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1. Introduction  
 

Cell is considered as a basic unit for living tissue. Cells 

are specified in structurally and physically for performing 

multiple tasks. To execute the appropriate functions of the 

body, it is very essential to associate the functioning of 

different parts of the body to the brain (Bosch et al. 2003). 

Interaction among different body parts is maintained by 

neurons which comprise of its basic components; sensory, 

relay (inter) and motor neurons (Riemann and Lephart 

2002). All cells show a current alteration through the cell 

membrane.  

Their cell membrane can produce electrochemical 

impulses which travel across the membrane (Weaver 1993). 

The electric phenomenon which is related to muscle cells is 

generated during the contraction and relaxation of the cell. 

For the proper performance of the cell function, such as 

ciliated and gland cells the important factor is change in 

voltage through the membrane (Sembulingam and 

Sembulingam 2012), the same source for generation of the 

voltage across the membrane for both nerve cells and 

muscle cells. For both nerve cells and muscle cells the  
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importance of excitation is due to the generation of impulse 

through the membrane. This impulse travel for both nerve 

and muscle cell in the same manner (Nicholls and Purves 

1970). Nerve cells and muscle cells are excitable. To better 

understand the electrical stimulation of neural tissue, we 

have to determine how neural tissue responds to external 

stimulation (Nicholls and Purves 1970). Many researchers 

adopted some methods to investigate this mechanical 

property of neurons i.e., Core Conductance Model, Parallel-

Conductance Model, Hodgkin–Huxley Membrane Model 

etc. Recently the bidomain model using to calculate the 

electric effects with the source and sink points of neural 

tissue (Schwartz et al. 2018) and this model is useful in 

defining mechanical behaviors of the cells.  

In 2015 a detailed study was made by (Schwartz and 

Sadleir 2015), about the analysis of bipolar external 

excitation of spherical tissue by spatially opposed current 

source and sink point. The basic purpose of this work is to 

determine the electric potentials inside and outside of 

excitable tissue by using mathematical model and current is 

applied from outside. This potential related to limited 

volume through which the electric current is propagated. 

Here the motivation toward assessable understanding of the 

disconcentrated electrophysiology of excitable tissue is due 

to the occurrence of magnetic resonance electrical 

impedance tomography (MREIT) (Seo and Woo 2011). The 

contrast in MREIT-as well as in alternative MR technique, 

Electrical Properties Tomography (EPT) (Liu et al. 2015) be 
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governed by the electrical property scattered all over the 

region of interest.  Concisely, in a MREIT scan, current is 

inserted into a body is show with the pulse sequence of a 

MRI scanner. Jena et al. (2020) investigated the vibration 

characteristics of functionally graded porous nanobeam 

embedded in an elastic substrate of Winkler–Pasternak type. 

Classical beam theory or Euler–Bernoulli beam theory has 

been incorporated to address the displacement of the 

FG nanobeam. bi-Helmholtz type of nonlocal elasticity is 

being used to capture the small scale effect of the FG 

nanobeam. Further, the nanobeam is assumed to have 

porosity, distributed evenly along the thickness throughout 

the cross-section. 

This magnetic field is due to electric current (Moon and 

Spencer 2013) which scattered all over the whole region, 

we can calculate this current through the phase component 

of the remodeled MR images. These images are obtained by 

using the phase data and it is calculated by the Laplacian of 

the z-component of the induced magnetic field, (Seo and 

Woo 2011, Lee et al. 2014). Sedighi et al. (2017) provided 

the static and dynamic pull-in behavior of nano-beams 

resting on the elastic foundation based on the nonlocal 

theory to capture the size effects for structures in micron 

and sub-micron scales. For this purpose, the governing 

equation of motion and the boundary conditions are driven 

using a variational approach. This formulation includes the 

influences of fringing field and intermolecular forces such 

as Casimir and van der Waals forces.  

MREIT has previously displayed clinical assurance, e.g. 

lesion characterization (Ferreira 2013), but it is the chance 

of observing brain movement with MREIT (Sadleir et al.  

2010) that exclusively encourages this study. MREIT, 

influence on the detection of neural activity, so it is very 

helpful for the detection of MREIT influence on active and 

passive tissues. For the simulation of electric current, we 

can construct the mathematical model of neural tissue 

which is dissimilar to a MREIT scan. Popov (2020) 

predented that in spite of the presence of adhesion at the 

microscopic scale, the macrosopic force of adhesion 

vanishes. The mechanism of vanishing macroscopic 

adhesion is very simple: during approach of elastic bodies, 

asperities are elastically deformed so strongly that after 

unloading they destroy the microscopic adhesive 

junctions. Excitable tissues are consisting of cells; the 

electric signals are passing through action potential due to 

the some particular units (FitzHugh 1969). Pavlović et al. 

