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1. Introduction 

 
Piezoelectric materials are characterized by their ability 

to generate electrical responses upon experiencing 
mechanical inputs and have attracted much interest over the 
last decades, mainly addressing applications in smart 
structures (Nanthakumar et al. 2016). In this way, when the 
structure is subjected to a mechanical stress (e.g., strain), 
vibration, or pressure load the materials generate electric 
charge which can be easily measured and, in an integrated 
fashion, provided as input to a downstream signal  
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processing mechanism tuned for real-time monitoring/ 
response (Abbaspour et al. 2022). Due to their volatility, the 
piezoelectric materials has been used for a variety of 
applications that are beneficial in aerospace and the civil 
engineering, and in robotics this effect has been utilized to 
improve structural health, system efficiency as well as 
safety (Alrashdan 2020). Piezoelectric elements can 
function as sensors and actuators at the same time, making 
them ideal for smart structures which self-monitor, self-
repair and adapt to changing conditions (Alshenawy et al. 
2022). Functional gradients of piezoelectric materials, in 
which there is a gradual change in composition or 
properties, have been utilized to achieve improved 
mechanical and sensing performance as well as tailored 
functionality (Beni and Beni 2022), especially when 
dynamic loading results in stress distribution that cannot be 
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Abstract.  This paper presents a new technique for detecting defects in piezoelectric materials located inside smart structures, 
mainly the troubleshooting of functionally graded piezoelectric (FGP) porous plates excited by an electric field. This research 
accounts for the Von-Karman nonlinearity to study the influence of mechanical and electrical loadings on the dynamic behavior 
of world material. Maxwell’s equations are used to describe the coupling of electric fields with the piezoelectric properties of the 
plate, and porosity is closely examined for its impact on the defect detection process. Hamilton’s principle is used to obtain the 
equations of motion, which can replicate the system’s non-linear dynamics. The harmonic differential quadrature method 
(HDQM) is used to achieve numerical results, while equations governing the response of the system under different boundary 
conditions can be discretized appropriately. Deep learning models known as deep neural networks (DNN) are used to validate 
the mathematical model and extract more information from this complex, large dataset, which is obtained from these 
simulations. The DNN model provides a robust framework for detecting defects based on learning the complex relationships 
between different related features of the system, and its efficient classification aids in the detection and classification of defects. 
The study also explores the parameter selection and optimization in the DNN algorithm, so as to balance the model accuracy and 
computational efficiency. The results are important as they provide a cost-effective, accurate technique to detect defects in 
piezoelectric materials and help in smart structure health monitoring, which is a rapidly growing field. The experimental setup 
detailed in this research can form the basis for future developments of structural diagnostics and the implementation of smart 
materials in engineering applications. 
 
Keywords:  deep neural networks; dynamic simulation; functionally graded plates; nonlinear stress-strain equations; 
piezoelectric material defects 
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considered uniform throughout the area. Furthermore, the 
advancement in piezoelectric structures has allowed to look 
forward to new ways of defect detection, energy harvesting 
and damage localization giving insight into complex system 
behavior (Al‐Furjan et al. 2022). While these are all 
promising applications, a number of issues impede the real-
world performance of piezoelectric materials including 
subjects to porosity, material deterioration in service, and 
nonlinearity under large deformations from their exhibited 
behavior (Arefi et al. 2018). Hence it is very important to 
study and optimize the behavior of piezo structures by 
varying conditions, as a key area of research to optimize 
modern engineering systems practicing these elements 
(Long et al. 2024). 

Stability analysis, an elementary ingredient of structural 
engineering, revolves around identifying whether a system 
will remain at its steady state against external forces or 
perturbations (Al-Osta et al. 2021). In layman’s term, it 
assesses the capability of various structures, materials or 
systems to withstand deformation, failure or collapses when 
subjected to different loading conditions (Foroutan et al. 
2022). The main objective is the prediction of behavior of 
structures under static or dynamic loads such as safety and 
reliability (Zare et al. 2020). Stability in Structure 
Mechanics is subdivided into static and dynamic stability, 
each needing different analysis methods (Zerrouki et al. 
2022). Dynamic stability refers to how the system behaves 
over time in relation to forces to which it may be subject. 
Stability is usually analyzed by using methods such as the 
Finite Element method, Lyapunov’s direct method and 
energy based approaches (SafarPour et al. 2017), but in 
general to obtain these results it is necessary reoburecer 
dynamic equations of movement. In the case of nonlinear 
systems, analyses of stability are complicated due to 
significant deformations or the nonlinearity of materials 
(Barooti et al. 2017). Bifurcation theory is typically used to 
describe how the behavior of a system changes, such as 
when a stable region becomes unstable (Safarpour et al. 
2021). For example, the design of structures including 
bridges, building and aerospace parts requires stability 
analysis since failure in these cases can lead to catastrophic 
consequences (Dastjerdi et al. 2020). With the development 
of smart and self-sustaining materials and structures, there 
has been an immense sophistication in systems simulation, 
whereby more and more advanced stability techniques are 
required today to guarantee that the engineered systems 
tend towards robustness (independent of their assembling 
variables) and resilience (to better respond to different 
failure patterns) (Rabczuk et al. 2019). 

In practice, machine learning algorithms are becoming 
more and more crucial to map data to knowledge in a 
diverse set of such domains (Samaniego et al. 2020). It has 
significantly improved work in areas such as healthcare, 
finance and engineering by having power to process itself 
large complex datasets and detect patterns or trends (Wang 
et al. 2025). These algorithms automatically perform 
decision-making tasks, which often provides faster, more 
accurate and scalable solutions than traditional means (Guo 
et al. 2025). With advances in technology, machine learning 
algorithms have become more and more accurate, flexible 
and less expensive to train across a wide range of predictive 

analytics and optimization tasks (Anitescu et al. 2023). 
Machine learning is getting more important because it can 
help boost new ideas, cut down on mistakes people make, 
and help us make smarter choices based on facts (Liu et al. 
2024). 

This paper shows a cool way to find flaws in 
piezoelectric materials inside smart structures. It looks at 
FGP porous plates that have electricity running through 
them. The study uses Von-Karman nonlinearity to show 
how the plate moves and reacts, capturing the tricky 
relationship between mechanics and electricity inside the 
material. Maxwell’s equations are used to show what the 
electric field does to the piezoelectric stuff, and how holes 
affect finding problems in the structure is looked at closely. 
Hamilton’s principle is used to figure out the equations for 
how the FGP plate moves when things get nonlinear. For 
the math stuff, the HDQM is used to break down the 
system’s equations, giving real answers to how the plate 
reacts in different situations. To check if this works and get 
better at finding flaws, DNN are used to show the link 
between how the system moves and what the flaw patterns 
look like. By teaching the DNN model with lots of info 
from simulations, this way gives really spot-on predictions 
but doesn’t cost a ton to compute. The study shows how to 
tweak the DNN settings to make sure the model does well 
in tricky situations. The results add a lot to keeping an eye 
on structural health, giving a fresh, cheap way to find flaws 
in piezoelectric materials and setting the stage for what 
comes next in smart material check-ups. 

 
 

2. The present problem model 
 
A porous FGP plate has a length of a, a width of b, and a 

thickness of h, with electrodes attached to both the upper 
and lower surfaces, as shown in Fig. 1. 

The FGP plate experiences an electric potential 𝛷 
when a voltage 𝑉଴ is applied across the electrodes. Refs. 
(Vel et al. 2004, Ramirez et al. 2006, Yang 2010, Bodaghi 
and Shakeri 2012) suggest that the structure consists of two 
piezoelectric materials. 

