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1. Introduction 

 

In order to achieve desired thermo-mechanical 

properties, carbon and its derivatives are accounted as the 

best choices to reinforce engineering structures. Choosing 

the scale of reinforcement widely depends on the purpose of 

the engineer (Abualnour et al. 2019, Alimirzaei et al. 2019, 

Belbachir et al. 2019, 2020, Draiche et al. 2019, Medani et 

al. 2019, Sahla et al. 2019). Some composites are consisted 

of a matrix and macroscale reinforcement such as Carbon 

Fibers (CF) oriented in specific directions to enrich 

mechanical performance of the structure. Emam and Eltaher 

(2016) studied post-buckling and buckling performance of 

the fiber reinforced Euler beam exposed in hygrothermal 

environment within the framework of Reddy’s theory. 

On the other side, reinforcing composites with 

nanofibers instead of macroscale fibers presents noticeable 

improvement in the mechanical behavior of the structures. 

Therefore, many researchers focused on the response of 

Carbon Nanotubes Reinforced (CNTR) structures (Balubaid  
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et al. 2019, Bedia et al. 2019, Berghouti et al. 2019, 

Boutaleb et al. 2019, Semmah et al. 2019, Asghar et al. 

2020, Hussain et al. 2020, Khosravi et al. 2020, Matouk et 

al. 2020, Taj et al. 2020). Maghamikia and Jam (2011) 

employed Finite Element Method (FEM) to explore 

buckling behavior of CNTR annular and circular plate on 

the basis of Third order Shear Deformation Theory (TSDT). 

They asserted that critical buckling load obtained by their 

approach are lower than those obtained according to 

classical theory as a result of considering shear strain terms. 

Tahouneh and Yas (2014) applied Differential Quadrature 

Method (DQM) to study vibration characteristics of two 

dimensional continuously graded CNTR thick disk resting 

on an elastic substrate within the framework of elasticity 

theory. As another study, Tahouneh and Jam (2014) 

investigated free vibration behavior of through the thickness 

continuously graded CNTR annular plate resting on an 

elastic foundation on the basis of elasticity theory and 

employing DQM. In both studies, the Eshelby-Mori-Tanaka 

micromechanics is used to approximate effective elastic 

properties of the composite annular plate. Applying 

Variational Differential Quadrature Method (VDQM) to the 

governing equations developed based on the First order 

Shear Deformation Theory (FSDT), Ansari et al. (2017) 

carried out vibration and buckling analyses of Functionally 

Graded Carbon Nanotube Reinforced Composite (FG-
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CNTRC) annular sector plate surrounded by an elastic 

substrate and subjected to thermal load. By following the 

same procedure, Keleshtary et al. (2017) explored the large 

amplitude performance of FG-CNTRC annular plate 

coupled with piezoelectric layer and resting on elastic 

substrate. Torabi and Ansari (2017) claimed that it is 

necessary to develop governing equations of large 

amplitude vibration of FG-CNTRC annular plate in the 

form of general asymmetric relations in the presence of 

initial thermally stress to obtain accurate results. Within the 

framework of FSDT, Pang et al. (2018) utilized artificial 

spring boundary method to model general boundary 

conditions at each edge of thick FG-CNTRC annular sector 

plate in order to study vibration response. Buckling 

performance of moderately thick FG-CNTRC annular 

sector plate resting on Pasternak elastic substrate and 

subjected to shear and in-plane loading is analyzed by 

Ansari et al. (2018) on the basis of TSDT and employing 

VDQM. Gholami and Ansari (2018) carried out nonlinear 

resonance analysis of FG-CNTRC annular sector plates 

excited by transverse harmonic load uniformly distributed 

through the plate area by employing VDQM in the 

framework of Reddy’s TSDT integrated with von Karman 

nonlinear strain relations.  

Viscoelastic materials show both elastic and viscous 

behavior simultaneously. The viscoelastic materials with 

damping property attenuate the mechanical vibration. 

Linear viscoelasticity is normally appeared as time 

dependency of material properties. There are many models 

to describe the viscoelastic behavior such as Maxwell 

(standard),  Kelvin-Voigt ,  Zener and Boltzmann. 

Pouresmaeeli et al. (2013) studied free vibration response 

of orthotropic viscoelastic nanoplate resting on viscoelastic 

foundation based on the nonlocal theory of plates and 

analytical Navier’s method. They came to conclusion that 

increasing damping coefficient causes the natural frequency 

to be declined dramatically. Within the framework of 

nonlocal elasticity theory, Arani et al. (2012) employed 

DQM to explore nonlocal vibration of two-layered 

graphene sheet resting on visco-Pasternak foundation. The 

results revealed that the highest and lowest frequencies 

belong to the systems resting on Pasternak and visco-

Winkler foundation, respectively. Dynamic buckling 

performance of graphene sheet coupled with viscoelastic 

foundation was investigated by Malican and Sadraee Far 

(2018) based on FSDT and Mindlin’s plate theory and 

utilizing DQM. Hashemi et al. (2015) presented an exact 

analytical solution to free vibration of viscoelastic graphene 

sheets resting on visco-Pasternak foundation within the 

framework of Kirchhoff ’s plate theory together with 

nonlocal theory. On the basis of Reddy’s theory of plates 

and applying fourth order runge kutta method, Fan et al. 

(2019) carried out nonlinear forced vibration of GPLR 

multilayer plates resting on visco-Pasternak foundation 

exposed to thermal environment. Transverse free vibration 

characteristics of orthotropic viscoelastic microplate resting 

on visco-Pasternak foundation was investigated by 

Jamalpoor et al. (2019) based on the modified strain 

gradient theory incorporated with Kirchhoff’s plate theory 

by employing analytical Navier’s method. To be beneficial  

 

Fig. 1 The geometry of a laminated size-dependent 

nanoshell under bi-directional thermal loading 

 

 

of both macro and nano reinforcements, a novel class of 

composite materials is introduced as Multiscale Hybrid 

Composites (MHC). The related articles should be 

classified into three main categories: Those investigate the 

manufacturing process; those explore the characteristics of 

MHCs and those related to mechanical behavior of the 

MHC structures. The article published by Thostenson et al. 

