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1. Introduction 

 

Current investigations in fluid mechanics surrounds 

around the variety of flow problems for different fluids 

along the stretching cylinder. The main cause behind the 

immense interest of researchers is vast implementation of 

this phenomenon in lot of industrial and engineering 

processes for the sake of advancement in the techniques like 

manufacturing of metallic and plastic fiber sheets, making 

of copper wires, fabrication of electronic components, 

designing of water supply network and many more. 

Firstly, Wang (1988) studied the fluid behavior along the 

stretching cylinder. The detailed study of fluid flow along 

the stretched cylinder for the boundary layer was made 

Ishak and Nazar (2009) regarding. Wang and Ng (2011) 

obtained the asymptotic solutions for high Reynold number 

using slip flow condition. Mixed convection condition 

together with slip flow and obtained numerical solution for 

the boundary layer problem of Williamson fluid flow over a 

stretching cylinder (Salahuddin et al. 2017). The effects of 

Soret and Dufour for the Casson fluid by considering the 

heat transfer along stretching cylinder was worked out 

(Mahdy 2015). The mass and convective heat conditions for  
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Casson fluid flow having nanoparticles along stretching 

cylinder was presented (Imtiaz et al. 2016). A thorough 

numerical study of sisko fluid flow over stretching cylinder 

with effects of thermal conductivity and viscous dissipation 

was done (Malik et al. 2016). Al-Maliki et al. (2020) 

carried out the dynamic analysis of Functionally Graded 

(FG) graphene-reinforced beams under thermal loading 

based on finite element approach. The presented 

formulation is based on a higher order refined beam 

element accounting for shear deformations. The graphene-

reinforced beam is exposed to transverse 

periodic mechanical loading.  

The uniform suction/blowing effects together with 

transfer of heat outside the permeable stretching cylinder 

were considered (Ishak et al. 2008). Under convective 

boundary conditions, electrically conducting sisko fluid 

along the stretching cylinder in axial direction was probed 

(Khan and Malik 2015). They found the considerable boost 

in the flow parameters for shear thinning than thickening. 

The notable point about all the above mentioned studies is 

that the considered fluid is “Pure”. Practically it is almost 

impossible to have such fluid which is free from any kind of 

impurity. Every naturally occurring fluid contains dust 

particles. Many engineering and industrial problems deal 

with dusty fluid such as powder mechanization and 

centrifugal technique to the detachment of particles from 

the fluid. Flow of dusty fluid can be viewed in many natural 

phenomena e.g., flow of mud in rivers, blood flow and 

atmospheric flow during haze. Initiative study of motion of 
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Abstract.  The present manuscript focuses the effects of suction on the flow of the dusty fluid along permeable exponentially 

stretching cylinder. Derived PDEs for this work are changed into ODEs by adopting right transformations. Numerical procedure 

is carried out for the obtained resultant equations by Shooting Technique in accordance with Runge-Kutta (RK-6) technique. 

Obtained results for the parameters namely, particle interaction parameter, suction parameter and Reynold number parameters 

are probed thoroughly. Some salient points are: (a) Fluid velocity decreases and the dust phase velocity rises for the higher 

values of particle interaction parameter; (b) more suction produces retarding velocities for both the phases; (c) high Reynold 

number slows down the fluid velocity while the speed of dust phase and (d) skin friction coefficient goes high for all these 

parameters. 
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dust particles in laminar flow has been carried out (Saffman 

1962). An analysis for viscous, incompressible steady flow 

of dusty fluid flowing between two co-axial rotating 

cylinders under pressure gradient effect was carried out 

(Nath 1970). Akgoz and Civalek (2011) investigated 

geometrically the nonlinear free vibration analysis of thin 

laminated plates resting on non-linear elastic foundations. 

Winkler-Pasternak type foundation model is used. 

Governing equations of motions are obtained using the 

von Karman type nonlinear theory. The method of discrete 

singular convolution is used to obtain the discretised 

equations of motion of plates. Akbaş (2015) conducted the 

effect of material-temperature dependent on the wave 

propagation of a cantilever beam composed of Functionally 

Graded Material (FGM) under the effect of an impact force. 

