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1. Introduction 

 
Gradually distribution of carbon nanotubes (CNTs) in a 

polymeric or metallic matrix creates a new class of 
materials that are called functionally graded carbon 
nanotube reinforced composites (FG-CNTRC). Researches 
about this class of materials have grown rapidly in recent 
years. The main reason for this attention is related to special 
properties of FG-CNTRC such as high strength, high 
stiffness, and high aspect ratio, and very low density. 
Different researches about the mechanical analysis of FG-
CNTRCs were reviewed by Liew et al. (2015). 

There are lots of researches about CNTs in different 
fields like Chang and Gao (2003), Song and Youn (2006), 
Khater et al. (2015), Hajnayeb and Khadem (2015), Kumar 
and Sirvastava (2016), Karimov et al. (2020) and Navneeth 
et al. (2020). But the first work about the effect of FG-CNT 
on the behavior of the mechanical structure is done by Shen 
(2009). He studied nonlinear bending of a simply supported 
functionally graded reinforced composite plate under 
transverse loading. Also, the thermal effect is included by 
considering the material properties of the plate as a function 
of temperature. His results show that FG-CNT has 
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a remarkable effect on the bending behavior of plates. Wang 
and Shen (2011) investigated the nonlinear vibration of FG-
CNTRC plates using the perturbation technique. In their 
study, they used plates with an elastic foundation in a 
thermal environment. The results show a considerable effect 
of CNT volume fraction on vibration characteristics of 
plates such as natural frequency. The same authors (Wang 
and Shen 2012) carried out nonlinear vibration and bending 
of sandwich plates with FG-CNT face sheets on an elastic 
foundation. They used different kinds of CNT distribution 
in the thickness direction of sheets. The results for vibration 
and bending illustrate the high effect of CNT distribution 
and volume fraction on the linear and nonlinear behavior of 
plates. Lei et al. (2013) presented a free vibration analysis 
of FG-CNTRCs plates, using the element-free kp-Ritz 
method. The governing equations are based on the first-
order shear deformation plate theory and the two-
dimensional displacement fields are approximated by mesh-
free kernel particle functions. For different volume fraction 
distributions, the results showed the effect of plate width-to-
thickness ratio, plate aspect ratio, and temperature change 
on natural frequencies and mode shapes of various types of 
FG-CNTRC plates. Chavan and Lal (2017) considered the 
bending behavior of single-wall carbon nanotube reinforced 
functionally graded plates under sinusoidal transverse 
loading. They used the finite element method based on the 
higher-order shear deformation theory in their analysis. 
Their results show stress distribution and deflection of the 
plate under the different boundary conditions, carbon 
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boundary conditions on the nonlinear response of the functionally graded carbon nanotubes reinforced composite deep 
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CNTRC deep cylindrical panel is strongest with the highest bending moment and followed by UD, X, O, and Ʌ-ones. Also, 
considering the present deep cylindrical panel formulation increases the accuracy of the results. Hence, according to the 
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nanotube distribution, and geometrical ratios. 
 Using the size effect for the first time, Karami et al. 

(2018) presented a comprehensive study of Functionally 
Graded Carbon Nanotube Reinforced Composite plates 
based upon Second-Order Shear Deformation Theory 
(SSDT). They studied the effect of different parameters 
such as volume fraction of carbon nanotube, nonlocality, 
and elastic foundation on static, stability, and dynamic 
response of FG-CNTRC plates with Winkler–Pasternak 
elastic foundation. Kamarian et al. (2019) investigated the 
effect of CNTs on thermomechanical behavior of epoxy- 
based composite plates. They used experimental and 
numerical methods for their analysis. Results show that 
coefficient of thermal expansion has a decreasing- 
increasing trend according to the weight percentage of 
CNTs. Hajmohammad et al. (2018) analyzed buckling of 
piezoelectric FG-CNTRC truncated conical shells in a 
hygrothermal environment. A layerwise shear deformation 
theory was applied and the Halpin- Tsai model was used for 
obtaining the effective moisture and temperature-dependent 
material properties. The results illustrate that enhancing the 
CNTs’ weight percent increases the buckling load. 
Furthermore, increasing the moisture and temperature 
changes decreases the buckling load. Kamarian et al. (2015, 
2016) studied the effect of CNTs agglomeration on the 
vibrational behavior of FGS-CNTR beams. Their analysis 
based on the Timoshenko beam theory and GDQ method. 
The results show the serious effect of CNTs agglomeration 
on the mechanical and vibrational behavior of FGS-CNTR 
beams. Also, they considered the influence of foundation, 
piezoelectric layers thickness and geometrical parameters in 
their work. 

Jedari Salami (2016a, b, 2017, 2018) presented a series 
of works related to sandwich panel beams with FG-CNTRC 
face sheets. In all of them, the governing equations are 
based on the Extended High Order Sandwich Panel Theory 
(EHSAPT). The first study is related to bending of the 
beams under line load at the top face sheet for different 
boundary conditions. The influence of the distribution 
pattern of CNTs on moment resultants, stress, and 
displacement of core and sheets of the sandwich beam using 
the Ritz method is reported in this study. The second study 
is related to the response of beams under low-velocity 
impacts. Again, the field equations are derived using the 
Ritz method and the contact force is calculated according to 
conventional Hertz law. Also, the time-domain solution is 
derived using the Runge-Kutta method. Results show the 
effect of different parameters such as CNTs distribution on 
the contact characteristics. In the last one, the transient 
response of sandwich beams under dynamic loading was 
investigated. The results are derived for different boundary 
conditions using the Ritz method and Newmark direct 
integration method. The results show the effect of nanotube 
volume fraction and their distribution on the time domain 
transverse displacement, shear force, and moment resultants 
of the face sheet. Based on Euler- Bernoulli beam theory, 
Hussain et al. (2019) studied the vibration analysis of 
armchair and zigzag single-walled carbon nanotubes. The 
Fourier method was utilized to solve the ordinary 
differential equation. The motion equation for this system 

was developed using a novel wave propagation method. 
The results were validated with existing open text. 

