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1. Introduction 

 

In recent years, great motivation has been observed in 

science society about utilizing nano-sized elements to 

analyze the mechanical behaviors of structures. Since 

employing nanoscale beams and plates are popular among 

many scholars, it is very important to obtain sufficient 

information about the size-dependent (SD) behaviors of 

these tiny elements (Shariati et al. 2020a, b, Toghroli et al. 

2020). Therefore, in order to explain the small-scale 

influences while studying the mechanical characteristics of 

nanodevices, the nonlocal continuum theories are developed 

(Alaskar et al. 2020a, b, Huang et al. 2020a, Luo et al. 

2020). The first Nonlocal Theory (NT) which was called 

Nonlocal Elasticity Theory (NET), which relates the stress 

state in a desired point to the strain of all other adjacent 

points in addition to the strain of that particular point 

(Alaskar et al. 2020c, Alyousef et al. 2020, Cao et al. 

2020a, d). Many authors have used this theory. Hence, 

recent studies using NET to investigate the mechanical 

responses of nanobeams or plates are reviewed. The 

buckling, bending and Free Vibration Responses (FVR) of 

nanobeams examined (Aydogdu 2009). The forced  
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vibrations of Functionally Graded (FG) microbeams 

considering the effect of cracks evaluated (Akbaş 2018).  

The buckling response of magneto-electro-elastic nanobeam 

and FG heterogeneous piezoelectric nanobeams was probed 

(Arani et al. 2016). A new refined nonlocal beam theory 

which considers the stretching effect in nanobeam was 

developed (Kheroubi et al. 2016). The critical buckling 

temperature of single-walled boron nitride nanotubes 

through their formulation developed on the basis of a novel 

nonlocal beam model was proposed as well. The Wave 

Dispersion (WD) characteristics of nanoplates using NET 

were evaluated (Wang et al. 2010). The FVR of orthotropic 

arbitrary straight-sided quadrilateral nanoplates was 

indicated by Malekzadeh et al. (2011). Narendar and 

Gopalakrishnan (2012) studied the effect of temperature on 

the WD properties of SD plates. Besides, the influence of 

surface on Wave Propagation (WP) behaviors of a 

nanoplate was described by Narendar and Gopalakrishnan 

(2012). The vibrational properties of nanobeams employing 

Finite Element Method (FEM) and Euler-Bernoulli beam 

theory was explained by Eltaher et al. (2013). Ghadiri and 

Shafiei (2016) employed Differential Quadrature Method 

(DQM) for bending vibration on analysis of nanobeams. 

The frequency response study of double walled Carbon 

Nanotubes (CNs) embedded in an elastic medium with 

initial imperfection was carried out. Further, assessment of 

the porosity and preloading effect on the frequencies of 

rotating FG nanobeams was studied. Ebrahimi and Barati 

(2016a, b, d, e, 2017a, b, c, 2018), Ebrahimi et al. (2016a, 
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Abstract.  An analytical investigation has been performed on the mechanical performance of waves propagated in a Single-

Layered Graphene Sheet (SLGS) when an In-plane Varying Bending (IVB) load is interacted. It has been supposed that the 

Graphene Sheet (GS) is located on an elastic medium. Employing a two-parameter elastic foundation, the effects of elastic 

substrate on the GS behavior are modeled. Besides, the kinematic equations are derived by the means of a trigonometric two-

variable refined plate theory. Moreover, in order to indicate the size-dependency of the SLGS, a Nonlocal Strain Gradient 

Theory (NSGT) was considered. The nonlocal governing differential equations are achieved in the framework of Hamilton’s 

Principle (HP). Also, an analytical approach was used to detect the unknowns of the final eigenvalue equation. Finally, the 

effects of each parameters using some dispersion charts were determined. 
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b, c, d), Ebrahimi and Dabbagh (2017) applied the NET to 

examined the mechanical responses of SD beams and plates 

under different external forces. A new nonlocal Higher 

Order Shear Deformation (HOSD) theory to demonstrate 

the stability properties of SLGSs was used. Over the years, 

scientists have discovered that the NET is not powerful 

enough to thoroughly study the small structures behavior 

(Lam et al. 2003). This means that the only stiffness-

softening behavior is considered and stiffness-hardening 

effect of nanostructures has been overlooked in NET. 

Therefore, a new Nonlocal Theory (NT), called NSGT was 

developed to eliminate the mentioned shortage (Lim et al. 