(2002) can be regarded as the primary attempt to obtain 

multiscale composites with the aid of chemical vapor 

deposition.  

For the first time, the presented study investigates the 

frequency and thermal buckling analysis of a laminated 

composite cylindrical nanoshell under bi-directional 

thermal loading based on NSGT considering the exact 

values of nonlocal constants and material length scale 

parameters. The thermodynamic equations of the laminated 

cylindrical nanoshell are based on FSDT and FGDQM is 

implemented to solve these equations and obtain natural 

frequency and critical temperature of the current model. 

Apart from semi-numerical solution, a finite element model 

was presented using the finite element package to simulate 

the response of the smart laminated cylindrical shell. The 

results created from finite element simulation illustrates a 

close agreement with the semi-numerical method results. 

Finally, using the mentioned continuum mechanics theory, 

the investigation has been made into the influence of the 

temperature difference, sensitivity and the different types of 

laminated composites on the critical temperature difference 

and dynamic stability of the laminated composite 

nanostructure. 

 

 

2. Mathematic model 
 

In Fig. 1, a laminated composite cylindrical nanoshell in 

the thermal environment is sketched. Here h and R are the 

thickness and the middle surface radius of the nanoshell, 

respectively. Also, 𝜃̅ is the ply angle of each layer. The 

material of the nanostructure is considered as a laminated 

composite. 

 

2.1 Nonlocal strain-stress gradient theory 
 

According to the NSG theory, the general constitutive 

equation can be expressed as following Eq. (1) 
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(1 − 𝜇2𝛻2)𝑡𝑖𝑗 = 𝐶𝑖𝑗𝑐𝑘(1 − 𝑙2𝛻2)𝜀𝑐𝑘 (1) 

 

where, 𝛻2 = 𝜕2/𝜕𝑥2 + 𝜕2/𝑅2 ∂𝜃2 ; tij, εck and Cijck are the 

components of nonlocal strain gradient stress, strain and 

elasticity tensors, respectively. Nonlocal strain gradient 

stress tensor is presented by the following Eq. (2) 

 

𝑡𝑖𝑗 = 𝜎𝑖𝑗 − 𝛻𝜎𝑖𝑗
(1)

 (2) 

 

where σij and 𝜎𝑖𝑗
(1)

 presented the components of classical 

and size-dependent stresses, respectively. The µ  and l are 

constants which stand for the impact of non-invariant and 

higher-order strain gradient stress fields. The calibrated 

values of the size-dependent parameters are determined by 

previous experimental studies. The strain tensor is written 

as 

 

𝜀𝑖𝑗 =
1

2
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) (3) 

 

where ui stands for the components of the displacement 

vector. According to Eq. (3), the stress-strain relation can be 

presented as Eq. (1). 

 

(1 − 𝜇2𝛻2) [

𝑡𝑥𝑥

𝑡𝜃𝜃

𝑡𝑥𝜃

]

= (1 − 𝑙2𝛻2) [

𝐶11 𝐶12 0
𝐶12 𝐶22 0
0 0 𝐶66

]

(𝐿)

[
𝜀𝑥𝑥 − 𝛼𝛥𝑇
𝜀𝜃𝜃 − 𝛼𝛥𝑇

𝜀𝑥𝜃

] , 

(1 − 𝜇2𝛻2) [
𝑡𝜃𝑧

𝑡𝑥𝑧
] = (1 − 𝑙2𝛻2) [

𝐶44

0

0
𝐶55

]
(𝐿)

[
𝜀𝜃𝑧

𝜀𝑥𝑧
] 

(4) 

 

In Eq. (4), thermal expansion and temperature 

differences are notated by α and ∆T, respectively. For 

laminated composite materials, the components of the 

elasticity tensor are known as the reduced elastic constants 

of the orthotropic material corresponding to Lth lamina, and 

are expressed by the following equations 

 

𝐶11 = (2𝛩12 + 4𝛩44) cos2 𝜃̄ sin2 𝜃̄ + 𝛩11 cos4 𝜃̄ + 𝛩22 sin4 𝜃̄  

𝐶12 = 0.5𝛩12(2 cos4 𝜃̄ + 2 sin4 𝜃̄ ) − 

            (4𝛩44 − 𝛩11 − 𝛩22) cos2 𝜃̄ sin2 𝜃̄  

𝐶22 = (2𝛩12 + 4𝛩44) cos2 𝜃̄ sin2 𝜃̄ + 𝛩11 sin4 𝜃̄  

            + 𝛩22 cos4 𝜃̄  

𝐶44 = 𝛩55 sin4 𝜃̄ + 𝛩44 cos4 𝜃̄  

𝐶55 = 𝛩66 sin4 𝜃̄ + 𝛩55 cos4 𝜃̄  

𝐶66 = 𝛩66(sin
2 𝜃̄ − cos2 𝜃̄ )2 − 

            (2𝛩12 − 𝛩11 − 𝛩22) cos2 𝜃̄ sin2 𝜃̄  

(5) 

 

As mentioned earlier, the relations given by Eq. (5) are 

the stress-strain constitutive relations referred to the 

lamina’s principal material axes x, θ and z for the Lth 

orthotropic lamina. In Eq. (5), Qij components are expressed 

by the following equations (Boussoula et al. 2020, Chikr et 

al. 2020, Kaddari et al. 2020, Menasria et al. 2020, 

Rahmani et al. 2020, Refrafi et al. 2020, Tounsi et al. 2020, 

Zine et al. 2020) 

𝛩11 =
𝐸1

1 − 𝜈21𝜈12

, 𝛩12 =
𝐸2𝜈12

1 − 𝜈21𝜈12

 

𝛩22 =
𝐸2

1 − 𝜈21𝜈12

 

𝛩66 = 𝐺12, 𝛩44 = 𝐺23, 𝛩55 = 𝐺13 

(6) 

 

2.2 Displacement field 
 

With the aid of first shear order deformation theory, the 

displacement field of a laminated cylindrical nanoshell is 

expressed by the following equations (Draiche et al. 2019, 

Bourada et al. 2020, Bousahla et al. 2020, Matouk et al. 