The beam is excited by a transverse triangular force impulse 

modulated by a harmonic motion. Material properties of the 

beam are temperature-dependent and change in the 

thickness direction. Sharma et al. (2018e) presented the 

novel higher-order coupled finite-boundary element scheme 

for the computation of the thermoacoustic responses of the 

layered panel structure under the harmonic excitation. The 

thermally pre-stressed vibrating composite panel model is 

derived mathematically using the higher-order shear 

deformation mid-plane kinematics.  Akbaş (2017a) 

investigated the free vibration analysis of edge cracked 

cantilever microscale beams composed of FGM used on the 

Modified Couple Stress Theory (MCST). The material 

properties of the beam are assumed to change in the height 

direction according to the exponential distribution. Batou et 

al. (2019) studied the wave propagations in Sigmoid 

Functionally Graded (S-FG) plates using new Higher Shear 

Deformation Theory (HSDT) based on two-dimensional 

(2D) elasticity theory. The current higher order theory has 

only four unknowns, which mean that few numbers of 

unknowns, compared with first shear deformations and 

others higher shear deformations theories and without 

needing shear corrector. 

Baaskaran et al. (2018) studied the reliable and accurate 

method of computationally aided design processes of 

advanced thin walled structures in automotive industries for 

the efficient usage of smart materials, that possess higher 

energy absorption in dynamic compression loading. The 

most versatile components i.e., thin walled crash tubes with 

different geometrical profiles are introduced in view of 

mitigating the impact of varying cross section in 

crash behavior and energy absorption characteristics. Akbaş 

(2018a, b, c) analyzed the objective of large deflections of a 

fiber reinforced composite cantilever beam under point 

loads. In the solution of the problem, finite element method 

is used in conjunction with 2D continuum model. It is 

known that large deflection problems are geometrically 

nonlinear problems. In the nonlinear model of the laminated 

beam, total Lagrangian finite element model of is used in 

conjunction with the Timoshenko beam theory.  

Sharma et al. (2018c, d) carried out numerically the 

acoustic radiation responses of doubly curved laminated 

composite shell panels subjected to harmonic excitation are 

investigated numerically in the framework of the higher-

order shear deformation theory. A general mathematical 

model for the vibrating curved panel has been developed 

and the cylindrical, spherical, elliptical and hyper-

boloid shell panel geometries resting on an infinite rigid 

baffle are considered for analysis. A numerical scheme for 

the vibrating plate has been developed in the framework of 

the higher-order mid-plane kinematics and the eigen 

frequencies are obtained by employing suitable finite 

element steps. Dusty gas flow in a region occupied by 

boundary layer was examined (Chakrabarti 1974). Akbaş 

(2019a, b, c) investigated the geometrically nonlinear static 

analysis and post buckling of laminated composite beams 

under hygrothermal effect. The finite element method is 

used within the first shear beam theory. Total Lagrangian 

approach is used nonlinear kinematic model. The geo-

metrically nonlinear formulations are developed for the 

laminated beams with hygro-thermal effects. The 

coefficient of friction and heat transfer for dusty boundary 

layer flow with pressure gradient was studied (Agranat 

1988). In addition to these studies for flow and transfer of 

heat for dusty fluid along sheet/surface, many researchers 

considered dusty fluid flow along cylinder. The viscous, 

incompressible gas flow having dust particles for an 

isothermal cylinder was discussed and results from various 

physical parameters were presented (Rebhi 2010). Yüksel 

and Akbaş (2019) studied the fiber-reinforced laminated 

composites that are frequently preferred in many 

engineering projects. With the development in production 

technology, the using of the fiber reinforced laminated 

composites has been increasing in engineering applications. 

