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Abstract.

This paper based on Sanders theory aims to investigate the vibration of SWCNTSs considering the clamped-simply

supported, clamped-free, clamped-clamped and simply supported-simply supported end conditions. After developing the
governing equation of the objective system, the Rayleigh-Ritz technique is implemented for the purpose of obtaining the
frequency equation in the eigen form. In addition, the applicability of this model for the analysis of vibration of CNTs is
examined with the effect of length and ratio of height-to-radius. A detailed description of different types of SWCNTs with
different indices is provided in the theoretical methodology. The effect of extended length is stimulated with increasing the radii
and the model is effective because it also predicts the effect of thickness on vibration of SWCNTs. For different boundary

conditions, the present results are verified with earlier literature.
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1. Introduction

Carbon nanotube as one of the most applicable
miniature structure attracts many researchers in order to
analytically and experimentally probes its dynamical
properties using the nonlocal beam theory. Several
researchers studied linear and nonlinear vibrations of the
nanostructures utilizing the Eringen’s nonlocal elasticity
theory (Eringen 2002). They mostly focused on the free
vibrational analysis of the nano-structure, specially, carbon
nanotubes.

In addition, nano-structures can be mentioned as the
important types of devices which have wide applications in
a variety of technological and scientific fields. The
nonlinear forced vibration of carbon nanotubes has seldom
been observed. However, this issue is very crucial due to
the widespread application of the forced nonlinear vibration
carbon nanotubes in many practical instruments. The
nonlocal elasticity introduced by Eringen (2002) becomes a
turning point as small scale effect was inculcated in to
fundamental equations as simply material parameter. Akbas
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(2017a) investigated the free vibration analysis of edge
cracked cantilever microscale beams composed  of
Functionally Graded Material (FGM) based on the
Modified Couple Stress Theory (MCST). The material
properties of the beam are assumed to change in the height
direction according to the exponential distribution. The
cracked beam is modeled as a modification of the classical
cracked-beam  theory  consisting of two  sub-
beams connected by a massless elastic rotational spring.
Therefore, scientific community now propose to apply
nonlocal continuum models to investigate nano-structured
materials (Sudak 2003, Wang and Varadan 2006, Pradhan
and Phadikar 2009, Ansari et al. 2013). Fliigge (1962) have
been two substantial shell theories practiced extensively in
study of static and dynamic characteristics of CNTs. Fliigge
shell theory takes promising place to generate remarkably
accurate developments to examine the CNTs. The existence
of long range interactions in materials is the basic reason of
application of nonlocal theory. The first ever work
presented on use of nonlocal elasticity was by Peddieson et
al. (2003). Prominent computational competence and
accuracy makes nonlocal models an attractive choice for
further advancements in field. Manevitch et al. (2017)
demonstrated the new specific phenomenon of the long-
time resonant energy exchange in the Carbon Nanotubes
(CNTs) in the two optical branches-the Circumferential
Flexure Mode (CFM) and Radial Breathing Mode (RBM).
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It is shown that the modified nonlinear Schrddinger
equation, obtained in the framework of nonlinear elastic
thin shell theory, allows to describe the CNT nonlinear
dynamics connected with considered frequency bands.
Comparative analysis of the oscillations of the CFM. Wang
and Varadan (2006) introduced new modeling for vibration
of CNTs and to find the critical buckling strain and tube
thickness. Natsuki et al. (2007) carried out the vibration
analysis of nested CNTs in elastic matrix. Strozzi and
Pellicano (2018) investigated the the linear vibrations of
Triple-Walled Carbon Nanotubes (TWNTs). A multiple
elastic thin shell model is applied. The TWNT dynamics is
studied in the framework of the Sanders-Koiter shell theory.
The van der Waals interaction between any two layers of
the TWNT is modelled by a radius-dependent function. The
shell deformation is described in terms of longitudinal,
tangential and radial displacements. Simply supported,
clamped and free boundary conditions are applied. Fliigge
shell theory again had been engaged to establish
administrative shell equations while proposed method was
wave propagation. Natsuki et al. (2007) investigated single
and double-walled CNTs filled with fluids by adopting
wave propagation approach. Fligge shell theory was
proposed to form governing equations of motion for CNTSs.
Lee and Chang (2008) analyzed the vibration mode shape
and frequency of fluid-filled SWCNTs. It is found that
mode shape and frequency are influenced significantly by
the nonlocal parameters. Strozzi et al. (2018) analysed the
nonlinear vibrations and energy exchange of Single-Walled
Carbon Nanotubes (SWNTs). The Sanders-Koiter shell
theory is used to model the nonlinear dynamics of the
system in the case of finite amplitude of vibration. The
SWNT deformation is described in terms of longitudinal,
circumferential and radial displacement fields. Simply
supported, clamped and free boundary conditions are
applied. The resonant interaction between radial breathing
(axisymmetric) modes (RBMs) is analysed.