2020) 

 

𝑈(𝑥, 𝜃 , 𝑧, 𝑡) = 𝑢(𝑥, 𝜃 , 𝑧) + 𝑧𝜓𝑥(𝑥, 𝜃 , 𝑡) 
𝑉( 𝑥, 𝜃 , 𝑧, 𝑡) = 𝑣(𝑥, 𝜃 , 𝑧) + 𝑧𝜓𝜃(𝑥, 𝜃 , 𝑡) 
𝑊( 𝑥, 𝜃 , 𝑧, 𝑡) = 𝑤(𝑥, 𝜃 , 𝑡) 

(7) 

 

As well as that, u(x, θ, t), v(x, θ, t) and w(x, θ, t) indicate 

the displacements of the neutral surface along x, and θ 

directions, respectively. ψx(x, θ, t) and ψθ(x, θ, t) show the 

rotations of a cross-section around θ  and x-directions. 

Substituting Eq. (7) into Eq. (3), the components of the 

strain tensor can be extracted by the following equations 
 

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
+ 𝑧

𝜕𝜓𝑥

𝜕𝑥
, 𝜀𝜃𝜃 =

1

𝑅

𝜕𝑣

𝜕𝜃
+

𝑧

𝑅

𝜕𝜓𝜃

𝜕𝜃
+

𝑤

𝑅
 

𝜀𝑥𝑧 =
1

2
(𝜓𝑥 +

𝜕𝑤

𝜕𝑥
) 

𝜀𝑥𝜃 =
1

2
(
1

𝑅

𝜕𝑢

𝜕𝜃
+

𝜕𝑣

𝜕𝑥
) +

𝑧

2
(
1

𝑅

𝜕𝜓𝑥

𝜕𝜃
+

𝜕𝜓𝜃

𝜕𝑥
) 

𝜀𝜃𝑧 =
1

2
(𝜓𝜃 +

1

𝑅

𝜕𝑤

𝜕𝜃
−

𝑣

𝑅
) 

(8) 

 

2.3 Governing equations and boundary conditions 

 

Based on FSDT and the nonlocal strain gradient theory, 

the governing equations and boundary conditions of the 

structure can be obtained using the Hamilton principle by 

the following equation (Ghayesh 2018a, b, c, 2019a, b) 
 

∫ (𝛿𝐾 − 𝛿𝛱𝑠 + 𝛿𝛱𝑤)
𝑡2

𝑡1

 𝑑𝑡 = 0 (9) 

 

Hear, K is the kinetic energy, Πs is strain energy and 

Πw is the work done by external forces. For the composite 

layer, Fourier heat conduction relation can be formulated as 

follows 
 

1

𝑧

𝜕

𝜕𝑧
(𝑘𝑧𝑧

𝜕𝑇

𝜕𝑧
) + 𝑘𝑥

𝜕2𝑇

𝜕𝑥2
= 0 (10) 

 

It should be noted that in the current study kx= kz. 

Thermal surface boundary conditions are as below 
 

𝑇 (𝑥, 𝜃, −
ℎ

2
) = 𝑇0(𝑥) 

𝑇 (𝑥, 𝜃,
ℎ

2
) = 0 

𝑇(0, 𝜃, 𝑧) = 𝑇(𝐿, 𝜃, 𝑧) = 0 

(11) 

177



 

Zuocai Dai, Zhiyong Jiang, Liang Zhang and Mostafa Habibi 

To is the temperature at the inner surface. Based on 

nonlocal strain gradient theory, the kinetic energy is defined 

as 

 
𝛿𝐾 = (1 + 𝜇2𝛻2) × 

∫ ∬ 𝜌 {(
𝜕𝑢

𝜕𝑡
+ 𝑧

𝜕𝜓𝑥

𝜕𝑡
) (

𝜕

𝜕𝑡
𝛿𝑢 + 𝑧

𝜕

𝜕𝑡
𝛿𝜓𝑥) +

𝐴𝑍

(
𝜕𝑣

𝜕𝑡
+ 𝑧

𝜕𝜓𝜃

𝜕𝑡
) 

(
𝜕

𝜕𝑡
𝛿𝑣 + 𝑧

𝜕

𝜕𝑡
𝛿𝜓𝜃)  + (

𝜕𝑤

𝜕𝑡
)

𝜕

𝜕𝑡
𝛿𝑤} 𝑅𝑑𝑧𝑑𝑥𝑑𝜃 

(12) 

 

And also, according to nonlocal strain gradient theory 

(Karami et al. 2019a, b), the strain energy is defined as 

 

𝛱𝑠 =
1

2
∭ (𝜎𝑖𝑗𝜀𝑖𝑗 + 𝜎𝑖𝑗

(1)
𝛻𝜀𝑖𝑗) 𝑑𝑉

𝑉

  ⇒  𝛿𝛱𝑠  

      = ∭𝑡𝑖𝑗𝛿𝜀𝑖𝑗𝑑𝑉
𝑆

+ ∬𝜎𝑖𝑗
(1)

𝐴

𝛿𝜀𝑖𝑗| 0
𝐿𝑑𝑆 

(13) 

 

Substituting Eq. (8) into Eq. (13), the variation of strain 

energy can be explained by the following equations 

 
𝛿𝛱𝑠 = 

∬ {𝑁𝑥𝑥

𝜕

𝜕𝑥
𝛿𝑢 + 𝑀𝑥𝑥

𝜕

𝜕𝑥
𝛿𝜓𝑥

𝐴

+ 𝑁𝜃𝜃 (
1

𝑅

𝜕

𝜕𝜃
𝛿𝑣 +

1

𝑅
𝛿𝑤) 

+
1

𝑅
𝑀𝜃𝜃

𝜕

𝜕𝜃
𝛿𝜓𝜃 + 𝑄𝑥𝑧 (𝛿𝜓𝑥 +

𝜕

𝜕𝑥
𝛿𝑤) + 𝑁𝑥𝜃 × 

(
1

𝑅

𝜕

𝜕𝜃
𝛿𝑢 +

𝜕

𝜕𝑥
𝛿𝑣) + 𝑀𝑥𝜃 (

1

𝑅

𝜕

𝜕𝜃
𝛿𝜓𝑥 +

𝜕

𝜕𝑥
𝛿𝜓𝜃) + 

+𝑄𝑧𝜃 (𝛿𝜓𝜃 +
1

𝑅

𝜕

𝜕𝜃
𝛿𝑤 −

1

𝑅
𝛿𝑣)} 𝑅𝑑𝑥𝑑𝜃 

+ ∫{𝑁𝑥𝑥
(1)