 
2.1 Material properties 
 
The properties of the piezoelectric porous plate display a 

smoothly varying gradient throughout its thickness, 
adhering to a power-law model and a uniform porous 
structure (Sharma 2022). 

 
 
 

Fig. 1 A configuration of the presented FGP plate with 
porosity
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𝕔௜௝(𝔷) = ൫𝕔௜௝௨ − 𝕔௜௝௕ ൯ ൬2𝔷 + ℎ2ℎ ൰௣ + 𝕔௜௝௕ − 𝛽2 ൫𝕔௜௝௨ + 𝕔௜௝௕ ൯,𝕖௜௝(𝔷) = ൫𝕖௜௝௨ − 𝕖௜௝௕ ൯ ൬2𝔷 + ℎ2ℎ ൰௣ + 𝕖௜௝௕ − 𝛽2 ൫𝕖௜௝௨ + 𝕖௜௝௕ ൯,𝛯௜௝(𝔷) = ൫𝛯௜௝௨ − 𝛯௜௝௕ ൯ ൬2𝔷 + ℎ2ℎ ൰௣ + 𝛯௜௝௕ − 𝛽2 ൫𝛯௜௝௨ + 𝛯௜௝௕ ൯,𝜌(𝔷) = (𝜌௨ − 𝜌௕) ൬2𝔷 + ℎ2ℎ ൰௣ + 𝜌௕ − 𝛽2 ൫𝜌௜௝௨ + 𝜌௜௝௕ ൯. 
(1)

 
Here, 𝕔௜௝ , 𝕖௜௝ , 𝛯௜௝ , and 𝜌  represent the elastic 

constants, piezoelectric constants, dielectric constants, and 
density, respectively. The superscripts 𝑢 and 𝑏 refer to the 
upper and bottom surfaces of the FGP plate, respectively. 
The symbol 𝑝 denotes the volume fraction index, while 𝛽 
represents the porosity volume fraction. 

 
 

3. Governing equations and boundary conditions 
 
The three displacement components 𝔲, 𝔳 and 𝔴 can 

be modeled as (Guo et al. 2021) 
 𝔲(𝔵,𝔶,𝔷,𝔱) = 𝔲଴(𝔵,𝔶,𝔱) + 𝔷𝔲ଵ(𝔵,𝔶,𝔱), 𝔳(𝔵,𝔶,𝔷,𝔱) = 𝔳଴(𝔵,𝔶,𝔱) + 𝔷𝔳ଵ(𝔵,𝔶,𝔱), 𝔴(𝔵,𝔶,𝔷,𝔱) = 𝔴଴(𝔵,𝔶,𝔱). (2)

 
where 𝔲, 𝔳, and 𝔴 are the displacements in the 𝔵-, 𝔶-, 
and 𝔷-directions, respectively. 𝔲଴, 𝔲ଵ, 𝔳଴, 𝔳ଵ, and 𝔴଴ are 
functions to be determined. The constitutive equations of 
Eq. (2) are given by 

 ൝ 𝜀𝔵𝜀𝔶𝛾𝔵𝔶ൡ = ቐ𝜀𝔵଴𝜀𝔶଴𝛾𝔵𝔶଴ ቑ + 𝔷 ቐ𝜀𝔵ଵ𝜀𝔶ଵ𝛾𝔵𝔶ଵ ቑ , 
ቄ𝛾𝔶𝔷𝛾𝔵𝔷ቅ = ቊ𝛾𝔶𝔷଴𝛾𝔵𝔷଴ቋ, (3)

 
the first derivative concerning 𝔷 and 

 𝜀𝔵଴ = 𝜕𝔲଴𝜕𝔵 ,             𝜀𝔵ଵ = 𝜕𝔲ଵ𝜕𝔵 ,       𝜀𝔵଴ = 𝜕𝔲଴𝜕𝔵 + 12 ൬𝜕𝔴଴𝜕𝔵 ൰ଶ ,𝜀𝔶଴ = 𝜕𝔳଴𝜕𝔶 + 12 ൬𝜕𝔴଴𝜕𝔶 ൰ଶ ,                 𝜀𝔶ଵ = 𝜕𝔳ଵ𝜕𝔶 , 𝛾𝔵𝔶଴ = 𝜕𝔲଴𝜕𝔶 + 𝜕𝔳଴𝜕𝔵 + 𝜕𝔴଴𝜕𝔶 𝜕𝔴଴𝜕𝔵 ,     𝛾𝔵𝔶ଵ = 𝜕𝔲ଵ𝜕𝔶 + 𝜕𝔳ଵ𝜕𝔵 , 𝛾𝔵𝔷଴ = 𝔲ଵ + 𝜕𝔴଴𝜕𝔶 ,                            𝛾𝔶𝔷଴ = 𝔲ଵ + 𝜕𝔴଴𝜕𝔵 . 
(4)

 
3.1 Electric potential distribution 
 
The FGP porous plate can be activated by an externally 

applied electric voltage through electrodes attached to its 
top and bottom surfaces. In accordance with Maxwell’s 
equations, the electric potential function for smart plates is 
represented as a combination of a half-cosine and linear 
variation (Komijani et al. 2014) 

 𝛷(𝔵, 𝔶, 𝔷, 𝔱) = −cos ቀ𝜋ℎ 𝔷ቁ 𝜑(𝔵, 𝔶, 𝔱) + 2 𝔷ℎ 𝑉଴. (5)

where 𝜑 is the inner plane electric potential and 𝑉଴ is the 
applied electric voltage. 

 
3.2 Constitutive equations 
 
The relationships between stress and strain constituents 

of the FGP plate are presented as 
 ቄ𝜎𝜎𝒑𝑫 ቅ = ቂ𝐂𝐩 −𝐞்𝐞 ΞΞ ቃ ቄ𝜀𝜀𝑬ቅ, (6)
 
In Eq. (6), 𝐂𝐩 represents the elastic constant matrix for 

the piezoelectric layers, Ξ  is the dielectric permittivity 
constant matrix, and 𝐞  denotes the electromechanical 
coupling matrix. Their definitions are as follows 

 

𝐂𝐩 = ⎣⎢⎢
⎢⎡𝕔ଵଵ 𝕔ଵଶ 0 0 0𝕔ଵଶ 𝕔ଶଶ 0 0 00 0 𝕔଺଺ 0 00 0 0 𝕔ସସ 00 0 0 0 𝕔ହହ⎦⎥⎥

⎥⎤ , 
𝐞 = ቎ 0 0 0 𝕖ଵହ 00 0 𝕖ଵହ 0 0𝕖ଷଵ 𝕖ଷଵ 0 0 0 ቏ , 
Ξ = ቎𝛯ଵଵ 0 00 𝛯ଶଶ 00 0 𝛯ଷଷ቏. 