(2020) studied the almost-sure and moment stability of a 

double nanobeam system under stochastic compressive 

axial loading. By means of the Lyapunov exponent and 

the moment Lyapunov exponent method the stochastic 

stability of the nano system is analyzed for different system 

parameters under an axial load modeled as a wideband 

white noise process. Some researchers briefly explained the 

simulation of the nerve tissue by taking its maximum and 

minimum threshold values, which is very compulsory to 

study the properties of electric simulations. This 

methodology has been mainly beneficial in understanding 

cardiac activity (Sobie et al. 1997). Moraveji analyzed the 

buckling and free vibration of fiber metal-laminated 

(FML) plates on a total and partial elastic foundation using 

the generalized differential quadrature method (GDQM). 

The partial foundation consists of multi-section Winkler and 

Pasternak type elastic foundation. Taking into consideration 

the first-order shear deformation theory (FSDT), FML plate 

is modeled and its equations of motion and boundary 

conditions are derived using Hamilton's principle. Hussain 

and Selmi (2020) employmed the wave propagation 

approach with the combination of Pasternak foundation 

equation gives birth to the shell frequency equation. 

Mathematically, the integral form of the Lagrange energy 

functional is converted into a set of three partial differential 

equations. A cylindrical shell is placed on the elastic 

foundation of Pasternak. For isotropic materials, the 

physical properties are same everywhere, whereas the 

laminated and functionally graded materials, they vary from 

point to point. Daikh and Zenkour (2020) refined higher 

order nonlocal strain gradient theory for stresses 

and deflections of new model of functionally graded (FG) 

sandwich nanoplates resting on Pasternak elastic 

foundation. Material properties of the FG layers are 

supposed to vary continuously through-the-thickness 

according to a power function or a sigmoid function 

in terms of the volume fractions of the constituents. 

The bidomain model (Malmivuo and Plonsey 1995), a 

broad view of the cable equation (Zador et al. 1995), has 

been active in this region avoiding the individual concepts 

of tissue, supposing a continuity of the two regions, intra-

cellular and extra-cellular, coupled by a membrane and that 

occupy the equivalent volume (Sepulveda et al. 1989). Each 

of these regions, having all the components instead of 

particular units, MR imaging furthermore essentially 

involves be more or less over tissues. For simplicity, we use 

the simple geometrical model to show the changes in these 

images which is obtained by MREIT for neural activity. So 

many authors used the bidomain equations to model the 

behavior of tissue and they chooses the closely resembled 

geometry. In circular cylindrical coordinates, (Altman and 

Plonsey 1990) modeled a bundle of nerves as an 

immeasurable cylinder in an inestimable conducting bath, 

studying firstly with no time influence (Altman and Plonsey 

1988) and short-lived stimulation (Altman and Plonsey 

1990). With the passage of time they gradually increased 

the reality of this model, they start from isotropic 

monodomain and reached at the anisotropic bidomain. After 

this they turn to investigate the influence of radius of tissue 

on stimulation and impulse transmission. Miller and 

Henriquez (1990) and Trayanova (1990) inspected the 

qualities of supposing a particular fiber vs. pack, i.e., 

bidomain, of fibers when modeling an immeasurable 

cylinder of tissue excited by whichever a disk or a line 

source. They presented that the individual fiber core 

conductor model is not an irrational estimate of the control 

area of a large bundle of fibers but drops its strength toward 

the periphery of the bundle and is completely unacceptable 

for small bundles. Plonsey and Barr (2007) showed in a two 

dimensional rectangular structure, excluding for special 

cases, the bidomain method to forming tissue electro-

physiology is not an ordinary generalization of one-

dimensional cable theory (Plonsey and Barr 1984). They 

establish that current passes very in a different way in 
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isotropic tissue paralleled to anisotropic tissue with 

imbalanced anisotropy ratios. Roth gave fairly accurate 

analytic solutions to the problem of bi-syncytia with 

imbalanced anisotropy ratios (Roth et al. 1997), with 

rectangular coordinates. His perturbation method elaborates 

expansion in a parameter well-defined over the anisotropy 

ratios. He measured two sources: an expanding wave front 

that was estimated with a step function, and a point source. 

Consider the example of bidomain tissue in an unchanging 

electric field, showing the heart by way of a sphere of 

anisotropic tissue with a basic of blood (Trayanova et al. 

1993). The unchanged field meant that they could adopt 

azimuthal independence, leaving the problem in only a two 

dimension spherical coordinates r and θ. Recently some 

researcher used different methods for nonlinear modeling 

(Eltaher et al. 2019, Ebrahimi et al. 2019, Safaei et al. 

