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Abstract. This article focused on studying the buckling behavior of two-dimensional functionally graded (2D-FG)
nanosize tubes, including porosity based on first shear deformation and higher-order theory of tube. The nano-scale tube
is simulated based on the nonlocal gradient strain theory, and the general equations and boundary conditions are derived
using Hamilton’s principle for the Zhang-Fu’s tube model (as higher-order theory) and Timoshenko beam theory. Finally,
the derived equations are solved using a numerical method for both simply-supported and clamped boundary conditions.
The parametric study is performed to study the effects of different parameters such as axial and radial FG power indexes,
porosity parameter, nonlocal gradient strain parameters on the buckling behavior of di-dimensional functionally graded
porous tube.
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1. Introduction

Functionally graded materials (FGMs) are certified to
have vast applications such as biomedical purposes, Dental
implants, Sensors, Thermo-generators, and wear-resistant
coatings. FGMs possess many advantages, including
decreasing in-plane and transverse through-the-thickness
stresses, enhanced thermal strength, improved residual
stress distribution, higher fracture toughness, reduced stress
intensity factors, and high wear resistance. Therefore,
accurate ascertainment of the deformations and other
behaviors of such structures is essential.

Classical theories are incomplete in modeling the small-
scale effect in nano or micro size. To accurate mathematical
modeling in the small-scale such as the nanotubes, some
theories have emerged. One of these theories is Eringen’s
nonlocal theory, which considers the stress at a reference
point a function of the strain at the reference point and the
strains at all other points in the whole body (Eringen 1983).
Also, the strain gradient theory assumes that the materials
must be considered atoms with the higher-order
deformation mechanism at the micro/nanoscale rather than
just modeling them as collections of points. The nonlocal
strain gradient theory considers nonlocal elastic stress and
strain gradient stress fields using two-scale parameters (Ma
et al. 2018). The nonlocal strain gradient theory (NSGT)
proposed by Lim et al. (2015) results from the combination
of the nonlocal stress theory of Eringen (1983) and the
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strain gradient theory of Aifantis (1992) and Mindlin
(1965).

According to the vast application of FGMs, a structure
that FGMs have made has been noticed by researchers, and
the FG nanotubes are one of the most famous structures that
have been focused on Azimi et al. (2016), Ghadiri et al.
(2016, 2017a, b, c), Habibi et al. (2016), Shafiei et al.
(20164, b, 2019), Ebrahimi et al. (2017), Mirjavadi et al.
(20174, b, c), Shafiei and Kazemi (2017), Shafiei (2017),
Shivanian et al. (2017), Esmailpoor et al. (2019), Ghabussi
et al. (2019), Al-Furjan et al. (2020a, b), Alipour et al.
(2020), Ghabussi et al. (2020), Jermsittiparsert et al. (2020),
Huang et al. (2021). Nanotube was introduced by Kar et al.
(1813) and there are many applications introduced for these
structures such as sensors diodes, solar cells, etc. Because
of their wide range applications, these nanostructures are
being studied from different aspects such as vibration
(Ehyaei et al. 2017, Akbas 2018, Aydogdu et al. 2018, Wu
et al. 2018, Bendaho et al. 2019, Berghouti et al. 2019,
Hussain et al. 2019, Uzun and Civalek 2019, Matouk et al.
2020, Noroozi et al. 2020), deflection (Eltaher et al. 20186,
Ebrahimi and Barati 2019), electrocatalytic (Luo et al.
2001, Bravo et al. 2015), etc.

Besides many different aspects of nanotube and
nanobeam behaviors, buckling behavior is one of the most
significant nanotube issues considered by the researchers
during the past decades (Tounsi et al. 2013, Besseghier et
al. 2015, Chemi et al. 2015, Eltaher et al. 2016, 2019,
Elmerabet et al. 2017, Bensattalah et al. 2018, Mehar and
Panda 2019, Semmah et al. 2019, Nejadi and
Mohammadimehr 2020).