(7)

 
Elastic matrix components related to piezoelectric 

material are presented as 
 𝕔ଵଵ = 𝕔ଶଶ = 𝕔ଵଵ − 𝕔ଵଷ𝕔ଵଷ𝕔ଷଷ , 𝕔ଵଶ = 𝕔ଵଶ − 𝕔ଵଷ𝕔ଵଷ𝕔ଷଷ ,             𝕔଺଺ = 12 (𝕔ଵଵ − 𝕔ଵଶ), 𝕖ଷଵ = 𝕖ଷଵ − 𝕔ଵଷ𝕔ଷଷ 𝕖ଷଷ,        𝛯ଷଷ = 𝛯ଷଷ + 𝕖ଷଷଶ𝕔ଷଷ, (8)

 
Also, σσ𝐩 , 𝐄  and 𝐃  represent the stress field in 

piezoelectric layers compatible with the condition of 
absence of σ𝔷𝔷௣ , the electrical field and the electrical 
displacement field, respectively, and may be written as 

 
σ𝜎௣ = ൣ𝜎𝔵𝔵௣, 𝜎𝔶𝔶௣ , 𝜎𝔵𝔶௣ ,   𝜎𝔶𝔷௣ ,   𝜎𝔵𝔷௣൧்், 𝐃 = ൣ𝐷𝔵, 𝐷𝔶, 𝐷𝔷൧்், 𝐄 = ሾ𝐸𝔵, 𝐸𝔶, 𝐸𝔷ሿ்் = −ൣ𝛷,𝔵,   𝛷,𝔶,   𝛷,𝔷൧்். (9)

 
3.3 Hamilton’s principle 
 
The governing equations are derived using Hamilton’s 

principle, which is expressed in the following form for the 
specific case at hand (Reddy 2003) 

 න (𝛿𝑈 − (𝛿𝑇 + 𝛿𝑊ଵ + 𝛿𝑊ଶ))𝔱
଴ d𝔱 = 0, (10)

 
The variation of strain energy of the current analysis is 

given by 
 

99



 
Suleiman Ibrahim Mohammad et al. 

 
The variation of kinetic energy of the current analysis is 

given by 
 𝛿𝑇 = ඲ ൝𝜌(𝔷) ൜൬𝜕𝔲𝜕𝔱 𝜕𝛿𝔲𝜕𝔱 + 𝜕𝔳𝜕𝔱 𝜕𝛿𝔳𝜕𝔱 + 𝜕𝔴𝜕𝔱 𝜕𝛿𝔴𝜕𝔱 ൰ൠൡ௏ 𝑑𝑉, (12)

 
Substituting 𝛿𝑈, 𝛿𝑉, 𝛿𝑊ଵ, and 𝛿𝑊ଶ in the Eq. (10), 

integrating through the thickness, integrating by parts with 
respect to 𝔵 and 𝔶, and collecting the coefficients of 𝛿𝔲଴, 𝛿𝔲ଵ, 𝛿𝔳଴, 𝛿𝔳ଵ, and 𝔴଴ the following governing equations 
are obtained 

 

 

The boundary conditions are defined as 
 𝛿𝔲଴ = 0     or     𝑛𝔵𝔫𝔵𝔵 + 𝑛𝔶𝔫𝔵𝔶 = 0, (14a)
 𝛿𝔳଴ = 0     or     𝑛𝔵𝔫𝔵𝔶 + 𝑛𝔶𝔫𝔶𝔶 = 0, (14b)
 𝛿𝔴଴ = 0     or 𝑛𝔵 ൬𝔮𝔵𝔷 + 𝔫𝔵𝔵 𝜕𝔴଴𝜕𝔵 + 𝔫𝔵𝔶 𝜕𝔴଴𝜕𝔶 ൰ +𝑛𝔶 ൬𝔮𝔶𝔷 + 𝔫𝔶𝔶 𝜕𝔴଴𝜕𝔶 + 𝔫𝔵𝔶 𝜕𝔴଴𝜕𝔵 ൰ = 0, (14c)

 𝛿𝔲ଵ = 0     or     𝑛𝔵𝔪𝔵𝔵 + 𝑛𝔶𝔪𝔵𝔶 = 0, (14d)
 𝛿𝔳ଵ = 0     or     𝑛𝔵𝔪𝔵𝔶 + 𝑛𝔶𝔪𝔶𝔶 = 0, (14e)
 𝛿𝜑 = 0     or 𝑛𝔵 ቆ𝐷𝔵𝑐𝑜𝑠 ቀ𝜋ℎ 𝔷ቁቇ + 𝑛𝔶 ቆ𝐷𝔶𝑐𝑜𝑠 ቀ𝜋ℎ 𝔷ቁቇ = 0, (14f)

 
where ൫𝑛𝔵, 𝑛𝔶൯  denotes the unit normal-to-boundary 
vector. 

In Eqs. (13a)-(13f), and Eqs. (14a)-(14f), we have 
 ൝𝔫𝔵𝔵𝔫𝔶𝔶𝔫𝔵𝔶ൡ = ඲ ൝𝜎𝔵𝔵𝜎𝔶𝔶𝜎𝔵𝔶ൡ௛ ଶ⁄

ି௛/ଶ 𝑑𝔷,     ൝𝔮𝔵𝔷𝔮𝔶𝔷𝔮𝔷𝔷ൡ = ඲ ൝𝜏𝔵𝔷𝜏𝔶𝔷𝜎𝔷𝔷ൡ௛ ଶ⁄
ି௛/ଶ 𝑑𝔷, (15a)

 ൝𝔪𝔵𝔵𝔪𝔶𝔶𝔪𝔵𝔶ൡ = ඲ 𝔷 ൝𝜎𝔵𝔵𝜎𝔶𝔶𝜏𝔵𝔶 ൡ௛ ଶ⁄
ି௛/ଶ 𝑑𝔷, ൝𝔪𝔵𝔷𝔪𝔶𝔷𝔪𝔷𝔷ൡ = ඲ 𝔷 ൝𝜏𝔵𝔷𝜏𝔶𝔷𝜎𝔷𝔷ൡ 𝑑௛ ଶ⁄

ି௛/ଶ 𝔷, (15b)

 𝔤௜ = න 𝜌(𝔷)௛ ଶ⁄
ି௛/ଶ 𝔷௜𝑑𝔷.        𝑖 = 0,1,2 (15c)

 
3.4 Limitations, simplifications and assumptions 
 
For the sake of simplicity, the study establishes idealized 

boundary conditions and constant material properties, 
which do not reflect how piezoelectric materials vary in 
real-life applications. The changes due to manufacturing 
defects, material degradation, or things like temperature, are 

 
 

 
not modeled in this study. The simulations use simple 
models that consider the interaction of porosity and the 
electric fields created by the piezeoelectric material, 
whereas lightning strikes can generate a few behaviors that 
may not be captured when modeling these smart structures. 
The study also implements the Von-Karman nondimen-
sionalization, or the Hamiltonian principle of minimization, 
both of which introduce some approximations in the 
dynamic behavior of the smart structure, especially 
empirical noise in the dataset, which could limit the 
translations of this work to the real world. 

 
 

4. Solution procedure 
 
The core idea behind the differential quadrature method 

(DQ) and the higher-order differential quadrature method 
(HDQM) is to approximate the partial derivatives of a 
function with respect to a spatial variable at any discrete 
point, using a weighted linear combination of the function 
values at all chosen discrete points within the solution 
domain of that variable. The DQM and HDQM 
approximations can be effectively demonstrated with a one-
dimensional function. The 𝔭௧௛  derivative of a function 𝔣 (𝔵) can be estimated using these methods. 