2019, Shahsavari et al. 2019, Benmansour et al. 2019). 

Our present study is encouraged by the necessity to 

recognize the influence on MREIT images of excitable 

tissue precisely, a ganglion excised from the abdomen of a 

sea slug exaggerated by currents injection through 

electrodes fixed into the boundary of its non-natural sea 

water bath. We cultivate a model that is a melodramatic 

interpretation of the real experiment but which still is 

unusual for its simplification in three dimensional spherical 

coordinate system. This model will represent elementary 

electrophysiological phenomena and can perform as a 

standard contrary to which numeric simulations such as 

finite element models (FEM) are held, advancing reliability 

to those in coincidence. This work can help as the ground 

work for more and more refined analytic modeling. 

In this study the spherical two dimensional analysis of 

neural tissue, we model the Aplysia abdominal ganglion 

(AG), identified to be electrically attached by gap junctions 

(Blochlinger et al. 1988), in place of an isotropic bidomain 

sphere, the simulated sea water bath as an unbounded 

isotropic conducting medium and the injection currents as 

source as sink points. We suppose isotropic conductivity 

here for simplicity. For elastic medium, we will use 

Pasternak model, and for neural tissue, Bidomain model is 

used. By combining both models, we will develop spherical 

Bidomain Pasternak-like model. This model has been used 

(Taj and Zhang 2014) for wave propagation of orthotropic 

MTs within elastic medium and also used for vibrational 

behavior of embedded of MTs (Taj and Zhang 2012) with 

local orthotropic elastic shell model. 

 

 
2. Materials and methods 

 
Bidomain model is used to analyze the current impulse 

in neural tissues. Surrounding medium of neural tissues is 

modeled by Pasternak model. On combining these two 

models, ‘Spherical Bidomain Pasternak-like model’ is 

developed. The governing Partial differential equations are 

than solved by using the method of separation of variables.  

Through obtained solutions, we check the mechanical 

properties in actual environment of neural tissue and we 

compare our findings with experimental results. 

 

2.1 Pasternak model 

 
In the recent case the neural tissues are embedded in an 

elastic medium, it acts as an elastic foundation which is 

represented by Pasternak model. The coefficient of 

subgrade reaction K is the ratio among the pressure ‘p’ at 

any specified point of the surface of contact and the 

settlement produced by the load at that point. 

There are two points, which is the basement of the 

Pasternak model. 

1. Pasternak assumed shear interaction among the 

elements of spring. 

2. Connecting the one end of spring to the plate or beam, 

which deform only in transverse shear. 

𝑃 = 𝐾𝑉𝑚 − 𝐺∇2𝑉𝑚 (1) 

Here P is the external. potential times unit area, 𝑉𝑚 is 

the potential change of the membrane, 𝐺 is shearing layer 

potential, 𝐾 is the Winkler foundation like potential and ∇ 

is the Laplace operator. 

 
2.2 Bidomain tissue 

 
We considered the tissue as a bidomain: two domains 

intra-cellular and extra-cellular domain having the same 

volume, separated by a membrane and the properties of 

membrane remain uniform. Due to the transmembrane 

current (Malmivuo and Plonsey 1995) the electric current 

flow from the intra-cellular region to the extra-cellular 

region, then the transmembrane current can be written as 

𝐼𝑚 = −∇ ∙ 𝐽𝑖   (2) 

 𝐼𝑚 = ∇ ∙ 𝐽𝑜                                    (3) 

where 𝐼𝑚 is the current in membrane, 𝐽𝑖 and 𝐽𝑜 are the 

current density for intracellular and extracellular membrane 

respectively.  

From Ohm’s law 

𝐽 =
𝐸

𝜌
 (4) 

where E is electric field strength and 𝜌  is resistivity. 

Assuming that E is quasistatic. And, capacitance of tissue is 

full, E can be express as scalar potentials, 𝜙 i.e., 𝐸 =
−𝛻𝜙. 