𝜕

𝜕𝑥
𝛿𝑢 + 𝑀𝑥𝑥

(1)
𝜕

𝜕𝑥
𝛿𝜓

𝑥
+ 𝑁𝜃𝜃

(1) (
1

𝑅

𝜕

𝜕𝜃
𝛿𝑣 +

1

𝑅
𝛿𝑤) 

+
1

𝑅
𝑀𝜃𝜃

(1) 𝜕

𝜕𝜃
𝛿𝜓𝜃 + 𝑄𝑥𝑧

(1)
(𝛿𝜓𝑥 +

𝜕

𝜕𝑥
𝛿𝑤) + 𝑁𝑥𝜃

(1)
× 

(
1

𝑅

𝜕

𝜕𝜃
𝛿𝑢 +

𝜕

𝜕𝑥
𝛿𝑣) + 𝑀𝑥𝜃

(1)
(
1

𝑅

𝜕

𝜕𝜃
𝛿𝜓𝑥 +

𝜕

𝜕𝑥
𝛿𝜓𝜃) + 

𝑄
𝜃𝑧
(1) (𝛿𝜓

𝜃
+

1

𝑅

𝜕

𝜕𝜃
𝛿𝑤 −

1

𝑅
𝛿𝑣)} | 0

𝐿
𝑅𝑑𝜃 

(14) 

 

where the force and momentum resultants are 

 

{
𝑁𝑥𝑥 , 𝑁𝜃𝜃, 𝑁𝑥𝜃

𝑁𝑥𝑥
(1)

, 𝑁𝜃𝜃
(1)

, 𝑁𝑥𝜃
(1)} = ∫ {

𝑡𝑥𝑥 , 𝑡𝜃𝜃 , 𝑡𝑥𝜃

𝜎𝑥𝑥
(1)

, 𝜎𝜃𝜃
(1)

, 𝜎𝑥𝜃
(1)}

ℎ/2

−ℎ/2

 𝑑𝑧 

{
𝑀𝑥𝑥 , 𝑀𝜃𝜃 , 𝑀𝑥𝜃

𝑀𝑥𝑥
(1)

, 𝑀𝜃𝜃
(1)

, 𝑀𝑥𝜃
(1)} = ∫ {

𝑡𝑥𝑥 , 𝑡𝜃𝜃 , 𝑡𝑥𝜃

𝜎𝑥𝑥
(1)

, 𝜎𝜃𝜃
(1)

, 𝜎𝑥𝜃
(1)}

ℎ/2

−ℎ/2

 𝑧𝑑𝑧 

{
𝑄𝑥𝑧 , 𝑄𝜃𝑧

𝑄𝑥𝑧
(1)

, 𝑄𝜃𝑧
(1)} = ∫ 𝐾𝑠 {

𝑡𝑥𝑧, 𝑡𝜃𝑧

𝜎𝑥𝑧
(1)

, 𝜎𝜃𝑧
(1)}

ℎ/2

−ℎ/2

 𝑑𝑧 

(15) 

 

Governing equations for a cylindrical nanoshell based 

on the FSDT and NSGT are derived substituting Eqs. (12), 

and (14) into Eq. (9) so integrating by parts as follows 

 

𝛿𝑢: (1 + 𝑙2𝛻2) (𝑁𝑥𝑥,𝑥 +
𝑁𝑥𝜃,𝜃

𝑅
) 

        = (1 + 𝜇2𝛻2)(𝐼0𝑢,𝑡2 + 𝐼1𝜓𝑥,𝑡2) 
(16) 

 

𝛿𝑣: (1 + 𝑙2𝛻2) (𝑁𝑥𝜃,𝑥 +
𝑁𝜃𝜃,𝜃

𝑅
+

𝑄𝑧𝜃

𝑅
) 

       = (1 + 𝜇2𝛻2) (𝐼0𝑣,𝑡2 + 𝐼1𝜓𝜃,𝑡2) 

(17) 

𝛿𝑤: (1 + 𝑙2𝛻2) (𝑄𝑥𝑧,𝑥 +
𝑄𝑧𝜃,𝜃

𝑅
−

𝑁𝜃𝜃

𝑅

−
(𝑌𝑥𝑥,𝜃𝑥 − 𝑌𝜃𝜃,𝑥𝜃)

2𝑅
) = (1 + 𝜇2𝛻2)𝐼0𝑤,𝑡2 

(18) 

 

𝛿𝜓𝑥: (1 + 𝑙2𝛻2) (𝑀𝑥𝑥,𝑥 +
𝑀𝜃𝜃,𝜃

𝑅
− 𝑄𝑥𝑧) 

          = (1 + 𝜇2𝛻2)(𝐼1𝑢,𝑡2 + 𝐼2𝜓𝑥,𝑡2) 
(19) 

 

𝛿𝜓𝜃: (1 + 𝑙2𝛻2) (
𝑀𝜃𝜃,𝜃

𝑅
+ 𝑀𝑥𝜃,𝑥 − 𝑄𝑧𝜃) 

= (1 + 𝜇2𝛻2)(𝐼1𝑣,𝑡2 + 𝐼2𝜓𝜃,𝑡2) 
(20) 

 

 

3. Solution procedure 
 

3.1 Temperature field 

 

To satisfy temperature boundary conditions (Eq. (11)) 

and using Eq. (10) and by employing the method of 

separation of variables and the boundary conditions, the 

temperature distribution is as below 

 
𝑇(𝑥, 𝑧) = 

∑ 𝐴𝑛

∞

𝑛=1

𝐾0(𝛼𝑛 𝑧) 𝐼0(
ℎ

2)(𝛼𝑛) − 𝐼0(𝛼𝑛 𝑧)𝐾0(
ℎ

2)(𝛼𝑛)

𝐼0 (
ℎ

2) (𝛼𝑛)
𝑠𝑖𝑛 𝛼𝑛 𝑥 

𝛼𝑛 =
𝑛𝜋

𝐿
 

(21) 