 𝜕𝔭𝔣(𝔵)𝜕𝔵𝔭 = ෍ 𝔞𝔦𝔧(𝔭)𝔣൫𝔵𝔧൯ℕ𝔵
𝔧ୀଵ ,     𝔦 = 1,2, … , 𝔑𝔵and 𝔭 = 1,2, . . . , 𝔑𝔵 − 1 

(16)

 𝔑𝔵 represents the number of discrete points selected 

𝛿𝑈 = න൫𝜎௜𝛿𝜀௜ + 𝜏௜௝𝛿𝛾௜௝ − 𝐷௜𝛿𝐸௜൯𝑑𝑉௏ = නሾ𝜎𝔵𝛿𝜀𝔵 + 𝜎𝔶𝛿𝜀𝔶௏ + 𝜏𝔶𝔷𝛿𝛾𝔶𝔷 + 𝜏𝔵𝔷𝛿𝛾𝔵𝔷 + 𝜏𝔵𝔶𝛿𝛾𝔵𝔶 − 𝐷𝔵𝛿𝐸𝔵 − 𝐷𝔶𝛿𝐸𝔶 − 𝐷𝔷𝛿𝐸𝔷ሿ𝑑𝑉. (11)

𝛿𝔲଴ :     𝜕𝔫𝔵𝔵𝜕𝔵 + 𝜕𝔫𝔵𝔶𝜕𝔶 = 𝔤଴𝔲ሷ ଴ + 𝔤ଵ𝔲ሷ ଵ, 𝛿𝔳଴ : 𝜕𝔫𝔵𝔶𝜕𝔵 + 𝜕𝔫𝔶𝔶𝜕𝔶 = 𝔤଴𝔳ሷ ଴ + 𝔤ଵ𝔳ሷଵ, 𝛿𝔴଴ :     𝜕𝔮𝔵𝔷𝜕𝔵 + 𝜕𝔮𝔶𝔷𝜕𝔶 + 𝜕𝜕𝔵 ൬𝔫𝔵𝔵 𝜕𝔴଴𝜕𝔵 ൰ + 𝜕𝜕𝔶 ൬𝔫𝔶𝔶 𝜕𝔴଴𝜕𝔶 ൰ + 𝜕𝜕𝔵 ൬𝔫𝔵𝔶 𝜕𝔴଴𝜕𝔶 ൰ + 𝜕𝜕𝔶 ൬𝔫𝔵𝔶 𝜕𝔴଴𝜕𝔵 ൰ = 𝔤଴𝔴ሷ ଴, 𝛿𝔲ଵ :     𝜕𝔪𝔵𝔵𝜕𝔵 + 𝜕𝔪𝔵𝔶𝜕𝔶 − 𝔮𝔵𝔷 = 𝔤ଵ𝔲ሷ ଴ + 𝔤ଶ𝔲ሷ ଵ,        𝛿𝔳ଵ :     𝜕𝔪𝔵𝔶𝜕𝔵 + 𝜕𝔪𝔶𝔶𝜕𝔶 − 𝔮𝔶𝔷 = 𝔤ଵ𝔳ሷ ଴ + 𝔤ଶ𝔳ሷଵ, 
𝛿𝜑:     ඲ ቈ𝑐𝑜𝑠 ቀ𝜋ℎ 𝔷ቁ ቆ𝜕𝐷𝔵𝜕𝔵 + 𝜕𝐷𝔶𝜕𝔶 ቇ + 𝜋ℎ 𝑠𝑖𝑛 ቀ𝜋ℎ 𝔷ቁ 𝐷𝔷቉

೓మ

ି೓మ
𝑑𝔷 = 0. 

(13)
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within the solution domain. The notation 𝔞𝔦𝔧(𝔭) refers to the 
weighting coefficients (where 𝔧 = 1,2, … , 𝔑𝔵 ) at the ith 
location within the solution domain. This approximation 
converts a partial differential equation into a system of 
algebraic equations. Eq. (19) clearly highlights that a key 
element of the DQM and HDQM approximations is the 
calculation of the weighting coefficients. The procedures 
for determining these coefficients for both methods are 
outlined below. 

 
4.1 Differential quadrature method 
 

According to the DQM, the weighting coefficients 𝔞𝔦𝔧(𝔭) 
for 𝔦 ≠ 𝔧  can be obtained using the following recurrence 
formula 

 𝔞𝔦𝔧(𝔭) = 𝔭 ൭𝔞𝔦𝔦(𝔭ିଵ)𝔞𝔦𝔧(ଵ) − 𝔞𝔦𝔧(𝔭ିଵ)𝔵𝔦 − 𝔵𝔧൱ , 𝔭 = 2,3, . . . , 𝔑𝔵 − 1     and  𝔦, 𝔧 = 1,2, . . . , 𝔑𝔵. (17)

 
where 𝔞𝔦𝔧(ଵ) is given as 

 𝔞𝔦𝔧(ଵ) = 𝔐(ଵ)(𝔵𝔦)൫𝔵𝔦 − 𝔵𝔧൯𝔐(ଵ)൫𝔵𝔧൯ ,   𝔦, 𝔧 = 1,2, . . . , 𝔑𝔵. (18)

 
The weighting coefficients when 𝔦 = 𝔧 are given as 
 𝔞𝔦𝔦(𝔭) = − ෍ 𝔞𝔦𝔧(𝔭)𝔑𝔵

𝔧ୀଵ,𝔧ஷ𝔦 ,     𝔦 = 2,3, … , 𝔑𝔵 𝑎𝑛𝑑     𝔭 = 1,2, . . . , 𝔑𝔵 − 1. (19)

 

In Eq. (18), 𝔐(ଵ)  is denoted by the following 
expression 

 𝔐(ଵ)(𝔵௞) = − ෍ ൫𝔵௞ − 𝔵𝔧൯𝔑𝔵
𝔧ୀଵ,𝔧ஷ௞ ,   𝑘 = 1,2,3, . . . , 𝔑𝔵. (20)

 
4.2 Harmonic differential quadrature method 
 
The weighting coefficients for the first-order derivatives 𝔞𝔦𝔧(ଵ) for 𝔦 ≠ 𝔧 can be obtained using the following formula 
 𝔞𝔦𝔧(ଵ) = 𝜋𝔗(𝔵𝔦)2𝔗൫𝔵𝔧൯ 𝑠𝑖𝑛ൣ൫𝔵𝔦 − 𝔵𝔧൯/2𝜋൧ ,     𝔦, 𝔧 = 1,2, . . . , 𝔑𝔵. (21)
 

where 
 𝔗(𝔵𝔦) = − ෍ 𝑠𝑖𝑛 ቆ𝜋൫𝔵𝔦 − 𝔵𝔧൯2 ቇ𝔑𝔵

𝔧ୀଵ,𝔧ஷ𝔦 ,     𝔧 = 1,2,3, . . . , 𝔑𝔵. (22)

 
The weighting coefficients of the first-order derivatives 𝔞𝔦𝔧(ଵ) for 𝔦 = 𝔧  are given as 
 𝔞𝔦𝔦(ଵ) = − ෍ 𝔞𝔦𝔧(ଵ)𝔑𝔵

𝔧ୀଵ,𝔧ஷ𝔦 ,     𝔦 = 1,2,3, . . . , 𝔑𝔵. (23)

 
The weighting coefficients of the second-order 

derivatives 𝔞𝔦𝔧(ଶ)  for 𝔦 ≠ 𝔧  can be obtained using the 
following formula 

 𝔞𝔦𝔧(ଶ) = 𝔞𝔦𝔧(ଵ) ቆ2𝔞𝔦𝔧(ଵ) − 𝜋𝑐𝑡𝑔 ቀ𝔵𝔦 − 𝔵𝔧2 × 𝜋ቁቇ ,𝔦, 𝔧 = 1,2,3, . . . , 𝔑𝔵. (24)

 
The weighting coefficients of the second-order 

derivatives 𝔞𝔦𝔧(ଶ) for 𝔦 = 𝔧 are given as 
 𝔞𝔦𝔦(ଶ) = − ෍ 𝔞𝔦𝔧(ଶ)𝔑𝔵

𝔧ୀଵ,𝔧ஷ𝔦 ,     𝔦 = 1,2,3, . . . , 𝔑𝔵. (25)

 
4.3 Two-dimensional approximation 
 
The three-dimensional approximations using DQM and 

HDQM can be easily extended from the one-dimensional 
case. For a two-dimensional unknown function 𝔣 (𝔵, 𝔶), the 
approximations are derived from the following expressions 

