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1. Introduction 

 

The porous medium mechanic is a branch of physics 

that examines the behavior of porous materials which their 

pores filled with a fluid such as water. The skeletal part of 

porous material is called matrix, which usually is solid. 

Porosity is the main property of the porous materials that 

indicates the ratio of pores volume to that of the whole. 

Porosity can be measured by various methods, such as 

observation, using an approximate microscope, gas 

diffusion and also using the mercury pump. 

Porous materials are used in many fields of applied 

sciences and engineering, such as petroleum engineering, 

construction engineering, rock mechanics, soil mechanics 

and materials engineering (Liu and Chen 2014). Also, these 

materials are used as sound insulation due to their high 

strength and low weight inland transport, railways, sea and 

air and because of their high energy absorption capacity 

(Arshid and Khorshidvand 2018). Considering porosity 

effect in structures such as beams, plates and shells helps to 

gain better knowledge about their mechanical behavior.  

Mechanics of porous mediums is derived from soil 

mechanics, in which Terzaghi, carried out specialized 

research in this field (Von Terzaghi 1923). He investigated a 

theory in which the effect of the fluid on the quasi-static 

deformation of the soil was accounted for. In 1935, Biot  
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considered the mechanics of a porous material filled with 

fluid. His theoretical model was a solid skeleton contains 

pores and fluid in the pores. The concept of this model was 

to express that solid and fluid phases are related to each 

other. After Biot, the constitutive relations for porous 

materials were presented by Detournay and Cheng (1993). 

Nowadays, numerous researchers are interested in studying 

the mechanical behavior of porous structures. In 2004, 

Magnucki and Stasiewicz (2004) studied the elastic 

buckling of a porous beam under different loading 

conditions. Wattanasakulpong and Ungbhakorn (2012) 

studied the buckling behavior of a porous Functionally 

Graded (FG) beam using the Differential Quadrature 

Method (DQM). Bending and buckling behaviors of the FG 

beams presented by Chen et al. (2015). They used the 

Timoshenko beam model to account shear deformation 

effect and achieved the results via the Ritz method and 

consider the effect of different parameters on them. Ait 

Atmane et al. (2017) considered the effects of the thickness 

stretching and porosity on the mechanical behavior of the 

FG beam which was located on an elastic foundation and 

used Navier’s method to solve the governing equations. 

Ebrahimi and Mokhtari (2015) presented the vibration 

behavior of a rotating FG porous beam and solved the 

equations numerically via DQM. Ebrahimi and Jafari 

(2016) analyzed the thermomechanical vibrations of the FG 

porous beam under different temperature loading using a 

semi-analytical differential conversion technique. Ebrahimi 

and Barati (2017) presented a high-order modified beam 

model for considering the vibration of the viscoelastic 
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Abstract.  In the current study, the free vibrational behavior of a Porous Micro (PM) beam which is integrated with 
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deformation theories namely SSDBT and Tan-SDBT. The structure’s mechanical properties are varied through its thicknesses 
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case and by validating the results for a simpler state with previously published works, effects of different important parameters 

on the behavior of the structure are considered. It is found that although increasing the porosity reduces the natural frequency, 

but enhancing the volume fraction of CNTs increasing it. Also, by increasing the central angle of the curved beam the vibrations 

of the structure increases. Designing and manufacturing more efficient smart structures such as sensors and actuators are of the 

aims of this study. 
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nanocrystalline silicon nanobeam with porosity. They 

observed that damping frequencies of a nanocrystalline 

nanobeam were significantly influenced by the grain size, 

grain rotations, porosities, interface, damping coefficient, 

surface energy, nonlocality and also structural damping. 

Kitipornchai et al. (2017) researches about mechanical 

behavior of FG porous beam which was integrated by 

graphene platelets and proved that graphene platelets are 

very effective as the reinforcement. Arshid et al. (2019a) 

considered vibration of saturated porous plates based on 

classical, first-order and third-order shear deformation 

theories. In another work, Arshid and Khorshidvand (2018) 

presented the results about the effect of piezoelectric 

actuators on the natural frequencies of a porous plate which 

was integrated by piezoelectric layers. They showed the 

porosity increasing, reducing the natural frequency. 

Composites are multi-component materials whose 

properties are generally better than that of each component. 

Each composite consists of a matrix phase and one or more 

reinforcement phases. Should be noted that the components 

of a composite do not chemically combine in such a way 

that these components fully maintain their chemical and 

natural properties and thus creating a definite common 

interface between the components (McEvoy and Correll 

2015). Composites have several advantages, therefore they 

are used widely nowadays. Composite materials may be 

used in fuel tanks and tubes, military industries, automobile 

industries, marine structures, construction industry, sports 

equipment, medical equipment, and so on (Tayeb et al. 

2020). 

In recent years, by the rapid advancement in sciences 

and technologies, nanotubes are used for industrial 

applications (Han and Elliott 2007). In the past two 

decades, their usage has accelerated with the discovery of 

Carbon Nanotubes (CNTs) by Iijima (1991). CNTs have 

unique mechanical, magneto-electrical, and also chemical 

properties. The high rigidity and stiffness to weight ratio, 

electrical conductivity and high-temperature strength are 

among these characteristics (Ajayan and Zhou 2001). CNTs 

are used as reinforcement of composites and would improve 

their properties significantly. CNTs are divided into single-

walled and multi-walled types. Single-Walled Carbon 

Nanotubes (SWCNTs) consist of carbon and a simple 

structure only. Some prediction suggests that SWCNTs can 

be conductive or semiconductor (Anumandla and Gibson 

2006). The high electrical conductivity depends on the 

exact geometry of carbon atoms. SWCNTs also are divided 

into three major categories according to the arrangement of 

the carbon atoms in the tube section. Chiral and armchair, 

whose have a metallic property and zigzag that are semi-

conductive. In zigzag and armchairs structures, the 

honeycomb rows in the nanotube wall are perpendicular to 

the nanotube axis. This structure is also called the spiral 

structure (Lunhui et al. 2008). 

Mechanical analysis of Carbon Nanotubes Reinforced 

Composites (CNTRCs) is presented by various researchers. 

Thostenson and Chou (2003) modeled the elastic properties 

of CNTRCs in 2003. They investigated the effect of the size 

and structure of CNTs based on the elastic characteristics of 

composite base nanotubes, which was their main goal. Zhu 

et al. (2012) analyzed the static deflection and free vibration 

of composite plates reinforced with CNTs using the Finite 

Element Method (FEM) based on First-order Shear 

Deformation Theory (FSDT). They studied the effects of 

the CNTs’ failure and the edge-to-thickness ratio on 

bending response, natural frequencies and the shape modes 

of the plate. The bending behavior of the composite plate 

reinforced by CNTs, which was located between two 

piezoelectric layers under a uniform mechanical load 

investigated by Alibeigloo (2013). Duc et al. (2017) 

considered the thermal and mechanical stability of FG 

CNTRC truncated conical shells. They used classical shells 

theory and Galerkin method to obtain the results and 

considered the effect of the most important variants such as 

semi-vertex angle and elastic medium on the linear thermal 

and mechanical buckling load. Lei et al. (2013) investigated 

the buckling of FG CNTRC plates. They obtained the 

effective properties of nanocomposite using the Eshelby-

Mori-Tanaka approach and considered different parameters 

and their effects on the results. Critical buckling load of a 

quadrilateral laminated plate which was reinforced by CNTs 

obtained by Malekzadeh and Shojaee (2013). Their research 

was about the moderately thick plate and investigated the 

effect of material and geometrical shape parameters.  