Buckling analysis of functionally graded nanotubes are
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the main focus of many studies among the researchers. Lei
et al. (2013) studied the buckling behavior of functionally
graded carbon nanotube-reinforced composite (FG-
CNTRC) plates. Jam and Kiani (2015) investigated the
buckling of nanocomposite conical shells reinforced with
carbon nanotubes. Wu et al. (2015) studied the vibration
and elastic buckling of sandwich beams with a stiff core and
functionally graded carbon nanotube reinforced composite
(FG-CNTRC) face sheets. Moradi-Dastjerdi and Malek-
Mohammadi (2017) studied the biaxial buckling of FG
nanosandwich plates reinforced by carbon nanotube. Shams
and Soltani (2017) studied the buckling behavior of FG
carbon nanotube-reinforced plates. Garcia-Macis et al.
(2017) studied the compressive load effects on the buckling
analysis of functionally graded carbon-nanotube reinforced
cylindrical curved panels. Wang et al. (2021) studied the
nano-scale tube reinforced FG plate’s buckling analysis
based on the first shear deformation theory using the
numerical meshless method. Arshid et al. (2021)
investigated the imperfect FG micro-dimension tube based
on the higher-order beam theory and modified couple stress
theory in the thermal environment. Foroutan et al. (2021)
indicated the buckling behavior of carbon nano-dimension
tubes made of FG material in the radius direction with the
nonlinear temperature distribution and the viscous
foundation based on the classic shell theory using a
numerical method. Mohamed et al. (2020) studied the post-
buckling behavior of nanosize tube rested in the elastic
foundation using the Euler-Bernoulli theory of beam and
DQM. Malikan et al. (2020) focused on the double-walled
nano-scale tube’s buckling using the nonlocal approach to
study the effect of some parameters on it. Malikan (2020)
studied the nano-dimension tube’s buckling to indicated the
plastic behavior based on the classic beam theory, NGT
using the semi-analytical method. Malikan and Eremeyev
(2020) studied the post-buckling of tapered nano-scale
tubes rested in a nonlinear foundation. They worked on
different boundary conditions, including surface effect, and
the equation is solved by the Rayleigh method. The
molecular mechanics is used to study the post-buckling and
buckling of nanosize carbon tube by Genoese et al. (2020).
On the other hand, Goel et al. (2020) studied the failure
mechanic test of the nanosize tube using the molecular
dynamic (MD) method, and they showed how the
topological defect effect on buckling of tubes. Moreover,
the torsional buckling of nanosize tube by MD was shown
by Wallace, Chen et al. (2020). Also, Zeighampour and Tadi
Beni (2020) indicated the behavior of buckling of boron-
nitride based on different vacancy defect by MD. Bian and
Wang (2020) investigated the influence of temperature on
the double-tube buckling based on the nonlocal theory to
model the nano-dimension and Timoshenko for deriving the
equations. Amiri et al. (2020) studied static analysis of thick
tube of carbon, based the higher-order theory of beam and
using modified couple stress theory, and energy method
rested in an elastic foundation in the thermal environment.
Zghal et al. (2020) studied the analysis of post-buckling of
the plate made by carbon nanotube under various
mechanical loading. Li et al. (2020) used the shell theory to
study the buckling behavior of nanotubes. Bensattalah et al.

(2020) studied the nonlocal buckling of triple-walled tubes,
including the van-der-Waals interaction.

Based on the mentioned literature review on the
mechanical and thermal buckling of FG nano-scale tubes,
there are many studies on the discussed topic, however, the
research on the buckling analysis of bi-directional and
imperfect functionally graded nano-scale tubes needs more
consideration. Hence, in this article, the mechanical
buckling behavior of two-dimensional functionally graded
(2D-FG) nanotube, including the porosity, was investigated
based on the Timoshenko beam theory and higher-order
tube theory. The nonlocal gradient strain theory is used to
determine the size effect of the nano-scale tube. The linear
equations of motion related to nonlocal boundary conditions
are derived based on the Hamilton principle and have
solved by GDQM. The presented results show the effect of
different parameters, such as the FG indexes, porosity
parameter, small-scale parameter, etc., on the static behavior
of nanotubes and can help develop and design nano-electro-
mechanical systems (NEMS), nanosensors, and nano
actuators.

2. Theory and formulation
2.1 Tubes structures

The material of the analyzed nanotubes is 2D-FG made
of metal and ceramic which have variable material volume
fraction along x and r directions. A nanotube of length (L),
inner radius (Ri) and initial outer radius (Ro) is considered
as shown in Fig. 1.