 

where n is circumferential wave number. It should be noted 

that K0 and I0 are Bessel functions. By applying the 

boundary conditions at z = −h/2 have 

 
𝑇0(𝑥) = 

∑ 𝐴𝑛

∞

𝑛=1

𝐾0(−
ℎ

2
)(𝛼𝑛) 𝐼0(

ℎ

2
)(𝛼𝑛) − 𝐼0(−

ℎ

2
)(𝛼𝑛)𝐾0(

ℎ

2
)(𝛼𝑛)

𝐼0(
ℎ

2
)(𝛼𝑛)

𝑠𝑖𝑛 𝛼𝑛 𝑥 (22) 

 

Multiplying Eq. (22) by sin αnx and integrating with 

respect to z from x = 0 to x = L, have 

 

𝐴𝑛 =
2

𝐿
× 

𝐼0(
ℎ

2
)(𝛼𝑛)

𝐾0(−
ℎ

2
)(𝛼𝑛)𝐼0(

ℎ

2
)(𝛼𝑛) + 𝐼0(

ℎ

2
)(𝛼𝑛)𝐾0(

ℎ

2
)(𝛼𝑛)

∫ 𝑇0(𝑥) 𝑠𝑖𝑛 𝛼𝑛 𝑥𝑑𝑥
𝐿

0

 
(23) 

 

Substituting for An, the final expression for the 

temperature distribution is as follows 

 

𝑇(𝑥, 𝑧) =
2

𝐿
× 

∑

𝐼0(𝛼𝑛 𝑧)𝐾0(𝛼𝑛(ℎ/ 2))
−𝐾0(𝛼𝑛 𝑧) 𝐼0(𝛼𝑛(ℎ/ 2))

𝐼0(𝛼𝑛(−ℎ/2))𝐾0(𝛼𝑛(ℎ/ 2))
−𝐾0(𝛼𝑛(−ℎ/2))𝐼0(𝛼𝑛(ℎ/ 2))

sin 𝛼𝑛 𝑥 ∫ 𝑇0(𝑥) sin𝛼𝑛 𝑥𝑑𝑥
𝐿

0

∞

𝑛=1

 
(24) 

 

3.2 Semi-numerical solution procedure 

 

One of the best numerical methods which are well 

known for its accuracy and convergence is the DQM. In this 

method it is really important which the numbers of seeds  
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Fig. 2 The flow chart of FGDQM 

 

 

should be optimal, it means that due to increasing the 

computational charge, too many seeds are not applicable, on 

the other hand using the few seeds has a negative effect on 

result accuracy. At first, this method encounters its users 

with a limitation which they could not use too many seed 

owning to the weighting function was algebraic. Shu 

improved the basic model of DQM with the aid of an 

explicit formula and decomposition technique so that he 

renamed the modified method to GDQE. FGDQM is 

employed with the aim of finding the solutions of governing 

equations beneath various boundary conditions. The flow 

chart of this method is in Fig. 2. 

With a view of this method estimated rth defined by f(x) 

as follow. 

 

𝜕𝑟𝑓(𝑥)

𝜕𝑥𝑟
|
𝑥=𝑥𝑝

= ∑𝐶𝑖𝑗
(𝑟)

𝑓(𝑥𝑖)

𝑛

𝑗=1

 (25) 

 

n and Cij called the number of seed and weighting 

coefficients in order which the second one computes as 

below 

 

𝐶𝑖𝑗
(1)

=
1

(𝑥𝑖 − 𝑥𝑗)𝑀(𝑥𝑗)
𝑀(𝑥𝑖)𝑖 

𝑗 = 1,2, . . . , 𝑛     and      𝑖 ≠ 𝑗 

𝐶𝑖𝑗
(1)

= − ∑ 𝐶𝑖𝑗
(1)

𝑖

𝑛

𝑗=1,𝑖≠𝑗

= 𝑗 

(26) 

 

where 

 

𝑀(𝑥𝑖) = ∏ (𝑥𝑖 − 𝑥𝑗)

𝑛

𝑗=1,𝑗≠𝑖

 (27) 

 

As well as these higher-order weight coefficients are as 

follows (Ghabussi et al. 2019, Habibi et al. 2019, 2020, Al-

Furjan et al. 2020a-n, Ebrahimi et al. 2020, Lori et al. 2020, 

Moayedi et al. 2020a, b, Oyarhossein et al. 2020, Safarpour 

et al. 2020, Shokrgozar et al. 2020). 

𝐶𝑖𝑗
(𝑟)

= 𝑟 [𝐶𝑖𝑗
(𝑟−1)

𝐶𝑖𝑗
(1)

−
𝐶𝑖𝑗

(𝑟−1)

(𝑥𝑖 − 𝑥𝑗)
] 𝑖 

𝑗 = 1,2, … , 𝑛,           𝑖 ≠ 𝑗        and        2 ≤ 𝑟 ≤𝑛 − 1 

𝐶𝑖𝑖
(𝑟)

= − ∑ 𝐶𝑖𝑗
(𝑟)

𝑛

𝑗=1,𝑖≠𝑗

𝑖 

𝑗 = 1,2, . . . , 𝑛          and        1 ≤ 𝑟 ≤ 𝑛 −1 

(28) 

 

In the present study, a non-uniform set of seeds is 

selected along with x and θ directions as follows 
 

𝑥𝑖 =
𝐿

2
(1 − 𝑐𝑜𝑠 (

(𝑖 − 1)

(𝑁𝑖 − 1)
𝜋)) 𝑖 = 1,2,3, . . . , 𝑁𝑖 (29) 

 

For simply supported end conditions along 

circumferential direction, displacements are expressed in 

terms of Fourier series expansions as follows 

 

𝑢(𝑥, 𝜃, 𝑡) = 𝑈(𝑥) cos( 𝑛𝜃)𝑒𝑖𝜔𝑡 
𝑣(𝑥, 𝜃, 𝑡) = 𝑉(𝑥) sin( 𝑛𝜃)𝑒𝑖𝜔𝑡 
𝑤(𝑥, 𝜃, 𝑡) = 𝑊(𝑥) cos( 𝑛𝜃)𝑒𝑖𝜔𝑡 
𝜓𝑥(𝑥, 𝜃, 𝑡) = 𝛹𝑥(𝑥) cos( 𝑛𝜃)𝑒𝑖𝜔𝑡 
𝜓𝜃(𝑥, 𝜃, 𝑡) = 𝛹𝜃(𝑥) sin( 𝑛𝜃)𝑒𝑖𝜔𝑡 