2015). For highlighting the size effects, a NSGT was 

suggested by Li and Hu (2015), while analyzing the 

buckling responses of nanobeams. Farajpour et al. (2016) 

studied the thermo-mechanical buckling properties of 

orthotropic nanoplates using NSG. The forced response 

study of metal foam porous nanoplates was performed 

based on NSGT. The WD properties of nanobeams and 

nanoplates were studied employing NSGT by Ebrahimi and 

Barati (2016d, e).  More recently, it was demonstrated that 

the nonlocal differential and integral elasticity-based 

models may be not equivalent to each other (Zhu and Li 

2017c). Zhu and Li (2017b) formulated the longitudinal 

dynamic problem of SD monolayer graphene nano-rod 

using integral form of NSGT. Zhu and Li (2017a) extended 

their evaluation to develop a SD integral elasticity model 

for small-scaled CNT rods in tension based on NSGT. The 

SD effects across the thickness direction of beams and 

plates are often assumed to be neglected for the sake of 

simplification. However, few prominent literatures have 

demonstrated that it is crucial to consider the SD effects 

across the thickness of nanostructures (Li et al. 2018, Tang 

et al. 2019). On the contrary, many carbon-based materials 

can be determined which leads to making some distortions 

in GSs (Ebrahimi and Salari 2015). Moreover, compared to 

other small structures which have been composed of various 

materials such as elastic potential (Lee et al. 2008) and 

larger thermal conductivity (Seol et al. 2010), GSs have 

some advantages. Based on mentioned explanations, 

obtaining accurate findings about the mechanical responses 

of these types of nanostructures is an essential issue. Hence, 

Murmu and Pradhan (2009) examined the dynamic 

responses of embedded SLGSs using Eringen’s NT. Also, 

investigation on SD buckling behaviors of SLGSs was 

conducted by Pradhan and Murmu (2010). Besides, Pradhan 

and Kumar (2011) employed DQM to reveal the 

authenticity of this solution method in addressing vibration 

problems of orthotropic SLGSs. An atomistic FE based 

model was introduced for vibration and axial buckling 

assessment of SLGSs (Rouhi and Ansari 2012). Arash et al. 

(2012) used NET to scrutinize the SD mechanical 

characteristics of propagating waves in GSs. Murmu et al. 

(2013) employed NET to examine the transverse vibrational 

behaviors of a magnetically influenced SLGS. Moreover, 

magneto-mechanical vibration and stability evaluation of 

SLGSs rested on Viscoelastic Foundation (VF) was the 

subject of another study conducted by Zenkour (2016) 

surveyed the transient vibration problem of a SLGS rested 

on a VF. Further, Zenkour (2016) investigated the stability 

response of GS resting on elastic foundation using nonlocal 

first order theory. Ebrahimi and Shafiei (2017) evaluated 

the vibrational responses of SLGSs rested on Winkler-

Pasternak foundation to study the effect of initial shear 

stress (Alabduljabbar et al. 2020, Cao et al. 2020b, c, Liu et 

al. 2020b). Recently, a NSGT based theory was introduced 

by Xiao et al. (2017) to examine the WP behaviors of 

viscoelastic Mono-Layered Graphene Sheets (MLGSs). 

Phung-Van et al. (2019b) briefly discussed the porosity-

dependent nonlinear transient responses of FG nanoplates 

employing isogeometric assessment. An isogeometric 

method of static and free vibration assessments for porous 

FG nanoplates analyzed by Phung-Van et al. (2019a). Thai 

et al. (2020) investigated the SD quasi-3D isogeometric 

model for FG graphene platelet-reinforced composite 

microplates based on the modified couple stress theory. 

Thai et al. (2019) scrutinized SD free vibration analysis of 

multilayer functionally graded GPLRC microplates based 

on modified strain gradient theory. An isogeometric 

approach for SD geometrically nonlinear transient analysis 

of FG nanoplates deliberated by Phung-Van et al. (2017a). 

Phung-Van et al. (2017b) dissected SD isogeometric 

analysis of FG carbon nanotube-reinforced composite 

nanoplates. Graphene-based materials and their composites 

have been extensively investigated in recent years (Zuo et 

al. 2015, 2017, Gao et al. 2018a, Cai et al. 2020b, Liu et al. 

2020c, Song et al. 2020). Liu et al. (2020a) evaluated the 

development of applying graphene-based nanomaterials in 

enhancing the properties of cementitious material. With 

advances in nanotechnology, several studies have been 

performed on nanostructures (Chen et al. 2020, Huang et al. 