Shen and Xiang (2014) studied the nonlinear bending of 
FG-CNT cylindrical shells on an elastic foundation and 
thermal environment. They used governing equations based 
on a higher-order shear deformation theory with a von 
Kármán-type of kinematic nonlinearity and solved them by 
a two-step perturbation technique. Ansari et al. (2014, 
2015) studied forced vibration of FG-CNTRC beams and 
plates. Their governing equations for beams and plates are 
based on Timoshenko and the first-order shear deformation 
theories. They used generalized differential quadrature 
(GDQ) and Galerkin numerical methods for their analysis. 
The results show the CNT effects on nonlinear forced 
vibration characteristics of composite plates. Zhang et al. 
(2015a, b) researched the vibration characteristics of FG-
CNTRC cylindrical panels, rectangular plates, and skew 
plates. The results are derived based on the first-order shear 
deformation theory (FSDT) and using Ritz Method. Effect 
of CNT on vibration frequencies and mode shapes are 
presented in the results. Using the GDQ method, Emdadi et 
al. (2019) studied the free vibration response of annular 
sandwich plates with various FG porous cores and FG- 
CNTRC face sheets based on modified couple stress theory 
and first-order shear deformation theories. The effects of 
material length scale parameters, boundary conditions, 
aspect and inner to outer radius ratios, FG porous 
distributions, pore compressibility, and volume fractions of 
CNTs were considered. 

Mirzaei and Kiani (2015) investigated linear thermal 
buckling of FG-CNTRC conical shells by considering 
temperature-dependent materials. In their analysis, firstly 
equilibrium equations based on FSDT and Donnell equation 
are derived, and then for the stability equation, adjacent 
equilibrium criterion is applied. The pre-buckling load is 
derived using linear membrane analysis. The same authors 
(2016) studied the vibration characteristics of FG-CNTRC 
cylindrical panels for different kinds of boundary 
conditions. They used the same theories as to the previous 
one but the Ritz method with Chebyshev polynomials is 
used in the solution approach. The results illustrate that 
natural frequencies are proportional to the volume fraction 
of CNT. 

Jamali et al. (2019) investigated CNTs’ influence on 
postbuckling of the microplate with cut out subjected to a 
magnetic field and resting on elastic medium. The basic 
formulation of the plate is based on first-order shear 
deformation theory (FSDT) and the material properties of 
FG-CNTRCs are presumed to be changed through the 
thickness direction and are assumed based on the rule of 
mixture; moreover, nonlocal Eringen’s theory was applied 
to consider the size-dependent effect. that the aspect ratio 
and length of square cut out have a negative effect on the 
postbuckling response of micro composite plate. 
Furthermore, the existence of CNTs in the system causes 
improvement in the postbuckling behavior of the plate and 
different distributions of CNTs in the plate have a diverse 
response. Ebrahimi and Habibi (2017) analyzed the 
nonlinear low-velocity impact response of FG-CNTRC 
plate based on the Eshelby- Mori- Tanaka approach in 
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thermal conditions using higher-order shear deformation 
plate theory (HSDT). The contact force between the 
impactor and laminated plate is obtained with the aid of the 
modified nonlinear Hertzian contact law models. In this 
research, the effect of layup and lamination angle as well as 
the effect of temperature variations, distribution of CNTs, 
the volume fraction of the CNTs, the mass and the velocity 
of the impactor in a constant energy level and boundary 
conditions on the impact response of the CNTRC laminated 
plates are investigated in details. Fu et al. (2019) analyzed 
the mechanical behavior of FG-CNTRC plates. They 
considered elastic foundations and thermal environment in 
their analysis. The equations are based on nth-order shear 
deformation theory and the differential quadrature method 
is used for the solution. Chan et al. (2019) investigated 
nonlinear buckling and post-buckling of FG-CNTRC 
truncated conical shells under the axial loading. The 
governing equations are based on classical shell theory and 
solved by Airy stress function and Galerkin method. Results 
show the effect of different parameters such as volume 
fraction, geometric ratios, and elastic foundations on the 
buckling and postbuckling behavior of the conical shell. 

In this paper, nonlinear bending analysis of deep 
cylindrical composite panels reinforced by functionally 
graded carbon nanotubes (FG-CNT) is studied. Firstly, the 
equilibrium equations are derived using the total potential 
energy of the panel. Then using Ritz numerical method, the 
equilibrium equations are solved and the results are derived. 
Finally, the influence of nanotubes distributions and volume 
fraction, temperature changes, and boundary conditions on 
transverse displacement and moment resultants is 
investigated. Comparison of present work with other works 
shows a good agreement between the results. It should be 
noted that according to the noticeable amount of the radius-
to-side ratio (R/a) in FG-CNTRC cylindrical panels, it is 
mandatory to apply strain-displacement relations of deep 
cylindrical panels for bending analysis of FG-CNTRC. 