(30) 

 

Reorganizing the quadrature analogs of field equations 

and boundary conditions inside the fabric of a generalized 

eigenvalue problem yield 

 

{[
[𝑀𝑑𝑑] [𝑀𝑑𝑏]

[𝑀𝑏𝑑] [𝑀𝑏𝑏]
]𝜔2 + [

[𝐾𝑑𝑑] [𝐾𝑑𝑏]

[𝐾𝑏𝑑] [𝐾𝑏𝑏]
]} {

𝛿𝑑

𝛿𝑏
} = 0 (31) 

 

where the subscripts b and d advert to the boundary and 

domain grid points, respectively. As well as this, δ is the 

displacement vector. Eq. (31) can be transformed to a 

standard eigenvalue problem 

 

[𝐾𝜁]{𝛿𝑖} = (𝜔2)[𝑀𝜁]{𝛿𝑖} 

[𝐾𝜁] = −[𝐾𝑑𝑏𝐾𝑏𝑏
−1𝐾𝑏𝑑 − 𝐾𝑑𝑑] 

[𝑀𝜁] = −[𝑀𝑑𝑏𝐾𝑏𝑏
−1𝐾𝑏𝑑 − 𝑀𝑑𝑑] 

(32) 

 

As well as this, dimensionless natural frequency and 

dimensionless temperature difference are defined as below 
 

𝛺 = 10 × 𝜔𝐿(√
𝜌

𝐸
) (33) 

 

𝛥𝑇̄ = 𝛥𝑇𝛼 (34) 

 

3.3 Sensitivity analysis 

 

In this section, the sensitivity of natural frequency to 

temperature gradient would be explored. To this end, the 

sensitivity of ith natural frequency of the MHCAP to 

temperature gradient is defined as 
 

𝑆𝑖 = 100(
𝑓𝑖 − 𝑓𝑖

0

𝑓𝑖
0 ) (35) 

 

where f i and 𝑓𝑖
0 indicate the corresponding natural  

179



 

Zuocai Dai, Zhiyong Jiang, Liang Zhang and Mostafa Habibi 

Table 1 The material properties of AS/3501 graphite-epoxy 

layers 

E1 E2 G12 G13 G23 α1 α2 vs 

140 GPa 10 GPa 7 GPa 7 GPa 7 GPa −0.3 × 10−6/K 28 × 10−6/K 0.078 
 

 

 

 
Fig. 3 Influence of the grid points number on the results 

convergency for the dimensionless frequency of 

the laminated composites nanoshell for various 

boundary conditions 

 

 

frequency of the ith mode number with and without 

including the effect of temperature gradient, respectively. 

 

 

4. Result 
 
In this paper, the material properties of the laminated 

composite cylindrical nanoshell are summarized in Table 1. 

The main advantages of AS/3501 composite over other 

existing composites are their high strength and stiffness 

combined with low density, allowing weight reduction in a 

finished part and applicable for any parts which work in a 

thermal environment. 

 

4.1 Convergence study 

 

The sufficient number of grid points is necessary to 

achieve accurate results in the FGDQM. The convergence 

studies are conducted for different boundary conditions as 

well as different materials. Moreover, it can be seen that the 

structure with C-C boundary conditions is stiffer than the 

structure with C-F boundary conditions which will lead to a 

smaller dimensionless critical temperature. According to 

Fig. 3, for results convergence, twenty grid points are 

suitable. 

 

4.2 Validation 

 

For results verification of this work with other articles, 

Table 2 gives a comparison of results for dimensionless  

Table 2 Comparison of dimensionless first three natural 

frequencies of the homogeneous nanoshells, with 

different length scale parameters 

n 
Tadi et al. (2016) 

(l = 0) 

Present 

(l = 0) 

Tadi et al. (2016) 

(h) 

Present 

(l = h) 

1 0.1954 0.19536215 0.1955 0.19543206 

2 0.2532 0.25271274 0.2575 0.25731258 

3 0.2772 0.27580092 0.3067 0.30621690 

1 0.1959 0.19542305 0.1963 0.19585782 

2 0.2623 0.25884786 0.2869 0.28543902 

3 0.3220 0.31407326 0.4586 0.45457555 
 

 

 

 

Fig. 4 Meshed FEM laminated shell model 

 

 

 

Fig. 5 Mesh convergency for the FE laminated shell model 

 

 

natural frequency of the cylindrical nanoshell with the 

results of Tadi Beni et al. (2016), for different geometrical 

parameters. Moreover, the results reveal that the decrease of 

dimensionless length scale parameter (h/l) would lead to the 

reduction of the dimensionless natural frequency. In order 

to validate the proposed formulation, some comparative 

studies are conducted between the obtained results in this 

study and those available in the literature. Table 2 shows 

that there is a very good agreement between the results. 

 

4.3 FEM outcomes 

 

For further validation and shape mode analysis of the 

shell, finite element analyses have been presented with the 

aid of ABAQUS, where shell elements (S4R) with a 4-node 

doubly curved thin or thick shell, reduced integration, 

hourglass control, finite membrane strains are used to create  
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mesh for the shell model. Besides, the perfect bonding 

between neighboring layers has been considered and Fig. 4 

is the model after meshing. In addition, boundary conditions 

are applied to the nodes at the two edges of the laminated 

shell. Eventually, the Lanczos eigensolver is presented to 

obtain the buckling modes and corresponding eigenvalues.  

The vector of displacement for the eight-node element 

S4R would be formulated as 

 

{𝛿} = (𝑢, 𝑣, 𝑤)𝑇 = ∑[𝑁𝑖]

4

𝑖=1

{𝛿𝑖} (36) 

 

where ui, vi and wi are the node displacements i, and the 

shape function of the node is presented as [Ni]. Then 

element strain vector in the system of global coordinate 

would be formulated as 

 

{𝜀𝑒} = ∑[𝐵𝑖]

4

𝑖=1

{𝛿𝑖} (37) 

 

 

 

 

where 

 
[𝐵𝑖] = [𝛥][𝑁𝑖] (38) 

 

and Ghabussi et al. (2019, 2020a, b), Jermsittiparsert et al. 