In the production stage of the fiber-reinforced laminated 

composites, porosities could be occurred due to production 

or technical errors. Chen et al. (2019a, b) carried the energy 

absorption characteristics of a Lattice-web Re-

inforced Composite Sandwich Cylinder (LRCSC) which is 

composed of Glass Fiber Reinforced Polymer (GFRP) face 

sheets, GFRP lattice webs, polyurethane (PU) foam and 

ceramsite filler. The vortex-induced vibration of three 

circular cylinders (each of diameter D) in an 

equilateral triangular arrangement is investigated using the 

immersed boundary method.  

Abdulrazzaq et al. (2020) investigated the thermo-

elastic buckling of small scale FGM nano-size plates with 

clamped edge conditions rested on an elastic 

substrate exposed to uniformly, linearly and non-linearly 

temperature distributions employing a secant function based 

refined theory. Material properties of the FGM nano-size 

plate have exponential gradation across the plate 

thickness. Civalek (2017) investigated the free vibration 

analysis of conical and cylindrical shells and annular plates 

made of composite laminated and FGMs. The 

Carbon Nanotubes Reinforced (CNTR) composite case is 

also taken consideration for FGM. The equations of motion 

for conical shell are obtained via Hamilton’s principle using 

the transverse shear deformation theory. Akbaş (2020a) 

studied the dynamic responses of laminated composite 

beams under a moving load with thermal effects. The 

governing equations of problem are derived by using the 

Lagrange procedure. The transverse-shear strain and rotary 

inertia are considered within the Timoshenko beam theory. 

The material properties of laminas are considered as the 
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temperature dependent physical property. 

Sharma et al. (2018a, b) studied the vibroacoustic 

responses of laminated composite curved panels 

subjected to harmonic point excitation in a combined 

temperature and moisture environment using a novel 

higher-order finite-boundary element model. The hygro-

thermal dependent composite material properties are 

incorporated macroscopically in the formulation. The 

natural frequencies alongside corresponding modes of the 

flat panels resting on an infinite rigid baffle are obtained by 

using finite element method in the framework of the higher-

order shear deformation theory. Some valuable results 

regarding heat transfer of dusty fluid over a hollow 

stretching cylinder using multi-step DTM were reported 

(Rasekh et al. 2014). Conduction of dusty fluid flow along 

stretching cylinder with thermal conductivity and viscosity 

effects were dealt numerically (Konch and Hazarika 2017).  

Derakhshandeh et al. (2020) investigated the Reynolds 

number Re (= 50-200) effects on the flows around a 

single cylinder and the two tandem (center-to-center 

spacing 𝐿∗ = 𝐿/𝐷 = 4) cylinders, each of a diameter D. 

Vorticity structures, Strouhal numbers, and time-mean and 

fluctuating forces are presented and discussed. Sharma et al. 

(2017a, b, c) investigated the vibro-acoustic responses of 

the laminated composite flat panel in an infinite rigid 

baffle under the influence of central and eccentric harmonic 

point excitation. A general mathematical model of the flat 

panel is developed in the framework of the higher order 

shear deformation theory to compute the vibrational 

properties. The frequency values of the panel are obtained 

by using simulation model through the commercial finite 

element package (ANSYS) via batch input technique. 

The structural responses are obtained using a simulation 

model via ANSYS including the effect various geometries 

(cylindrical, elliptical, spherical and hyperboloid). Initially, 

the model has been established by solving adequate number 

of available examples to show the convergence and 

comparison behaviour of the natural frequencies. Akbaş 

(2020b) studied the axially damped forced vibration 

responses of viscoelastic nanorods within the frame of the 

modal analysis. The nonlocal elasticity theory is used in the 

constitutive relation of the nanorod with the Kelvin-Voigt 

viscoelastic model. In the forced vibration problem, a 

cantilever nanorod subjected to a harmonic load at the free 

end of the nanorod is considered in the numerical examples. 

Salah et al. (2019) employed a simple four-variable integral 

plate theory for examining the thermal buckling properties 

of FGM sandwich plates. The proposed kinematics 

considers integral terms which include the effect of 

transverse shear deformations. In some fresh attempts, the 

researchers have pondered over new dimensions of 

stretching i.e., exponentially stretching cylinder. The 

detailed study of flow and transfer of heat for hyperbolic 

tangent fluid over a stretching cylinder exponentially in 

vertical direction was carried out (Naseer et al. 2014). 