 ∂𝔣∂𝔵 |𝔵ୀ𝔵𝔦, 𝔶ୀ𝔶𝔧 = ෍ ෍ 𝔞𝔦𝔭𝔵 𝐼𝔭௞𝔶 𝔣௞𝔧𝔑𝔶
௞ୀଵ

𝔑𝔵
𝔭ୀଵ , (26a)

 ∂𝔣∂𝔶 |𝔵ୀ𝔵𝔦, 𝔶ୀ𝔶𝔧 = ෍ ෍ 𝐼𝔦𝔭𝔵 𝔞𝔭௞𝔶 𝔣௞𝔧𝔑𝔶
௞ୀଵ

𝔑𝔵
𝔭ୀଵ , (26b)

 ∂∂𝔵 ൬∂𝔣∂𝔶 |𝔵ୀ𝔵𝔦, 𝔶ୀ𝔶𝔧൰ = ෍ ෍ 𝔞𝔦𝔭𝔵 𝔞𝔭௞𝔶 𝔣௞𝔧𝔑𝔶
௞ୀଵ

𝔑𝔵
𝔭ୀଵ , (26c)

 ∂ଶ𝔣∂𝔵ଶ |𝔵ୀ𝔵𝔦, 𝔶ୀ𝔶𝔧 = ෍ ෍ 𝔹𝔦𝔭𝔵 𝐼𝔭௞𝔶 𝔣௞𝔧𝔑𝔶
௞ୀଵ

𝔑𝔵
𝔭ୀଵ , (26d)

 ∂ଶ𝔣∂𝔶ଶ |𝔵ୀ𝔵𝔦, 𝔶ୀ𝔶𝔧 = ෍ ෍ 𝐼𝔦𝔭𝔵 𝔹𝔭௞𝔶 𝔣௞𝔧𝔑𝔶
௞ୀଵ

𝔑𝔵
𝔭ୀଵ , (26e)

 𝔞𝔦𝔭𝔵 , 𝔞𝔭௞𝔶 , 𝔹𝔦𝔭𝔵 , and 𝔹𝔭௞𝔶  represent the weighting 
coefficients for the 𝔭௧௛ partial derivatives of the function at 
the point (𝔦, 𝔧) along the 𝔵, and 𝔶 directions, respectively. 
Meanwhile, 𝔑𝔵 , and 𝔑𝔶  denote the total number of 
discrete points selected along the 𝔵 , and 𝔶 -axes. The 
parameters 𝐼𝔦𝔭𝔵 , 𝐼𝔭௞𝔶 , 𝐼𝔦𝔭𝔵 , and 𝐼𝔭௞𝔶  refer to the identity 
matrix. In addition to utilizing Chebyshev polynomial grid 
points, the seed points may be distributed along the 𝔵 and 𝔶 directions as follows 

 𝔵𝔦 = 𝑎2 ൭1 − cos ቆ (𝔦 − 1)(𝔑𝔵 − 1) 𝜋ቇ൱ , 𝔦 = 1,2,3,  . . .  , 𝔑𝔵, (27a)

 𝔶𝔧 = 𝑏2 ቌ1 − cos ቆ (𝔧 − 1)൫𝔑𝔶 − 1൯ 𝜋ቇቍ , 𝔧 = 1,2,3,  . . .  , 𝔑𝔶, (27b)
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Before applying the HDQM for free vibration analysis, 
the displacement variables need to be modified to 
incorporate the frequency and time parameters, as follows 

 𝔲଴(𝔵, 𝔶, 𝔱) = 𝔲ത଴(𝔵, 𝔶)𝑒௜ఠ𝔱, 𝔳଴(𝔵, 𝔶, 𝔱) = 𝔳ത଴(𝔵, 𝔶)𝑒௜ఠ𝔱, 𝔴଴(𝔵, 𝔶, 𝔱) = 𝔴ഥ଴(𝔵, 𝔶)𝑒௜ఠ𝔱. 𝔲ଵ(𝔵, 𝔶, 𝔱) = 𝔲തଵ(𝔵, 𝔶)𝑒௜ఠ𝔱, 𝔳ଵ(𝔵, 𝔶, 𝔱) = 𝔳തଵ(𝔵, 𝔶)𝑒௜ఠ𝔱, (28)

 
Here, 𝜔 represents the complex natural frequency, and 𝑖  denotes √−1 . As a result, the algebraic eigenvalue 

problem can be reformulated in matrix notation as 
 (𝐊𝐋 + 𝐊𝐍𝐋𝟏 + 𝐊𝐍𝐋𝟐)𝒹 − 𝐌𝜔ଶ𝒹 = 0. (29a)
 𝒹 = ሾ𝔲ത଴  𝔳ത଴  𝔴ഥ଴  𝔲തଵ  𝔳തଵሿ். (29b)
 
In this equation, 𝐊𝐋  represents the linear elastic 

stiffness matrix, whereas 𝐊𝐍𝐋𝟏 and 𝐊𝐍𝐋𝟐 are referred to 
as the nonlinear elastic stiffness matrices, which depend 
linearly and quadratically on the displacement vector, 
respectively. The system’s vibrational frequencies are 
determined by solving Eq. (29a). Additionally, the 
dimensionless parameters can be expressed as follows 

 𝜔ே௅∗ =  𝜔𝑎ඨ 𝜌௕𝕔ଵଵ௕ ,     𝛷∗ = 𝑉଴10ଶ. (30)

 
 

5. Deep neural networks to model the current work 
via appropriate dataset of the presented 
mathematics simulation results 
 
Intelligent structures have revolutionized the present-

day methods of engineering. Intelligent structures obviously 
have “intelligent” components. This means that through the 
addition of intelligent “stuff,” structures can react and adapt 
over time. The intelligent stuff that we will focus on is 
piezoelectrics need a quick abstraction. Piezoelectric 
composites are extremely effective at converting electricity 
into motion and vice versa; it would be hard to imagine a 
better material for feeling, reaction, and monitoring 
structural health. It is important to note that piezoelectrics 
can likewise have material and physical degradation. 
Various issues, such as small porosity, can arise from 
fatigue or overload and can hinder the performance of the 
system. Certainly, monitoring the structural condition or 
health of any piezoelectric system requires that we detect 
the presence of porosity. Notably, to ensure a smart system 
is safe and to perform to its capabilities it will determine the 
priority level of porosity detection. Conventional methods 
of detecting structural issues are often not able sensitive or 
quick enough in large complicated structures during “real-
time” inspection. Thus, this research presents the 
combination of vibration monitoring and deep learning as a 
double-check for personal meaning. The overall aim was to 
conduct porosity detection in a smart structure involving 
piezoelectric materials. The way we will define and 
visualize the vibrational responses of the smart plates was 
defined with a mathematical modeling approach for our 

understanding of deflections and motions of bending plates 
and/or thick plates include higher hiring pace. Porosity are 
put in the piezoelectric pieces causing some and the 
stiffness of the structure to change which also changes the 
vibration response behavior characteristics of the structure. 
We then use the math to create an abundance of data models 
based on vibration response behavior characteristics of 
these structures with the same porosity under varying 
conditions. This data can now be used to train a computer 
program that learns based on the differences in the 
vibrational response with the porosity. To verify that we are 
able to find porosity, we can develop a special configuration 
whereby the computer program learns to classify the 
vibrations by the type of porosity or the severity of porosity. 
The computer learns these complex relationships to the data 
as they relate to the crack vibrations and is more accurate 
than simply following rules. The bottom line is that by 
combining the vibrational response behavior characteristics 
and machine learning we are successfully identifying 
porosity and potentially, even doing it in real-time so we 
can monitor structures. This work is part of the future for 
identifying smart structures using our knowledge of 
vibrational response behavior characteristics together with 
artificial intelligence to make better monitoring decisions. 
The results show that this mix is much better for detecting 
porosity in piezoelectric materials. It is faster, accurate, and 
can be used to monitor how structures are behaving through 
operation. This [proposed] concept can be adapted to a 
variety of smart materials and allow monitoring of systems 
that are important, like airplanes, buildings, and robots, 
without the requirement for humans to do so all of the time. 