 
 

2. Governing formulation 
 
Consider an FG-CNTRC panel with thickness h and 

mean radius R in reference coordinate XYZ as shown in 
Fig. 1 where the displacement components of the middle 
surface are u, v, and w along with the longitudinal, 
circumferential and lateral directions, respectively. 

For this coordinate system, the kinematics equations of 
a deep cylindrical panel according to the first-order shear 
deformation theory could be written as (Asadi et al. 2012) 

 𝜀௫ = 𝑢,௫ + 12 𝑤,௫ଶ + 𝑧𝜙௫,௫ − 𝛼ଵଵΔ𝑇 𝜀௬ = 𝑣,௬ + 𝑤𝑅 + 12 ൬𝑤,௬ଶ + ቀ𝑣𝑅ቁଶ൰          +𝑧 ቀ𝜙௬,௬ + 𝑣,௬𝑅 ቁ − 𝛼ଶଶΔ𝑇 𝛾௫௬ = 𝑣,௫ + 𝑢,௬ + 𝑤,௫ ቀ𝑤,௬ + 𝑣𝑅ቁ            +𝑧 ቀ𝜙௫,௬ + 𝜙௬,௫ + 𝑣,௫𝑅 ቁ 𝛾௫௭ = 𝜙௫ + 𝑤,௫ 𝛾௬௭ = 𝜙௬ + 𝑤,௬ − 𝑣𝑅 

(1)

 

Fig. 1 The geometry of the cylindrical panel
 
 

Fig. 2 Different distributions of nanotubes in cylindrical 
panels

 
 
Where in these equations, ϕx and ϕy are the rotations 

about circumferential and longitudinal coordinate’s axes 
respectively. FG-CNTRC structures represent different 
behavior according to various types of CNTs distributions. 
In this paper, five different kinds of distribution for carbon 
nanotubes in the matrix of the cylindrical panel is 
considered. These different distributions are uniform 
distribution (UD), and four graded distribution: FG-V, FG-
Ʌ, FG-O, and FG-X as shown in Fig. 2. 

For different kinds of CNT distribution, the volume 
fraction mathematical equations are 

 

𝑉஼ே(𝑧) =
⎩⎪⎪
⎪⎨
⎪⎪⎪
⎧𝑉஼ே∗                      (𝑈𝐷 𝐶𝑁𝑇𝑅𝐶)2𝑉஼ே∗ ቆ1 − 2 |𝑧|ℎ ቇ    (𝐹𝐺 − 𝑂 𝐶𝑁𝑇𝑅𝐶)

4𝑉஼ே∗ |𝑧|ℎ                    (𝐹𝐺 − 𝑋 𝐶𝑁𝑇𝑅𝐶)𝑉஼ே∗ ቀ1 + 2 𝑧ℎቁ         (𝐹𝐺 − 𝑉 𝐶𝑁𝑇𝑅𝐶)𝑉஼ே∗ ቀ1 − 2 𝑧ℎቁ          (𝐹𝐺 − 𝛬 𝐶𝑁𝑇𝑅𝐶)
 (2)

 
Where − ௛ଶ ≤ 𝑧 ≤ ௛ଶ . In this equation 𝑉஼ே and 𝑉஼ே∗  

present CNT volume fraction of each distribution and total 
volume fraction, respectively. From Eq. (2) it can be 
concluded that despite different CNT volume fractions, the 
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total volume fraction of CNT for different distributions are 
the same. The value of the total CNT volume fraction, 𝑉஼ே∗ , 
is derived by (Shen 2009) 

 𝑉஼ே∗ = wେ୒wେ୒ + (ρେ୒/ρ୫) − (ρେ୒/ρ୫) wେ୒  (3)

 
Where 𝜌௠, 𝜌஼ே and  𝑤஼ே  are matrix density, CNT 

density, and mass fraction of CNT, respectively. Using 
matrix and carbon nanotubes properties, the mechanical 
properties of the reinforced panel are calculated according 
to the conventional rule of the mixture as (Shen 2009) 

 Eଵଵ = ηଵVେ୒Eଵଵେ୒ + V୫E୫  ηଶEଶଶ = Vେ୒Eଶଶେ୒ + V୫E୫  ηଷGଵଶ = Vେ୒Gଵଶେ୒ + V୫G୫ 

(4)

 𝑉஼ே and 𝑉௠ are volume fraction of CNTs and matrix, 
respectively, which are related as 

 𝑉஼ே + 𝑉௠ = 1 (5)
 Eଵଵେ୒, Eଵଵେ୒ and Eଵଵେ୒ present Young’s modulus and shear 

modulus of carbon nanotubes. Also 𝐸௠  and 𝐺௠  are 
corresponding mechanical properties of the matrix as an 
isotropic and homogeneous material. Parameters 𝜂௜ (i = 1, 
2, 3) are the so-called efficiency parameters that are used 
for size-dependent properties to compensate for the 
difference in the result of the conventional rule of mixture. 
The Poisson’s ratio of the panel is considered almost 
independent of CNTs distribution (Shen 2009) and is related 
to Poisson’s ratio of CNT, νଵଶେ୒, and Poisson’s ratio of the 
matrix, 𝜈௠, by 