A cylindrical coordinate system O (x, r, 0) is defined
with x in the length direction, r in the radial direction and 0
in the circumferential direction. Meanwhile, the nanotube is
also referred to by a rectangular coordinate system O (X, y,
z), the corresponding displacement components are denoted
by ui, uz, and us, respectively, and

y = rcos(8), z = rsin(), r2=y2+2% (1)

The variation of the material composition along the
radius (n) is shown in Fig. 1. So, the mechanical properties
of the nanotubes such as Young’s modulus (E), Poisson’s
ratio (v), shear modulus (G) and mass density (p) vary
along the radius directions (r-axis).

T — Ri \"R ,x\™x

F(r) = E, + (E. — E,) (m) (Z) ()
The ()c and ()m subscripts respectively denote the ceramic
and metal, and ngr and ny are FG power index along radius
and length of tube, respectively, are related to the volume
fraction change of the material composition and r is the
distance from the center of the FG tube. The Young’s
modulus (E), Poisson’s ratio (v), shear modulus (G) and
mass density (p) equations of the FG nanotube can be
expressed as

E(r,x,T) = Ep + (E. — En) ( go__R;i)nR (%)nx — 5 (B + En) (33)
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Fig. 1 Schematic of the studied structure

Table 1 Coefficients of Young’s modulus, Poisson’s ratio
and mass density (Yang and Shen 2002)

E (Pa) v p (Kg/m?3)
SUS304 2.07787ell 0.3177 8166
Al203 3.23393el1l 0.24 3800

S T) = v + (e —v) ( r— Ril) R (%)nx

R 3b
- % (Ve + Vi) (3b)
6T = G+ (6o ) (2™ (2™
_ % (Ge + Gp), o
_ E
T2+
P T) = pm + (Pe = pm) ( - Rz;) R (%)nx (3d)

a
_E (pc + pm)

where a defines the porosity coefficient which is shown in

Fig. 1(b).
2.2 Mathematical modeling

The boundary conditions and the governing equations
are obtained by the Hamiltonian principle as below (Zhang
et al. 2015, 2017, 2019, 2020, Ghadiri and Shafiei 2016,
Ghadiri et al. 2016, 2017a, b, ¢, Wang et al. 2016, 2020,
2021, Ebrahimi et al. 2017, 2020a, b, Mirjavadi et al. 2017,
Shafiei et al. 2017, 2019, Shivanian et al. 2017, Li et al.
2018, 2019, Chen et al. 2019, 2020, Gao et al. 2019, 2020a,
b, Ghabussi et al. 2019, 2020, 2021, Moayedi et al. 2019,
Cao 2020, Duan et al. 2020, 2021, Huang et al. 2020,
Safarpour et al. 2020, Shariati et al. 20204, b, Liu et al.
2021, Lu et al. 2021, Morasaei et al. 2021, Sui et al. 2021,
Yin et al. 2021)

ty t2
SHdt =

21 31

(6S + 8V)dt =0 (4)

S and V, respectively define the strain energy and
external work. The displacement at any one point of the
nanotube based on the beam model of tubes by the different
tube model is

u(x,y,2,t)

WD |y [0
R ) B R ] B

=u-—-z

uy(x,y,z,t)=0
us(x,y,z,t) = w(x,t)

where ui, Uz and usz respectively are the components of
displacement field along X, y and z directions and dw/dx
and w(x) denote the angle of rotation around the y axis and
the transverse deflection of the nanotube respectively and s
is rotation. In which

9gy,z2)=z+z (ROZR Zp—2 )(R02 + Riz)_1 (6)

If we set g = z or g = 0, the present model will change to
Timoshenko and  Euler-Bernoulli  beam  models,
respectively. This model yields more accurate results and
fewer parameters comparing with the moderately thick shell
and Timoshenko beam models. The strain energy of the FG
tapered nanotube which results from the strains and stresses
of the nanotube is defined as

S = fff sdv
= %ﬂ] (axxsxx + Z(nyfxy + O-ngxz)) dv "

On the basis of the assumption of large transverse
displacements, moderate rotations and small strains for a
straight Zhang-Fu’s tube model, the strain-displacement
relation is defined as

_ 0wy Ou 62W+ 0.2 62W+61/) o
xS Tox Coxz "IV E N\ G2 T ox (82)

1/0u, du, 1 ag(y, z) (0w

=== — 8b
Exy 2(6y+6x) 2 (0 ) (8b)

1,/0u; OJdu, 1 ag(y, z)
—_ (1 8c
Exz 2<az+6x) 2 ( ) (8c)

And stresses are

Oxx = E&yy (9a)