Principal formulations of the DNN algorithm: 
In this article the following formulation are considered: 𝑋 ∈ 𝑅௡×ௗ: Input dataset (nonlinear vibration features; 

e.g., frequency response, displacement amplitude) 𝑌 ∈ 𝑅௡×௖: Output labels (defect class or severity level) 𝑓ఏ : Deep neural network function parameterized by 
weights 𝜃. 

 
5.1 Input layer 
 𝑎(଴) = 𝑋. (31)
 
Raw features from simulation results are fed into the 

input layer. 
 
5.2 Hidden layers (Dense with activation) 
 
For each hidden layer 𝑙 = 1,2, . . . , 𝐿 
 𝑎(௟) = 𝜎൫𝑊(௟)𝑎(௟ିଵ) + 𝑏(௟)൯. (32)
 

where 𝜎 is the activation function (e.g., ReLU), 𝑊(௟) are 
weights, and 𝑏(௟) are biases. 

 
5.3 Output layer (Softmax for classification) 
 𝑌෠ = 𝜗൫𝑊(௅ାଵ)𝑎(௅) + 𝑏(௅ାଵ)൯. (33)
 

where 𝜗 is a softmax function for multi-class classification 
or identity for regression. 
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5.4 Loss function 
 
For classification (cross-entropy) 
 𝐿(𝜗) = − 1𝑛 ෍ ෍ 𝑌௜௝log (௖

௝ୀଵ
௡

௜ୀଵ 𝑌෠௜௝). (34)

 
5.5. Optimization (Adam) 
 𝜃 ← 𝜃 − 𝜂𝛻ఏ𝐿(𝜃). (35)
 

where 𝜂 is the learning rate. 
 
 

6. Results and discussion 
 
6.1 Verification 
 
In Table 1 we provide a comparison of the frequency 

results of simply supported piezoelectric plates to the 
analysis presented in the literature (Ref. (Barati et al. 
2017)), under BN different electric potential states and 
power indices (0.2, 1 and 5). The frequencies were reported 
pertaining to the 𝑉଴  conditions of −500 , 0 and 500 
respectively, highlighting the dynamic response of the plate 
in each given condition. For each case of 𝑉଴, it is clear that 
the frequency obtained from the present study was 
marginally different to the frequencies from the revised 
literature, demonstrating the efficacy of using the attribute 
of piezoelectricity in the proposed methodology to assess 
the behavior of piezoelectric materials. In considering the 
power index, the comparison of the three illustrative 
conditions has established a better understanding of how the 
given electric potential, alongside contributing mechanical 
conditions affect the material responses. The correlate 
levels of results produced through the two methods (present 
study vs. literature) validated that the proposed nonlinear 
method (combining Von Karman’s nonlinearity, and 
Maxwell’s equations) captures the rules of nature of a 
piezoelectric plate, which defines usefulness when it comes 
to detection of defects, as changes in frequency response 
demonstrate likely structural implications (i.e., to do with 
porosity; materially being impacted etc.), which may well 
provide contextual ground to judgement on the performance 
of smart structures. Finally, the material corroborates the 
method’s ability to predict frequencies, giving weight to the 
overall approach involved in defect detection in smart 
structures. 

 
6.2 Parametric results 
 
Table 2 indicates the frequency response of the plate’s 

vibration response. It indicates how the frequency responds 
to porosity (β). The table shows frequency shifts with 
respect to shape whereby β is between 0 and 1. As β gets 
larger, the frequency decreases. So it is true, porosity indeed 
changes how it vibrates. This table also demonstrates the 
porosity’s affect on the strength of the plate, in that the 
emptier area there is, the lower the vibration frequency. This 
is helpful in finding material flaws because empty area 
comes from holes or porosity and when we look at the 

Table 1 A comparison study between the frequency results 
of simply-supported piezoelectric plate structure via 
those of published article in the literature 𝑉଴ Methods 

Power index  0.2  1 5
−500

Present 6.14521 6.00125 5.84125
Ref. (Barati et al. 2017) 6.20555 6.00294 5.85444

0 
Present 6.02145 5.79812 5.65911

Ref. (Barati et al. 2017) 6.03027 5.81787 5.66120

500
Present 5.81256 5.61915 5.44912

Ref. (Barati et al. 2017) 5.84974 5.62671 5.46113
 
 

Table 2 The dynamic response of piezoelectric plates in 
terms of the normalized nonlinear frequency under 
different porosity conditions 𝛽 

ℎ/𝑎 
0.07 0.08 0.09 0.1 

1 0.4151 0.4685 0.5365 0.5891 
0.75 0.3651 0.3980 0.4595 0.5112 
0.5 0.3152 0.3365 0.4021 0.4451 
0.25 0.2356 0.2651 0.2985 0.3548 

0 0.1985 0.2152 0.2697 0.3196 
 
 

frequency shifts with different levels of porosity, we can see 
for ourselves these metrics problems. The importance of 
porosity and its affect on vibration is greater when we are 
considering whether we can use these materials in 
technologies such as smart buildings. This table 
demonstrates that porosity and material flaws do affect 
frequency response and help us make improvements in the 
way we can measure material flaws, through the use of 
vibrations. 

The normalized nonlinear frequency and aspect ratio, 
for selected values of the porosity parameter, is found in 
Table 3, which considers geometry aspect ratios ranging 
from 1 to 1.3 with β values of 1, 0.75, 0.5 and 0.25. This 
table indicates the frequency response of a piezoelectric 
plate, showing the complete transition of frequency 
response of the piezoelectric plate and hints how the 
material vibrates under variable changes in the structure and 
material aspects. As can be expected the normalized 
nonlinear frequency of the piezoelectric plate decreases due 
to increasing aspect ratio, which means that the frequencies 
associated with wider plates (i.e., thinner plates) will be 
lower than small aspect ratio plates. This table also 
indicates the salient relationship between frequencies that 
are lowered as the result of increasing porosity, which 
indicates a structural response that is rooted in material 
defects. This table is useful in assessing the way that 
geometry and porosity of the plate relate to the frequency 
shifts, which are useful in monitoring the material’s debris 
and anomalous defects. By measuring frequency shifts in a 
piezoelectric plate to characterize porosity or material 
anomalies, it is then possible to monitor the frequency 
changes that will assist in identifying isolation that may 
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Table 3 The relationship between the normalized nonlinear 
frequency and the aspect ratio for various values of 
the porosity parameter 𝛽 

ℎ/𝑎 
1 1.1 1.2 1.3 

1 0.25 0.5895 0.5012 0.4124 
0.75 0.5 0.4451 0.3875 0.3324 
0.5 0.75 0.3548 0.3102 0.2660 
0.25 1 0.3196 0.2825 0.2471 

 

 
 

have suffered from degradation or structural issues. The 
process of identifying defect areas using nonlinear vibration 
analysis should be more refined and targeted for material 
degradation. 