 νଵଶ = V஼ே∗ νଵଶେ୒ + V୫𝜈௠ (6)
 
Finally, thermal expansion coefficients of FG-CNTRC 

cylindrical panel according to Sharpy model in longitudinal 
and circumferential directions are (Shen, 2012) 

 𝛼ଵଵ = 𝑉஼ே𝐸ଵଵ஼ே𝛼ଵଵ஼ே + 𝑉௠𝐸௠𝛼௠𝑉஼ே𝐸ଵଵ஼ே + 𝑉௠𝐸௠𝛼ଶଶ = (1 + 𝜐ଵଶ஼ே)𝑉஼ே𝛼ଶଶ஼ே + (1 + 𝜐௠)𝑉௠𝛼௠ − 𝜐ଵଶ𝛼ଵଵ (7)

 𝛼ଵଵ஼ே, 𝛼ଶଶ஼ே are thermal expansion coefficients of CNT, 𝛼௠ is thermal expansion coefficients of the matrix, 𝜐ଵଶ஼ே is 
Poisson’s ratio of CNT and 𝜐௠ is Poisson’s ratio of the 
matrix. According to the plane stress form of Hook’s law 
and mentioned relations, the stress-strain relations of FG-
CNTRC panel could be written as 

 σ୶ = 𝑄ଵଵ𝜀௫ + 𝑄ଵଶ𝜀௬ σ୷ = 𝑄ଵଶ𝜀௫ + 𝑄ଶଶ𝜀௬ τ୷୸ = 𝑄ସସ𝛾௬௭ τ୶୸ = 𝑄ହହ𝛾௫௭ τ୶୷ = 𝑄଺଺𝛾௫௬ 

(8)

where 𝑄௜௝  are components of the stiffness matrix of a 
cylindrical panel that compatible with plane stress 
conditions. These coefficients are calculated by 

 Qଵଵ = Eଵଵ1 − νଵଶνଶଵQଶଶ = Eଶଶ1 − νଵଶνଶଵ Qଵଶ = νଶଵEଵଵ1 − νଵଶνଶଵ𝑄ସସ = 𝐺ଶଷ 𝑄ହହ = 𝐺ଵଷ          𝑄଺଺ = 𝐺ଵଶ 

(9)

 
 

3. Method of solution 
 
For starting the solution of the problem, using the Ritz 

method, the equilibrium equations of the panel must be 
derived. The total potential energy of panel (Π) is obtained 
by summation of strain energy (U) and potential energy of 
external forces (W) 

 Π = U + W (10)
 
The strain energy of the panel is calculated as 
 𝑈 = න ൬12 𝜀௫𝜎௫ + 12 𝜀௬𝜎௬ + 12 𝜏௬௭𝛾௬௭ + 𝑘2 𝜏௫௭𝛾௫௭+ k2 𝜏௫௬𝛾௫௬൰ 𝑑𝑉 

(11)

 
Where k is the shear correction factor that depends on 

different parameters such as boundary conditions and 
geometrical characteristics. In this paper, the value of k is 
approximated as ହ଺. Substituting Eq. (8) into Eq. (11) yields 

 𝑈 = න ൬12 𝑄ଵଵ𝜀௫ଶ + 12 𝑄ଶଶ𝜀௬ଶ + 𝑄ଵଶ𝜀௫𝜀௬ + k2 𝑄ସସ𝛾௬௭ଶ  + k2 𝑄ହହ𝛾௫௭ଶ + 12 𝑄଺଺𝛾௫௬ଶ ൰ 𝑑𝑉 
(12)

 
Also, the potential energy of external forces is 
 𝑊 = න −𝑃𝑤𝑑𝐴 (13)
 
P and w, are external loads and lateral displacement, 

respectively. By substitution of Eqs. (12) and (13) in Eq. 
(10), the total potential energy of the panel is derived as 

 Π = න ൬12 𝑄ଵଵ𝜀௫ଶ + 12 𝑄ଶଶ𝜀௬ଶ + 𝑄ଵଶ𝜀௫𝜀௬ + k2 𝑄ସସ𝛾௬௭ଶ ൰ (14)

 
Finally, substituting Eq. (1) in Eq. (14) yields 
 Π = න ቈ12 𝑄ଵଵ ൬𝑢,௫ + 12 𝑤,௫ଶ + 𝑧𝜙௫,௫ − 𝛼ଵଵ𝛥𝑇൰ଶ

             + 12 𝑄ଶଶ ൬𝑣,௬ + 12 ൬𝑤,௬ଶ + ቀ𝑣𝑅ቁଶ൰ +𝑧 ቀ𝜙௬,௬ + 𝑣,௬𝑅 ቁ 𝑤𝑅 − 𝛼ଶଶΔ𝑇ቁଶ              (15)
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           + 𝑄ଵଶ ൬𝑢,௫ + 12 𝑤,௫ଶ + 𝑧𝜙௫,௫ − 𝛼ଵଵΔ𝑇൰            ൬𝑣,௬ + 𝑤𝑅 + 12 ൬𝑤,௬ଶ + ቀ𝑣𝑅ቁଶ൰ + 𝑧 ቀ𝜙௬,௬ + 𝑣,௬𝑅 ቁ            −𝛼ଶଶΔ𝑇) + k2 𝑄ସସ ቀ𝜙௬ + 𝑤,௬ − 𝑣𝑅ቁଶ + k2 𝑄ହହ            ൫𝜙௫ + 𝑤,௫൯ଶ + 12 𝑄଺଺ ቀ𝑣,௫ + 𝑢,௬ + 𝑤,௫ ቀ𝑤,௬ + 𝑣𝑅ቁ           +𝑧 ቀ𝜙௫,௬ + 𝜙௬,௫ + 𝑣,௫𝑅 ቁቇଶ൩ 𝑑𝑉 − න 𝑃𝑤𝑑𝐴 