E
Oxy = GExy, G = m (gb)
Oxz = Géyy (9¢c)

The virtual strain energy of the FG tapered nanotube is
defined as

88 = f ﬂ Ssdv (10)
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ou Bu
6(

Z
ax " \ox D“ ax2 <6x2>
%w ap (9*w
i) 57 sz )+7 ( ) 9x2
r au 62 u _(9°w)\]
( ) +05:9 (5
ff| 6x2 9x2 dx  \ dx?2 |dA
?w _/0u au oY oY (o J
l 75 (5) +952° (3) + 95 i) dx
- 62w6 %w : 62w5 o : 61p6
T2 " \ax2 )T " ax2 (ax) 1 ox ax2
o 1 /0w 36 ow +6u6w6 ow +1 w2 s u
1 2<6x) (6x) dx d0x (6x) z(ax) (ax)

45 (Z—fa (2) + wo + 22 s + s (2—2“))

All

+9 dx?

where
(A11, D11, E1q, Hyy) = HA E(r,T)(1,2% 29,9%)dA (1la)

By, = ffA G(r,T) [(g—i)z ‘;‘Z) ]dA (11b)

The external work due to the applied buckling force (F)
is
L 0w ow
8V = fy P25 (%) dx 12)
Substituting Egs. (10) and (12) into Eq. (4) and setting
the coefficients of u, 6w and Sy to zero, the following
Euler—Lagrange equation can be obtained

. ONxx _
su: — 22 = (13a)
2P 9*M 3Q 9 [ ow
. _ L2 (g2 13b
ow: 0x%2 0x% Ox +6x( 6x> (13b)
dP
— = 13c
s =0 (130
where
3

Ny = A11£ (14a)

*w Y 0%w
P=Hy 0x? + ax /) B 0x? (14b)

*w oY 2w
M = E11 9x2 ox —U1q 9x2 (14C)

0= 51 (30 +w) (140)

And boundary conditions are

u=0 or Anz—:: 0 (15a)
w=0or 22-24+Q=0 (15b)
Y=0or A2 =0 (15¢)

ow
E‘O orM—P=0 (15d)

2.3 Nonlocal strain gradient theory

The nonlocal strain gradient theory (NSGT) proposed by
Lim et al. (2015), based on the basic assumptions of NSGT,
the total stress tensor ty is assumed to be of the form

[1— (ea)?V?]t,, = E(1 = 1?2V?)s,, (16)

Here, ea is the nonlocal parameters, while | is strain
gradient parameter, E is the Young’s

modulus, L is the length of the nanotube. Where V2 =
d?/dx? is the Laplace operator. By using the nonlocal
strain gradient theory equations, the stress resultants (Eq.
(14)) can be rewriting as

(ea)2 N <1—12dd2)(,4113u) (17a)

u (62W+61/)
d%P d? 1\ 552 " 9x
— 2_ _ ]2 17
= (ea) +<1 l T2 ) 2w (17b)
Py
o’w oY
LM , 2 £, (WJfa)]
M = (ea) 52 +(1—l E){ 52 | (17¢)
“Pugz

0 = (ca)? ;Q (1—12 )[B11< +¢)] (17d)

Thus, the higher order Zhang-Fu’s tube model defines
the general equation of vibration of non-uniform FG
nanotubes based on the nonlocal strain gradient theory as
below

ou:
dA,(x) ou 0%u
cllzc ax + A1 (%) ax2
d*A;4(x) a_u dzAn(x)aZ_u (182)
2 dx3® 0x dx? 0x? 0

dA (x)a u 64
Clllx 6 A11(x)

oy
dEE(x) 9*w
dx 0x?

o*w  dHy(x)0
FEEC)S S+ dx(x)aw + Hyy (x )—w

Bll(x)(a l/))
d3EE (x) 0%w d?EE (x) 03w dEE(x)a w
o 13T a8 dx  ox* EE(X) (18b)
d3H11(x)61/) dzHu(X)azl/’ dHu(x)_ e )J
2 dx3  ox dx?  ox? dx dx 1

3 2
(311(’5) 6_W d?By;(x) ow +2 dBy;(x) _W)

dx?  ox dx 0x
2
0% d*By;(x) dBy, (x) 0
P gzt e dx ox
=0
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Sw:

B¢ )04w+ sz(x) 2*w  d?E(x)d*w dP*EE(x) W dEE (x) 0%y
X ox dx (6);3 dx? 0x? dx2 ax dx  0x?
%y dBy;(x) (0w 2w Olp
+EE(X)— T dx (ax + lp) Bn(x) Ox
£ )z? w 4dE(x) °w  d?E(x) 0*w d3E(x) 3w d*E(x) 0*w
9% dx3 0x3 dx* ox?

ax® dx 0x° dx? ox*
d*EE() 9y dEE(x) 0%y
dx* ox +4 dx® 0x? (18C)
GUPEE@ 0% | dEEC) 0% a5y
dx?  o9x3 dx  ox* +EE@) x5
( Bn(x) 6W a* w d By1(x) 0%w 3 dBy;(x) 63w>

11(X) dx? 0x? dx 0x3
B ( )331p+d3811(x) dBy;(x) 0% _d*By;(x) 0
u ax? dx  ox? dxz  ox

F——(eaz)(Fg—)—O

d0x?
where

E(x) = Hy1(x) + D1 (x) —
EE(x) = Hy;(x) — E11(x)

2E11(X) (19)

3. Solution methodology

The results of this study are derived by solving the
governing equations using the generalized differential
quadrature method (GDQM) which defines the r-th order
derivative of function f(x;) as

0" f(x) O o
aJ;x = Z cPf () (20)

x=xp j=1

n is the grid points number along x direction and Cjj is

P
T (= x)M (%)
i,j=12,..,nand i #j (21)
n
j=1i#j

where M(x) is

)= | =) (22)

j=1j#i

The weighting coefficient C®, along x direction is
derived as

o Gy
) r—1 1 9]
c’ =r|C- C’ ——;
ij l ij ij (xi_xj)]
i, j=12,.,ni#jand2<r<n-1

J J (23)
Ci(ir) == Z Ci(jr)F

j=Li%]

i, j=12,..,nand1 <r <n-1

Chebyshev-Gauss-Lobatto approach is employed to
obtain the distribution of the mesh points as

X = %(1 — cos (((Ii/_—ll)) n)) i=123,...,n (24)

The motion equations and boundary conditions (Egs.

(15) and (18)) are assumed to be the combination of three
matrixes. Then the linear stiffness matrix can be calculated
as

{[K] — w?[MI{A} =0 (25)

The linear motion equation is first solved by GDQM
and then, by employing the weight coefficients (Eq. (23)) to
the linear motion equation we have

dA,;(x
”( )Zc (1)u5+A11(x)ZC @y

d3A (x) d A (X)
[ D Cs“)us+ ~ ZC @y l (26a)

n [~
dA{{(x
+3 “( )ZC (3)u5+A11(x)ZCrs()us J

P

n
dEE(x dHy ;1 (x
¢ )Z Crs@w, + EE(x)Z Crs® wy + —;;( )Z sy,
s=1

+Hy1(x) Z Crs® ths — Byy (%) (Z Crs® wy + 1/’5)

s=1

d3 EE(x) @, d?EE(x) © 4 3 ZEE® C W
S o 3 DS 3 S
d H (x) ,&H (x)
(5) 11 (6V] 11 (@]
+EE(x)Zc Zcrs v+ Zcrs v |(26h)
dHn(X)

|
'T'u

Z G @ + Hn(x)z G
L 4B (x) B ()
Bn(x)zcn“) = Zc Dy + 222" 0 D,y
s=1

d?B (x) dBy1 ()
+Bn(x)zcrs“>¢s L+ 22N 0 Oy,
s=1

=0

dE(x) u d?E(x) =
E(X)Z Cre®w, + 2—= Z Crs® wy +72 Crs® w
=1 N s=1 n
d? EE(x) dEE (x)
— e Dy, + ZTZ Crs® Y5 + EE(x) Z Crs® s
s=1

dB1(x) [~

- <Z Crs P ws + 5 | = Biy (0 Z Crs® ws + Z Crs™ by

s=1
s=1
dE(x
E(x)ZC Ow, +4 ()Zc Oy

d E(x)z
Cys @y,
BEMx) © d E(X)
D 6D, Z
o

d“EE(x) = W& EE(x) d EE(x)
— Z GV + Z G @+ Z €D v,
dEE( ) (26¢)
X
4 Z Cos s + BECO) Z €,
-2
4B
“(X) CrsPwg + Bu(x)z CsPw,
Tdx3
- N (x) dB (x)
d;z z C 5(2) ws+3 = Z C 5(3) Ws

d°B (x) By, (X)
Bﬂx)Z@é% = wnzﬁz € ¥
s=1

d Bll(X)ZCTS(l)l/)

dx?