Ke et al. (2009) investigated free nonlinear vibrations of
double-walled CNT and applied differential quadrature
technique to derive frequency equations. On the other side,
for length scale coefficient and soft elastic medium with
embedded carbon nanotube, the nonlocal frequencies are
comparatively lower. It is also found that the frequencies of
the nonlocal model at different stages of temperature are
higher than the nonlocal with same temperature. Eringen
nonlocal theory and Von-Karman geometry were fully
studied by Yang et al. (2010). Akbas (2019) presented the
axially forced vibration of a cracked nanorod under the
harmonic external dynamically load. In the constitutive
equation of problem, the nonlocal elasticity theory, the
crack is modelled as an axial spring in the crack section. In
the axial spring model, the non-rod separates two sub-
nanorods and the flexibility of the axial spring represents
the effect of the crack. Strozzi and Pellicano (2019)
presented the dynamical properties of Single-Walled
Carbon Nanotubes (SWCNTs) and nonlinear modal
interaction and energy exchange are analysed in detail.
Resonance interactions between two conjugate Circum-
ferential Flexural Modes (CFMs) are investigated. The
nanotubes are analysed through a continuous shell

model, and a thin shell theory is used to model the
dynamics of the system; free-free boundary conditions are
considered.

Rouhi et al. (2012) executed the axial buckling of
double-walled CNT subject to various layer-wise conditions
by using Rayleigh-Ritz based upon nonlocal Fligge shell
theory. Their study showed that the number of different
layer-wise boundary conditions dominates the choice of
values for nonlocal parameter. Ansari and Rouhi (2013)
summarized the effect of small scale, geometrical parameter
and layer-wise end conditions of double-walled CNT by
adopting Fligge Shell Model (FSM). They depicted that the
continuum model considering the nonlocal effect compels
the short double-walled CNT more flexible. Akbas (2017b)
presented the forced vibration responses of Functionally
Graded (FG) nanobeams are presented for MCST with
damping effect. The FG nanobeam is excited by a
transverse triangular force impulse modulated by a
harmonic motion. Mechanical properties of FG beam
depend on the position. The Kelvin-Voigt model
is considered in the damping effect. In solution of the
dynamic problem. Moreover, Benguediab et al. (2014)
explored the features of zigzag double-walled CNT. A
comprehensive research presented by Brischotto (2015) to
analyze the vibration characteristic of double-walled CNT
by considering shell continuum model. The findings of
article were evolved around effects of van der Waals
interaction in terms of frequency ratio. Akbas (2018a)
conducted the forced vibration responses of a cantilever
nanobeam using modified couple stress theory with
damping effect. The crack is modeled with a rotational
spring. The Kelvin-Voigt model is considered in the
damping effect. In solution of the dynamic problem, finite
element method is used within Timoshenko beam theory in
the time domain. Influences of the geometry, crack and
material parameters on forced vibration responses of
cracked nanobeams are examined and discussed. Arani
and Kolahchi (2016) used the nonlinear buckling of
SWCNTs and the mixture rule was employed for buckling
analysis of embedded CNTs with Euler and Timoshenko
beam model. The influence of geometrical parameter and
elastic foundation with different boundary conditions was
investigated. Bilouei et al. (2016) and Zamanian et al.
(2017) studied the buckling behavior of concrete columns
with nanofiber reinforced polymer and SiO, nano-particles.
By using the strain-displacements, Hamilton’s principles
and Mori-Tanka approach, the governing equation was
derived. Numerical results were presented with the variation
of elastic foundations. Akbas (2018b) investigated the
forced vibration analysis of a cracked functionally graded
microbeam using modified couple stress theory with
damping effect. Mechanical properties of the functionally
graded beam change vary along the thickness direction. The
crack is modelled with a rotational spring. The Kelvin-Voigt
model is considered in the damping effect. Strozzi et al.
(2020) studied the nonlinear resonance interaction and
energy exchange between bending and circumferential
flexure modes in single-walled carbon nanotubes. First, the
results of an analytical model of the resonance interaction
between the considered nonlinear normal modes previously
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(b)
Fig. 1 (a) Graphene sheet with indices (b) SWCNT

developed are reported. This approach was based on a
reduced form of the Sanders-Koiter thin shell theory
obtained by using simplifying hypotheses on the shell
deformations.

Yazid et al. (2018) presented the new refined plate
theory by employing nonlocal small effects. By using the
principle of virtual displacements, the nonlocal relation for
equation of motion was obtained. The results presented here
may provide a useful design for nanostructures. In another
study the viscoelastic effects of the medium were also
studied using Kelvin model for the medium surrounding
microtubules (MTs) but for the MTs the same classical
orthotropic elastic shell model was used (Safeer et al.
2019). Akbas (2018c) explored the static bending of an edge
cracked cantilever nanobeam composed of FGM subjected
to transversal point load at the free end of the beam based
on modified couple stress theory. Material properties of
the beam change in the height direction according to
exponential distributions.