2020b, Shi et al. 2020a, Wang et al. 2020, Xu et al. 2020, 

Yan et al. 2020, Zhu et al. 2020). It is obvious that the 

exceptional properties of these valuable materials have 

attracted the scholars’ attention to use them in various 

engineering and medical applications (Chen et al. 2018, 

Guo et al. 2019, Cai et al. 2020a, c, Shi et al. 2020b, Zuo et 

al. 2020a). Artificial Intelligence (AI) algorithms can be 

used to predict the different characteristics of nanoplates 

under different loading conditions instead of other classical 

methods (Mohammadhassani et al. 2013, 2014, Toghroli et 

al. 2014, 2018, Safa et al. 2016, 2020, Gao et al. 2018b, 

Sadeghipour Chahnasir et al. 2018, Sedghi et al. 2018, 

Katebi et al. 2019, Mansouri et al. 2019, Milovancevic et 

al. 2019, Qiu et al. 2019, Suhatril et al. 2019, Trung et al. 

2019, Qi 2020, Qian et al. 2020a, b, Zhao et al. 2020a, Zuo 

et al. 2020b). Moreover, the finite element method is one of 

the numerical approaches which can be employed in the 

analysis of nanostructures (Zuo et al. 2013, Gao and Zhang 

2019, Zhao et al. 2019, 2020b, Guo et al. 2020, Hu et al. 

2020, Zhang et al. 2020a, b). As it was explained in the 

literature, results show that limited studies have been 

performed on WP of SLGs. Meanwhile, to the best of 

authors’ knowledge, no research has been conducted on the 

WP analysis of SLGSs under an in-plane linearly varying 

force. Therefore, it is essential to survey this problem for 

the first time through NSGT. The GS is assumed to be 

rested on an elastic substrate including a linear constant 

(Winkler coefficient) and a nonlinear constant (Pasternak 

coefficient). The effects of shear deformation are covered 
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Fig. 1 Geometry of a SLGS rested on Winkler-Pasternak 

foundation 

 

 

 

(a) 

 

(b) 

Fig. 2 (a) General form of GSs under IVB forces  

(b) Various kinds of IVB forces 

 

 

utilizing a two-variable HOSD plate theory. Besides, in 

order to consider the small scale influences, two nonlocal 

and length scale parameters are presented. Once the 

nonlocal differential equations are completely obtained, 

they will be solved analytically using an exponential 

function. At the end of the study, the quality of each 

parameter’s effect is indicated by the means of some 

diagrams. 

 

 

2. Theory and formulation 
 

2.1 Kinematic relations 
 

This section explains the kinematic behaviors of GSs. 

Fig. 1 indicates the schematic of an embedded SLGS. A 

refined higher-order plate theory was employed to 

determine the effects of shear deformation. Therefore, the 

displacement fields can be formulated as Ebrahimi and 

Barati (2016c) 

 

𝑈(𝑥, 𝑦, 𝑧) = −𝑧
𝜕𝑤𝑏
𝜕𝑥

− 𝑓(𝑧)
𝜕𝑤𝑠
𝜕𝑥

 (1) 

 

𝑉(𝑥, 𝑦, 𝑧) = −𝑧
𝜕𝑤𝑏
𝜕𝑦

− 𝑓(𝑧)
𝜕𝑤𝑠
𝜕𝑦

 (2) 

 

𝑊(𝑥, 𝑦, 𝑧) = 𝑤𝑏(𝑥, 𝑦) + 𝑤𝑠(𝑥, 𝑦) (3) 

where ws and wb are shear and bending deflections in the 

thickness direction, respectively. Besides, f(z) is a shape 

function that determines shear stress and shear strain. In the 

current theory, a trigonometric function is employed as 

 

𝑓(𝑧) = 𝑧 −
ℎ

𝜋
sin (

𝜋𝑧

ℎ
) (4) 

 

where h shows the thickness of plate. So, the nonzero 

strains can be presented as follows 

 

{

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦

} = 𝑧

{
  
 

  
 −

𝜕2𝑤𝑏
𝜕𝑥2

−
𝜕2𝑤𝑏
𝜕𝑦2

−2
𝜕2𝑤𝑏
𝜕𝑥𝜕𝑦}

  
 

  
 

+ 𝑓(𝑧)

{
  
 

  
 −

𝜕2𝑤𝑠
𝜕𝑥2

−
𝜕2𝑤𝑠
𝜕𝑦2

−2
𝜕2𝑤𝑠
𝜕𝑥𝜕𝑦}

  
 