For intracellular and extracellular regions E can be 

written as 

𝐸𝑖 = −𝛻𝜙𝑖,  𝐸𝑜 = −𝛻𝜙𝑜 

Using ‘E’ in Eq. (4) we get 

𝐽𝑖 = −
∇𝜙𝑖

𝜌𝑖

 (5) 

𝐽𝑜 = −
∇𝜙𝑜

𝜌𝑜

 (6) 

Putting (5) and (6) in (2) and (3) respectively, then 𝐼𝑚 

can be written as 
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 𝐼𝑚 = −∇. (−
∇𝜙𝑖

𝜌𝑖
) = ∇. (

∇𝜙𝑖

𝜌𝑖
) =

∇2𝜙𝑖

𝜌𝑖
 , 

𝐼𝑚𝜌𝑖 = ∇2𝜙𝑖 
(7) 

𝐼𝑚 = ∇. (−
∇𝜙𝑜

𝜌𝑜

) = −∇. (
∇𝜙𝑜

𝜌𝑜

) = −
∇2𝜙𝑜

𝜌𝑜

 

𝐼𝑚𝜌𝑜 = −𝛻2𝜙𝑜 

(8) 

where the bidomain potentials,  𝜙𝑖  and 𝜙𝑜  are the 

potentials inside and outside of the tissue, respectively, and 

𝜌𝑖  and 𝜌𝑜  are the intracellular and extracellular 

resistivity’s respectively. Throughout this analysis we 

assume the membrane to be passive resistor which makes 

𝐼𝑚 depend upon the difference between, 𝜙𝑖 and 𝜙𝑜 

𝐼𝑚 = (𝜙𝑖 − 𝜙𝑜)
𝛽

𝑅𝑚

 (9) 

𝑅𝑚 is the membrane resistance per unit area and 𝛽 is 

the ratio between the membrane and volume of the cell. 

Eqs. (7) and (8) are coupled and must be un-coupled to 

solve for 𝜙𝑖 and 𝜙𝑜, by recasting the system in terms of 

the transmembrane potential,  𝑉𝑚  and the mono-domain 

potential,  𝜓 . In a cellular membrane the change in 

concentration of ions on opposite side lead a voltage is 

called transmembrane potential. Mathematically, the 

definition of 𝑉𝑚 is 

𝑉𝑚 = 𝜙𝑖 − 𝜙𝑜 (10) 

𝜓 =
𝜌𝑜

𝜌𝑖 + 𝜌𝑜

𝜙𝑖 +
𝜌𝑖

𝜌𝑖 + 𝜌𝑜

𝜙𝑜 (11) 

Then, in term of intra-and extra-cellular potential 

𝑉𝑚 + 𝜙𝑜 = 𝜙𝑖 

𝜙𝑖 − 𝑉𝑚 = 𝜙𝑜 

Using these above two relations in Eq. (11), the 

bidomain potentials are then given as 

𝜙𝑖 =
𝜌𝑖

𝜌𝑖 + 𝜌𝑜

𝑉𝑚 + 𝜓 (12) 

𝜙𝑜 = −
𝜌𝑜

𝜌𝑖 + 𝜌𝑜

𝑉𝑚 + 𝜓 (13) 

To solve for 𝑉𝑚, let us add Eqs. (7) and (8) and get 

𝐼𝑚𝜌𝑖 + 𝐼𝑚𝜌𝑜 = ∇2𝜙𝑖 − ∇2𝜙𝑜 

𝐼𝑚(𝜌𝑖 + 𝜌𝑜) = ∇2(𝜙𝑖 − 𝜙𝑜) 
(14) 

Using value of 𝐼𝑚 from (9) we get 

(𝜙𝑖 − 𝜙𝑜)
𝛽

𝑅𝑚

 (𝜌𝑖 + 𝜌𝑜) = ∇2(𝜙𝑖 − 𝜙𝑜) 

(𝜙𝑖 − 𝜙𝑜)
 (𝜌𝑖 + 𝜌𝑜)

𝜌𝑚

= ∇2(𝜙𝑖 − 𝜙𝑜) 

(15) 

where 
𝑅𝑚

𝛽
= 𝜌𝑚. 

Using (10) in Eq. (15) we have 

𝛻2 𝑉𝑚 −
𝑉𝑚

𝜆2
= 0 (16) 

where the length constant is, 𝜆 = √
𝜌𝑚 

𝜌𝑖+𝜌𝑜
, Eq. (16) is 

Helmholtz’s equation. 

 

 
3. Formulation of the problem 

 
By combining the Eqs. (1) and (2) we developed 

spherical bidomain Pasternak-like model. The trans-

membrane potential, monodomain potential and external 

potential can be expressed as 

∇2 𝑉𝑚 −
𝑉𝑚

𝜆2
= 𝑃 (17) 

where the length constant is defined in Eq. (2) and P is 

define in Eq. (1). 

∇2 𝑉𝑚 −
𝑉𝑚

𝜆2
= 𝐾𝑉𝑚 − 𝐺∇2𝑉𝑚 

where 𝐾 and 𝐺 are two constant of Pasternak model. 