Many researchers directly used the classical theory for
the structure of CNTs (He et al. 2005, Hu et al. 2008,
Gibson et al. 2007, Ghavanloo et al. 2010, Yoon et al.
2002). The use of wave propagation approach is important
for the study of nanostructures to develop a new formulism
with different theories. In this approach, eigenvalue form is
developed with the help of axial modal function in matrix
representation. With the help of computer software
MATLAB, frequencies of SWCNTs are extracted. The
formulation of WPA is given by Zhang et al. (2001), a brief
yet simple explanation first time. Due to the exactness of
this approach, some researchers have been used for the
vibration of CNT/shells (Simsek 2010, Narendar 2011,
Hussain et al. 2017).

In the present analysis, effects of length and thickness to
radius ratio are also examined using Sanders shell theory.
An eigenvalue problem is framed by employing Rayleigh-

Ritz formulation. Axial modal fields are measured by
characteristics beam functions derived from the beam
equation for various boundary conditions. The present
CNTs problem is solved by adopting Rayleigh-Ritz
approach. Axial modal deformation is simulated by
employing characteristics beam functions. On substituting
these functions, we get ordinary differential equations in
three unknowns, which are functions of axial space
variable. These functions have property to satisfy end
conditions prescribed at edge of CNTs. For present CNT
problem, vibration characteristics are analyzed for clamped
—clamped (C-C), simply supported—simply supported (SS—
SS) and clamped-free (C-F) edge conditions. The
frequencies of three different types of SWCNTs are
calculated.

2. Mathematical formulation

The lattice interpretation indices (m, n) for chiral
nanotubes can be denoted as (m, n) for n # m, for zigzag as
(m, 0) for n = 0 and armchair, nanotubes can be denoted as
(m, m) for n = m as shown in Fig. 1. Due to these indices, a
large number of likely parameter arrangements can occur.
In our present case, we have performed calculations, using
Sanders shell theory based on Rayleigh-Ritz technique, for
eigen-frequencies of different indices (7, 2), (9, 1), (13, 4),
(13, 0), (15, 0), (17, 0), for chiral and zigzag SWCNTSs,
respectively and also indices for armchair SWCNTSs are as
(4, 4), (6, 6), (8, 8).

Suppose R and L represent radius and length of the tube
respectively. h stands for tubel thickness and a; denotes
position of ith ring support in longitudinal direction of tube.
An orthogonal coordinate system (x, 6, z) is supposed to be
placed at tube mid surface. x, 6, z represent axial,
circumferential and radial coordinates of tube respectively.
The functions u, v, w yield the deformation displacements
in axial, circumferential and radial directions respectively.

There are a number of shell theories found in open
literature on shell/ tube problem. For present case, the
formulas for reference surface strains and curvatures are
adopted from Budiansky and Sanders (1963) first-order
linear thin shell theory for simplicity. The strain
components of strain vector {e} are written in terms of the
thickness variable zwith linear expressions

e, =e; + zkq, eg = e, + zk,

exg =V + 221 @)
The surface strains and curvatures are given as
( }_{au 1<6v+ )av+1au @
eV = 19x R\a0 " ) ox T Rae
2w 1 (9w ov
( = dx%’ R2\060%2 00)’ 3
K T3 = 1/0%w ov )
R\0xd6 O0x

The tube strain energy U is given by
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The following form of strain energy (U) in terms of u, v
and w as
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Energy of a system consists of two basic forms due to its
position and motion, i.e., strain and Kinetic energies
respectively. Strain energy of a tube has been described in
the above relation Eq. (5), where its counterpart, i.e., kinetic

energy, symbolized by T, involved three physical basic
quantities, mass, velocity and time is given as

=2l oG G+ (B e @

where pr is mass density found in unit length and defined as

h/2
pr = f pdz
—h/2

The Lagrangian energy functional 11 of a circular
cylindrical tube is expressed as

n=T-U @)

i.e., the difference between kinetic and strain energies of a
tube is the Lagrangian energy functional.

The Rayleigh-Ritz method is considered as a variational
approach. This technique has been used by several
researchers to investigate the vibration characteristics of
tube. In present work, the Rayleigh-Ritz technique is
employed to analyze vibration characteristics of SWCNTSs.

For linear systems of partial differential equations, the
method of separation of variables is generally employed to
such systems. For the present situation, the partial
differential equation system involves three unknown
functions u, v, w, which denote the tube deformation in

Table 1 Comparison of natural frequencies (Hz) of a simply
supported isotropic CNTs

n Naeem and Sharma (2000) Present
4 287.59 287.58
5 201.85 201.84
6 166.59 166.56
7 166.22 166.20
8 189.29 189.27

axial, circumferential and radial directions respectively.
Their modal displacement shapes are taken to be as follows

do .
u(x,0,t) = Am—xcosnesmwt
v(x,0,t) = Bpo(x)sinnfsinwt

w(x,0,t) = Cpe(x)cosnfsinwt

®)

where Am, Bm and Cp, are constants which denote the
vibration amplitudes in the x, & and z directions
respectively. The axial function ¢(x) represents axial modal
displacement shapes and satisfies the geometric boundary
conditions, n denotes the circumferential wave number and
w is circular vibration frequency.