Shadravan et al. (2019) performed lateral load testing on 

seventeen wood wall frames in two sections. Section one 

included eight tests studying structural foam sheathing of 

shear walls subjected to monotonic loads following the 

ASTM E564 test method.  

Similarity solution has been derived for steady boundary 

layer and heat flow of Casson nanofluid (Malik et al. 2013) 

while cylinder was stretching exponentially along its radius. 

The flow of Micropolar fluid through vertical exponentially 

stretching cylinder along the axial direction and discussed 

heat transfer effects, too, were considered (Rehman 2015). 

Williamson fluid flow along an exponentially stretching 

cylinder was examined and they found its numerical 

solution (Iqbal et al. 2019). Recently some researcher used 

different methods for nonlinear modeling (Avcar 2019, 

Karami et al. 2017, 2018, Madani et al. 2016, Simsek 2011) 

and some other methods as open see softare (Moghaddam 

and Masoodi 2019), first order shear deformation theory 

(Loghman et al. 2018), MLPG method (Rad et al. 2020), 

Ritz-type variational method (Sofiyev et al. 2006), 

multiphysical numerical (FE-BE) solution and higher-order 

shear theory (Sharma and Panda 2020, Sharma et al. 2019a, 

b, 2020) and for nonlinear modeling (Eltaher et al. 2019, 

Ebrahimi et al. 2019, Safaei et al. 2019, Shahsavari et al. 

2019, Benmansour et al. 2019); Newton-Raphson iteration 

method (Akbaş 2017b, 2018c, d) and the Hamilton 

procedure (Akbaş 2019d). 

The suggested method to investigate the flow and heat 

transfer effects of a dusty fluid along exponentially 

stretching cylinder is Runge-Kutta method, which is a well-

known and efficient technique to develop the fundamental 

frequency equations. This method converges fast than other 

methods. It is keenly seen from the literature, no evidence is 

found concerning current model. The transformed equations 

are solved numerically using shooting technique with 

Runge-Kutta method getting inspiration from above 

mentioned researches, we present the work on flow of dusty 

fluid along an exponentially stretching permeable cylinder 

with suction effect. According to our information’s, no such 

type of investigations has been done before. 

 

 

2. Description of the problem 
 

Consider laminar, steady, viscous, incompressible 

boundary layer flow of dusty fluid in two dimensions along 

a permeable cylinder. The cylinder is stretching 

exponentially along positive z-axis with velocity Ww = 

2acez/a, where c is the stretching rate. The z-axis is 

considered along the axis of the cylinder, while r-axis is 

assumed perpendicular to the axial direction. Under these 

suppositions along the Boussinesq and the boundary layer 

approximation the governing equations for the flow 

behavior are 
 

𝜕(𝑟𝑤)

𝜕𝑧
+

𝜕(𝑟𝑢)

𝜕𝑟
= 0, ⥄⥄ (1) 

 

𝑤
𝜕𝑤

𝜕𝑧
+ 𝑢

𝜕𝑤

𝜕𝑟
= 𝜈 (

𝜕2𝑤

𝜕𝑟2
+

1

𝑟

𝜕𝑤

𝜕𝑟
) +

𝐾𝑁

𝜌
(𝑤𝑝 − 𝑤) (2) 

 

𝑤𝑝

𝜕𝑤𝑝

𝜕𝑧
+ 𝑢𝑝

𝜕𝑤𝑝

𝜕𝑟
=

𝐾

𝑚
(𝑤 − 𝑤𝑝) (3) 

 
𝜕(𝑟𝑤𝑝)

𝜕𝑧
+

𝜕(𝑟𝑢𝑝)

𝜕𝑟
= 0, ⥄⥄ (4) 
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Fig. 1 Impact of particle interaction parameter on profile 

of velocity 

 

 

 

Fig. 2 Impact of suction on profile of velocity 

 

 

 