Since the behaviors of structures in macro and small 

dimensions are different, and also due to the application of 

small scale structures such as nano and microbeams, plates 

and shells in measuring equipment, medicine and industries, 

the researchers were encouraged to analyze them in small 

scales. One of the first studies about the mechanical 

behavior of the nanostructure was provided by Eringen. He 

presented the nonlocal theory and studied the structures in 

the nanoscale (Eringen 1983, 2002). After Eringen’s studies, 

the study of small scales effects extended rapidly (Mehar 

and Panda 2019, Jafari and Ezzati 2017, Mirjavadi et al. 

2020, Jafari et al. 2016, Benmansour et al. 2019, Akbas 

2018). Amir et al. (2019) used Modified Couple Stress 

Theory (MCST) to capture size effect for analyzing a 

sandwich circular plate and a microbeam, respectively 

which their cores were made of porous materials. 

There are different methods to solve the differential 

equations system for analyzing the mechanical responses of 

engineering structures. In this article, Navier’s technique as 

an exact numerical method is employed which via it, the 

results can be extracted for simply supported boundary 

conditions. The main advantage of Navier’s technique is its 

simplicity and accuracy both together. But, there are other 

advanced numerical methods for instance if the analytical 

solution could not be adopted in some problems. FEM, 

DQM, meshfree, finite difference, isogeometric, etc. are 

from the well-known ones of numerical solution methods. 

For example, transient responses and natural frequencies of 

sandwich beams with inhomogeneous FG core were 

investigated by Bui et al. (2013). They used a meshfree 

method to obtain the results. In another study, Bui et al. 

(2011) presented a detailed analysis of natural frequencies 

of laminated composite plates using the meshfree moving 

Kriging interpolation method. They used Kirchhoff ’s 

hypothesis for their investigation. DQM was used by Arshid 

et al. (2020a, b) to investigate two types of the microplate.  
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Fig. 1 Schematic diagram of the three-layered curved 

microbeam subjected to the electric field 

 

 

The first one was three-layered, and the second one was a 

porous reinforced nanocomposite. The isogeometric method 

was used by researchers in different studies. For instance, 

Yu et al. (2019a) presented isogeometric analysis of size-

dependent effects for FG microbeams by a non-classical 

quasi-3D theory. In another study, Liu et al. (2019) 

considered size and surface effects on the mechanical 

behavior of thin nanoplates incorporating microstructures 

using isogeometric analysis. Moreover, Fang et al. (2019) 

analyzed the mechanical behavior of porous beams by an 

effective computational approach based on isogeometric 

analysis. A novel study about size-dependent quasi-3D 

isogeometric beam model for two-directional FG 

microbeams provided by Yu et al. (2019b). Based on the 

MCST, the non-classical theory of the Reissner-Mindlin 

plate was extended to capture microstructure, and thus, the 

size effect of cracked FG microplates via an extended 

isogeometric analysis-based effective approach by Liu et al. 

(2018). Furthermore, a computational approach based on 

isogeometric analysis and a non-classical simple FSDT for 

size effects of FG microplates was presented by Liu et al. 

(2017). 

 By reviewing the literature, the authors found out that 

the lack of an investigation on a three-layered curved 

microbeam is sensible. Therefore, the main novelty of this 

work is its geometric type. Selection and placement of 

materials are other aspects of the novelties that there is no 

similar study in the literature like this. Taking the small-

scale effects into account via the MCST integers the novelty 

of the current study. The main aim of the current study is to 

show the effect of porous and nanocomposite materials 

properties such as porosity, pores’ distribution, central 

angle, CNTs’ volume fraction, CNTs’ distribution types, 

size effect and electro-mechanical preloads on vibrational 

behavior of the sandwich microbeam with initial curvature. 

Two different trigonometric shear deformation theory 

namely Sinusoidal Shear Deformation Beams Theory 

(SSDBT) and Tangential Shear Deformation Beams Theory 

(Tan-SDBT) are employed to describe the displacement 

components of the structure. Porous materials are selected 

as the core of the structure and its face sheets are from 

nanocomposites and the structure is resting on the Pasternak 

foundation. The mechanical properties of the three layers 

are varied through the thickness according to specific 

patterns. To the best authors’ knowledge and by reviewing 

the literature, there is no similar research about such a 

structure. 

 

 

2. Basic relations 
 

2.1 Geometry 
 

As shown in Fig. 1, the under consideration structure is 

a three-layered curved beam with a curvature radius of R 

and the central angle θ. The length of the beam is shown by 

L, its total thickness is shown by H = hc + ht + hb in which 

hc, ht, and hb are the core, top and bottom layers’ 

thicknesses. Noted that here, L = Rθ. The core of the 

structure is made of FG porous materials and the face sheets 

are from FG-CNTRCs. The mechanical properties of the 

three layers are varied through their thickness according to 

the functions which are introduced in the following. Also, 

the face sheets are exposed to the electric field and the 

beam is laid on an elastic foundation that is modeled by the 

Pasternak type. The Cartesian coordinate system is 

employed to describe the displacements of the structure 

which its origin is put on the left corner of the mid-surface 

of the beam. 

 

2.2 Kinematic relations 

 

The first step to analyze the above-mentioned structure 

is choosing the displacement field. Since accounting the 

shear deformation effects leads to more accurate and 

reliable results, so in the current study, two different higher-

order trigonometric shear deformation theories namely 

SSDBT and Tan-SDBT are employed to describe the 

displacement components of the microbeam. Based on these 

theories, the displacement field is expressed as Ebrahimi et 

al. (2017) 

 

𝑈(𝑥, 𝑧, 𝑡) = 𝑢(𝑥, 𝑡) − 𝑧
𝜕

𝜕𝑥
𝑤(𝑥, 𝑡) + 𝑓(𝑧)𝜑(𝑥, 𝑡) 

𝑉(𝑥, 𝑧, 𝑡) = 0 
𝑊(𝑥, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡) 

(1) 

 

where U, V and W are the displacements of each point of 

the beam along the x, y and z directions, and u, v and w are 

those of mid-plane. Also, φ is the rotation of the middle 

surface around the y-axis. In the above equations, f(z) is the 

shear deformation function which is defined for SSDBT and 

Tan-SDBT as follows (Ebrahimi et al. 2017) 

 

𝑓(𝑧) =
𝐻

𝜋
sin (

𝜋𝑧

𝐻
)           For SSDBT      (2) 

 

𝑓(𝑧) = tan(
𝜋𝑧

2𝐻
)𝑟𝑠𝑒𝑐(

𝜋𝑧

2𝐻
), 

 𝑟 = 0.03      For Tan − SDBT       
(3) 

 

According to Von-Karman’s assumptions, the non-zero 

strain’s components may be written as follows (Liu and 
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Reddy 2011). 
 

𝜀𝑥𝑥 =
𝜕

𝜕𝑥
𝑢(𝑥, 𝑡) − 𝑧

𝜕2

𝜕𝑥2
𝑤(𝑥, 𝑡) + 𝑓(𝑧)

𝜕

𝜕𝑥
𝜑(𝑥, 𝑡) 

           + 
𝑤(𝑥, 𝑡)

𝑅
 

𝛾𝑥𝑧 = (
𝑑

𝑑𝑧
𝑓(𝑧))𝜑(𝑥, 𝑡) −

𝑢(𝑥, 𝑡)

𝑅
+
𝑧

𝑅

𝜕

𝜕𝑥
𝑤(𝑥, 𝑡) 

             −
𝑓(𝑧)𝜑(𝑥, 𝑡)

𝑅
 

(4) 

 

2.3 Constitutive law for the face sheets 

 

As stated before, the face sheets of the structure are 

made of piezoelectric FG CNTRCs. Therefore, their 

constitutive relations are expressed as follows 

(Mohammadimehr et al. 2019) 
 

{
𝜎𝑥𝑥
𝜎𝑥𝑧
} = [

𝑄11(𝑧) 0

0 𝑄55(𝑧)
] {
𝜀𝑥𝑥
𝛾𝑥𝑧
} − [

0 𝑒31
𝑒15 0

] {
𝐸𝑥
𝐸𝑧
} (5) 

 

{
𝐷𝑥
𝐷𝑧
} = [

0 𝑒15
𝑒31 0

] {
𝜀𝑥𝑥
𝛾𝑥𝑧
} + [

0 𝑆11
𝑆33 0

] {
𝐸𝑥
𝐸𝑧
} (6) 

 

in which σxi, εxi, Ei and Di (i = x, z) are the stress and strain 

tensors and electric field and electric displacement vectors, 

respectively. Also, eij and Sii are piezoelectric and dielectric 

permeability coefficients, respectively. Furthermore, Qij are 

the stiffness components that are defined as follows. 
 