∇2 𝑉𝑚 + 𝐺∇2 𝑉𝑚 − 𝐾𝑉𝑚 −
𝑉𝑚

𝜆2
= 0 

(1 + 𝐺)∇2 𝑉𝑚 − (𝐾 +
1

𝜆2
)𝑉𝑚 = 0 

∇2 𝑉𝑚 − (
1 + 𝐾𝜆2

𝜆2(1 + 𝐺)
) 𝑉𝑚 = 0 

∇2 𝑉𝑚 −
𝑇2

𝜆2
𝑉𝑚 = 0 

(18) 

where  𝑇2 =
1+𝐾𝜆2

1+𝐺
 For monodomain and external potential 

equations can be written as 

∇2𝜓 = 0 (19) 

External to the sphere the potential, 𝜙𝑒 is given by 

𝜙𝑒 = 𝜙𝑏𝑎𝑡ℎ + 𝜙𝑠𝑜𝑢𝑟𝑐𝑒 + 𝜙𝑠𝑖𝑛𝑘 

where 𝜙𝑠𝑜𝑢𝑟𝑐𝑒 and 𝜙𝑠𝑖𝑛𝑘 are the fields due to the current 

points source and sink, respectively and are defined as  

𝜙𝑠𝑜𝑢𝑟𝑐𝑒 =
𝐼𝑜𝜌𝑒

4𝜋
∑

(−𝑟)𝑛

𝑏𝑛+1

∞

𝑛=0

𝑃𝑛(𝑐𝑜𝑠 𝜃) 

𝜙𝑠𝑖𝑛𝑘 = −
𝐼𝑜𝜌𝑒

4𝜋
∑

(𝑟)𝑛

𝑏𝑛+1

∞

𝑛=0

𝑃𝑛(𝑐𝑜𝑠 𝜃) 

𝜙𝑏𝑎𝑡ℎ is the secondary field which also satisfies the 

Laplace equation 

∇2𝜙𝑏𝑎𝑡ℎ = 0 (20) 

 
3.1 Solution procedure  

 
In spherical coordinates with azimuthal independence, 

the Laplacian operator on a function, ∇2𝑓 is given as  

∇2𝑓 =  
1

𝑟2

𝜕

𝜕𝑟
(𝑟2

𝜕𝑓

𝜕𝑟
) +

1

𝑟2 𝑠𝑖𝑛 𝜃

𝜕

𝜕𝜃
(𝑠𝑖𝑛 𝜃

𝜕𝑓

𝜕𝜃
) 

Then Eq. (18) can be written as 
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1

𝑟2

𝜕

𝜕𝑟
(𝑟2

𝜕𝑉𝑚

𝜕𝑟
) +

1

𝑟2 𝑠𝑖𝑛 𝜃

𝜕

𝜕𝜃
(𝑠𝑖𝑛 𝜃

𝜕𝑉𝑚

𝜕𝜃
)  −

𝑇2𝑉𝑚

𝜆2
= 0 

This is the second order partial differential equation in  

𝑟  and 𝜃 . Thus, we assume a product solution of the 

transmembrane potential  𝑉𝑚 = 𝑅(𝑟)Θ(𝜃) , we use the 

method of separation of variables to get two independent, 

linear, ordinary and second order differential equations 

𝜕2𝑅

𝜕𝑟2
+

2

𝑟

𝜕𝑅

𝜕𝑟
− (

𝑇2

𝜆2
+

𝛼

𝑟2
) 𝑅 = 0 (21) 

𝜕2𝛩

𝜕𝜃2
+ 𝑐𝑜𝑡 𝜃

𝜕𝛩

𝜕𝜃
+ 𝛼𝛩 = 0 (22) 

where 𝛼 = 𝑛(𝑛 + 1),  Eq. (21) can be transformed into 

modified Bessel equation by using the following 

transformation 

𝑅 = (
𝑟𝑇

𝜆
)

−
1

2

𝑃(𝑟) (23) 

Using Eq. (23) in (21), we get 

𝑟2𝑃′′(𝑟) + 𝑟𝑃′(𝑟) − {(𝑛 +
1

2
) +

𝑇2𝑟2

𝜆2
} P(r) = 0 (24) 

For the solution of above equation, we use the power 

series method which gives the solution in the form as 

𝑃(𝑟) = 𝐴𝐼
𝑛+

1

2

(
𝑟𝑇

𝜆
) + 𝐵𝐾

𝑛+
1

2

(
𝑟𝑇

𝜆
) (25) 

Put Eq. (25) in (23), and we get 

𝑅(𝑟) = (
𝑇𝑟

𝜆
)−

1

2[𝐴𝐼
𝑛+

1

2

(
𝑟𝑇

𝜆
) + 𝐵𝐾

𝑛+
1

2

(
𝑇𝑟

𝜆
)] (26) 