This functional is minimized with regard to the vibration
amplitudes Am, Bm and Cr, as

an_an_an_o ©
dA,, 0B, 0C,

After solving the equations, the algebraic equations can
be written in matrix notation and are converted into
eigenvalue problem.

t11 Tz Tis I, 0 0
Ttz T2z t23 = thz [0 Iy 0 l (10)
tiz T2z T3 0 0 I

MATLAB package is used to solve the eigenvalue Eqg.
(10) for investigating tube vibrations. MATLAB provides
an interactive working environment to carry out the quite
complex computational tasks with a few commands. With
the help of simple command, one gets both the eigenvalues
representing CNTs natural frequencies and eigenvectors
correspond to mode shapes.

3. Results and discussions

With the increasingly use of carbon nanotubes in various
fields of engineering and technology, their vibration
characteristics are analyzed numerically before their
practical applications. The numerical analysis being a
progressing field of research in applied mathematics,
approximate techniques is developed to study a tube
problem. A fast and vigorous method is favoured to obtain
accurate results. The Rayleigh-Ritz method is employed to
perform the present tube vibration problem. A few
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Table 2 Comparison of frequency parameter 2 =

wR./(1 —v?)p/E of anisotropic CNTs with
clamped-clamped conditions (m = 1, L/R = 20,
h/R=0.01,v=0.3)

n Zhang et al. (2001) Present
1 0.03487 0.034395
2 0.014052 0.014256
3 0.022725 0.022713
4 0.042271 0.042216
5 0.068116 0.068051
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for various edge conditions
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comparisons of numerical results are done to check the
validity, accuracy and robustness of numerical procedure
for different boundary conditions. For this purpose,
vibration frequencies of SWCNTs for isotropic tube are
compared with those results found in the open literature.
Table 1 shows a comparison of natural frequencies for an
isotropic tube with those results determined by Naeem and
Sharma (2000). The simply supported edge conditions are
described on both tube ends. The circumferential wave
numbers n are considered to be from 4 to 8 for half axial
wave mode, m = 1. It is observed that the two sets of results
agreed very well with each other. In Table 2, the frequency
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Fig. 4 Frequency distribution through length variation of
armchair SWCNTSs (a) (4, 4); (b) (6, 6); (c) (8, 8)
for various edge conditions

parameters 2 = wR,/(1 —v?)p/E of isotropic tube with
clamped ends are compared with those calculated by Zhang
et al. (2001). The comparison shows that an excellent
agreement between two sets of frequency parameters is
observed. Figs. 2(a)-(c) show the variation of frequencies
versus length of chiral (7, 2), (9, 1), (13, 4), (8, 3), (10, 2)
and (14, 5) with various boundary conditions. For all
boundary conditions, fist frequencies fall down, then
parallel and after seems linear. It is observed that there is
minute difference with different boundary conditions. The
frequencies are more visible as compared to zigzag case. It
is can be seen from these figures that the FNF values of
chiral (13, 4), are higher than those of (7, 2) and (9, 1). Figs.
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Fig. 5 Frequency distribution through thickness to radius
ratio (a) (7, 2); (b) (9, 1); (c) (13, 4) for various
edge conditions

3(a)-(c) show the variation of frequencies versus length of
zigzag (13, 0), (15, 0), (17, 0) with various boundary
conditions. It shows that the natural frequencies decreased
as L is enhanced by these boundary conditions. It is
observed that there is minute difference with different
conditions. The frequencies of CF are lower than other
boundary conditions. It is can be seen from these figures
that the FNFs values of zigzag (13, 0) are lower than those
of FNFs of (15, 0) and (17, 0). Variation of frequencies
versus length for indices (4, 4), (6, 6) and (8, 8) with BCs
has been plotted in graph of Figs. 4(a)-(c). The value of
fundamental frequency decreases on increasing the length
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(c) (17, 0) for various edge conditions

of the tube. The graphical behavior of frequencies versus
aspect ratio/length-to-diameter ratio with different system’s
boundary conditions. The convergence and validity are
achieved between two studies. In addition, when the tube
length increases from 10 nm to 20 nm, the frequency
decreases rapidly, while for the length (L = 20-30 nm), the
frequency is gently parallel. In present result, the
frequencies are insignificant at length (L = 70 nm) and these
frequencies meet at length (L = 80 nm). Again, these results
show a good coincidence. It shows that natural frequencies
decrease as L is increased, for these boundary conditions.
For long SWCNTs, it can be seen that the effect of BCs is