𝑄11(𝑧) =
𝐸11
1 − 𝜈2

 

𝑄55(𝑧) = 𝐺12 
(7) 

 

In the above relations, E11 and G12 are the longitudinal 

Young’s elasticity and the shear moduli and the Poisson’s 

ratio is shown by ν. 

There are methods to determine the effective properties 

of nanocomposites such as Mori-Tanaka, Halpin-Tsai and 

the ERM. Due to simplicity and accuracy, ERM is used to 

this aim in the current study. According to ERM, the 

longitudinal and shear moduli can be obtained using the 

following relations (Shen 2012) 
 

𝐸11 = 𝜂1𝐸11𝐶𝑁𝑇𝑉𝐶𝑁𝑇 + 𝑉𝑚𝐸𝑚 (8) 
 

𝜂3
𝐺12

=
𝑉𝐶𝑁𝑇
𝐺12𝐶𝑁𝑇

+
𝑉𝑚
𝐺𝑚

 (9) 

 

where ηi (i = 1, 3) the efficiency parameters of CNTs, which 

is used to increase the accuracy of ERM to make the results 

close to experimental ones. These coefficients are obtained 

by molecular dynamics. Also, VCNT and Vm are the CNTs 

and matrix volume fractions, respectively that their 

summation is equal to 1. Noted that the CNT and m 

superscripts denote those of CNTs and matrix, respectively. 

Other properties of nanocomposites such as density and 

electrical properties also follow the ERM as follows 

(Mohammadimehr et al. 2019) 
 

𝑃𝑖𝑗 = 𝑉𝐶𝑁𝑇𝑃𝑖𝑗
𝐶𝑁𝑇 + 𝑉𝑚𝑃𝑖𝑗

𝑚 (10) 

 

 

Fig. 2 Various types of CNTs distribution across the 

thickness of the face sheets 

 

 

where Pij are one of the above-mentioned properties.  

Furthermore, the Poisson’s ratio is determined using the 

following relation 

 

𝜈12 = 𝑉𝐶𝑁𝑇
∗ 𝜈12

𝐶𝑁𝑇 + 𝑉𝑚𝜈𝑚 (11) 

 

where 𝑉𝐶𝑁𝑇
∗  is the volume fraction of CNTs which is 

defined as (Shen 2011). 

 

𝑉𝐶𝑁𝑇
∗ =

𝑤𝐶𝑁𝑇

𝑤𝐶𝑁𝑇 + (
𝜌𝐶𝑁𝑇

𝜌𝑚
) − (

𝜌𝐶𝑁𝑇

𝜌𝑚
)𝑤𝐶𝑁𝑇

 
(12) 

 

That wCNT is the CNTs’ mass fraction, ρCNT and ρm are 

CNTs and matrix density, respectively. In this study, the 

distribution of CNTs through the thickness direction of the 

face sheets is considered in five different patterns. 

Therefore, for the top face sheet the CNTs are distributed 

according to the following functions (Mohammadimehr et 

al, 2019). 

 

𝑉𝐶𝑁𝑇
𝑡 = 𝑉𝐶𝑁𝑇

∗ UD 

𝑉𝐶𝑁𝑇
𝑡 = [1 −

2

ℎ𝑡
(𝑧 −

ℎ𝑐 + ℎ𝑡
2

)] 𝑉𝐶𝑁𝑇
∗ FG-A 

𝑉𝐶𝑁𝑇
𝑡 = [1 +

2

ℎ𝑡
(𝑧 −

ℎ𝑐 + ℎ𝑡
2

)] 𝑉𝐶𝑁𝑇
∗ FG-V 

𝑉𝐶𝑁𝑇
𝑡 = 2 [1 −

2

ℎ𝑡
(𝑧 −

ℎ𝑐 + ℎ𝑡
2

)] 𝑉𝐶𝑁𝑇
∗ FG-O 

𝑉𝐶𝑁𝑇
𝑡 =

4

ℎ𝑡
[|𝑧 −

ℎ𝑐 + ℎ𝑡
2

|] 𝑉𝐶𝑁𝑇
∗ FG-X 

(13) 

 

Also, for the bottom face sheet the CNTs distribution is 

considered as follow (Mohammadimehr et al. 2019). 

 

𝑉𝐶𝑁𝑇
𝑏 = 𝑉𝐶𝑁𝑇

∗ UD 

𝑉𝐶𝑁𝑇
𝑏 = [1 −

2

ℎ𝑏
(𝑧 +

ℎ𝑐 + ℎ𝑏
2

)] 𝑉𝐶𝑁𝑇
∗ FG-A 

𝑉𝐶𝑁𝑇
𝑏 = [1 +

2

ℎ𝑏
(𝑧 +

ℎ𝑐 + ℎ𝑏
2

)] 𝑉𝐶𝑁𝑇
∗ FG-V 

𝑉𝐶𝑁𝑇
𝑏 = 2 [1 −

2

ℎ𝑏
(𝑧 +

ℎ𝑐 + ℎ𝑏
2

)] 𝑉𝐶𝑁𝑇
∗ FG-O 

𝑉𝐶𝑁𝑇
𝑏 =

4

ℎ𝑏
[|𝑧 +

ℎ𝑐 + ℎ𝑏
2

|] 𝑉𝐶𝑁𝑇
∗ FG-X 

(14) 
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These patterns of CNTs distribution are shown in Fig. 2, 

schematically. 

As stated before, the face sheets are exposed to the 

electric field. Noted that the electric field should be defined 

in such a way to satisfy Maxwell’s relation. So, Arshid et al. 

(2019b) is 
 

𝐸 = −𝛻𝛷 (15) 
 

in which Φ is the electric potential function which consists 

of linear and cosine terms as following 
 

𝛷(𝑥, 𝑧, 𝑡) =
2𝑧

ℎ𝑓
𝜙0 − cos (

𝜋𝑧

ℎ𝑓
)𝜙(𝑥, 𝑡) (16) 

 

where ϕ0 is the external applied electric potential and hf is 

the thickness of the face sheets. 

Substituting Eq. (16) in Eq. (15), the components of the 

electric field are achieved as below. 
 