= FZ Crs®w, — (eaZ)FZ CrsPw, =0
s=1 s=1

Using the boundary conditions Eq. (15), and assembling
the related matrixes to the boundary conditions and
governing equations, the fundamental frequency of
nanotubes can be obtained as below
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Kial Kal] (A o [(Maa] [Mas]] (A}
Kpal [Kbb]]{{zb}} Mool [My] {{Ab}} )

where b and d indexes denote the boundary and domain,
respectively and A is the mode shape.

4. Results

The results are obtained to focus on the buckling
behavior of the 2D-FG porous nanotube under the effects of
different parameters. The buckling load is obtained for
various values of different parameters for fully clamped (C-
C), simply supported-clamped (S.S.-C), and fully simply
supported (simply supported) boundary conditions. The
buckling load is represented as the non-dimensional value
to help us to understand the results better. Non-dimensional
parameters are as

_ea
:“ea - ROO (283)
= : 28h
W= Ro, (28b)

FL?
r=——— 28¢
Dy, (atx = 0) (28c)

Where pes, Wi and I' are the non-dimensional nonlocal
parameter, non-dimensional gradient strain parameter and
non-dimensional buckling load, respectively.

Validation of the results is illustrated in Table 2, which
shows the buckling load for different values of ea and L/h
based on different theories. It can be observed that the
present results are very convergent to the results of (Reddy
2007).

Tables 3, 4, and 5 show the buckling load of the porous
2D-FG nanotube based on higher-order theory and
Timoshenko theory for clamped (CC), clamped-simply
supported (CS), and simply supported (SS) boundary
conditions, respectively. It is recognized that the buckling
load which is achieved by Timoshenko theory is a little
higher than that obtained by higher-order theory, which is
because the degree of freedom of the Timoshenko theory is
higher than the higher-order theory. It is seen that the
buckling load of porous 2D-FG nanotube rises with the
strain gradient parameter and decreases with the nonlocal
parameter. Also, the increment of the FG power indexes
along length and radius reduces the buckling load. The
effect of L/Rog is also displayed in these tables, which
illustrates that increment of L/Roo enhances the buckling
load except when W= 1 and pea= 0. It is also concluded
from Tables 3, 4 and 5 that the buckling load of porous 2D-
FG nanotubes when the boundary condition is clamped-
simply supported is higher than simply supported and lower
than clamped boundary conditions.

Figs. 2 and 3 confirm the buckling load of clamped,
clamped-simply supported, and simply supported 2D-FG
nanotubes versus [ea and p, respectively. It is pointed that
increment of pea, Nx and ng decrease the buckling load while
increasing pi increases the buckling load of the 2D-FG

nanotube. It is because the nonlocal parameter and FG
power indexes decrease the stiffness of the material, while
the strain gradient parameter raises the stiffness (Shafiei and
She 2018).

Fig. 5 points to the buckling load of the porous 2D-FG
nanotube to show the effects of nx and ng separately for
different boundary conditions. It is seen that increment of
nr reduces the effect of nx, and vice versa. It is also shown
that the buckling load of clamped-simply supported
boundary conditions is higher than simply supported and
lower than clamped boundary conditions.

Fig. 6 describes the buckling load versus the FG power
index across the radius (nr) for different values of the FG
power index along with the length of tube (nx) and different
values of nonlocal and strain gradient parameters. It is seen
that increment of FG power index along the x-axis or across
the radius reduces the effect of the other. In addition, it can
be deducted from Fig. 6 that the nonlocal value decreases
the buckling load while the strain gradient increases the
buckling load. This is because the stiffness of the nanotube
decreases by enhancing the nonlocal parameter, and on the
other hand, the strain gradient parameter increases the
stiffness of the nanotube (Shafiei and She 2018).