(15)

 
Using the Ritz method for the discretization of Eq. (15) 

in the displacement domain, the following series are 
considered as approximated functions for displacements and 
rotations (Mirzae and Kiani 2015) 

 𝑢 = 𝑅௨(𝑥, 𝑦) ෍ ෍ 𝑈௜௝𝑃௜(𝑥)𝑃௝(𝑦)ே೤
௝ୀଵ

ேೣ
௜ୀଵ  

𝑣 = 𝑅௩(𝑥, 𝑦) ෍ ෍ 𝑉௜௝𝑃௜(𝑥)𝑃௝(𝑦)ே೤
௝ୀଵ

ேೣ
௜ୀଵ  

𝑤 = 𝑅௪(𝑥, 𝑦) ෍ ෍ 𝑊௜௝𝑃௜(𝑥)𝑃௝(𝑦)ே೤
௝ୀଵ

ேೣ
௜ୀଵ  

𝜙௫ = 𝑅௫(𝑥, 𝑦) ෍ ෍ 𝑋௜௝𝑃௜(𝑥)𝑃௝(𝑦)ே೤
௝ୀଵ

ேೣ
௜ୀଵ  

𝜙௬ = 𝑅௬(𝑥, 𝑦) ෍ ෍ Y௜௝𝑃௜(𝑥)𝑃௝(𝑦)ே೤
௝ୀଵ

ேೣ
௜ୀଵ  

(16)

 
The above equations are optional and only must satisfy 

the essential boundary conditions. 𝑃௜(𝑥) and 𝑃௝(𝑦) are i-
th and j-th Chebyshev polynomial of the first kind that is 
defined as 

 𝑃௜(𝑥) = cos ቆ(𝑖 − 1) 𝑎𝑟𝑐𝑐𝑜𝑠 ൬2𝑥𝑎 ൰ቇ 𝑃௝(𝑦) = cos ቆ(𝑗 − 1) arccos ൬2𝑦𝑏 ൰ቇ 
(17)

 
where − ௕ଶ ≤ 𝑥 ≤ ௕ଶ  ,- ௔ଶ ≤ 𝑦 ≤ ௔ଶ  and 𝑁௫  and 𝑁௬  are a 
number of divisions in x and y-directions, respectively. R 
functions are boundary functions related to essential 
boundary conditions. Considering the origin of coordinate 
in the center of the panel’s midplane, the R function could 
be selected as (Abrate 1998) 

 𝑅(𝑥. 𝑦) = ൬1 + 2𝑥𝑎 ൰௣ ൬1 − 2𝑥𝑎 ൰௤ ൬1 + 2𝑦𝑏 ൰௥ ൬1 + 2y𝑏 ൰௦
(18)

 
where p, q, r, and s are equated to 0 or 1, according to the 
essential boundary conditions. In this paper two kinds of 
boundary conditions, movable and immovable simply 
supported boundary conditions, are considered. For 
movable simply supported boundary conditions, the 
essential boundary conditions are 

𝑤 = 𝜙௬ = 0        𝑥 = − 𝑏2,   𝑏2 𝑤 = 𝜙௫ = 0        𝑦 = − 𝑎2,   𝑎2 
(19)

 
And for the immovable one, the essential boundary 

conditions could be written as 
 𝑢 = 𝑤 = 𝜙௬ = 0          𝑥 = 𝑏2,   𝑏2 𝑣 = 𝑤 = 𝜙௫ = 0           𝑦 = − 𝑎2,   𝑎2 

(20)

 
U, V, and W are unknown Coefficients that must be 

calculated. For this purpose, Eq. (15) is substituted in the 
Lagrange equation (Song and Youn 2006) as 

 𝜕Π𝜕𝑠௜௝௞ = 0, 𝑘 = 𝑢, 𝑣, 𝑤,    𝑖 = 1: 𝑁௫,    𝑗 = 1: 𝑁௬ (21)

 
Where in this equation, 𝑠௜௝௨ = 𝑈௜௝,  𝑠௜௝௩ = 𝑉௜௝, 𝑠௜௝௪ = 𝑊௜௝,  𝑠௜௝௫ = 𝑋௜௝ and 𝑠௜௝௬ = 𝑌௜௝. Eq. (21) in matrix form could be 

written as 
 ሾ𝐾ሿሼ𝑆ሽ − ሼ𝐹ሽ = ሼ𝑅ሽ = 0 (22)
 
In this equation, ሾ𝐾ሿ is the coefficient matrix. Also, ሼ𝑆ሽ and ሼ𝐹ሽ are unknown and force vectors, respectively. 