𝐸𝑥 = −
𝜕𝛷

𝜕𝑥
=
𝜕𝜙

𝜕𝑥
cos (

𝜋𝑧

ℎ𝑓
) 

𝐸𝑧 = −
𝜕𝛷

𝜕𝑧
= −

2

ℎ𝑓
𝜙0 −

𝜋

ℎ𝑓
𝜙 sin (

𝜋𝑧

ℎ𝑓
) 

(17) 

 

2.4 Constitutive law for the core 

 

The stress-strain relations for the FG porous core are 

demonstrated as follows 

 

{
𝜎𝑥𝑥
𝜎𝑥𝑧

} = [
𝐴(𝑧) 0
0 𝐺(𝑧)

] {
𝜀𝑥𝑥
𝛾𝑥𝑧
} (18) 

 

where A(z) and G(z) are the stiffness components which are 

defined as 

 

𝐴(𝑧) =
𝐸(𝑧)

1 − 𝜈2
, 𝐺(𝑧) =

𝐸(𝑧)

2(1 + 𝜈)
 (19) 

 

In the above equations, ν is the Poisson’s ratio and E(z) 

is the elasticity Young’s modulus which depends on 

thickness. In other words, the mechanical properties of the 

FG porous core are distributed across its thickness direction 

according to three different functions which are known as 

asymmetric, symmetric, and uniform porosity distributions. 

For each of the mentioned porosity distribution types, the 

following relations are ruled. 

 

2.4.1 Non-symmetric porosity distribution 

In this case, the pores are distributed non-symmetrically 

respect to the mid-surface of the core and the elasticity 

modulus and density variations are considered as following 

(Barati and Zenkour 2017) 

 

𝐸(𝑧) = 𝐸1 (1 − 𝑒1 cos (
𝜋𝑧

2ℎ𝑐
+
𝜋

4
)) 

𝜌(𝑧) = 𝜌1 (1 − 𝑒𝑚 cos (
𝜋𝑧

2ℎ𝑐
+
𝜋

4
)) 

(20) 

 

where e1 is the porosity coefficient which indicated the ratio 

of pores to bulk volume and em is called the mass density 

coefficient of the structure which they are defined as 

(Arshid and Khorshidvand 2018). 

 

𝑒1 = 1 −
𝐺1
𝐺0
= 1 −

𝐸1
𝐸0

 

𝑒𝑚 = 1 −
𝜌1
𝜌0
= 1 − √1 − 𝑒1 

(21) 

 

Noted that the value of e1e1 is between zero and 1. Also, 

E1 and  E0 are Young’s modulus at z = −hc/2  and  z = hc/2, ρ1 

and ρ0 are the densities at z = −hc/2 and z = hc/2, 

respectively. 

 

2.4.2 Symmetric porosity distribution 

Unlike the previous porosity distribution, for this type of 

as can be expected, the pores are distributed symmetrically 

along with the thickness of the core. Therefore, the 

elasticity modulus and density are expressed as follows 

(Shafiei and Kazemi 2017) 

 

𝐸(𝑧) = 𝐸1 (1 − 𝑒1 cos (
𝜋𝑧

ℎ𝑐
)) 

𝜌(𝑧) = 𝜌1 (1 − 𝑒𝑚 cos (
𝜋𝑧

ℎ𝑐
)) 

(22) 

 

2.4.3 Uniform porosity distribution 

 

For this type of porosity distribution, there is no 

dependence on z, so Panah et al. (2019) 

 

𝐸(𝑧) = 𝐸1(1 − 𝑒1), 𝜌(𝑧) = 𝜌1(1 − 𝑒1𝜒) (23) 

 

where 

 

𝜒 =
1

𝑒1
−
1

𝑒1
(
2

𝜋
√1 − 𝑒1 −

2

𝜋
+ 1)

2

 (24) 

 

 

3. Equations derivation 
 

3.1 Hamilton’s principle 

 

To extract the motion equations, Hamilton’s principle is 

employed. This principle is expressed as (Berghouti et al. 

2019) 
 

𝛿 ∫ [(𝑊𝑒𝑥𝑡 + 𝑇) − 𝑈]
𝑡2

𝑡1

dt = 0 (25) 

 

in which Wext  is the external work, U is the strain energy 

and T denotes the kinetic energy of curved microbeam.  

As mentioned before, the current study deals with the 

behavior of the curved beam in small dimensions. Thus, 

MCST is employed to analyze the structure at the micro-

scale. Based on the MCST, the strain energy can be written 

as following (Ghorbanpour Arani and Haghparast 2017) 
 

𝑈 =
1

2
∫(𝜎: 𝜀 + 𝑚: 𝜒)dV
𝑉

 (26) 
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In this relation, σ and ε are the stress and strain tensors, 

respectively, and m is the deviator part of the couple stress 

tensor and χ is the symmetric part of the curvature tensor, 

which they are defined as follows 
 

𝑚𝑖𝑗 = 2𝐿𝑚
2 𝜇𝜒𝑖𝑗  (27) 

 

𝜒𝑖𝑗 =
1

2
[𝛩𝑖,𝑗 + 𝛩𝑗,𝑖] (28) 

 

where Lm is the small scale parameter for the MCST and the 

Lame’s coefficient is shown by μ. Also, Θ is the rotation 

vector which is expressed as 
 

𝛩 =
1

2
𝛻 × 𝑢 (29) 

 

in which u denotes the displacement vector. 

Therefore, the expanded form of the strain energy for 

the under consideration three-layered microbeam is written 

as follows. 
 

𝑈 =
1

2
∫∫ ∫ {𝜎𝑥𝑥

𝑏 𝜀𝑥𝑥 + 𝜎𝑥𝑧
𝑏 𝛾𝑥𝑧 − 𝐷𝑥

𝑏𝐸𝑥

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏𝑦𝑥

− 𝐷𝑧
𝑏𝐸𝑧 

+2𝑚𝑥𝑦
𝑏 𝜒𝑥𝑦

𝑏 + 2𝑚𝑦𝑧
𝑏 𝜒𝑦𝑧

𝑏 }dV +
1

2
∫∫ ∫ {𝜎𝑥𝑥

𝑐 𝜀𝑥𝑥 +

ℎ𝑐
2

−
ℎ𝑐
2

𝑦𝑥

 

+𝜎𝑥𝑧
𝑐 𝛾𝑥𝑧 + 2𝑚𝑥𝑦

𝑐 𝜒𝑥𝑦
𝑐 + 2𝑚𝑦𝑧

𝑐 𝜒𝑦𝑧
𝑐 } dV 

+
1

2
∫∫ ∫ {𝜎𝑥𝑥

𝑡 𝜀𝑥𝑥 + 𝜎𝑥𝑧
𝑡 𝛾𝑥𝑧 − 𝐷𝑥

𝑡𝐸𝑥

ℎ𝑐
2
+ℎ𝑡

ℎ𝑐
2

𝑦𝑥

−𝐷𝑧
𝑡𝐸𝑧 

+2𝑚𝑥𝑦
𝑡 𝜒𝑥𝑦

𝑡 + 2𝑚𝑦𝑧
𝑡 𝜒𝑦𝑧

𝑡 } dV 

(30) 

 

By employing the variational calculus and integration by 

part, yields 
 

𝛿𝑈 = 

∫

{
 
 
 
 
 

 
 
 
 
 (−

𝜕

𝜕𝑥
𝑁𝑥𝑥 +

𝑄𝑥

𝑅
−
1

2𝑅

𝜕

𝜕𝑥
𝑌1) 𝛿𝑢 + (−

𝜕2

𝜕𝑥2
𝑀𝑥𝑥

+
𝑁𝑥𝑥
𝑅
+
1

𝑅

𝜕

𝜕𝑥
𝑅𝑥 −

𝜕2

𝜕𝑥2
𝑌1 −

1

2𝑅

𝜕2

𝜕𝑥2
𝑌2 +

+
1

2𝑅

𝜕

𝜕𝑥
𝑌5) 𝛿𝑤 + (−

𝜕

𝜕𝑥
𝐻𝑥𝑥 + 𝑇𝑥(𝑥, 𝑡) +

𝑃𝑥

𝑅
−

1

2

𝜕

𝜕𝑥
𝑌4 −

1

2𝑅

𝜕

𝜕𝑥
𝑌3 +

1

2
𝑌7 +

𝑌6

2𝑅
) 𝛿𝜑 +

+(
𝜕

𝜕𝑥
𝐷̄𝑥 + 𝐷̄𝑧) 𝛿𝜙 }

 
 