Also from the Bessel identities, we have  

𝐼
𝑛+

1

2

(
𝑇𝑟

𝜆
) = √

2𝑇𝑟

𝜆𝜋
𝑖𝑛 (

𝑇𝑟

𝜆
)   𝐾

𝑛+
1

2

(
𝑇𝑟

𝜆
) = √

2𝑟𝑇

𝜆𝜋
𝑘𝑛 (

𝑟𝑇

𝜆
) 

Using the above identities in Eq. (26) we have 

𝑅(𝑟) = (
𝑇𝑟

𝜆
)

−
1

2

[𝐴√
𝑇2𝑟

𝜆𝜋
𝑖𝑛 (

𝑟𝑇

𝜆
) + 𝐵√

2𝑇𝑟

𝜆𝜋
𝑘𝑛 (

𝑟𝑇

𝜆
)] 

𝑅(𝑟) = 𝐴1𝑖𝑛 (
𝑟𝑇

𝜆
) + 𝐵1𝑘𝑛 (

𝑇𝑟

𝜆
) 

(27) 

where  𝐴1 = 𝐴√
2

𝜋
 𝐵1 = 𝐵√

2

𝜋
 

Eq. (22) can be transformed to Legendre’s equation and 

having solution 

Θ(𝜃) = 𝐴3𝑃𝑛(cos 𝜃) (28) 

where 𝑃𝑛  is well-known Legendre polynomial having 

order ‘n’. 𝑃𝑛 is an nth order polynomial in 𝜃 it contains 

only even powers, if ‘n’ is even, the Rodrigues formula 

obviously works only for positive values of ‘n’ moreover it 

provide us one solution. The equation is second order, and it 

should possess two solution for every value of ‘n’ it turns 

out that these other solution blow up at the 𝜃 = 0 and or 

 𝜃 = 𝜋, and unacceptable in physical grounds. In rare cases 

where the z-axis is for some reason inaccessible, these other 

solution may have to be considered. 

Taking linear combination of (27) and (28), we get 

𝑉𝑚(𝑟, 𝜃) = ∑ [𝑎𝑛
′ 𝑖𝑛 (

𝑇𝑟

𝜆
) + 𝑏𝑛

′ 𝑘𝑛 (
𝑇𝑟

𝜆
)]

∞

𝑛=0

𝑃𝑛(𝑐𝑜𝑠 𝜃) (29) 

where 𝑖𝑛(
𝑟𝑇

𝜆
)  and 𝑘𝑛(

𝑇𝑟

𝜆
)  are the modified spherical 

Bessel function of the first and second kind, respectively, of 

order ‘n’, 𝑃𝑛 is well-known Legendre polynomial having 

order ‘n’,  𝑎𝑛
′  is the coefficient we determine from the 

boundary conditions, and 𝑏𝑛
′  must be zero since we need 

the potential to remain analytic at the origin. 

𝑉𝑚(𝑟, 𝜃) = ∑ 𝑎𝑛
′ 𝑖𝑛 (

𝑟𝑇

𝜆
)

∞

𝑛=0

𝑃𝑛(𝑐𝑜𝑠 𝜃) (30) 

Solution of monodomain and external potential is given 

by 

𝜓(𝑟, 𝜃) = ∑ 𝑐𝑛
′ 𝑟𝑛𝑃𝑛(𝑐𝑜𝑠 𝜃)

∞

𝑛=0

 (31) 

𝜙𝑏𝑎𝑡ℎ(𝑟, 𝜃) = ∑ 𝑒𝑛
′ 𝑟−𝑛−1𝑃𝑛(𝑐𝑜𝑠 𝜃) 

∞

𝑛=0

 (32) 

The coefficients   𝑎𝑛
′ ,  𝑐𝑛

′  and 𝑒𝑛
′ which is to be 

determined from the boundary conditions. Now we can 

express transmembrane and monodomain potential in term 

of intra and extra-cellular potentials.  

𝜙𝑒 = ∑ 𝑒𝑛
′ 𝑟−𝑛−1𝑃𝑛(𝑐𝑜𝑠 𝜃)

∞

𝑛=0

 

+
𝐼𝑜𝜌𝑒

4𝜋
∑

1

𝑏𝑛+1

∞

𝑛=0

𝑃𝑛(𝑐𝑜𝑠 𝜃){(−𝑟)𝑛 − (𝑟)𝑛} 

(33) 

Using the values of 𝑉𝑚 and 𝜓 in 

 𝜙𝑖 =
𝜌𝑖

𝜌𝑖+𝜌𝑜
𝑉𝑚 + 𝜓 and  𝜙𝑜 = −

𝜌𝑜

𝜌𝑖+𝜌𝑜
𝑉𝑚 + 𝜓 

we get 

𝜙𝑖 =
𝜌𝑖

𝜌𝑖 + 𝜌𝑜
∑ 𝑎𝑛

′ 𝑖𝑛 (
𝑟𝑇

𝜆
)