1.0 T T T T
—a—C-C y
o C-SS ‘//
N g 4
oel SS-8S .// P
v C-F - pe
A
/./ Y
E; ./: . e ~
© 06 T - AT
S /l/ Y A 1
o _ — v
o Pl v e
w N v
-
| S v v
04 F & v
k- v 4
= 4
r
02 L L L L L L L |
030 032 034 036 038 040 042 044 046 048
Thickness to radius ratio
(@)
20 T T T
18k a— C-C
e C-SS
16l —A— 55-88 A
v C-F A
" . 4
14 [ - . o
=
(3] - o ¥ 3
g 12+ . A
=] - o ¥
g a e & v i
i 10} e o
. ® A v
— : s v
08l 4 v
— v r
v
06
04 L | L L 1 L L 1
030 032 034 036 038 040 042 044 046 048
Thickness to radius ratio
(b)
2.7 T T T T
s CC -
24 | e C-58 " - A
A S8-SS - ]
P s
v— C-F s . ]
21| s
I g . ]
- -~ e v
Q L
g ' ] - v
S s} e
g - e ¥
e - - : L 4
15 F . ¥
e e
L J v i
3 A v
127
[ 1 1 1 1 1 1 1 1

030 032 034 036 038 040 042 044 046 048
Thickness to raidus ratio

(©)
Fig. 7 Frequency distribution through thickness to radius
ratio of armchairs SWCNTs (a) (4, 4); (b) (6, 6);
(c) (8, 8) for various edge conditions

insignificant and more prominent at shorter length (L = 10-
40 nm) and moderately negligible at length (L = 80-100
nm). The results are given only for different eigen-
frequencies for radius 678 nm, 1356 nm and 2034 nm for
armchair, zigzag and chiral with length, and also ratio of
thickness-radius for armchair, zigzag and chiral.

Figs. 5(a)-(c) show the variation of frequencies versus
ratio of height-to-radius of chiral (7, 2), (9, 1) and (13, 4)
with various boundary conditions. The frequencies go up as
h/R is enhanced for these boundary conditions. At 0.30 to
0.48 all the frequencies are parallel. In these figures, it can
be seen that the CS, SS-SS are sandwich between CC and
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CF boundary conditions. The FNFs of (13, 4) is higher than
those of (7, 2) and (9, 1). Figs. 6(a)-(c) depict the frequency
effects of various boundary conditions for zigzag indices
(13, 0), (15, 0), (17, 0), against thickness to radius ratio. The
frequencies enlarge on increasing the height-to-radius ratio.
All the frequencies are parallel for different boundary
conditions. The frequency pattern of C-F condition is less
than all other conditions. It is also observed that the FNFs
of zigzag (14, 0) lies between the frequencies of (14, 0) and
(19, 0). Figs. 7(a)-(c) shows the variation of frequencies
versus ratio of height-to-radius of chiral (12, 0), (14, 0) and
(19, 0) with various boundary conditions. As h/R is
enhanced, the frequencies go up for these boundary
conditions. At 0.30 to 0.48 all the frequencies are parallel.
In these figures, it observed that the gap between the CC,
CS, SS-SS is small than that of CF boundary condition. It is
also observed that the FNFs of zigzag (14, 0) lies between
the frequencies of (14, 0) and (19, 0).

4. Conclusions

In this paper, the governing equation of motion using
Rayleigh-Ritz technique is written in the form of eigen
value to extract the frequencies of CNTs. The effects of
different physical and material parameters on the
fundamental frequencies are investigated for armchair,
zigzag and chiral SWCNTs invoking Sanders shell theory.
However, for the analysis of structures at higher frequencies
of length and ratio of thickness-to-radius under different
boundary conditions is analyzed. The fundamental natural
frequency spectra for three forms of SWCNTs are
calculated and obtained for numerous material parameters
like ratio of length and thickness to radius ratio. Computer
software MATLAB is utilized for the frequencies of
SWCNTs and present results show excellent stability across
a wide range of parameters. The frequency response is
investigated for different indices of chiral, zigzag and
armchair SWCNTs (7, 2), (9, 1), (13, 4) and (13, 0), (15, 0),
(A7, 0) and (4, 4), (6, 6), (8, 8), respectively. The
frequencies increase on decreasing the length and decreases
on decreasing the height to radius ration. The frequency
behavior of length and height to radius ratio is counterpart.
Using various nano-material parameters, the vibration
results are given in tabular and graphical form. In all
frequency curves, it can be seen that the CS, SS-SS are
sandwich between CC and CF boundary conditions. It is
thus desirable to produce more precise estimations of the
vibrational shapes and frequencies of CNTs. For future
predictions, this model is used for the vibration behavior of
nanoplates.

Declaration of conflicting of interests
The author(s) declared no potential conflicts of interest

with respect to the research, authorship, and/or publication
of this article

Acknowledgements

This study was financially supported by the Deanship of
Scientific Research at King Khalid University (Grant
number R.G.P.2/56/40).