 
 
 

 
 
 
 
 

𝑑𝐴
𝐴

 
(31) 

 

The used stress resultants are defined as follows 
 

{𝑁𝑥𝑥 , 𝑀𝑥𝑥 , 𝐻𝑥𝑥} = ∫𝜎𝑥𝑥{1, 𝑧, 𝑓(𝑧)}
𝑧

𝑑𝑧 

{𝑄𝑥 , 𝑅𝑥, 𝑃𝑥 , 𝑇𝑥}

= ∫𝜎𝑥𝑧 {1, 𝑧, 𝑓(𝑧),
𝑑

𝑑𝑧
𝑓(𝑧)}

𝑧

𝑑𝑧 

{𝑌1, 𝑌2, 𝑌3, 𝑌4}

= ∫𝑚𝑥𝑦 {1, 𝑧, 𝑓(𝑧),
𝑑

𝑑𝑧
𝑓(𝑧)}

𝑧

𝑑𝑧 

{𝑌5, 𝑌6, 𝑌7} = ∫𝑚𝑦𝑧 {1,
𝑑

𝑑𝑧
𝑓(𝑧),

𝑑2

𝑑𝑧2
𝑓(𝑧)}

𝑧

𝑑𝑧 

(32) 

 

  𝐷̄𝑥 = ∫𝐷𝑥 cos (
𝜋𝑧

ℎ𝑓
)

𝑧

𝑑𝑧 

  𝐷̄𝑧 = ∫𝐷𝑧 (
𝜋

ℎ𝑓
) sin (

𝜋𝑧

ℎ𝑓
)

𝑧

𝑑𝑧 

(32) 

 

Also, the kinetic energy of the structure can be 

calculated as follow (Amir et al. 2019) 

 

𝑇 =
1

2
∫ ∫ ∫ 𝜌(𝑧) ((

𝜕𝑈

𝜕𝑡
)
2

+ (
𝜕𝑉

𝜕𝑡
)
2

+ (
𝜕𝑊

𝜕𝑡
)
2

)  dV

𝐻

2

−
𝐻

2
𝑦𝑥

 (33) 

 

And in the following it can be derived 

 
𝛿𝑇 = 

∫

{
 
 
 
 

 
 
 
 (−𝐼0

𝜕2

𝜕𝑡2
𝑢 + 𝐼1

𝜕2

𝜕𝑥𝜕𝑡2
𝑤 − 𝐼3

𝜕2

𝜕𝑡2
𝜑)𝛿𝑢 +

(

 
 
 
 

𝐼2
𝜕4

𝜕𝑥2𝜕𝑡2
𝑤 − 𝐼1

𝜕3

𝜕𝑥𝜕𝑡2
𝑢 − 𝐼5

𝜕3𝜑

𝜕𝑥𝜕𝑡2

−𝐼0
𝜕2

𝜕𝑡2
𝑤)𝛿𝑤 + (−𝐼4

𝜕2

𝜕𝑡2
𝜑 + 𝐼5

𝜕3

𝜕𝑥𝜕𝑡2
𝑤

−𝐼3
𝜕2

𝜕𝑡2
𝑢) 𝛿𝜑

}
 
 
 
 

 
 
 
 

𝐴

𝑑𝐴 
(34) 

 

in which 

 
{𝐼0, 𝐼1, 𝐼2, 𝐼3, 𝐼4, 𝐼5}

= ∫𝜌(𝑧){1, 𝑧, 𝑧2, 𝑓(𝑧), 𝑓2(𝑧), 𝑧𝑓(𝑧)}
𝑧

𝑑𝑧 
(35) 

 

The external work in this study consists of two parts: the 

first due to the elastic foundation and the second due to the 

mechanical and electrical preloads. So 

 

𝑊𝑒𝑥𝑡 = 𝑊𝑓𝑜𝑢𝑛𝑑𝑎𝑡𝑖𝑜𝑛 +𝑊𝑝𝑟𝑒𝑙𝑜𝑎𝑑𝑠 (36) 

 

To determine the work of the elastic foundation, the 

Pasternak type is selected as a foundation. Therefore, the 

foundation force can be obtained via the following relation 

(Sobhy and Zenkour 2018) 

 

𝑓𝑓𝑜𝑢𝑛𝑑𝑎𝑡𝑖𝑜𝑛 = 𝐾𝑊𝑤(𝑥, 𝑡) − 𝐾𝐺𝛻
2𝑤(𝑥, 𝑡) (37) 

 

where KW and KG are the Winkler and shear layer 

coefficients, respectively. 

Consequently, to obtain the work caused by the elastic 

foundation the following relation may be used (Shahsavari 

et al. 2019). 
 

𝑊𝑓𝑜𝑢𝑛𝑑𝑎𝑡𝑖𝑜𝑛 =
1

2
∫[−𝑓𝑓𝑜𝑢𝑛𝑑𝑎𝑡𝑖𝑜𝑛𝑤(𝑥, 𝑡)]
𝐴

dA (38) 

 

Moreover, the work of electro-mechanical preloads can 

be determined using the below equation as (Amir et al. 

2019). 
 

𝑊𝑝𝑟𝑒𝑙𝑜𝑎𝑑𝑠 =
1

2
∫ [𝑁𝑒𝑥𝑡 (

𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
)

2

] dA
𝐴

 (39) 
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Table 1 Comparing the results for a single-layer straight 

macro beam with those of previously published 

works (𝛺 = (𝜔𝐿2 ℎ⁄ )√𝜌 𝐸⁄ ) 

Ref. Model Ω1 Ω2 

Pagani et al. (2013) 

EBBT 2.859 11.535 

TBT* 2.856 11.531 

RTE** 2.859 11.552 

Dan et al. (2016) LP*** 2.881 11.521 

Ghorbanpour Arani 

et al. (2018) 

EBBT 3.005 11.879 

SSDBT 2.963 11.273 

Present study 

EBBT 3.0071 11.8837 

SSDBT 2.9645 11.2772 

Tan-SDBT 2.9806 11.5007 
 

* TBT: Timoshenko beams theory 
** RTE: Refined Taylor expansion 
*** LP: Lagrange polynomials 

 

 

Here Next is the external force which includes two below 

parts 

 

𝑁𝑒𝑥𝑡 = 𝑁𝑀 + 𝑁𝐸 (40) 

 

where NM denotes the mechanical preload and NE denotes 

the electric preloads and are demonstrated as 

 

𝑁𝑀 = −𝑃0 
𝑁𝐸 = −2𝑒31𝜙0 

(41) 

 

3.2 Governing equations 

 

Finally, by substituting the Eqs. (31), (34) and (36) in 

Hamilton’s principle and separating the coefficient of each 

variable, the governing equations of motion in terms of 

stress resultants are achieved as 

 

𝛿𝑢: −
𝜕

𝜕𝑥
𝑁𝑥𝑥 +

𝑄𝑥
𝑅
−
1

2𝑅

𝜕

𝜕𝑥
𝑌1 + 𝐼0

𝜕2

𝜕𝑡2
𝑢 

        −𝐼1
𝜕2

𝜕𝑥𝜕𝑡2
𝑤 + 𝐼3

𝜕2

𝜕𝑡2
𝜑 = 0 

(42) 

 