Table 2 Comparison of the results with Reddy (2007) for
different theories

L/h=10 L/h=20 L/h=100
Timoshenko Theory
(Reddy 2007) 91701 9.3455 94031
Euler-Bernoulli
2 theory (Reddy 2007) 9.4055 9.4055 9.4055
W Reddy Theory
. (Reddy2007) 01702 93455 9.4031
.
= Present higher order o 1365074 933435821 9.40114819
theory
Presentﬂ;relcr)r:;shenko 9.15311629 9.32864207 9.40007257
Timoshenko Theory
(Reddy 2007) 50364 81900 82405
Euler-Bernoulli
~ theory (Reddy 2007) 8.2426 8.2426 8.2426
o Reddy Theory
S (Reddy 2007) 8.0364 81900 82405
Present higher order g 335821 §.18810043 8.23767307
theory
Presenttgggsr‘e”ko 8.03164207 8.17942475 8.23314235
Timoshenko Theory
(Reddy 2007) 6.8990  7.0310  7.0743
Euler-Bernoulli
< theory (Reddy 2007) 7.0761 9.0761 7.0761
A Reddy Theory
j‘.‘? (Reddy 2007) 6.8991 7.0310 7.0743
Presenttr?;g?;r Order ¢ 88514819 7.030686553 7.07404010
Presemtg;g:;s“e”ko 6.87987257 7.030194310 7.07390896
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Table 3 Buckling load of FG and 2D-FG porous nanotubes for clamped supported boundary condition when Rog = 10Rig
=1 (nm), a =0.05

H= 0, Hea = 0 W= 1, [ea = 0 W= 0, Hea = 1 W= 1, Hea = 2 W= 2, [ea = 3
Higher order Theory 29.51557 31.4581 27.75108 25.09944 23.7998

nx=1,nr=0

Timoshenko 29.98132 31.95198 28.202 25.53733 24.26187

L . =0, ne= 1 Higher order Theory 32.92517 35.00491 30.969 27.94442 26.31223
Rog Timoshenko 33.25896 35.35978 31.28296 28.22772 26.57732
o Higher order Theory 27.68564 29.46831 26.02818 23.49375 22.20135

mx=ne= 1 Timoshenko 28.12597 29.94357 26.45023 23.90151 22.61926

=1 nR=0 Higher order Theory 30.57302 31.07417 30.09569 29.2217 28.51524

Timoshenko 30.87978 31.38614 30.40082 29.52715 28.82688

L _ 5o nx= 0, he= 1 Higher order Theory 34.25464 34.79557 33.72212 32.72827 31.88656
Rog Timoshenko 34.34453 34.88688 33.81061 32.81415 31.97024
s e 1 Higher order Theory 28.74962 29.21184 28.29976 27.4659 26.7719

Timoshenko 29.00955 29.47778 28.55768 27.72392 27.0372

nx= 1 ne=0 Higher order Theory 30.85024 30.97656 30.72846 30.49325 30.2761

Timoshenko 31.11324 31.24073 30.99121 30.7564 30.54139

L — 100 =0, me= 1 Higher order Theory 34.60418 34.74079 34.46811 34.20072 33.94456
Rog Timoshenko 34.62708 34.76379 34.49092 34.22335 33.96703
T Higher order Theory 29.02893 29.14557 28.91406 28.68969 28.47749

Timoshenko 29.23935 29.35731 29.12417 28.90017 28.69028

Table 4 Buckling load of FG and 2D-FG porous nanotubes for clamped-simply supported boundary condition when Rog
= 10Rip= 1 (nm), o = 0.05

Ww=0,pea=0 Ww=1,pea=0 Ww=0,pea=1 Ww=1pea=2 W=2, pea=3
Higher order Theory 16.33447 16.93376 15.81991 14.98564 14.50053

nx=1,nr=0

Timoshenko 16.77081 17.39699 16.24571 15.40763 14.94363

L _ s nx= 0, ne= 1 Higher order Theory 17.21703 17.77129 16.68007 15.74396 15.06834
Rog Timoshenko 17.32971 17.8883 16.78856 15.84531 15.16445
o Higher order Theory 14.97683 15.49614 14.50505 13.71178 13.19612

mx= et Timoshenko 1540017 1595878 1492538 1412764 1363735

=1 ne=0 Higher order Theory 16.66624 16.81854 16.53187 16.28901 16.09826

Timoshenko 17.05325 17.21208 16.91659 16.67342 16.49028

L =50 =0 ne= 1 Higher order Theory 17.61984 17.76202 17.4788 17.20664 16.95708
Ro, Timoshenko 17.64916 17.79162 17.50784 17.23514 16.9851
nx= ne= 1 Higher order Theory 15.30469 15.43719 15.18117 14.9506 14.75429