References

Akbas, $.D. (2017a), “Free vibration of edge cracked functionally
graded microscale beams based on the modified couple stress
theory”, Int. J. Struct. Stab. Dyn., 17(3), 1750033.
https://doi.org/10.1142/S021945541750033X.

Akbas, S.D. (2017b), “Forced vibration analysis of functionally
graded nanobeams”™, Int. J. Appl. Mech., 9(7), 1750100.
https://doi.org/10.1142/S1758825117501009.

Akbas, S.D. (2018a), “Forced vibration analysis of cracked
nanobeams”, J. Braz. Soc. Mech. Sci. Eng., 40(8), 392.
https://doi.org/10.1007/s40430-018-1315-1.

Akbas, S.D. (2018b), “Forced vibration analysis of cracked
functionally graded microbeams”, Adv. Nano Res., Int. J., 6(1),
39-55. https://doi.org/10.12989/anr.2018.6.1.039.

Akbas, S.D. (2018c¢), “Bending of a cracked functionally graded
nanobeam”, Adv. Nano Res., Int. J., 6(3), 219-242.
https://doi.org/10.12989/anr.2018.6.3.219.

Akbas, $.D. (2019), “Axially forced vibration analysis of cracked
a nanorod”, J. Comput. Appl. Mech., 50(1), 63-68.
https://doi.org/10.22059/jcamech.2019.281285.392.

Ansari, R. and Rouhi, H. (2013), “Nonlocal analytical Fliigge shell
model for the vibrations of double-walled carbon nanotubes
with different end conditions”, Int. J. Appl. Mech., 80(2),
021006. https://doi.org/10.1142/S179329201250018X.

Ansari, R., Rouhi, S. and Aryayi, M. (2013), “Nanoscale finite
element models for vibrations of single-walled carbon
nanotubes: atomistic versus continuum”, Appl. Math. Mech.,
34(10), 1187-1200. https://doi.org/10.1007/s10483-013-1738-6.

Arani, AJ. and Kolahchi, R. (2016), “Buckling analysis of
embedded concrete  columns armed  with  carbon
nanotubes”, Comput. Concrete, Int. J., 17(5), 567-578.
https://doi.org/10.12989/cac.2016.17.5.567.

Benguediab, S., Tounsi, A., Ziadour, M. and Semmah, A. (2014),
“Chirality and scale effects on mechanical and buckling
properties of zigzag double-walled carbon nanotubes”, Compos.
Part B Eng, 57, 21-24.
https://doi.org/10.1016/j.compositesh.2013.08.020.

Bilouei, B.S., Kolahchi, R. and Bidgoli, M.R. (2016), “Buckling
of concrete columns retrofitted with nano-fiber reinforced
polymer (NFRP)”, Comput. Concrete, Int. J., 18(5), 1053-1063.
https://doi.org/10.12989/cac.2016.18.5.1053.

Brischotto, S. (2015), “A continuum shell model including van der
Waals interaction for free vibrations of double-walled carbon
nanotubes”, CMES, 104, 305-327.
https://doi.org/10.3970/cmes.2015.104.305.

Budiansky, B. and Sanders, J.L. (1963), On the Best First-Order
Linear Shell Theory, Progress in Applied Mechanics, Prager
Anniversary Volume, Japan.

Eringen, A.C. (2002), Nonlocal Continuum Field Theories,
Springer Science and Business Media, New York, USA.

Flugge, W. (1962), Handbook of Engineering Mechanics,
McGraw-Hill, New York, USA.

Flugge, S. (1973), Stresses in Shells, Springer, Berlin, Germany.

Gao, Y. and An, L. (2010), “A nonlocal elastic anisotropic shell
model for microtubule buckling behaviors in
cytoplasm”, Physica E Low Dimens. Syst. Nanostruct., 42(9),
2406-2415. https://doi.org/10.1016/j.physe.2010.05.022.

Ghavanloo, E., Daneshmand, F. and Rafiei, M. (2010), “Vibration



Parametric vibration analysis of single-walled carbon nanotubes based on Sanders shell theory 173

and instability analysis of carbon nanotubes conveying fluid and
resting on a linear viscous elastic Winkler foundation”, Physica
E Low Dimens. Syst. Nanostruct., 42, 2218-2224.
https://doi.org/10.1016/j.physe.2010.04.024.

Gibson, R.F., Ayorinde, E.O. and Wen, Y.F. (2007), “Vibrations of
carbon nanotubes and their composites: a review”, Compos. Sci.
Technol., 67(1), 1-28.
https://doi.org/10.1016/j.compscitech.2006.03.031.

Gupta, S.S., Bosco, F.G. and Batra, R.C. (2010), “Wall thickness
and elastic moduli of single-walled carbon nanotubes from
frequencies of axial, torsional and inextensional modes of
vibration”, Comput. Mater. Sci., 47(4), 1049-1059.
https://doi.org/10.1016/j.commatsci.2009.12.007.