(2020), Ma et al. (2020), Moayedi et al. (2020), Safarpour 

et al. (2020), Shariati et al. (2020). 

 

[𝛥] =

[
 
 
 
 
 
 
 
 
 
𝜕,𝑥 0 0

0 𝜕,𝑦 0

0 0 𝜕,𝑧

0
𝜕,𝑥

2

𝜕,𝑧

2
𝜕,𝑧

2
0

𝜕,𝑥

2
𝜕,𝑦

2

𝜕,𝑥

2
0 ]

 
 
 
 
 
 
 
 
 

 (39) 

 

Also, the stress and strain vectors of an element would 

be formulated as 

Table 3 Validation of numerical results with finite element outcomes 

  
Numerical results 

for NL = 3 

FEM results 

for NL = 3 

Numerical results 

for NL = 4 

FEM results 

for NL = 4 

Numerical results 

for NL = 5 

FEM results for 

NL = 5 

Numerical results 

for NL = 6 

FEM results 

for NL = 6 

C-C 1.496e7 1.435e7 2.766e7 2.596e7 2.179e7 2.108e7 2.870e7 2.756e7 

C-S 1.271e7 1.205e7 2.003e7 1.912e7 1.620e7 1.520e7 2.071e7 2.003e7 

S-S 1.200e7 1.111e7 1.469e7 1.32e7 1.316e7 1.296e7 1.479e7 1.402e7 

C-F 7.1327e6 7.020e6 1.196e7 1.100e7 1.006e7 9.859e6 1.249e7 1.119e7 
 

   

(a) mode: [0 90 0 90 0], (0, 2) (b) mode: [0 90 0], (0, 2) (c) mode: [0 90 0 90 0], (0, 3) 

   

(d) mode: [0 90 0], (0 ,3) (e) mode: [0 90 0 90 0], (0, 4) (f) mode: [0 90 0], (0, 4) 

Fig. 6 Investigation of the circumferential mode shape of the clamped-free laminated shell with respect to the effect of 

number of layers 
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{𝜀𝑒} = [𝐵]{𝛿𝑒} (40) 

 

where [B] = [B1 ... B8], {𝛿𝑒} = {{𝛿1}
𝑇 , . . . , {𝛿8}

𝑇}𝑇 and [𝐴] 
indicates matrix transforming local coordinates into global 

coordinates and [C] presents the elastic constant. Also, the 

matrix of stiffness ([Ke]) can be expressed as 
 

[𝐾𝑒] = ∫ [𝐵]𝑇

𝑉𝑒

[𝐴][𝐵]−1[𝐵]𝑑𝑉 (41) 

 

Then the total structure stiffness matrix can be 

formulated as 
 

[𝐾] = ∑[𝐾𝑒

𝑒

] (42) 

 

The matrix of mass in the system of global coordinate 

would be determined as 
 

[𝑀] = ∑[𝑀𝑒

𝑒

] (43) 

 

and the external force can be expressed as 
 

[𝐹] = ∑[𝐹𝑒

𝑒

] (44) 

 

By using the minimum potential energy principle, the 

governing equation can be formulated as 

 

{𝛿}[𝐾] − {𝛿̈}[𝑀] = [𝐹] (45) 

 

 

After applying static bending, Eq. (45) can be presented 

as follows 

 
{𝛿}[𝐾] = [𝐹] (46) 

 

Also, the equation of the harmonic free vibration is as 

below (Ghabussi et al. 2019, 2020a, b, Jermsittiparsert et al. 

2020, Ma et al. 2020, Moayedi et al. 2020, Safarpour et al. 

2020, Shariati et al. 2020). 

 

([𝐾] − 𝜔2[𝑀]){𝛿} = 0 (47) 
 

It is well known that if we want to have an accurate FE 

model we should pay attention to the mesh convergency. 

For this matter, the number of elements is increased as long 

as the natural frequency of the structure does not have any 

change and the optimum number of elements is selected. 

According to Fig. 5, the convergence condition appears 

when there are more than 13,000 elements. 

Validation study between the numerical results and finite 

element outcomes is presented in Table 3. As is seen, the 

maximum relative discrepancies between the numerical and 

FEM result is less than 4%. In addition, with respect to 

Table 3 can see that the best pattern in the frequency issue 

of the structure is Nt = 6 and the more rigid the structure 

will be a reason for boosting the frequency of the smart 

shell 

In Figs. 6 and 7 we tried to study the effect of number of 

layers on the circumferential and longitudinal mode shape 

of the clamped-free laminated shell. Accordingly, can be 

seen that by increasing the number of layers, the deflection  

   

(a) mode: [0 90 0 90 0], (1, 0) (b) mode: [0 90 0], (1, 0) (c) mode: [0 90 0 90 0], (2, 0) 

   

(d) mode: [0 90 0], (2, 0) (e) mode: [0 90 0 90 0], (3, 0) (f) mode: [0 90 0], (3, 0) 

Fig. 7 Investigation of the longitudinal mode shape of the clamped-free laminated shell with respect to the effect of 

number of layers 
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Fig. 8 The effects of dimensionless temperature and 

even layers number on the sensitivity parameter 

for C-C boundary conditions 

 

 

 

Fig. 9 The effects of dimensionless temperature and 

even layers number on the sensitivity parameter 

for C-S boundary conditions 

 

 

 

Fig. 10 The effects of dimensionless temperature and 

even layers number on the sensitivity parameter 

for S-S boundary conditions 

 

 

in the structure will increase and this matter is as a fact in 

all circumferential and longitudinal mode.  Also, the  

 

Fig. 11 The effects of dimensionless temperature and 

odd layers number on the sensitivity parameter 

for C-C boundary conditions 

 

 

 

Fig. 12 The effects of dimensionless temperature and 

odd layers number on the sensitivity parameter 

for S-S boundary conditions 

 

 

 

Fig. 13 The effects of dimensionless temperature and 

odd layers number on the sensitivity parameter 

for S-S boundary conditions 

 