𝛿𝑤: −
𝜕2

𝜕𝑥2
𝑀𝑥𝑥 +

𝑁𝑥𝑥
𝑅
+
1

𝑅

𝜕

𝜕𝑥
𝑅𝑥 −

𝜕2

𝜕𝑥2
𝑌1 

         −
1

2𝑅

𝜕2

𝜕𝑥2
𝑌2 +

1

2𝑅

𝜕

𝜕𝑥
𝑌5 − 𝐾𝑊𝑤 + 𝐾𝐺

𝜕2

𝜕𝑥2
𝑤 

        + 𝑁𝑒𝑥𝑡
𝜕2

𝜕𝑥2
𝑤 − 𝐼2

𝜕4

𝜕𝑥2𝜕𝑡2
𝑤 + 𝐼1

𝜕3

𝜕𝑥𝜕𝑡2
𝑢 

       + 𝐼5
𝜕3𝜑

𝜕𝑥𝜕𝑡2
+ 𝐼0

𝜕2

𝜕𝑡2
𝑤 = 0 

(43) 

 

𝛿𝜑:−
𝜕

𝜕𝑥
𝐻𝑥𝑥 + 𝑇𝑥 +

𝑃𝑥
𝑅
−
1

2

𝜕

𝜕𝑥
𝑌4 −

1

2𝑅

𝜕

𝜕𝑥
𝑌3 +

1

2
𝑌7 

       +
𝑌6
2𝑅

+ 𝐼4
𝜕2

𝜕𝑡2
𝜑 − 𝐼5

𝜕3

𝜕𝑥𝜕𝑡2
𝑤 + 𝐼3

𝜕2

𝜕𝑡2
𝑢 = 0 

(44) 

 

𝛿𝜙: 
𝜕

𝜕𝑥
𝐷̄𝑥 + 𝐷̄𝑧 = 0 (45) 

 

Table 2 Electro-mechanical properties of the matrix and 

reinforcement of the face sheets (Mohammadimehr 

et al. 2019) 

Properties SWCNTs PVDF 

ν 0.175 0.34 

ρ (kg/m3) 1400 1780 

e31 (C/m2) 0 −0.13 

e15 0 −0.135 

S11 (nF/m2) 0 0.1107 

S33 0 0.1061 

 E11 (TPa) = 5.6466 Em (GPa) = 2.2 

 G12 (TPa) = 1.9445  
 

 
 
4. Solution procedure 

 
Navier’s solution method is used in the current study as 

an analytical method to obtain the results for a simply 

supported ends condition curved microbeam. To this aim 

and to satisfy the geometrical conditions, the displacement 

components are considered as the below functions 

(Bendaho et al. 2019, Hadji et al. 2011) 

 

{

𝑢
𝑤
𝜑
𝜙

} = ∑

{
 

 
𝑈𝑚 cos(𝛼𝑥)

𝑊𝑚 sin(𝛼𝑥)

𝛷𝑚 cos(𝛼𝑥)

𝛹𝑚 sin(𝛼𝑥)}
 

 
𝑒𝑖𝜔𝑡

∞

𝑚=1

 (46) 

 

in which α = mπ/L that m is axial wavenumber and the 

natural frequency is shown by ω. By replacing these 

functions in the governing Eqs. (42)-(45), the following 

matrix form can be extracted 
 

([𝐾] − 𝜔2[𝑀]){𝑋} = 0 (47) 
 

where {X} denotes displacements vector and the matrices 

[K] and [M] are the stiffness and mass matrices, 

respectively which their non-zero arrays are presented in the 

“Appendix” section. Solving the eigenvalue problem of Eq. 

(47) leads to achieving the natural frequencies of the 

structure. 

 

 

5. Results and discussion 
 

5.1 Validation of the results 

 

To ensure the validity and also reliability of the 

equations and obtained results, and since there is no similar 

study to compare the results with, the natural frequencies 

for a simpler state are obtained and compared with those of 

previously published works. To this aim, natural frequencies 

of the two first vibrational modes of a straight macro beam 

are extracted. So, by tending the curvature radius of R to the 

infinite, neglecting the face sheets and elastic foundation, 

and setting the porosity coefficient and the small scale 

parameter of Lm to zero, the dimensionless natural 

frequencies are obtained and listed in Table 1 (Pagani et al.  
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Fig. 3 Effect of CNTs distribution types on the results 
 

 

 

Fig. 4 Central angle variations effect on the fundamental 

natural frequency 

 

 

 

 

Fig. 5 Effect of CNTs volume fraction for SSDBT and 

Tan-SDBT 

 

 

Fig. 6 Effect of layers’ thicknesses and pores 

distribution on the fundamental natural frequency 
 

Table 3 Effect of porosity coefficient on the first three natural frequencies (kHz) 

Mode No.  
e1 

0 0.1 0.2 0.3 0.4 0.5 0.6 

1st 
SSDBT 267.5324 265.5571 263.6130 261.7303 259.9578 258.3781 257.1408 

Tan-SDBT 268.2774 266.3304 264.4159 262.5640 260.8232 259.2763 258.0723 

2nd 
SSDBT 1073.1119 1064.9662 1056.9274 1049.1127 1041.7131 1035.0542 1029.7272 

Tan-SDBT 1082.3880 1074.1830 1066.0804 1058.1966 1050.7211 1043.9781 1038.5574 

3rd 
SSDBT 2361.6739 2343.7047 2325.9736 2308.7388 2292.4214 2277.7401 2266.0016 

Tan-SDBT 2395.4826 2377.0738 2358.8689 2341.1203 2324.2416 2308.9433 2296.5241 
 

Table 4 Effect of porosity coefficient on the first three natural frequencies (kHz) 

Porosity distribution type  
e1 

0 0.1 0.2 0.3 0.4 0.5 0.6 

Non-symmetric 
SSDBT 267.5324 265.5571 263.6130 261.7303 259.9578 258.3781 257.1408 

Tan-SDBT 268.2774 266.3304 264.4159 262.5640 260.8232 259.2763 258.0723 

Symmetric 
SSDBT 267.5324 266.4189 265.4664 264.7354 264.3153 264.3442 265.0506 

Tan-SDBT 268.2774 267.2161 266.3214 265.6546 265.3064 265.4171 266.2178 

Uniform 
SSDBT 267.5324 265.3053 263.0146 260.6596 258.2424 255.7709 253.2660 

Tan-SDBT 268.2774 266.0779 263.8182 261.4983 259.1214 256.6971 254.2489 
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Fig. 7 Size effect on the fundamental natural frequency 

for SSDBT and Tan-SDBT 

 

 

Table 5 Size effect for different volume fractions of CNTs 

on the natural frequencies (kHz) 

𝑉𝐶𝑁𝑇
∗   

Lm/H 

0.1 0.2 0.3 0.4 0.5 

0.12 

SSDBT 205.8881 213.6697 226.0437 242.3059 261.7303 

Tan-

SDBT 
206.1498 214.0442 226.5628 242.9806 262.5640 

0.17 

SSDBT 230.6485 237.6717 248.9361 263.8976 281.9662 

Tan-

SDBT 
231.1783 238.3341 249.7548 264.8707 283.0873 

0.28 

SSDBT 273.4149 279.3989 289.0957 302.1464 318.1364 

Tan-

SDBT 
274.3596 280.5120 290.3924 303.6068 319.7389 

 

 

 

2013, Dan et al. 2016, Ghorbanpour Arani et al. 2018). In 

this table, the thickness of the beam is considered as 0.2 m, 

its length is five times more than its thickness, the Poisson’s 

ratio is 0.3, the elasticity modulus is 75 GPa, and the 

density of the structure is 2700 kg/m3. 

Regarding Table 1, it can be found that the results of the 

present study are in good convergence with those of 

literature. Noted that the little difference between the results 

of the present and previous studies is raised from different 

selected displacement fields and also different solution 

methods which lead to this difference. Therefore, the results 

of the current study are validated and in the following, the 

effect of the most important parameters on the vibrational 

behavior of a three-layered curved microbeam is presented. 

