝑥2
+ ℵ155

𝜕2Φ

𝜕𝜃2
− ℵ167Φ− 𝐵Φ0 − 𝐵𝛹0 = 0,

 (14) 
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3. Solution, numerical results and discussion 

 

Numerical results are expressed in this section to 

investigate impact of main parameters such as initial 

electromagnetic potentials, nano scale parameter and length 

to radius ratio on the results. The unknown functions are 

assumed as: 

{
  
 

  
 
𝑢0
𝑣0
𝑤𝑏
𝑤𝑠
𝜒
Ψ
Φ}
  
 

  
 

= ∑∑

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝑈𝑚𝑛𝑐𝑜𝑠

𝑛𝜋𝑥

𝐿
𝑠𝑖𝑛

𝑚𝜋𝜃

Θ

𝑉𝑚𝑛𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿
𝑐𝑜𝑠

𝑚𝜋𝜃

Θ

𝑊𝑚𝑛
𝑏 𝑠𝑖𝑛

𝑛𝜋𝑥

𝐿
𝑠𝑖𝑛

𝑚𝜋𝜃

Θ

𝑊𝑚𝑛
𝑠 𝑠𝑖𝑛

𝑛𝜋𝑥

𝐿
𝑠𝑖𝑛

𝑚𝜋𝜃

Θ

Χ𝑚𝑛𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿
𝑠𝑖𝑛

𝑚𝜋𝜃

Θ

Ψ𝑚𝑛𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿
𝑠𝑖𝑛

𝑚𝜋𝜃

Θ

Φ𝑚𝑛𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿
𝑠𝑖𝑛

𝑚𝜋𝜃

Θ }
 
 
 
 
 
 
 

 
 
 
 
 
 
 

∞

𝑛=1

∞

𝑚=1

, 

𝛼𝑛 =
𝑛𝜋

𝐿
, ⁡⁡𝛽𝑚 =

𝑚𝜋

Θ
 

(15) 

where 𝑈𝑚𝑛 , 𝑉𝑚𝑛 ,𝑊𝑚𝑛
𝑏 ,𝑊𝑚𝑛

𝑠 , Χ𝑚𝑛 , Ψ𝑚𝑛 , Φ𝑚𝑛 are maximum 

amplitudes of axial and circumferential  displacements, 

bending, shear and stretching deflections, maximum electric 

and magnetic potentials, respectively.  

Unknown displacement, rotation and electric/magnetic 

potentials are obtained using solution of Eq. (13) as: 

[𝐾]{𝑋} = {𝐹}, (16) 

The numerical results are presented in this section in 

terms of main parameters of the problem. The transverse 

loading is assumed sinusoidal. Based on this assumption, we 

will have: 

𝑃𝑖 = P𝑖̅𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿
𝑠𝑖𝑛

𝑚𝜋𝜃

Θ
, m = n = 1 (17) 

In which P𝑖̅  is maximum pressure at middle of 

cylindrical panel. To investigate effect of out of plane normal 

strain on the results, some figures are provided to present 

transverse displacement along the thickness direction based 

on various input parameters. Fig. 1 shows changes of 

dimensionless radial displacement 𝑤̅  along the thickness 

direction in terms of various nano scale parameter 𝜉.̅ An 

important effect of thickness stretching on the transverse 

displacement is observed in this figure. An increase in 

transverse displacement is observed with increase in 𝜉.̅ 

Figs.  and, 3 show changes of 𝜒̅ of piezomagnetic nano 

panel in terms of small scale parameter for various Ψ0, Φ0 

respectively. A decrease in 𝜒̅ is observed with an increase 

in Ψ0, Φ0 . Furthermore, a significant increase in 𝜒̅  is 

observed with an increase in nonlocal parameter because of 

a decrease in structural stiffness.  