Finally, ሼ𝑅ሽ is the residual vector that generally isn’t zero 
and for deriving the results must be equated to zero. So, 5 
× 𝑁௫ × 𝑁௬  nonlinear equations are obtained. For the 
derivation of unknown components of the vector ሼ𝑆ሽ (U, 
V, W, X, and Y), Newton-Raphson method is implemented. 
In this method, a primary guess is considered for ሼ𝑆ሽ and 
then using iteration method, the other values of ሼ𝑆ሽ are 
obtained by 

 ሼ𝑆ሽ௡ାଵ = ሼ𝑆ሽ௡ − ሾK்ሿ௡ିଵሼ𝑅ሽ௡ (23)
 
Where n shows the number of iterations and ሾ𝐾்ሿ is the 

tangential matrix that is obtained by 
 ሾ𝐾்ሿ = 𝜕𝑅𝜕𝑠௜௝௞  (24)

 
its components are given in the Appendix. The iteration 
procedure is continuing till the difference between two 
consecutives ሼ𝑆ሽ is small sufficiently. 

 
 

4. Results and discussion 
 
In this section, the numerical results of the solution are 

presented. The results are derived for a cylindrical panel 
with thickness h, radius R, circumferential and longitudinal 
dimensions a and b, respectively. The material properties of 
the Polymethyl methacrylate, PMMA as the matrix are 
considered (Shen and Xiang 2014) 

 E୫ = (3.52 − .0034𝑇) GPa α୫ = 45(1 + 0.0005Δ𝑇) × 10ି଺𝐾  𝜐௠ = 0.34 

(25)
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Fig. 3 Comparisons of load-deflection curves for an 
isotropic shallow cylindrical panel subjected to 
a uniform pressure 

 
 

Fig. 4 Comparisons of load-deflection curves for an 
isotropic deep cylindrical panel based on 
shallow and deep cylindrical theories 

 
 
In this equation 𝑇 = 𝑇଴ + ∆𝑇  and 𝑇଴ = 300 𝐾 . The 

thermomechanical properties of carbon nanotubes in the 
temperature range 300  to 700 𝐾  are considered as 
(Mirzae and Kiani 2015) 

 
 

 
 

Table 1 Maximum difference percentage of W/h from 
geometrical and present formulation viewpoints 

 Deep cylindrical 
formulation (Fig. 3) 

Geometrical aspect
(Fig. 4) 

Shell type Deep Shallow Deep Shallow
w/h 0.88 0.85 3.05 2.88 

Difference (%) 3.52% 6% 
 
 𝐸ଵଵ஼ே = (6.3998 − 4.338417 × 10ିଷT+ 7.43 × 10ି଺Tଶ− 4.45833 × 10ିଽTଷ) TPa 𝐸ଶଶ஼ே = (8.02155 − 5.420375 × 10ିଷT+ 9.275 × 10ି଺Tଶ− 5.5625 × 10ିଽTଷ) TPa 𝐺ଵଶ஼ே = (1.40755 + 3.476208 × 10ିଷT− 6.965 × 10ି଺Tଶ+ 4.479167 × 10ିଽTଷ) TPa 𝛼ଵଵ஼ே = (−1.12515 + 0.02291688T− 2.887 × 10ିହTଶ+ 1.13625 × 10ି଼Tଷ) × 10ି଺𝐾  𝛼ଶଶ஼ே = (5.43715 − 0.984625 × 10ିସT+ 2.9 × 10ି଻Tଶ + 1.25 × 10ିଵଵTଷ)× 10ି଺𝐾  νଵଶ஼ே = 0.175                                 

(26)

 

 
And about the shear modulus, it is considered that (Shen 

2009) 
 𝐺ଵଶ = 𝐺ଵଷ,  𝐺ଶଷ = 1.2𝐺ଵଶ (27)
 
4.1 Comparison study 
 
As part of the verification of the present study, the load-

deflection curves for an isotropic cylindrical panel 
subjected to a uniform pressure are compared from three 
viewpoints. At first, to validate the assumption of 
considering strain-displacement of a deep cylindrical panel 

 
 

 

Fig. 5 (a) Comparisons of load-deflection behavior of CNTRC deep cylindrical panels based on geometrically 
linear and nonlinear analyses; (b) Comparisons of load-bending behavior of CNTRC deep cylindrical panels 
based on geometrically linear and nonlinear analyses
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to analyze shallow cylindrical panels, results are compared 
with those obtained by Zhao and Liew (2009), (see Fig. 3). 
In this case, the isotropic shallow cylindrical panel with 
radius-to- side ratio ோ௔ = 10 and equal circumferential and 
axial edges are analyzed. As seen, there are very good 
agreements between the results. Second, comparison of 

 
 

 
 

 
 

results for the isotropic deep cylindrical panel with ோ௔ = గଶ ≅0.64 based on shallow and deep cylindrical panel theories 
are depicted in Fig. 4. It may be concluded that the shallow 
cylindrical panel theory overestimates the central deflection 
of the deep panel. So, applying shallow theory encounter 
with unreal results in deep cylindrical panels. Table 1 

(a) Load-deflection (b) Load-bending moment 

Fig. 6 Nonlinear bending behavior of CNTRC deep cylindrical panels with different types of CNT reinforcements

(a) Load-deflection (b) Load-bending moment 

Fig. 7 Effect of nanotube volume fraction on the nonlinear bending behavior of CNTRC deep cylindrical panels

(a) Load-deflection (b) Load-bending moment 

Fig. 8 Effect of radius-to-side ratio (R/a) on the nonlinear bending behavior of CNTRC deep cylindrical panels
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demonstrates the maximum differences of dimensionless 
central deflection of the cylindrical panel according to the 
above-mentioned viewpoints. As seen, considering deep 
cylindrical formulation for cylindrical panels with a high 
radius- to- side ratio is mandatory. Also, it appears that deep 
cylindrical formulation can give good results for shallow 
cylindrical panels. Finally, to study the effects of nonlinear 
strain terms comparisons of results based on geometrically 
linear and nonlinear analyses are shown in Fig. 5. As seen, 
linear assumption predicts overestimate deflection and 
bending moment for W/h > 0.1 because the lower stiffness 

 
 

 
 

 
 
matrix is composed in linear analysis in comparison with 
that obtained from nonlinear one. 