 

5.2 Case study 

 

To analyze the effect of the different parameters on the 

vibrational behavior of the under consideration microbeam, 

firstly the material properties of the FG porous core and FG 

CNTRCs face sheets are presented. The material type of the 

porous core is Tennessee marble with elasticity Young’s 

modulus of 60 GPa and a density of 2700 kg/m3. Also, its 

Poisson’s ratio is 0.25. On the other hand, the matrix of the  

 

Fig. 8 Axial wave number effect for different aspect 

ratio values on the results 

 
 

 

Fig. 9 Winkler coefficient of elastic foundation effect on 

the results 

 
 

 

Fig. 10 Effect of shear layer coefficient on the natural 

frequency of the structure 

 
 

face sheets is from PVDF which has electro-mechanical 

properties and as stated before, the CNTs are chosen as the 

reinforcement. Material properties of the Polyvinylidene 

Fluoride (PVDF) and SWCNTs are presented in Table 2  

243



 

S. Behnam Mousavi, Saeed Amir, Akbar Jafari and Ehsan Arshid 

 

Fig. 11 Simultaneously consideration for effect of both 

Winkler and shear layer coefficients on the 1st 

natural frequency of the curved microbeam 

 

 

 

Fig. 12 Comparing different types of elastic foundation 

effect on the results 

 

 

(Mohammadimehr et al. 2019). 

Noted that as mentioned before, ηi (i = 1, 3) are 

efficiency parameters of CNTs that are different for each 

volume fraction. Therefore, for 𝑉𝐶𝑁𝑇
∗  = 0.12, η1 = 0.137, 

and η3 = 0.715, for 𝑉𝐶𝑁𝑇 
∗ = 0.17, η1 = 0.142 and η3 = 1.138, 

and for 𝑉𝐶𝑁𝑇 
∗ = 0.28, η1 = 0.141 and η3 = 1.109 (Amir et al. 

2019). Also, it is noteworthy that generally the distribution 

of the pores is considered to be non-symmetric and the 

CNTs are distributed uniformly. Furthermore, the following 

specifications are used to extract the results: hc = 100 μm, ht 

= hb = 10 μm, L = 10H, Lm = H/2, θ = π/6, e1 = 0.3 and 

𝑉𝐶𝑁𝑇
∗  = 0.12.  

Table 3 illustrates the effect of porosity coefficient 

variations on the first three natural frequencies of the 

curved microbeam. It can be found that by increasing the 

porosity coefficient which indicates the pores to bulk 

volume ratio, the stiffness of the structure will be reduced 

more than its mass, and since the natural frequency is 

proportional to the square root of stiffness to mass ratio, so 

the natural frequency decreases too. Also, the results of 

Table 3 are presented based on both SSDBT and Tan-SDBT 

and can be seen that there is little difference between them. 

Table 4 considers the effect of pores distribution type on 

the natural frequencies of the structure. The results are 

presented based on porosity coefficient variation and can be 

understood that the symmetric type of pores distribution 

leads to the most values of natural frequencies and the 

uniform type leads to the least ones. It may be raised due to 

their functions which are presented in Eqs. (20), (22) and 

(23). 

Fig. 3 presents two effects: the first one is about CNTs 

distribution type and the second one is about the aspect ratio 

of the structure. by considering this figure, can be found 

that the FG V-A type has the maximum natural frequency 

and the FG A-V has the minimum ones among the 

considered distribution types. In fact, for FG V-A type, the 

CNTs are more in surfaces of the structure which enhances 

its stiffness but in FG A-V type, the CNTs are more about 

its mid-plane. So, the natural frequencies for this type are 

less than the others. On the other hand, by increasing the 

length of the curved microbeam rather than its thickness, 

the stiffness of the structure will be reduced, and 

accordingly, the frequencies will be decreased. 

Fig. 4 depicts the effect of central angle θ and CNTs 

volume fraction values on the results. Based on the findings 

from this figure, increasing the central angle which means a 

reduction in curvature radius, leads the results to reduce, 

while increasing the volume fraction of CNTs leads them to 

enhance. CNTs’ stiffness is much more than the matrix, 

consequently increasing their volume fraction than matrix, 

which will increase the face sheets stiffness, and in the 

following the stiffness of the structure will be increased 

which means an increase in the frequencies. 

In Fig. 5, the effect of slenderness and the amount of 

CNTs is considered. Regarding this figure, can be seen that 

as the CNTs’ amount increases with respect to the matrix 

phase, the natural frequencies increase, too. Also, as the 

beam becomes longer, it vibrates more. 

The effect of thicknesses ratio is studied in Fig. 6. It is 

seen that by keeping the total thickness constant, increasing 

the core’s thickness means a reduction to that of the face 

sheets. Since the face sheets, stiffness is much more than 

the core, so the reduction in their thickness will be ended to 

the reduction in stiffness of the whole of the structure. 

Therefore, the natural frequencies will be reduced. Also, the 

effect of pores distribution types can be seen in this figure 

which confirms the previous findings. 

Size effect for two cases namely two CNTs distribution 

types and different values of CNTs volume fractions are 

considered in Fig. 7 and Table 5, respectively. Regarding 

these items, increasing the small-scale parameters Lm, the 

stiffness of the structure will be enhanced rapidly, and 

following it, the fundamental natural frequency of the 

structure will be increased. 

Axial wave number increasing effect which shows the 

vibrational mode number is shown in Fig. 8 and as can be 

expected, its increasing leads the frequencies to enhance. 

This figure is plotted for different aspect ratios which 

ensure the previous findings. 

The presented results up to here were in absence of an 

elastic foundation. But, now the effect of adding elastic  
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foundation and variation of its coefficients will be 

discussed. Fig. 9 shows the effect of the spring or Winkler 

coefficient increasing on the results. Increasing KW 

enhances the stiffness of the structure and accordingly, the 

frequency will be reduced. 

A similar effect but for KG is considered in Fig. 10 and 

the variations of natural frequency are like that of KW. 

Fig. 11 shows the effect of both spring and shear layer 

coefficients simultaneously and can be found shear layer 

coefficient has more effect on the results than that of spring. 

Also, Fig. 12 considered three different cases, namely 

without elastic foundation, with the Winkler elastic 

foundation which only consists of springs and Pasternak 

elastic foundation which consists of both springs and shear 

layer. It is understood that adding the elastic foundation 

enhances the stiffness and natural frequencies of the 

structure and adding the shear layer which converts the 

Winkler type to Pasternak one, has a similar effect on the 

vibrational behavior of the curved microbeam. 

Finally, the effect of electro-mechanical preloads is 

considered and listed in Table 6. According to this table, the 

positive mechanical preload which means tensile load 

increases the stability of the structure, and following it, as 

the tensile load becomes more, the frequency will be 

enhanced. But for negative preload which means 

compressive load, makes the structure unstable and as the 

compressive load becomes more, the frequency will be 

reduced. It is noticeable that this effect is not significant. 

Moreover, about electrical preload, the positive applied 

potential leads the frequencies to be reduced, while the 

negative potential leads them to enhance due to increasing 

the stability of the structure. 

 

 

6. Conclusions 
 

In the current study, the free vibrational behavior of a 

three-layered curved microbeam is considered based on the 

two higher-order and trigonometric shear deformation 

theories namely SSDBT and Tan-SDBT. The core of the 

structure is made from FG porous materials and the face 

sheets are from FG CNTRCs which are exposed to the  

 

 

electric field. The three layers’ mechanical properties are 

varied through their thickness following to given functions. 