Fig. 3 Impact of Reynold number on profile of velocity 

 

 

The components of velocity of the fluid and the dust 

particles are (u, w) and (up, wp) respectively in (r, z) 

directions. Parameter  (= mN/) denotes the mass 

concentration of dust particles,  = m/K is the relaxation 

time of particle phase, Here,  and  are density and 

kinematic viscosity of the fluid, respectively. Dusty fluid 

parameters K, N and m are the Stoke’ s resistance, number 

density and mass concentration of dust particle. The 

problem related boundary conditions are 

 

𝑟 = 𝑎;  𝑤 = 𝑊𝑤 , 𝑢 = 𝑈𝑤 
𝑟 → ∞;  𝑤 = 0, 𝑤𝑝 = 0, 𝑢𝑝 = 𝑢  

(5) 

 

here Uw = −acez/a is suction velocity with  > 0 

corresponds to mass suction and  < 0 corresponds to mass 

injection. Eqs. (1)-(4) are non-linear coupled PDEs. These 

equations can easily be transformed into set of ODEs by 

using similarity transformations 

𝜁 = (
𝑟

𝑎
)

2

, 𝑢 = −
1

2
𝑊𝑤

𝑔(𝜁)

√𝜁
, 𝑤 = 𝑊𝑤𝑔′(𝜁) 

𝜌𝑟 = 𝑅(𝜁), 𝑢𝑝 = −
1

2
𝑊𝑤

ℎ(𝜁)

√𝜁
, 𝑤𝑝 = 𝑊𝑤ℎ′(𝜁)  

(6) 

 

where the differentiation w.r.t.  is denoted by prime. By 

using the above similarity transformation, Eqs. (1) and (5) 

are identically satisfied and other equations are transformed 

to 
 

𝜁𝑔‴ + 𝑔″ + 𝑅𝑒(𝑔𝑔″ − 𝑔′2) + 𝛽𝜈𝛾(ℎ′ − 𝑔′) = 0 (7) 
 

𝑅𝑒(ℎℎ″ − ℎ′2) + 𝛽𝜈(𝑔′ − ℎ′) = 0 (8) 
 

where the non-dimensional dusty fluid parameters ,  and 

Re are defined as 
 

𝛽𝜈 =
𝑎2

4𝜈𝜏
, 𝛾 =

𝑚𝑁

𝜌
, 𝑅𝑒 =

𝑎𝑈𝑤

4𝜈
 (9) 

 

The above three parameters are fluid particle interaction, 

mass concentration and Reynold number, respectively. The 

relaxation time  = m/K of particle phase. 
 

𝑔(1) = 𝜅, 𝑔′(1) = 1, 𝑔′(∞) = 0 
ℎ′(𝜁) = 0, ℎ(𝜁) = 𝑔(𝜁)      as    𝜁 → ∞ 

(10) 

 

Cf and w are skin fraction coefficient and shear stress 

respectively, where 

 

𝐶𝑓 =
−𝜏𝑤

𝜌𝑈𝑤
2/2

 (11) 

 

𝜏𝑤 = 𝜇(
𝜕𝑤

𝜕𝑟
)|

𝑟=𝑎
 (12) 

 

Using the similarity transformation Eq. (6) in Eq. (12) 

and substituting it in Eq. (11), the dimensionless skin 

friction coefficient is achieved like 

 

𝐶𝑓Re = −𝑔″(1) (13) 

 

Eqs. (7) and (8) are non-linear coupled ordinary 

differential equations. Exact analytical solution of these 

equations is not possible; therefore, in the coming section 

numerical results of the problem are discussed and 

presented. 

 

 

3. Results and discussions 
 

Numerical results are shown through graphs and tables. 