 
4.2 Parametric study 
 
Numerical results are presented in this section for 

CNTRC deep cylindrical panels exposed to elevated 
temperature and subjected to a transverse uniform load in 
Figs. 6-10. For these examples, the deep panel has h = 0.01 
m, axial and circumferential edges are equal and assumed to 
be a = b = గ଼ except for the cases in Fig. 8. Four types of 

(a) Load-deflection (b) Load-bending moment 

Fig. 9 The effect of temperature change on the nonlinear bending behavior of CNTRC deep cylindrical panels

(a) Load-deflection (b) Load-bending moment 

Fig. 10 Effect of type of boundary conditions on the nonlinear bending of CNTRC deep cylindrical panels

Table 2 Convergence study of the dimensionless central deflection (W/h) of the UD- CNTRC deep cylindrical 
panel with 𝑉஼ே∗ = 0.17 and ௤బ௕రாబ௛ర = 1000 

Type of boundary 
condition 

Number of 
terms (M) 

Dimensionless central
deflection (W/h) 

Type of boundary
condition 

Number of 
terms (M)

Dimensionless central 
deflection (W/h) 

Simply 
supported 

1 0.6541 

Immovable 
clamped 

1 0.2578 
3 0.7984 3 0.3894 
5 0.8562 5 0.4527 
7 0.8756 7 0.4737 
9 0.8787 8 0.4774 
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FG-CNTRC deep cylindrical panels, i.e., FG-V, FG-X, FG- 
Ʌ, and FG-O are assumed as basic geometries. A UD-
CNTRC cylindrical panel with the same geometric 
dimensions, referred to as UD, is also considered as a 
comparator. It should be noted that in all of the results ௪௛ , ெೣ௕మாబ௛ర  and 

௤బ௕రாబ௛ర illustrate the dimensionless central deflection 
of the deep panel, central bending moment, and transverse 
uniform load, respectively, in which 𝐸଴ Young’s modulus 
of 𝐸௠ at T = 300 K. The boundary conditions of the deep 
panels are considered to be simply supported, except for the 
cases in Fig. 10. 

To assure the convergence of the series functions 
convergence studies are performed on the dimensionless 
central deflection of the UD-CNTRC deep cylindrical 
panel. Convergences of the dimensionless central deflection 
for two types of boundary conditions are listed in Table 2. 
Convergence is obtained when the difference between the 
results is in the order of 0.01. As seen in Table 2 the results 
are converged when the Nx and Ny equal to 9 and 7 for 
simply supported and immovable clamped boundary 
conditions, respectively. 

The load-deflection and load- bending moment curves 
of the four types of FG-CNTRC deep panels and the UD- 
CNTRC deep panel subjected to transversely uniform load 
at T = 300 K are presented in Fig. 6. The CNT volume 
fraction is assumed to be V஼ே∗  = 0.17. It is observed that the 
deflection curves of FG-X, FG-Ʌ, and UD deep panels are 
similar and have significantly smaller deflections than the 
FG-O and FG-V deep panels. It is because with increasing 
CNT intensity in the lower surface of the panel, the stiffness 
of the lower surface increases and the central deflection 
decreases. 

Also, it could be concluded that with increasing the 
stiffness of the lower layer, the bending moment of the deep 
panel is increased. 

Fig. 7 illustrates the effect of CNT volume fraction on 
the nonlinear bending behavior of UD and FG-O CNTRC 
deep panels at T = 300 K. As seen the load-deflection 
curves are decreased, but the load-bending moment curves 
are increased when the CNT volume fraction V஼ே∗  is 
increased from 0.12 to 0.28 for both UD and FG-O CNTRC 
deep panels. It is because that the stiffness of CNTRC deep 
cylindrical panels is larger when the proportion of CNTs by 
volume is higher. The larger stiffness is obtained due to 
higher V஼ே∗

 and causes lower central deflection with a 
higher bending moment. 

Fig. 8 presents the effect of the radius –to- side ratio 
(R/a) on the nonlinear bending behavior of UD and FG-O 
CNTRC panels subjected to uniform load at T = 300 K. The 
panels are studied in the same radius (R = 1) with various 
side dimensions so that by increasing the R/a, the effect of 
depth of the panel is more noticeable. The results show that 
the CNTRC panels with higher R/a will undergo less 
deflection and have larger bending moments regardless of 
the type of CNT distribution. It is because by increasing the 
R/a while the R is kept constant, the length of the side arc is 
increased. So, the geometrical nonlinearity is increased with 
higher R/a and causes higher geometrical stiffness of the 
deep panel. Due to the increasing of geometrical stiffness 

with increasing the R/a, the lower deflections and higher 
bending moments are observed. 