He, X.Q., Kitipornchai, S. and Liew, K.M. (2005), “Buckling
analysis of multi-walled carbon nanotubes: A continuum model
accounting for van der Waals interaction”, J. Mech. Phys.
Solids, 53, 303-326. https://doi.org/10.1016/j.jmps.2004.08.003.

Heydarpour, Y., Aghdam, M.M. and Malekzadeh, P. (2014), “Free
vibration analysis of rotating functionally graded carbon
nanotube-reinforced composite truncated conical shells”,
Compos. Struct., 117, 187-200.
https://doi.org/10.1016/j.compstruct.2014.06.023.

Hu, Y.G., Liew, K.M., Wang, Q., He, X.Q. and Yakobson, B.I.
(2008), “Nonlocal shell model for elastic wave propagation in
single- and double-walled carbon nanotubes”, J. Mech. Phys.
Solids, 56, 3475-3485.
https://doi.org/10.1016/j.jmps.2008.08.010.

Hussain, M., Naeem., M.N., Shahzad, A. and He, M. (2017),
“Vibrational behavior of single-walled carbon nanotubes based
on cylindrical shell model using wave propagation
approach”, AIP Adv., 7(4), 045114.
https://doi.org/10.1063/1.4979112.

Ke, L.L., Xiang, Y., Yang, J. and Kitipornchai, S. (2009),
“Nonlinear free vibration of embedded double-walled carbon
nanotubes based on nonlocal Timoshenko beam theory”,
Comput. Mater. Sci., 47(2), 409-417.
https://doi.org/10.1016/j.commatsci.2009.09.002.

Kroner, E. (1967), “Elasticity theory of materials with long range
cohesive forces”, Int. J. Solids Struct., 3(5), 731-742.
https://doi.org/10.1016/0020-7683(67)90049-2.

Lee, H.L. and Chang, W.J. (2008), “Free transverse vibration of
the fluid-conveying single-walled carbon nanotube using
nonlocal elastic theory”, J. Appl. Phys., 103(2), 024302.
https://doi.org/10.1063/1.2822099.

Loy, C.T., Lam, K.Y. and Reddy, J.N. (1999), “Vibration of
functionally graded cylindrical shells” Int. J. Mech. Sci., 41,
309-324. https://doi.org/10.1016/S0020-7403(98)00054-X.

Manevitch, L.I., Smirnov, V.V, Strozzi, M. and Pellicano, F.
(2017), “Nonlinear optical vibrations of single-walled carbon
nanotubes”, Int. J. Non Linear Mech., 94, 351-361.
http://dx.doi.org/10.1016/j.ijnonlinmec.2016.10.010

Naeem, M.N. and Sharma, C.B. (2000), “Prediction of natural
frequencies for thin circular cylindrical shells”, Proc. Inst.
Mech. Eng. C J. Mech. Eng. Sci., 214(10), 1313-1328.
https://doi.org/10.1243/0954406001523290.

Narendar, S. (2011), “Terahertz wave propagation in uniform
nanorods: A nonlocal continuum mechanics formulation
including the effect of lateral inertia”, Physica E Low Dimens.
Syst. Nanostruct., 43, 1015-1020.
https://doi.org/10.1016/j.physe.2010.12.004

Natsuki, T., Qing, Q.N. and Morinobu, E. (2007), “Wave
propagation in single-walled and double-walled carbon
nanotubes filled with fluids”, J. Appl. Phys., 101(3), 034319-
034319-5. https://doi.org/10.1063/1.2432025.

Paliwal, D.N., Kanagasabapathy, H. and Gupta, K.M. (1995), “The
large deflection of an orthotropic cylindrical shell on a
Pasternak foundation”, Compos. Struct., 31(1), 31-37.

https://doi.org/10.1016/0263-8223(94)00068-9.

Peddieson, J., Buchanan, G.R. and McNitt, R.P. (2003),
“Application  of  nonlocal  continuum  models to
nanotechnology”, Int. J. Eng. Sci., 41, 305-312.
https://doi.org/10.1016/S0020-7225(02)00210-0.

Pradhan, S.C. and Phadikar, J.K. (2009), “Nonlocal elasticity
theory for vibration of nanoplates”, J. Sound Vib., 325(1-2),
206-223. https://doi.org/10.1016/j.jsv.2009.03.007.

Rouhi, H., Ansari, R. and Arash, B. (2012), “Vibration analysis of
double-walled carbon nanotubes based on the non-local donnell
shell via a new numerical approach”, Int. J. Mech. Sci., 37, 91-
105. https://doi.org/10.1016/S0020-7225(02)00210-0.

Safeer, M., Taj, M. and Abbas, S.S. (2019), “Effect of viscoelastic
medium on wave propagation along protein microtubules”, AIP
Adv., 9(4), 045108.
https://doi.org/10.1016/0263-8223(94)00068-9.