∞

𝑛=0

𝑃𝑛(𝑐𝑜𝑠 𝜃) + ∑ 𝑐𝑛
′ 𝑟𝑛𝑃𝑛(𝑐𝑜𝑠 𝜃)

∞

𝑛=0

 (34) 

𝜙𝑜 = −
𝜌𝑜

𝜌𝑖 + 𝜌𝑜
∑ 𝑎𝑛

′ 𝑖𝑛(
𝑇𝑟

𝜆
)

∞

𝑛=0

𝑃𝑛(𝑐𝑜𝑠 𝜃) + ∑ 𝑐𝑛
′ 𝑟𝑛𝑃𝑛(𝑐𝑜𝑠 𝜃)

∞

𝑛=0

 (35) 

The Eqs. (33), (34) and (35) are the required expression 

for external potential, intracellular potential and extra-

cellular potential with constants, 𝑎𝑛
′ , 𝑐𝑛

′  and 𝑒𝑛
′ . 

 
3.2 Boundary Conditions  

 
For the outer surface a resistance per unit area 𝑅𝑠. At 

the surface 𝑟 = 𝑎 of cylinder the Ohm’s law can be written 

as, 𝜙𝑜(𝑎, 𝜃) − 𝜙𝑒(𝑎, 𝜃) = 𝜎𝑜
𝜕𝜙𝑜

𝜕𝑟
𝑅𝑠 

Where 𝜎𝑜 is the isotropic interstitial conductivity. For 
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simplicity we shall ignore the outer surface of neural tissue 

𝑅𝑠. The three boundary conditions are defined at the tissue-

bath interface, by using these conditions we will calculate 

the unknown coefficients 𝑎𝑛, 𝑐𝑛 and 𝑒𝑛, are continuity of 

external and extracellular potentials 

𝜙𝑒(𝑎, 𝜃) = 𝜙𝑜(𝑎, 𝜃) (36) 

Continuity of normal current between bath and 

interstitial 

1

𝜌𝑒

𝜕𝜙𝑒[𝑟, 𝜃]

𝜕𝑟
|𝑟=𝑎 =

1

𝜌𝑜

𝜕𝜙𝑜[𝑟, 𝜃]

𝜕𝑟
|𝑟=𝑎 (37) 

And no intracellular normal current 

𝜌𝑖
−1

𝜕𝜙𝑖

𝜕𝑟
[𝑟, 𝜃]|𝑟=𝑎 = 0 (38) 

Now we determine the three coefficients  𝑎𝑛
′ , 𝑐𝑛

′ , and 

𝑒𝑛
′  for this we apply these boundary conditions on Eqs. 

(33), (34), and (35) we get three equations as 

𝜌𝑜

𝜌𝑖 + 𝜌𝑜

∑  𝑎𝑛
′ 𝑖𝑛 (

𝑎𝑇

𝜆
)

∞

𝑛=0

− ∑ 𝑐𝑛
′ 𝑎𝑛

∞

𝑛=0

+ ∑ 𝑒𝑛
′ 𝑎−𝑛−1

∞

𝑛=0

 

+
𝐼𝑜𝜌𝑒

4𝜋
∑

1

𝑏𝑛+1

∞

𝑛=0

{(−𝑎)𝑛 − (𝑎)𝑛} = 0 

(39) 

𝜌𝑜

𝜌𝑖 + 𝜌𝑜

𝑎𝑛
′ 𝑖𝑛 (

𝑎𝑇

𝜆
) − 𝑐𝑛

′ 𝑎𝑛 + 𝑒𝑛
′ 𝑎−𝑛−1 

+
𝐼𝑜𝜌𝑒

4𝜋

1

𝑏𝑛+1
{(−𝑎)𝑛 − (𝑎)𝑛} = 0 

(40) 

1

𝜌𝑖 + 𝜌𝑜

𝑎𝑛
′ [

𝑛

𝑎
𝑖𝑛 (

𝑎𝑇

𝜆
) +

𝑇

𝜆
𝑖𝑛+1 (

𝑎𝑇

𝜆
)] −

1

𝜌𝑜

𝑐𝑛
′ 𝑛𝑎𝑛−1 

−
𝑛 + 1

𝜌𝑒

𝑒𝑛
′ 𝑎−𝑛−2 +

𝐼𝑜

4𝜋

𝑛𝑎−1

𝑏𝑛+1
{(−𝑎)𝑛 − (𝑎)𝑛} = 0 

(41) 