The normalized nonlinear frequency values of differing 
β values and normalized electric potentials are presented in 
Table 4 to provide a more localized view of the combined 
effect of electric load and material-specific porosity. In 
actuality, this table is intended to highlight the frequency 
variations across the several β values calculated in which 
the normalized electric potential was measured as it varied 
from 0 to 0.3. When looking at the rows of data, you should 
also notice that porosity appears to have an overall 
significant effect on frequency response. The general trend 
illustrates that with increasing porosity, the resonant 
frequency decreased. This is predictable since higher 
porosity generally means less stiffness of that material, thus 
generating lower frequencies. Electric potential clearly has 
an effect on frequency as well but porosity appears to have 
a more significant effect. The values and trends presented in 
this table provide evidence that porosity and electric loading 
as a team produce the subsequent behavior of the 
piezoelectric plate. While we were not analyzing the 
resonant frequencies for changing loads or material defect 
directly, the identification of frequencies could be used to 
indicate areas of potential damage like holes or areas of 
porosity in the material. Additionally, if the frequency shift 
can be pinned down to either changes in electric loads or 
material with differing levels of porosity, then you have a 
method to locate and then evaluate damage in piezoelectric 
materials. In conclusion, these developments provide 
intriguing possibilities for monitoring the health of 
operational infrastructure, while also extending its 
usefulness as a smart material from an engineering design 
standpoint. 

 
 

Table 4 The values of the normalized nonlinear frequency 
for different values of 𝛽 and the normalized 
electric potential 𝛽 

𝜙∗ 
0 0.1 0.2 0.3 

1 0.7895 0.6821 0.5795 0.4612 
0.75 0.7154 0.6048 0.5074 0.3971 
0.5 0.6125 0.5141 0.4332 0.3197 
0.25 0.5861 0.4912 0.4131 0.2968 

 

 

Fig. 2 The variation in the normalized nonlinear frequency 
as a function of the normalized electric potential for 
different aspect ratios in piezoelectric plates

 
 
Fig. 2 demonstrates the variations in the normalized 

non-linear frequency as a function of normalized electrical 
potential for piezoelectric plates of various aspect ratios, i.e. 𝑏/𝑎 = 1, 1.05, 1.1, and 1.15. This figure illustrates the role 
of these aspect ratios on the resonant frequencies of the 
plates. The figure shows that the curves demonstrate non-
linear behavior, but that a relationship exists with the 
electrical potential and the frequency response of the plate, 
indicating that the dynamic characteristics of the material 
are affected by mechanical loads as well as electrical loads. 
The changing frequency response due to increased b/a ratios 
is significant towards understanding resonant characteristics 
due to geometry. As we can use the frequency variation to 
determine defects existing inside the materials, the 
frequency spectrum variations show that when a frequency 
spectrum changes, some event may be occurring in the 
material’s structure, like getting weaker or flaws, as in 
micro-holes or porosity. This highlights the importance of 
geometry and dimension for the materials to be used while 
inspecting for faults in piezoelectric materials, since they 
undergo proportional deformations due to applied electricity 
in turn altering the frequency spectrum. As a result, we have 
a means of using special vibration analysis to monitor the 
health of structures to determine if there are any defects, 
and its most effective in cases of smart structures that have 
sensors on them and other devices. 

In Fig. 3, we can see how a nonlinear frequency behaves 
with respect to how much electrical energy we impose on it. 
They made the numbers easy to compare by normalizing 
them, because there are four lines, and each line represents 
a different aspect ratio (ℎ/𝑎) that is 0.07, 0.08, 0.09, and 
0.1. What the results show is as increases, the normalized 
nonlinear frequency goes down. An electrical potential 
applies an influence on how the material will move and the 
motion will become nonlinear. These curves illustrate that 
the aspect ratio is relevant to the frequency response of the 
system. The data indicates that smaller aspect ratios (ℎ/𝑎 =0.07) yield larger normalized frequencies while larger 
aspect ratios (h/a = 0.10) yield lower frequencies. Thus, 
thicker plates with smaller aspect ratios will be stiffer and 
likely vibrate at higher frequencies with an applied 
electrical load. This method is proving to be effective for 
locating flaws and defects in piezoelectric materials. When 
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Fig. 3 The relationship between the normalized nonlinear 
frequency and the normalized electric potential for 
different values of the aspect ratio 

 
 

Fig. 4 The relationship between the normalized nonlinear 
frequency and the normalized electric potential for 
various porosity levels 

 
 

there are defects or weaknesses, they will change how stiff 
something is, and how it vibrates. The change in frequency 
response can indicate if it is a problem as it relates to its 
shape and electrical charge. This knowledge of defects will 
help inform one’s ability to maintain smart materials in 
better condition. 

In Fig. 4, a relationship between normalized nonlinear 
frequency and normalized electric potential is illustrated for 
different levels of porosity. As 𝜙∗ increases, normalized 
nonlinear frequency decreases for the entire spectrum of β 
values. The actual changes are larger at higher β values. 
This is logical, as more porosity will reduce the stiffness of 
the plate, inducing a lower resonant frequency. Overall, the 
curves show that a plate with more porosity (i.e., β = 1) has 
a much lower frequency response as compared to a plate 
with less porosity (i.e., β = 0) under an equivalent level of 
electric potential. This plot information would be useful for 
detecting flaws in piezoelectric materials. Increased 
porosity can introduce failure, such as porosity or holes, 
which can lead to a lower stiffness of the material, in turn, 
causing a reduction in the resonant frequency. Thus, cutting 
the frequency against electric potential for various values of 
porosity may help detect material defects within smart 
structures. 

Fig. 5 examines how a normalized aspect ratio affects 

Fig. 5 The effect of the aspect ratio on the normalized 
nonlinear frequency for different values of the 
normalized electric potential 

 
 

the normalized nonlinear frequency for various normalized 
electric potential values (𝜙∗ = 0, 0.1, 0.2, 0.3). The graph 
shows as the normalized aspect ratio increases, the 
resonance frequency decreases, which clearly shows that 
geometry is pertinent to the motion of the plate. The trend 
shows that as the width-to-thickness (b/a) ratio increases, 
the normalized nonlinear frequency decreases, regardless of 
electric potential. The larger the plates (the higher ratio of 
b/a), the less stiff they become, and the lower the 
frequencies become. The graph demonstrates that the 
normalized electric potential affects the frequency response 
as well, where the electric potential increases the 
normalized aspect ratio while lowering the frequencies for 
the b/a ratios. Overall, this graph is very useful for 
understanding how geometric changes, specifically changes 
to the width-to-thickness ratio, impact the behavior of 
vibrating piezoelectric plates. Defects can certainly interfere 
with those geometric changes. Frequency differences could 
yield defect information. Structural defects or issues 
formulated in piezoelectric materials used for smart 
structures could be detected through tracking electric 
potential frequency changes and frequency changes as the 
aspect ratio increases. 

Fig. 6 examines the impact of aspect ratio and porosity 
coefficient on the normalized nonlinear frequency of the 
piezoelectric plate. The plot contains curves for four values 
of β, showing the frequency response as b/a increases, from 
3 to 10. The results indicate that the normalized nonlinear 
frequency decreases as b/a and β increase. The plot shows 
that the frequency response is decreasing for all β as aspect 
ratio increases. Higher values of β will produce lower 
values of frequency response. This is logical because higher 
porosity reduces the stiffness of the material, and higher 
aspect ratios can have less stiffness and have lower 
frequencies. This plot provides you useful information to 
assist you in finding defects in piezoelectric materials. The 
effect that frequency response has from porosity and aspect 
ratio is useful to locate defects such as porosity or voids, 
since these defects will change the material properties. 
Observing trends in frequency response with respect to 
porosity and a spect ratio in piezoelectric plates can help 
you locate issues in smart structures, assist in monitoring 
their structural health over time, and ultimately aid in 
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Fig. 6 The influence of the aspect ratio and porosity 
coefficient on the normalized nonlinear frequency 
of the piezoelectric plate

 
 

Fig. 7 The impact of the aspect ratio on the normalized 
nonlinear frequency for various values of the 
normalized electric potential 

 
 

finding defects early. 
Fig. 7 evaluates how the aspect ratio affects the 

normalized nonlinear frequency for different normalized 
values of electric potential considering different amounts of 
porosity (β = 0.25, β = 0.5, β = 1). The figure displays that 
the electric potential, porosity, and geometry affect the 
frequency response of the piezoelectric plate. The plot 
indicates that as the aspect ratio b/a increases, the 
normalized nonlinear frequency decreases for all β values. 
Porosity becomes further important at larger aspect ratios 
because greater porosity or β value will cause larger drops 
in normalized nonlinear frequencies. The plot indicates that 
as 𝜙∗  increases, the frequency response decreases 
independent of aspect ratio or porosity. The plot is useful 
for defect detection because alterations in the aspect ration 
and porosity of piezoelectric materials generate shifts in the 
frequency response. These shifts may mean the 
performance of the material is decreasing or there is a 
defect, such as porosity or pinholes. Monitoring frequency 
shift as a function of electric potential, geometry, and 
porosity allows a means of potentially detecting issues 
early, decreasing the chances that piezoelectric materials in 
smart structures are failing. 