Simsek, M. (2010), “Vibration analysis of a single-walled carbon
nanotube under action of a moving harmonic load based on
nonlocal elasticity theory”, Physica E Low Dimens. Syst.
Nanostruct., 43, 182-191.
https://doi.org/10.12989/scs.2011.11.1.059.

Strozzi, M. and Pellicano, F. (2018), “Linear vibrations of triple-
walled carbon nanotubes”, Math. Mech. Solids, 23(11), 1456-
1481. http://dx.doi.org/10.1177/1081286517727331.

Strozzi, M and Pellicano, F. (2019), “Nonlinear resonance
interaction between conjugate circumferential flexural modes in
single-walled carbon nanotubes”, Shock Vib., 2019, 3241698.
https://doi.org/10.1155/2019/3241698.

Strozzi, M., Smirnov, V.V., Manevitch, L.I. and Pellicano, F.
(2018), “Nonlinear vibrations and energy exchange of single-
walled carbon nanotubes: Radial breathing modes”, Compos.
Struct., 184, 613-632.
http://dx.doi.org/10.1016/j.compstruct.2017.09.108.

Strozzi, M., Smirnov, V.V., Manevitch, L.I. and Pellicano, F.
(2020), “Nonlinear normal modes, resonances and energy
exchange in single-walled carbon nanotubes”, Int. J. Non Linear
Mech., 120, 103398.
https://doi.org/10.1016/j.ijnonlinmec.2019.103398.

Sudak, L.J. (2003), “Column buckling of multiwalled carbon
nanotubes using nonlocal continuum mechanics”, J. Appl.
Phys., 94(11), 7281-7287. https://doi.org/10.1063/1.1625437.

Swain, A., Roy, T. and Nanda, B.K. (2013), “Vibration behavior of
single-walled carbon nanotube using finite element”, Int. J.
Theor. Appl. Res. Mech. Eng., 2, 129-133.

Usuki, T. and Yogo, K. (2009), “Beam equations for multi-walled
carbon nanotubes derived from Flugge shell theory”, Proc.
Math. Phys. Eng. Sci., 465(2104), 1199-1226.
https://doi.org/10.1098/rspa.2008.0394.

Wang, Q. and Varadan, V.K. (2006), “Vibration of carbon
nanotubes studied using nonlocal continuum mechanics”, Smart
Mater. Struct., 15(2), 659.
https://doi.org/10.1088/0964-1726/16/1/022.

Wang, J. and Gao, Y. (2016), “Nonlocal orthotropic shell model
applied on wave propagation in microtubules”, Appl. Math.
Model., 40(11-12), 5731-5744.
https://doi.org/10.1016/j.apm.2016.01.013.

Xu, K.U., Aifantis, E.C. and Yan, Y.H. (2008), “Vibrations of
double-walled carbon nanotubes with different boundary
conditions between inner and outer tubes”, J. Appl. Mech.,
75(2), 021013-1. https://doi.org/10.1115/1.2793133.

Yang, J., Ke, L.L. and Kitipornchai, S. (2010), “Nonlinear free
vibration of single-walled carbon nanotubes using nonlocal
Timoshenko beam theory”, Physica E Low Dimens. Syst.
Nanostruct., 42(5), 1727-1735.
https://doi.org/10.1016/j.physe.2010.01.035.

Yazid, M., Heireche, H., Tounsi, A., Bousahla, A.A. and Houari,
M.S.A. (2018), “A novel nonlocal refined plate theory for



174 Mohamed A. Khadimallah, Muzamal Hussain, Muhammad Taj, Hamdi Ayed and Abdelouahed Tounsi

stability response of orthotropic single-layer graphene sheet
resting on elastic medium”, Smart Struct. Syst., Int. J., 21(1),
15-25. https://doi.org/10.12989/ss5.2018.21.1.015.

Yoon, J., Ru, C.Q. and Mioduchowski, A. (2002), “Noncoaxial
resonance of an isolated multiwall carbon nanotube”, Phys. Rev.
B, 66(23), 2334021-2334024.
https://doi.org/10.1103/PhysRevB.66.233402.

Zamanian, M., Kolahchi, R. and Bidgoli, M.R. (2017),
“Agglomeration effects on the buckling behaviour of embedded
concrete columns reinforced with SiO2 nano-particles”, Wind
Struct., Int. J., 24(1), 43-57.
https://doi.org/10.12989/was.2017.24.1.043

Zhang, X.M., Liu, G.R. and Lam, K.Y. (2001), “Vibration analysis
of thin cylindrical shells using wave propagation approach”, J.
Sound Vib., 239(3), 397-403.

Zou, R.D. and Foster, C.G. (1995), “Simple solution for buckling
of  orthotropic  circular  cylindrical  shells”, Thin-Wall.
Struct., 22(3), 143-158.
https://doi.org/10.1016/0263-8231(94)00026- V.

cC