𝜌𝑖

𝜌𝑖 + 𝜌𝑜

𝑎𝑛
′ [

𝑛

𝑎
𝑖𝑛 (

𝑇𝑎

𝜆
) +

𝑇

𝜆
𝑖𝑛+1 (

𝑎𝑇

𝜆
)] = −𝑐𝑛

′ 𝑛𝑎𝑛−1 (42) 

Now solving the above three equations for 𝑎𝑛
′ , 𝑐𝑛

′  and 

𝑒𝑛
′  and we get 

𝑎𝑛
′ =

−𝑛𝜆(2𝑛 + 1)(𝜌𝑖 + 𝜌𝑜)𝜌𝑒𝜌𝑜𝐼𝑜{(−𝑎)𝑛 − (𝑎)𝑛}

4𝜋𝑞𝑏𝑛+1
 

𝑐𝑛
′ =

(2𝑛 + 1)𝜌𝑒𝐼𝑜𝜌𝑜𝜌𝑖{(−𝑎)𝑛 − (𝑎)𝑛}

[𝑛𝜆𝑖𝑛 (
𝑎𝑇

𝜆
) + 𝑇𝑎𝑖𝑛+1 (

𝑎𝑇

𝜆
)]

4𝜋𝑞𝑏𝑛+1𝑎𝑛
 

𝑒𝑛
′ = 𝑛𝑎𝑛+1𝜌𝑒𝐼𝑜{(−𝑎)𝑛 − (𝑎)𝑛} 

[
𝑛𝜆(𝜌𝑖 + 𝜌𝑜)𝑖𝑛 (

𝑎𝑇

𝜆
) {𝜌𝑒(2𝑛2 + 2𝑛 + 1) − (𝑛 + 1)𝜌𝑜}

+𝑖𝑛+1 (
𝑎𝑇

𝜆
) 𝑎𝑇{𝜌𝑒(𝜌𝑖 + 𝜌𝑜)(2𝑛2 + 2𝑛 + 1) − (𝑛 + 1)𝜌𝑜𝜌𝑖}

]

/4𝜋𝑞𝑏𝑛+1(𝑛 + 1) 

where  

𝑞 = 𝑛𝜆{𝑛𝜌𝑒 + (𝑛 + 1)𝜌𝑜}(𝜌𝑖 + 𝜌𝑜)𝑖𝑛 (
𝑇𝑎

𝜆
) 

+𝑎𝑇{𝑛𝜌𝑒(𝜌𝑖 + 𝜌𝑜) + (𝑛 + 1)𝜌𝑜𝜌𝑖}𝑖𝑛+1 (
𝑎𝑇

𝜆
) 

Completely determining all the potential fields with 

including elastic medium effect. 

 

 
3. Results and discussions 

 
The purpose of immersed neural tissue in elastic 

medium are to be analyzed and determine the electric 

potential difference under the effect of Pasternak parameters 

G and K. By comparing result with data available on the 

base of theoretical approach, we concluded that when G = 0 

and K = 0, it shows good agreement with the results 

obtained from bidomain model. 

Below figures show the curve for immersed neural 

tissue when n = 11, G = 5 mv and K = 5 mv. In the previous 

work the graphs sow the potential in free medium. 

Maximum potential when G = 0 and K = 0 is less than 

calculated by isotropic elastic bidomain model for free 

neural tissues. Fig. 1 shows intracellular potential which is 

calculated through isotropic bidomain model and the effect 

of elastic medium by Pasternak-like model. The values of 

orthotropic material constants are given in the table below. 

 

 
Table 1 Represent the values of constants for neural tissue 

in acceptable range including Pasternak foundation 

parameters 

Parameters name Symbols Values 

Interstitial resistivity 𝜌𝑖 0.19 Ωm 

Intracellular resistivity 𝜌𝑜 0.29 Ωm 

Transmembrane resistivity 𝑉𝑚 0.29 Ωm 

Bath resistivity 𝜌𝑒  0.15 Ωm 

Interstitial point source 𝐼𝑜 1.385 mA 

Tissue radius 𝑎 2 mm 

Shearing layer potential G 0-5 mV 

Wrinkle constant K 0-5 mV 

 

 

Fig. 1 Representing the relation between extracellular 

potential along y-axis and radius of the tissue along the x-

axis also with medium effect 
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Effects of elastic medium on the electric potential of neural tissue by using spherical bidomain Pasternak model 

 

Fig. 2 Representing the relation between transmembrane 

potential along y-axis and radius of the tissue along the x-

axis also with medium effect 

 

 

Fig. 3 Representing the relation between intracellular 

potential along y-axis and radius of the tissue along the x-

axis also with medium effect 
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