Timoshenko 15.68096 15.82064 15.55489 15.32383 15.13577

=1 ne=0 Higher order Theory 16.75136 16.7896 16.7174 16.65424 16.60075

Timoshenko 17.12538 17.16523 17.09086 17.02769 16.97627

L — 100 S Higher order Theory 17.72347 17.75924 17.68776 17.61699 17.54777
Ro, Timoshenko 17.73087 17.76666 17.69515 17.62434 17.55509
Higher order Theory 15.3889 15.4222 15.35766 15.29772 15.24301

Timoshenko 15.75043 15.78549 15.71857 15.65856 15.60606
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Table 5 Buckling load of FG and 2D-FG porous nanotubes for simply supported boundary condition when Roo = 10Ri
=1 (nm), a = 0.05

IJI:O,I,leaZO l,llzl, l,leazo u|:O,uea:1 u|=1,uea=2 |J.|:2, lJ.ea:3

_ _ Higher order Theory 7.770923 7.899309 7.64846 7.424551 7.246025

m= 1 =0 Timoshenko 7.880449 8.011023 7.756725 7.531318 7.353298

L . =0, ne= 1 Higher order Theory 8.56366 8.698892 8.43053 8.182068 7.971619
Rog Timoshenko 8.586132 8.721719 8.452653 8.203539 7.992472
= ne=1 Higher order Theory 7.24239 7.358555 7.128639 6.917355 6.741389

Timoshenko 7.335152 7.453805 7.220135 7.007695 6.833334

=1 ne=0 Higher order Theory 7.844427 7.876823 7.813183 7.752861 7.697396

Timoshenko 7.942101 7.974985 7.910584 7.849937 7.794595

L - 50 =0, me= 1 Higher order Theory 8.651045 8.685198 8.617027 8.550179 8.48614
Ro, Timoshenko 8.656771 8.690947 8.62273 8.555838 8.491756
S Higher order Theory 7.313827 7.343156 7.28478 7.227897 7.173886

Timoshenko 7.394254 7.424151 7.364938 7.307825 7.25421

=1 me= 0 Higher order Theory 7.863024 7.871142 7.855173 7.839802 7.825132

Timoshenko 7.957666 7.965902 7.949749 7.934301 7.919661

L ~100  ny=0,me=1 Higher order Theory 8.673174 8.681735 8.664623 8.647595 8.630751
Ro, Timoshenko 8.674613 8.683174 8.66606 8.649029 8.632182
N Higher order Theory 7.33191 7.33926 7.324609 7.310117 7.295877

Timoshenko 7.409179 7.416668 7.401814 7.387269 7.373126
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Fig. 2 Buckling load of 2D-FG perfect nanotube versus the nonlocal parameter (pea) Ro = 2Ri =L/40 = 1 (nm), = 0.75
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Fig. 3 Buckling load of 2D-FG perfect nanotube versus the strain gradient parameter () when Ro = 2Ri = L/40 = 1 (nm),

Mea= 0.75
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Fig. 5 Buckling load of 2D-FG porous nanotube versus ng when Ro
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5. Conclusions

The investigation on buckling characteristics of two-
dimensional functionally graded (2D-FG) imperfect
nanotubes with porosity was presented in the present paper.
Zhang-Fu’s tube model is the basis of the nanotube model,
and the nano-size effect is taken into attention by nonlocal
and also strain gradient theories. The results are obtained
employing GDQM, and the results are presented to show
the effects of L/Roo, FG power indexes (nx and ng),
nonlocal parameter, and strain gradient parameter. The
main important results of this examination are as below

* The buckling load in the Timoshenko model is a little
higher than the higher-order theory since the degree of
freedom of Timoshenko theory is lower than that of the
higher-order theory.

» The nonlocal parameter (pe) decreases the buckling
load due to reduces stiffness.

* The buckling load raises with the gradient strain
parameter (w) because the gradient strain enhances the
strength of the tube.

* Both FG power indexes along the length (ny) and along
the radius (nr) lead to decreases in the stiffness of tubes,
and it means the reduces the buckling load; moreover, for a
higher-value of four (nx = 4 or ng = 4), the influence of
them is negligible.

« Growing the aspect ratio (L/Roo) leads to the
increment of the buckling load. In contrast, the impact of
aspect ratio is remarked to be different when p = 1 and pea
=0.
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