Shooting technique by RK-Method of the sixth order is 

applied on derived equations. Three physical parameters 

i.e., particle interaction parameter (), suction parameter 

(fw) and the local Reynold number (Re) are investigated on 

velocity profile and elaborated through proper graphs and 

tables. The impact of different physical parameters  on 

velocity and temperature profile is discussed and shown 

graphically. Flow parameters (Figs. 1-3) like particle  
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Table 1 For different values of Re,  and fw numerical 

value of −g(1) 

Re  fw −g(1) 

5 0.7 0.3 3.408039 

10   5.232848 

15   6.924929 

30   11.725938 

10 0.1  5.144982 

 0.2  5.160159 

 0.5  5.204388 

 1  5.274110 

  0.0 3.453371 

  0.1 3.979997 

  0.3 5.232848 

  0.5 6.713866 
 

 

 

Table 2 For various values of Re, , γ and  numerical values 

of − (1) 

Re  γ 

5 2 1 

10   

15   

30   

50   

10 0.1  

 0.2  

 0.5  

 1  

 2  

  0.1 

  0.2 

  0.5 

  0.7 

  1.0 
 

 
 

interaction parameter (), suction parameter (fw) and the 

local Reynold number (Re) are well-portrayed on velocity 

profile for both the dust and the fluid phases. For 

calculating the numerical solution depicted by Figs. 1-3, the 

values of parameters are taken as βv = 0.7, fw = 0.3, γ = 1 

and Re = 10,  

Fig. 1 shows the behavior of increasing particle 

interaction parameter on velocity profile. Dust particle 

velocity trending high while retardation in fluid velocity is 

seen. Actually, the chances of interaction between dust and 

fluid increases for higher values of particle interaction 

parameter, which results in ultimate increase in dust phase 

velocity until the relative velocity for both the phases 

becomes equal. Suspension of dust particles enhances due 

to greater values of  and generates more internal friction. 

Due to this fact, fluid velocity slows down. Increasing  

Table 3 For different values of Re,  and  numerical value 

of g (1) 

Re   −g (1) 

5 2 1 2.741649 

10   3.612068 

15   4.287201 

30   5.834313 

50   7.392431 

10 0.1  3.364133 

 0.2  3.379972 

 0.5  3.425116 

 1  3.493254 

 2  3.612082 

  0.1 3.374806 

  0.2 3.401936 

  0.5 3.481566 

  0.7 3.533639 

  1.0 3.612082 
 

 

 

values of suction smooth the fluid flow for both the phases 

(Fig. 2) because suction rises the skin friction which in 

turns lowers the velocities of fluid and the dust phases. 

Influential role of Reynold number is depicted in Fig. 3, as 

viscous force prevails for the higher values Re, so fluid 

motion depreciates. But, on the other hand, high skin 

friction makes the dust particles to collide more and rises 

the dust phase velocity. Table 1 shows the effect of flow 

parameters i.e., particle interaction parameter (), suction 

parameter (fw) and the local Reynold number (Re) on skin 

friction coefficient. Enhancement of skin friction is noted 

for all the parameters, because the involved three 

parameters generate frictional factor. In Table 2, Nusselt 

number decreases for larger values of Re, γ, while inverse 

behavior is observed for. Such behavior is justified as 

Nesselt number goes high with increasing temperature. 

Ultimately convictive heat transfer occurs with rising 

temperature. The variation of skin friction coefficient −g 
(1) with local Reynold number Re, particle interaction 

parameters βv and the mass concentration parameter γ has 

been tabulated in Table 3. 

 

 

4. Conclusions 
 
Numerical study of laminar, steady, viscous and 

incompressible two dimensional boundary layer flow of 

dusty fluid along a permeable exponentially stretching 

cylinder has been carried out in the present draft. Shooting 

technique by RK-Method of the sixth order is applied on 

derived equations. Three physical parameters i.e., particle 

interaction parameter (), suction parameter (fw) and the 

local Reynold number (Re) are investigated on velocity 

profile and elaborated through proper graphs and table. 

Following key points summary the whole findings: 

• High particle interaction parameter laminarises the 
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fluid velocity and raises the dust phase flow. 

• Smooth flow attains for both the phases by increasing 

suction. 

• Reynold number lowers the fluid velocity and slightly 

speed up the dust phase velocity. 

• Skin friction elevates for all the involved parameters. 
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