Fig. 9 shows the effect of temperature rise on the 
nonlinear bending behavior of UD and FG-V CNTRC deep 
panels. The CNT volume fraction is taken to be V஼ே∗  = 0.17 
Three sets of thermal environmental conditions are 
assumed, i.e., T = 300, 400, and 500 K. It can be seen that 
the deflections are increased, but the bending moments are 
decreased by increasing in temperature for both UD and 
FG-V CNTRC deep panels. 

It is because, with an increase in temperature, the 
stiffness of the panel is decreased and causes higher 
deflection and lower bending moment. The reason for that 
is increasing the temperature causes the softening of the 
panel. So, temperature increasing leads higher deflection 
and lower bending moment. 

The effect of the geometrical boundary conditions on 
the nonlinear bending behavior of UD and FG-O CNTRC 
deep panels subjected at T = 300 K is presented in Fig. 10. 
The deep panel has a = b = 𝜋/8 m and R = 1 m. The CNT 
volume fraction is taken to be V஼ே∗  = 0.28. The results 
illustrate that the CNTRC deep panels with clamped edges 
undergo less deflection and higher bending moments. It is 
because clamped edges impose more constraints against 
deflection and cause higher geometrical stiffness of the 
panel. In other words, such a trend is interpreted based on 
the higher local flexural rigidity of the immovable clamped 
edge in comparison to a simply supported type. 

 
 

5. Conclusions 
 
Present research deals with the nonlinear bending 

analysis of deep cylindrical panels made of carbon 
nanotube-reinforced composite materials. The distribution 
of CNT across the panel thickness may be uniform or 
functionally graded. Properties of the composite media are 
obtained according to a refined rule of mixtures approach 
with the introduction of efficiency parameters into the rule 
of mixtures approach. First-order shear deformation shell 
theory and von Karman type of kinematic assumptions are 
used as the basic assumptions. A Ritz solution method in 
which with Chebyshev basis polynomials is developed to 
obtain accurate estimation of deflections as well as bending 
moments of the carbon nanotube reinforced deep panels 
with arbitrary edge supports. Parametric studies are 
conducted and numerical results are given as graphical 
presentations. Numerical results reveal that radius-to-side 
ratio (R/a) of the CNTRC deep cylindrical panel, volume 
fraction, a distribution profile of CNT, temperature rise, and 
boundary conditions are influential parameters on the 
nonlinear bending response of the deep panel. Increasing 
the R/a and volume fraction of CNT improves the 
geometrical and material stiffness of the deep cylindrical 
panel, respectively, and cause fewer deflections and higher 
bending moments. Furthermore, among the five possible 
distribution patterns of CNT, FG-V CNTRC deep 
cylindrical panel is strongest with the highest bending 
moment and followed by UD, X, O, and Ʌ-ones. On the 
other hand, it may be concluded that the present deep 

393



 
Sattar Jedari Salami, Mostafa Sabzikar Boroujerdy and Ehsan Bazzaz 

cylindrical panel formulation capable to predict the accurate 
bending results of FG-CNTRC cylindrical panels. 
Therefore, according to the considerable influence of R/a in 
FG-CNTRC cylindrical panels, it is necessary to impose 
strain- displacement relations of deep cylindrical panels in 
bending analysis of them. 
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Appendix 
 (𝐾்)௜௝ = 𝜕𝑅௜𝜕𝑈௟௠ ,      𝑓𝑜𝑟 1 ≤ 𝑗 ≤ 𝑁௫𝑁௬  → 𝐽 = 𝑗 →  𝑙 = ቈ𝐽 − 1𝑁௬ ቉ + 1,    𝑚 = 𝑗 − 𝑁௬ ቈ𝐽 − 1𝑁௬ ቉ 

 (𝐾்)௜௝ = 𝜕𝑅௜𝜕𝑉௟௠ ,      𝑓𝑜𝑟     𝑁௫𝑁௬ + 1 ≤ 𝑗 ≤ 2𝑁௫𝑁௬  → 𝐽 = 𝑗 − 𝑁௫𝑁௬ → 𝑙 = ቈ𝐽 − 1𝑁௬ ቉ + 1,    m = 𝑗 − 𝑁௬  ቈ𝐽 − 1𝑁௬ ቉  (𝐾்)௜௝ = 𝜕𝑅௜𝜕𝑊௟௠ ,     𝑓𝑜𝑟     2𝑁௫𝑁௬ + 1 ≤ 𝑗 ≤ 3𝑁௫𝑁௬  → 𝐽 = 𝑗 − 2𝑁௫𝑁௬ 𝑙 = ቈ𝐽 − 1𝑁௬ ቉ + 1,    𝑚 = 𝑗 − 𝑁௬ ቈ𝐽 − 1𝑁௬ ቉  (𝐾்)௜௝ = 𝜕𝑅௜𝜕𝑋௟௠ ,      𝑓𝑜𝑟     3𝑁௫𝑁௬ + 1 ≤ 𝑗 ≤ 4𝑁௫𝑁௬  → 𝐽 = 𝑗 − 3𝑁௫𝑁௬ → 𝑙 = ቈ𝐽 − 1𝑁௬ ቉ + 1,    𝑚 = 𝑗 − 𝑁௬ ቈ𝐽 − 1𝑁௬ ቉ 
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