Shown in Figs. 4 and 5 are changes of 𝑈 of piezo-

magnetic nano panel in terms of various nano scale parameter 

𝜉̅ for various applied electromagnetic potentials Ψ0, Φ0 

respectively. A decrease in dimensionless axial  

 
Fig. 1 Changes of 𝑤̅ in terms of 𝑧̅ for various 𝜉 ̅

 

 
Fig. 2 Changes of 𝜒̅ of in terms of small scale parameter 

for various Ψ0 

 

 
Fig. 3 Changes of 𝑈̅ in terms of various 𝜉̅ for various 

Φ0 
 

 

displacement 𝑈 is observed with a decrease in Ψ0 and an 

increase in Φ0.  

To investigate effect of initial electromagnetic loads as 

well as small scale parameter in nano scale on the bending 

deflection of piezomagnetic nano panel, Figs. 6 and 7 are 

produced. Figures 6 and 7 show changes of 𝑊𝑏
̅̅ ̅̅   in terms of 

small scale parameter in nano scale for various Ψ0, Φ0. It is 
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Fig. 4 Changes of 𝑈̅ in terms of 𝜉 ̅ for various Ψ0 

 

 
Fig. 5 Effect of various 𝜉  ̅ and Ψ0 on the 𝜙̅ 

 

 
Fig. 6 Changes of 𝑊𝑏

̅̅ ̅̅  in terms of 𝜉 ̅ for various Ψ0 
 

 

concluded that the bending deflection is increased with an 

increase in applied electric potential. Furthermore, a decrease 

in bending deflection is observed with an increase in applied 

magnetic potential. 

Two-dimensional variation of 𝜒̅  in terms of nonlocal 

parameter and span angle is presented in Fig. 8. An important 

 
Fig. 7 Changes of 𝑊𝑏

̅̅ ̅̅   in terms of 𝜉 ̅ for various Φ0 

 

 
Fig. 8 Two-dimensional variation of 𝜒̅ in terms of 𝜉 ̅ and 

Θ 

 

 
Fig. 9 Two-dimensional variation of 𝑈 in terms of 𝜉 ̅ and 

Θ 
 

 

increase of 𝜒̅ is concluded with increase in nonlocal 

parameter and span angle. Figs. 9 and 10 show changes of 𝑈̅  

𝑊𝑏
̅̅ ̅̅  of piezomagnetic nano panel in terms of 𝜉̅ and Θ, 

respectively. One can conclude that the both axial and  
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Fig. 10 Two-dimensional variation of 𝑊𝑏

̅̅ ̅̅  in terms of 𝜉 ̅

and Θ 
 
 

bending displacements are increased with increase of 𝜉a̅nd 

Θ  because of decrease of stiffness of nano panel. It is 

confirmed that with an increase in span angle, the structural 

stiffness is decreased and consequently the displacements are 

increased.  
 

 

4. Conclusions 
 

Electromagnetoelastic analysis of a cylindrical panel in 

electromagnetic environment was studied in this paper. The 

kinematic relations were developed based on HOSNDT to 

include out of plane normal strain in governing equations. 

The piezomagnetic nano panel was subjected to an initial 

electromagnetic loads and a two dimensional electromagnetic 

potentials along the axial and circumferential directions. An 

extended parametric results are presented for investigating 

impact of main inputs on the electromagnetoelastic results. 

The main numerical results of the present paper are expressed 

as: 

Investigating effect of initial electromagnetic loads on the 

bending behavior of nano panel show that decrease in 

dimensionless axial displacement 𝑈  is observed with 

decrease in applied electric potential Ψ0  and increase in 

applied magnetic potential Φ0.   

Investigating effect of nonlocal parameter 𝜉̅ and span 

angle Θ on the variation of axial 𝑈̅ and bending deflection 

𝑊𝑏
̅̅ ̅̅  of piezomagnetic nano panel show that both axial and 

bending displacements are increased with increase of 

nonlocal parameter and span angle because of decrease of 

stiffness of nano panel.  

Increase in nonlocal parameter leads to increase in all 

displacements. As an important result, one can conclude that 

effect of small scale parameter is very important on the 

changes of thickness stretching displacement than the axial 

displacement. 
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