  
 

 

{
𝛾𝑦𝑧
𝛾𝑥𝑧
} = 𝑔(𝑧)

{
 

 
𝜕𝑤𝑠
𝜕𝑦
𝜕𝑤𝑠
𝜕𝑥 }

 

 
 

(5) 

 

In Eq. (5), g(z) can be stated as 

 

𝑔(𝑧) = 1 −
𝑑𝑓(𝑧)

𝑑𝑧
 (6) 

 

Also, the HP can be described as 

 

∫ 𝛿(𝑈 − 𝑇 + 𝑉)d𝑡 = 0
𝑡

0

 (7) 

 

where U, T and V are strain energy, kinetic energy and work 

done by external loads, respectively. The strain energy 

variation can be obtained through 

 

𝛿𝑈 = ∫𝜎𝑖𝑗𝛿𝜀𝑖𝑗𝑑𝑉
𝑉

 

= ∫(𝜎𝑥𝛿𝜀𝑥 + 𝜎𝑦𝛿𝜀𝑦 + 𝜎𝑥𝑦𝛿𝛾𝑥𝑦 + 𝜎𝑦𝑧𝛿𝛾𝑦𝑧 + 𝜎𝑥𝑧𝛿𝛾𝑥𝑧)d𝑉
𝑉

 
(8) 

 

Substituting Eq. (5) in Eq. (8) shows 

 
𝛿𝑈 = 

∫ ∫

(

 
 
−𝑀𝑥

𝑏
𝜕2𝛿𝑤𝑏
𝜕𝑥2

−𝑀𝑥
𝑠
𝜕2𝛿𝑤𝑠
𝜕𝑥2

−𝑀𝑦
𝑏
𝜕2𝛿𝑤𝑏
𝜕𝑦2

−𝑀𝑦
𝑠
𝜕2𝛿𝑤𝑠
𝜕𝑦2

−

2𝑀𝑥𝑦
𝑏
𝜕2𝛿𝑤𝑏
𝜕𝑥𝜕𝑦

− 2𝑀𝑥𝑦
𝑠
𝜕2𝛿𝑤𝑠
𝜕𝑥𝜕𝑦

+ 𝑄𝑥𝑧
𝜕𝛿𝑤𝑠
𝜕𝑥

+ 𝑄𝑦𝑧
𝜕𝛿𝑤𝑠
𝜕𝑦 )

 
 
d𝑦d𝑥

𝑏

0

𝑎

0

 (9) 

 

The unknown parameters in above equation can be 

explained as follows 
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(𝑀𝑖
𝑏 , 𝑀𝑖

𝑠) = ∫ (𝑧, 𝑓)𝜎𝑖𝑑𝑧

ℎ

2

−
ℎ

2

 

𝑖 = (𝑥, 𝑦, 𝑥𝑦) 

𝑄𝑖 = ∫ 𝑔𝜎𝑖𝑑𝑧

ℎ

2

−
ℎ

2

 

                           𝑖 = (𝑥𝑧, 𝑦𝑧) 

(10) 

 

In addition, variation of work done by external loads can 

be indicated as 

 

 

where  𝑁𝑥
0, 𝑁𝑦

0,  𝑁𝑥𝑦
0  are in-plane applied loads; kw and kp 

are Winkler and Pasternak coefficients. GS is considered to 

be subjected to a varying bending force in x and y directions 

defined as follows (while 𝑁𝑥𝑦
0  = 0) 

 

𝑁𝑥
0 = 𝑁 (1 − 𝜁

𝑦

𝑏
) , 𝑁𝑦

0 = 𝜆𝑁 (1 − 𝜁
𝑥

𝑎
) (12) 

 

In above equation, ζ is in-plane bending load factor. 

Also, λ denotes biaxial load factor. The different types of in-

plane linearly varying bending forces are illustrated in Fig. 