 

deformation at the free adge can intensified as the number 

of layers in the laminated shell is decreased. 
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Fig. 14 The effects of μ/l and temperature changes of the 

environment on the sensitivity of a laminated 

nanoshell for C-C boundary conditions with  

L/R = 10, Nt = 3 and n = 1 

 

 

 

Fig. 15 The effects of of μ/l and temperature changes of 

the environment on the sensitivity of a 

laminated nanoshell for C-S boundary 

conditions with L/R=10, Nt = 3, and n = 1 

 

 

4.4 Sensitivity analysis of vibration 

 

According to Figs. 8-10, for C-C, C-S and S-S boundary 

condit ions,  a  similar  relation can find between 

dimensionless temperature and sensitivity parameter of a 

laminated nanoshell. As a common outcome, by increasing 

the dimensionless temperature, the sensitivity parameter of 

the nanostructure decreases. These figures present that, by 

boosting the even layers’ number of the laminated 

composite, the absolute value of the sensitivity of the 

nanostructure decreases and This phenomenon is 

remarkable for C-C boundary conditions. As the best result 

for literature, it is seen that increase in the even layers’ 

number doesn’t have any effect on the critical temperature 

for each boundary condition. The difference between Figs. 

8, 9 and 10 is that the sensitivity parameter and critical 

temperature of the C-C boundary condition is higher than 

other boundary conditions. This is because C-C boundary 

condition improves the structure stability.  As a novel result  

 

Fig. 16 The effects of of μ/l and temperature changes of 

the environment on the sensitivity of a 

laminated nanoshell for S-S boundary 

conditions with L/R = 10, Nt = 3 and n = 1 

 

 

 

Fig. 17 The effect of temperature rising on the 

sensitivity analysis of a laminated nanoshell 

with S-S boundary conditions for L/R = 10 and 

Nt = 3 

 

 

for literature, increasing the number of laminated layers 

does not lead to have any effects on the critical temperature 

of the laminated nanostructure. By having detailed attention 

to the figures, can claim that when the number of laminated 

layers is increased, the critical temperature of the nano 

structure could be seen at the lower value of the sensitivity 

parameter. 

The dimensionless frequency versus the nonlocal 

parameter for different odd layers number of the laminated 

composite and S-S, C-S, C-C and C-F boundary conditions 

are depicted in Figs. 11, 12 and 13. As mentioned earlier, by 

increasing the dimensionless temperature, the sensitivity 

parameter is decreased. This decrease is more significant in 

C-C boundary conditions. The difference between these 

figures is that the effects of odd layers’ number on the 

sensitivity parameter of the nanostructure with C-C 

boundary conditions are much more than in comparison 

with other boundary conditions. As the best result for 

literature, it is seen that increase in the odd layers’ number  
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Fig. 18 The effect of temperature rising on the 

sensitivity analysis of a laminated nanoshell 

with C-S boundary conditions for L/R = 10 and 

Nt = 3 

 

 

 

Fig. 19 The effect of temperature rising on the 

sensitivity analysis of a laminated nanoshell 

with S-S boundary conditions for L/R = 10 and 

Nt = 3 

 

 

doesn’t have any effect on the critical temperature for each 

boundary condition. It can be concluded from the results 

that temperature difference has a significant effect on the 

dynamic behavior of the laminated composite 

nanostructure. 

Figs. 14, 15 and 16 present the effect of dimensionless 

size-dependent parameter (μ/l) on the Sn parameter with 

different boundary conditions. It can be observed that by 

increasing temperature, the dynamic stability of the 

nanostructure has been decreased as long as critical 

temperature is seen. As the best result for literature, it is 

seen that increase in the μ/l doesn’t have any effects on the 

critical temperature for each boundary condition. Also, it is 

concluded that the absolute value of sensitivity for μ/l = 1 is 

higher than other dimensionless size dependent parameters 

in an equal temperature difference. The difference between 

Figs. 14, 15 and 16 is that, for a specific value of the μ/l, the 

critical temperature of C-C boundary conditions is higher 

than S-S and C-S boundary conditions. It is clear from these 

figures; nonlocal parameter doesn’t show any effects on the 

critical temperature of the laminated cylindrical nanoshell. 

By having an exact glance to the Figs. 14, 15 and 16, for 

each boundary conditions can find out the impact of μ/l 

parameter on the Sn is considerable at the lowe value of the 

temperature gradiant. 

The sensitivity of the natural frequency as function of 

temperature for different circumferential wave number and 

boundary conditions are computed and presented in Figs. 

17, 18 and 19. The displayed results in the figure illustrate 

that the absolute values of frequency sensitivity increase by 

increasing the temperature gradient. Also, it is concluded 

that the absolute value of sensitivity for second 

circumferential mode number is remarkable than other 

circumferential mode numbers in an equal temperature 

difference. The effect of circumferential mode numbers and 

temperature gradient on the sensitivity response is 

considerable when these relations are investigated at the 

higher value of the dimensionless temperature. 

 

 

5. Conclusions 
 

This article investigated the sensitivity, thermal buckling 

and stability analysis of a size-dependent laminated 

composite cylindrical nanoshell under bi-directional 

thermal loading using NSGT. In the current study and for 

the first time, the sensitivity, critical temperature and 

dynamic stability analysis of a laminated composite 

cylindrical nanoshell under bi-directional thermal loading 

are examined based on an exact continuum theory. the 

investigation has been made into the influence of the 

temperature difference and the different types of laminated 

composite on the sensitivity, and vibrational characteristics 

of the nanostructure. In this work, the following main 

results have been achieved. 

• By increasing the number of layers, the deflection in 

the structure will increase and this matter is as a fact in all 

circumferential and longitudinal mode 

• By boosting the number of layers, the amplitude of the 

shell doesn’t have any changes when the circumferential 

mode number is one.  

• For C-C, C-S and S-S boundary conditions and every 

even and odd layers’ number, by increasing the length scale 

parameter and layers’ number, the frequency of the structure 

increases. 

• The absolute value of sensitivity for μ/l = 1 is higher 

than other dimensionless size dependent parameters in an 

equal temperature difference. 

The number of layers has a positive effect on the critical 

temperature of the laminated composite cylindrical 

nanoshell. 
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