Hamilton’s principle is used to extract the motion equations 

and the MCST is used to capture the size effect. To solve 

the motion equations analytically, Navier’s method is 

employed for a simply supported ends case and by 

validating the results for the simpler state with previous 

works, effects of different parameters on the behavior of the 

structure are considered and the following items can be 

concluded: 

• Increasing the porosity coefficient leads the natural 

frequencies to reduce. 

• Among the three different types of porosity 

distributions, symmetric and uniform types have the most 

and the least values of natural frequencies, respectively. 

• FG V-A and FG A-V patterns of CNTs distribution 

have the maximum and minimum values of the results, 

respectively. 

• Increasing the volume fraction of CNTs in the face 

sheets enhances the stiffness and accordingly the natural 

frequencies of the structure. 

• Increasing the small scale parameter, lead the 

frequencies to enhance. 

• Increasing the central angle of the curved microbeam 

causes a reduction in the natural frequencies. 

• By keeping the thickness constant, as the length of the 

structure increases, the natural frequency will be reduced. 

• Increasing the core’s thickness and reducing the face 

sheets’ ones, lead the frequency to reduce. 

• Adding the elastic foundation to the structure increases 

its stiffness and frequencies. 

• Frequencies of the Pasternak type of elastic foundation 

are higher than those of Winkler. 

• Increasing the tensile mechanical preload, increases 

the natural frequencies, while it is vice versa about the 

compressive load. 

• Although increasing the positive applied electrical 

preload reduces the natural frequencies, but the negative 

one enhances it. 

The obtained results based on Tan-SDBT are generally 

more than those of SSDBT. 

 

Table 6 Influence of different values of electro-mechanical preloads on the results (kHz) 

𝑉𝐶𝑁𝑇
∗  P0 

ϕ0 

−200 −100 0 100 200 

SSDBT Tan-SDBT SSDBT Tan-SDBT SSDBT Tan-SDBT SSDBT Tan-SDBT SSDBT Tan-SDBT 

0.12 

−100 261.6676 262.5015 261.6412 262.4751 261.6147 262.4487 261.5882 262.4224 261.5618 262.3960 

0 261.7832 262.6167 261.7568 262.5903 261.7303 262.5640 261.7039 262.5376 261.6774 262.5112 

100 261.8987 262.7318 261.8723 262.7054 261.8459 262.6791 261.8194 262.6528 261.7930 262.6264 

0.17 

−100 281.9051 283.0264 281.8819 283.0033 281.8588 282.9803 281.8356 282.9571 281.8124 282.9340 

0 282.0126 283.1335 281.9894 283.1104 281.9662 283.0873 281.9430 283.0642 281.9198 283.0411 

100 282.1200 283.2404 282.0969 283.2173 282.0737 283.1943 282.0505 283.1712 282.0273 283.1481 

0.28 

−100 318.0766 319.6794 318.0587 319.6616 318.0408 319.6438 318.0229 319.6260 318.0050 319.6082 

0 318.1722 319.7745 318.1543 319.7567 318.1364 319.7389 318.1185 319.7211 318.1006 319.7033 

100 318.2677 319.8696 318.2498 319.8518 318.2319 319.8340 318.2141 319.8162 318.1962 319.7984 
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Appendix 
 

The non-zero components of stiffness and mass matrices 

introduced in Eq. (47) are defined as follow. 
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) (
𝑑𝑓(𝑧)

𝑑𝑧
)

2

𝑑𝑧
−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝑒15 cos (
𝜋𝑧𝑡
ℎ𝑡
) (
𝑑𝑓(𝑧)

𝑑𝑧
)

2

𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝑆110 = ∫ 𝑆11 cos
2 (
𝜋𝑧𝑏
ℎ𝑏
) 𝑑𝑧

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝑆11 cos
2 (
𝜋𝑧𝑡
ℎ𝑡
) 𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝑆330 = ∫ 𝑆33 (
𝜋

ℎ𝑏
)
2

sin2 (
𝜋𝑧𝑏
ℎ𝑏
) 𝑑𝑧

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝑆33 (
𝜋

ℎ𝑡
)
2

sin2 (
𝜋𝑧𝑡
ℎ𝑡
) 𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2
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𝐻1 = ∫ 𝜇𝑏(𝑧)𝑧
𝑖𝑑𝑧

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧)𝑧
𝑖𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

, 𝑖 = 0, 1, 2 

𝐻4 = ∫ 𝜇𝑏(𝑧)𝑓(𝑧)𝑑𝑧
−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧)𝑓(𝑧)𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝐻5 = ∫ 𝜇𝑏(𝑧)𝑓
2(𝑧)𝑑𝑧

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧)𝑓
2(𝑧)𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝐻6 = ∫ 𝜇𝑏(𝑧)𝑧𝑓(𝑧)𝑑𝑧
−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧)𝑧𝑓(𝑧)𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝐻7 = ∫ 𝜇𝑏(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
) 𝑑𝑧

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
)𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝐻8 = ∫ 𝜇𝑏(𝑧)𝑧 (
𝑑𝑓(𝑧)

𝑑𝑧
) 𝑑𝑧

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧)𝑧 (
𝑑𝑓(𝑧)

𝑑𝑧
)𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝐻9 = ∫ 𝜇𝑏(𝑧)𝑓(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
) 𝑑𝑧

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧)𝑓(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
) 𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝐻10 = ∫ 𝜇𝑏(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
)

2

𝑑𝑧
−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
)

2

𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝐻11 = ∫ 𝜇𝑏(𝑧) (
𝑑2𝑓(𝑧)

𝑑𝑧2
)𝑑𝑧

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧) (
𝑑2𝑓(𝑧)

𝑑𝑧2
)𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝐻12 = ∫ 𝜇𝑏(𝑧) (
𝑑2𝑓(𝑧)

𝑑𝑧2
)

2

𝑑𝑧
−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧) (
𝑑2𝑓(𝑧)

𝑑𝑧2
)

2

𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝐻13 = ∫ 𝜇𝑏(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
) (
𝑑2𝑓(𝑧)

𝑑𝑧2
)𝑑𝑧

−
ℎ𝑐
2

−
ℎ𝑐
2
−ℎ𝑏

+∫ 𝜇𝑡(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
)(
𝑑2𝑓(𝑧)

𝑑𝑧2
)𝑑𝑧

ℎ𝑐
2+ℎ𝑡

ℎ𝑐
2

 

𝑇1 = ∫ 𝜇𝑐(𝑧)𝑧
𝑖𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2

, 𝑖 = 0, 1, 2 

𝑇4 = ∫ 𝜇𝑐(𝑧)𝑓(𝑧)𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2

, 𝑇5 = ∫ 𝜇𝑐(𝑧)𝑓
2(𝑧)𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2

, 𝑇6 = ∫ 𝜇𝑐(𝑧)𝑧𝑓(𝑧)𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2

, 𝑇7 = ∫ 𝜇𝑐(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
) 𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2

 

𝑇8 = ∫ 𝜇𝑐(𝑧)𝑧 (
𝑑𝑓(𝑧)

𝑑𝑧
) 𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2

, 𝑇9 = ∫ 𝜇𝑐(𝑧)𝑓(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
) 𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2

, 𝑇10 = ∫ 𝜇𝑐(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
)

2

𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2

 

𝑇11 = ∫ 𝜇𝑐(𝑧) (
𝑑2𝑓(𝑧)

𝑑𝑧2
)𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2

, 𝑇12 = ∫ 𝜇𝑐(𝑧) (
𝑑2𝑓(𝑧)

𝑑𝑧2
)

2

𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2

, 𝑇13 = ∫ 𝜇𝑐(𝑧) (
𝑑𝑓(𝑧)

𝑑𝑧
) (
𝑑2𝑓(𝑧)

𝑑𝑧2
)𝑑𝑧

ℎ𝑐
2

−
ℎ𝑐
2
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