2. The kinetic energy variation should be presented as 

 

 

in which  

 

(𝐼0, 𝐼2, 𝐽2, 𝐾2) = ∫ (1, 𝑧2, 𝑧𝑓, 𝑓2)𝜌𝑑𝑧

ℎ

2

−
ℎ

2

 (14) 

 

Inserting Eqs. (9), (11) and (13) in Eq. (7) and setting 

the coefficients of 𝛿𝑤𝑏  and 𝛿𝑤𝑠  to zero, the Euler-

Lagrange equations of GSs can be rewritten as 

 

𝜕2𝑀𝑥
𝑏

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦
𝑏

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝑏

𝜕𝑦2
+ 𝑘𝑝𝛻

2(𝑤𝑏 + 𝑤𝑠) 

− 𝑘𝑤(𝑤𝑏 + 𝑤𝑠) − 𝑁𝑥
0
𝜕2(𝑤𝑏 +𝑤𝑠)

𝜕𝑥2
−𝑁𝑦

0
𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦2
 

− 𝐼0
𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑡2
+ 𝐼2𝛻

2 (
𝜕2𝑤𝑏
𝜕𝑡2

) + 𝐽2𝛻
2 (
𝜕2𝑤𝑠
𝜕𝑡2

) = 0 

(15) 

 

𝜕2𝑀𝑥
𝑠

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦
𝑠

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝑠

𝜕𝑦2
+
𝜕𝑄𝑥𝑧
𝜕𝑥

+
𝜕𝑄𝑦𝑧

𝜕𝑦
+ (16) 

𝑘𝑝𝛻
2(𝑤𝑏 + 𝑤𝑠) − 𝑁𝑥

0
𝜕2(𝑤𝑏 +𝑤𝑠)

𝜕𝑥2
−𝑁𝑦

0
𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦2
 

− 𝑘𝑤(𝑤𝑏 + 𝑤𝑠) − 𝐼0
𝜕2(𝑤𝑏 +𝑤𝑠)

𝜕𝑡2
+ 𝐽2𝛻

2 (
𝜕2𝑤𝑏
𝜕𝑡2

) 

+𝐾2𝛻
2 (
𝜕2𝑤𝑠
𝜕𝑡2

) = 0 

 

2.2 The nonlocal strain gradient theory (NSGT) 
 

Based on NSGT, the influences of nonlocal elastic stress  

 

 

field in addition to the stain gradient stress field are 

considered by stress field. Hence, for elastic solids, the 

theory can be stated as 

 

𝜎𝑖𝑗 = 𝜎𝑖𝑗
(0)
−
𝑑𝜎𝑖𝑗

(1)

𝑑𝑥
 (17) 

 

In Eq. (17), the stresses 𝜎𝑥𝑥
(0)

(classical stress) and 

𝜎𝑥𝑥
(1)

(higher-order stress) are corresponding to strain 𝜀𝑥𝑥 

and strain gradient   𝜀𝑥𝑥,𝑥 , respectively as relations 

(equations) below 

 

 

{
 
 

 
 𝜎𝑖𝑗

(0)
= ∫ 𝐶𝑖𝑗𝑘𝑙

𝐿

0

𝛼0(𝑥, 𝑥
′, 𝑒0𝑎)𝜀𝑘𝑙

′ (𝑥′)𝑑𝑥′

𝜎𝑖𝑗
(1)
= 𝑙2∫ 𝐶𝑖𝑗𝑘𝑙

𝐿

0

𝛼1(𝑥, 𝑥
′, 𝑒1𝑎)𝜀𝑘𝑙,𝑥

′ (𝑥′)𝑑𝑥′
 (18) 

 

where 𝐶𝑖𝑗𝑘𝑙  is the elastic coefficient; 𝑒0𝑎  and  𝑒1𝑎 are 

presented to determine the nonlocality influences. Also, the 

effects of strain gradient are captured by l. Once the 

nonlocal kernel functions 𝛼0(𝑥, 𝑥
′, 𝑒0𝑎) and 

𝛼1(𝑥, 𝑥
′, 𝑒1𝑎) satisfy the developed conditions, the 

constitutive relation of NSGT can be obtained as below 

 

(1 − (𝑒1𝑎)
2𝛻2)(1 − (𝑒0𝑎)

2𝛻2)𝜎𝑖𝑗 = 

𝐶𝑖𝑗𝑘𝑙(1 − (𝑒1𝑎)
2𝛻2)𝜀𝑘𝑙 −  

𝐶𝑖𝑗𝑘𝑙𝑙
2(1 − (𝑒0𝑎)

2𝛻2)𝛻2𝜀𝑘𝑙 

(19) 

 

where 𝛻2 demonstrate the Laplacian operator. Considering 

e1 = e0 = e, the general constitutive relation in Eq. (19) 

would be 

𝛿𝑉 = ∫ ∫

(

 
 
 
 
𝑁𝑥
0
𝜕(𝑤𝑏 +𝑤𝑠)

𝜕𝑥

𝜕𝛿(𝑤𝑏 + 𝑤𝑠)