 
 

Fig. 8 The loss factor as a function of the number of epochs 
during training and validation for the DNN algorithm

 
 

Fig. 9 The predicted response from the DNN algorithm 
against the true response from the real data to 
evaluate the model’s accuracy 

 
 
 
6.3 DNN results 
 
Fig. 8 presents the change in loss factor over the number 

of epochs throughout training and validation for the DNN 
algorithm. The x-axis refers to epochs and the y-axis refers 
to the loss factor. The two curves show the model as it 
performs during training. The further the curves go down, 
the better the model performs and fits the data. The training 
curve has some variation in it, which shows that there are 
stages in training in which the model over-fits or is 
unstable. The validation curve decreases, therefore there is 
less fluctuation in how well the model performs in unseen 
data. This particular plot is extremely helpful in defining the 
DNN model’s convergence. If the loss reduces stably 
through training and validation, this means the model is 
learning from the data. If loss is reducing with time, this 
means that the DNN algorithm is predicting the output 
accurately and the means by validating the algorithm’s 
performance in matching the mathematical simulation. 

Fig. 9 illustrates a comparison of what our DNN 
algorithm predicted with the actual data to see how well our 
model performs. The x-axis represents the real data, and the 
y-axis represents the predicted by model. This chart 
visualizes both the predictions and the model’s values. This 
scatter plot shows the distance between the predicted points 
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and the real data points. The DNN model is highly aligned 
with the real data. The similarities between the predicted 
and actual data points is very close in nature. This suggests 
that there is significant viability of the DNN model when 
recreating real data - that it is capable of learning from the 
dataset to make reasonably accurate predictions. The degree 
to which the two data are mapped suggests that the model is 
learning some pattern into the data. This plot is a practical 
way to understand how well the DNN can predict values, 
and to replicate the forms that the math representation 
shows. 

The presented hyperparameters of the current DNN 
algorithm is given in Table 5. 

Fig. 10 compares the results of the DNN algorithm, and 
mathematical simulation of the normalized nonlinear 
frequency while varying the normalized electric potential. 
The x-axis is for 𝜙∗ while the y-axis records the 
normalized nonlinear frequency. The plot contains two 
curves. One is the output of the DNN algorithm and the 
other is the output of the mathematical simulation. The 
output of the DNN algorithm resembles the mathematical 
simulation and both curves follow a similar trend. As 𝜙∗ 
grows larger, the frequency decreases, which is the general 
behavior observed for piezoelectric materials when varying 
the electric potential. The fact that normalized nonlinear 
frequency data from the DNN is consistent with the results 
generated from the simulation shows that it is able to learn 
and can predict the nonlinear dynamic behavior of the 
system. The value of the current plot is for why the DNN 
model has a high correspondence with physical phenomena 
that could be used as a substitute to a mathematical 
simulation. 

Fig. 11 compares how the DNN algorithm performs 
compared to a mathematical simulation worth investigating 
in terms of normalized nonlinear frequency and the aspect 

 
 

Fig. 10 The comparison between the results of the DNN 
algorithm and the mathematical simulation for the 
normalized nonlinear frequency as a function of 
the normalized electric potential 

 
 

Fig. 11 The results of the DNN algorithm with the 
mathematical simulation for the normalized 
nonlinear frequency as a function of the aspect 
ratio of the piezoelectric plate 
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Table 5 The presented hyperparameters of the current DNN algorithm 
Hyperparameter Value Description 
Input dimension 50 Number of features per sample 
Hidden layers 3 Number of fully connected hidden layers 

Units per hidden layer 128 Neurons per hidden layer 
Activation function ReLU Applied after each dense layer 
Output dimension 3 Number of classes 
Output activation Softmax (classification) Based on task type 

Loss function MSE (regression) Chosen depending on label format 
Optimizer Adam Adaptive gradient descent optimizer 

Learning rate 0.001 Initial step size for weight updates 
Batch size 32 Number of samples per training batch 

Epochs 350 Total training iterations over the dataset 

Dropout rate 0.2 Prevents overfitting by randomly dropping 
neurons during training 

Weight initialization He Normal Suitable for ReLU activations 
Early stopping patience 10 Stops training if no improvement for 10 epochs 

Validation split 0.2 Percentage of training data used for validation 
Random seed 42 For reproducibility of results 
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ratio of a piezoelectric plate. The aspect ratio is on the x-
axis and the normalized nonlinear frequency is on the y-
axis. The green stars are the RODNNA results and the black 
line indicated the ROMS results. The graph indicates that 
with increasing aspect ratio b/a, the normalized nonlinear 
frequency decreases as would be expected from 
piezoelectric materials. Because the predictions of the DNN 
are quite close to the ROMS results, this indicates that the 
DNN model is doing a fairly good job of picking up the 
nonlinearity of the system. The DNN can predict the results 
without lengthy mathematical simulations. This means it 
would lend itself reasonably well to analyzing a variety of 
systems based on input data that was otherwise difficult to 
comprehend. The better part of this graph serves as 
additional proof that the DNN model can learn what the 
behavior of piezoelectric things are likely to be based on the 
input data, which is a valuable resource for engineering 
endeavors. 

 
 

7. Conclusions 
 
In short, this work provides an excellent means of 

identifying defects in piezoelectric materials within smart 
structures, specifically FGP porous plates with an electric 
current. The combination of additionally phenomena 
characterized in this work incorporating Von-Karman 
nonlinearity with Maxwell’s equations did a great job in 
representing the difficult back and forth between the 
mechanical and electrical systems inherent to the material. 
Exploring the influence of porosity in defect detection 
demonstrates that it can significantly influence recoverable 
energy of material. The use of Hamilton’s rule provided an 
accessible means of extracting the primary equations of 
motion, which provides a solid foundation for studying the 
system once it becomes nonlinear. The use of the HDQM 
for integrating numerically proved to be an effective way to 
accurately integrate the equations of motion. This allowed 
for a robust dataset to be established for training DNNs for 
detection and classification of defects. Overall the DNN 
model results demonstrate that we can accurately infer 
detections and discuss defect classification even in 
complicated problems; while minimizing computational 
burden. Additionally, tuning the DNN’s configurations 
improved the model even further, meaning that it can 
accommodate any real-world scenario personally. This 
research represented a significant advance to smart 
structural health monitoring by providing an affordable, fast 
way to detect flaws in piezoelectric materials. By 
incorporating deep learning techniques and traditional 
numerical methods, the research offers, the DNN will offer 
a new framework for future studies in smart material and 
structural monitoring. Overall, the framework worked out 
well and can be accelerated to allow for additional steps 
towards smart monitoring systems for futuristic engineering 
applications. 
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