𝜕𝑥
+ 𝑁𝑦

0
𝜕(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦

𝜕𝛿(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦
+

2𝛿𝑁𝑥𝑦
0
𝜕(𝑤𝑏 + 𝑤𝑠)

𝜕𝑥

𝜕(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦
− 𝑘𝑤𝛿(𝑤𝑏 + 𝑤𝑠) +

𝑘𝑝 (
𝜕(𝑤𝑏 +𝑤𝑠)

𝜕𝑥

𝜕𝛿(𝑤𝑏 +𝑤𝑠)

𝜕𝑥
+
𝜕(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦

𝜕𝛿(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦
)
)

 
 
 
 

d𝑦d𝑥
𝑏

0

𝑎

0

 (11) 

𝛿𝐾 = ∫ ∫

(

 
 
 
 
𝐼0 (

𝜕(𝑤𝑏 + 𝑤𝑠)

𝜕𝑡

𝜕𝛿(𝑤𝑏 + 𝑤𝑠)

𝜕𝑡
) + 𝐼2 (

𝜕𝑤𝑏

𝜕𝑥𝜕𝑡

𝜕𝛿𝑤𝑏

𝜕𝑥𝜕𝑡
+
𝜕𝑤𝑏

𝜕𝑦𝜕𝑡

𝜕𝛿𝑤𝑏

𝜕𝑦𝜕𝑡
)

+ 𝐾2 (
𝜕𝑤𝑠
𝜕𝑥𝜕𝑡

𝜕𝛿𝑤𝑠
𝜕𝑥𝜕𝑡

+
𝜕𝑤𝑠
𝜕𝑦𝜕𝑡

𝜕𝛿𝑤𝑠
𝜕𝑦𝜕𝑡

) +

𝐽2 (
𝜕𝑤𝑏

𝜕𝑥𝜕𝑡

𝜕𝛿𝑤𝑠

𝜕𝑥𝜕𝑡
+
𝜕𝑤𝑠

𝜕𝑥𝜕𝑡

𝜕𝛿𝑤𝑏

𝜕𝑥𝜕𝑡
+
𝜕𝑤𝑏

𝜕𝑦𝜕𝑡

𝜕𝛿𝑤𝑠

𝜕𝑦𝜕𝑡
+
𝜕𝑤𝑠

𝜕𝑦𝜕𝑡

𝜕𝛿𝑤𝑏

𝜕𝑦𝜕𝑡
)

)

 
 
 
 

𝑏

0

𝑎

0

d𝑦d𝑥 (13) 
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(1 − (𝑒𝑎)2𝛻2)𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙(1 − 𝑙
2𝛻2)𝜀𝑘𝑙 (20) 

 

Ultimately, the simplified constitutive equation can be 

determined through 

 

(1 − 𝜇2𝛻2)

{
 
 

 
 
𝜎𝑥
𝜎𝑦
𝜎𝑥𝑦
𝜎𝑦𝑧
𝜎𝑥𝑧}

 
 

 
 

= (1 − 𝜂2𝛻2) × 

(

 
 

𝑄11 𝑄12 0 0 0
𝑄12 𝑄22 0 0 0
0 0 𝑄66 0 0
0 0 0 𝑄44 0
0 0 0 0 𝑄55)

 
 

{
 
 

 
 
𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧}
 
 

 
 

 

(21) 

 

In above equation 

 

𝑄11 = 𝑄22 =
𝐸

1 − 𝜈2
, 𝑄12 = 𝜈𝑄11 

𝑄44 = 𝑄55 = 𝑄66 =
𝐸

2(1 + 𝜈)
 

(22) 

 

where 𝜇 = 𝑒0𝑎 and 𝜂 = 𝑙. Substituting Eq. (10) in Eq. (21) 

gives 

 

(1 − 𝜇2𝛻2) {

𝑀𝑥
𝑏

𝑀𝑦
𝑏

𝑀𝑥𝑦
𝑏

} = (1 − 𝜂2𝛻2) ((

𝐷11 𝐷12 0
𝐷12 𝐷22 0
0 0 𝐷66

) 

×

{
  
 

  
 −

𝜕2𝑤𝑏

𝜕𝑥2

−
𝜕2𝑤𝑏

𝜕𝑦2

−2
𝜕2𝑤𝑏

𝜕𝑥𝜕𝑦}
  
 

  
 

+ (

𝐷11
𝑠 𝐷12

𝑠 0

𝐷12
𝑠 𝐷22

𝑠 0

0 0 𝐷66
𝑠
)

{
  
 

  
 −

𝜕2𝑤𝑠

𝜕𝑥2

−
𝜕2𝑤𝑠

𝜕𝑦2

−2
𝜕2𝑤𝑠

𝜕𝑥𝜕𝑦}
  
 

  
 

)

 
 
 
 

 

(23) 

 

(1 − 𝜇2𝛻2) {

𝑀𝑥
𝑠

𝑀𝑦
𝑠

𝑀𝑥𝑦
𝑠
} = (1 − 𝜂2𝛻2)((

𝐷11
𝑠 𝐷12

𝑠 0

𝐷12
𝑠 𝐷22

𝑠 0

0 0 𝐷66
𝑠
) 

×

{
  
 

  
 −

𝜕2𝑤𝑏

𝜕𝑥2

−
𝜕2𝑤𝑏

𝜕𝑦2

−2
𝜕2𝑤𝑏

𝜕𝑥𝜕𝑦}
  
 

  
 

+ (

𝐻11
𝑠 𝐻12

𝑠 0

𝐻12
𝑠 𝐻22

𝑠 0

0 0 𝐻66
𝑠
) ×

{
  
 

  
 −

𝜕2𝑤𝑠

𝜕𝑥2

−
𝜕2𝑤𝑠

𝜕𝑦2

−2
𝜕2𝑤𝑠

𝜕𝑥𝜕𝑦}
  
 

  
 

)

 
 
 
 

 

(24) 

 

(1 − 𝜇2𝛻2) {
𝑄𝑥
𝑄𝑦
} = (1 − 𝜂2𝛻2)

(

 
 
(
𝐴44
𝑠 0

0 𝐴55
𝑠 )

{
 

 
𝜕𝑤𝑠

𝜕𝑥
𝜕𝑤𝑠
𝜕𝑦 }

 

 

)

 
 

 (25) 

 

In Eqs. (23) to (25), the cross-sectional rigidities can be 

introduced as 

 

(

𝐷11 𝐷11
𝑠 𝐻11

𝑠

𝐷12 𝐷12
𝑠 𝐻12

𝑠

𝐷66 𝐷66
𝑠 𝐻66

𝑠
) = ∫ 𝑄11(𝑧

2 𝑧𝑓 𝑓2){

1
𝜈

1 − 𝜈

2

}𝑑𝑧
ℎ/2

−ℎ/2

 (26) 

 

𝐴44
𝑠 = 𝐴55

𝑠 = ∫ 𝑔2
𝐸

2(1 + 𝑣)
𝑑𝑧

ℎ/2

−ℎ/2

 (27) 

 

By substituting Eqs. (23) to (25) in Eqs. (14) and (15), 

the nonlocal governing equations of SLGSs can be directly 

derived in terms of displacements as 
 

(1 − 𝜂2𝛻2) × 

(

 
 
−𝐷11

𝜕4𝑤𝑏

𝜕𝑥4
− 2(𝐷12 + 2𝐷66)

𝜕4𝑤𝑏

𝜕𝑥2𝜕𝑦2
− 𝐷22

𝜕4𝑤𝑏

𝜕𝑦4

−𝐷11
𝑠
𝜕4𝑤𝑠

𝜕𝑥4
− 2(𝐷12

𝑠 + 2𝐷66
𝑠 )

𝜕4𝑤𝑠

𝜕𝑥2𝜕𝑦2
− 𝐷22

𝑠
𝜕4𝑤𝑠

𝜕𝑦4 )

 
 

 

+ (1 − 𝜇2𝛻2) × 

(

 
 
 
 
 
 
 
−𝐼0

𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑡2
+ 𝐼2 (

𝜕4𝑤𝑏

𝜕𝑥2𝜕𝑡2
+

𝜕4𝑤𝑏

𝜕𝑦2𝜕𝑡2
)

+ 𝐽2 (
𝜕4𝑤𝑠

𝜕𝑥2𝜕𝑡2
+

𝜕4𝑤𝑠

𝜕𝑦2𝜕𝑡2
) + 𝑘𝑝 (

𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑥2

+
𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦2
) − 𝑘𝑤(𝑤𝑏 + 𝑤𝑠)

−𝑁𝑥
0
𝜕2(𝑤𝑏 +𝑤𝑠)

𝜕𝑥2
− 𝑁𝑦

0
𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦2 )

 
 
 
 
 
 
 

= 0 

(28) 

 

(1 − 𝜂2𝛻2) × 

(

 
 
 
 
−𝐷11

𝑠
𝜕4𝑤𝑏

𝜕𝑥4
− 2(𝐷12

𝑠 + 2𝐷66
𝑠 )

𝜕4𝑤𝑏

𝜕𝑥2𝜕𝑦2
− 𝐷22

𝑠
𝜕4𝑤𝑏

𝜕𝑦4

−𝐻11
𝑠
𝜕4𝑤𝑠

𝜕𝑥4
− 2(𝐻12

𝑠 + 2𝐻66
𝑠 )

𝜕4𝑤𝑠

𝜕𝑥2𝜕𝑦2
− 𝐻22

𝑠
𝜕4𝑤𝑠

𝜕𝑦4

+𝐴44
𝑠
𝜕2𝑤𝑠

𝜕𝑥2
+ 𝐴55

𝑠
𝜕2𝑤𝑠

𝜕𝑦2 )

 
 
 
 

 

+(1 − 𝜇2𝛻2) × 

(

 
 
 
 
 
 
 
−𝐼0

𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑡2
+ 𝐽2 (

𝜕4𝑤𝑏

𝜕𝑥2𝜕𝑡2
+

𝜕4𝑤𝑏

𝜕𝑦2𝜕𝑡2
)

+𝐾2 (
𝜕4𝑤𝑠

𝜕𝑥2𝜕𝑡2
+

𝜕4𝑤𝑠

𝜕𝑦2𝜕𝑡2
) + 𝑘𝑝 (

𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑥2

+
𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦2
) − 𝑘𝑤(𝑤𝑏 + 𝑤𝑠)

−𝑁𝑥
0
𝜕2(𝑤𝑏 +𝑤𝑠)

𝜕𝑥2
− 𝑁𝑦

0
𝜕2(𝑤𝑏 + 𝑤𝑠)

𝜕𝑦2 )

 
 
 
 
 
 
 

= 0 

(29) 

 

 

3. Analytical solution 
 

In this section, the nonlocal governing equations 

determined in previous part would be solved analytically. 

The displacement fields are supposed to be exponential and 

can be introduced through 
 

{
𝑤𝑏(𝑥, 𝑦, 𝑡)
𝑤𝑠(𝑥, 𝑦, 𝑡)

} = {
𝑊𝑏 𝑒𝑥𝑝[𝑖(𝛽1𝑥 + 𝛽2𝑦 − 𝜔𝑡)]

𝑊𝑠 𝑒𝑥𝑝[𝑖(𝛽1𝑥 + 𝛽2𝑦 − 𝜔𝑡)]
} (30) 

 

where Wb and Ws are the unknown coefficients; β1 and β2 

are the wave numbers of WP along x and y directions 

respectively, and finally ω is Wave’s Angular Frequency 

(WAF). So, substituting Eq. (30) to Eqs. (28) and (29) leads 

to 
 

([𝐾]2×2 − 𝜔
2[𝑀]2×2){𝛥} = {0} (31) 
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Table 1 Comparison of frequency of FG nanoplates for 

different nonlocal parameters (p = 5) 

μ 

a/h = 10 

Present 

a/h = 20 

Present Natarajan et al. 

(2012) 

Natarajan et al. 

(2012) 

0 0.0441 0.043803 0.0113 0.011255 

1 0.0403 0.040051 0.0103 0.010288 

2 0.0374 0.037123 0.0096 0.009534 

4 0.033 0.032791 0.0085 0.008418 
 

 

 

where the corresponding kij and mij has been formulated in 

the appendix. The unknown parameters of Eq. (3) can be 

written as 

 

{𝛥} = {𝑊𝑏 ,𝑊𝑠}
𝑇 (32) 

 

In order to attaining the WAF, the determinant of the left 

hand side of Eq. (32) should be set to zero 

 

|[𝐾]2×2 − 𝜔
2[𝑀]2×2| = 0 (33) 

 

In above equation by setting β1 = β2 = β and solving the 

obtained equation for ω, the WAF of embedded SLGSs can 

be obtained. If the angular frequency is divided by wave 

number, the phase velocity can be determined as follows 

 

𝑐 =
𝜔

𝛽
 (34) 

 

Moreover, by tending wave number to infinity, the 

escape frequency of GS can be determined 

 

𝜔̃ = 𝑙𝑖𝑚
𝛽→∞

𝜔

2𝜋
 (35) 

 

 

4. Results 
 
The WP responses of SLGSs are compared once 

different parameters are assumed to be changed. The 

thermo-mechanical material properties of GSs are: E = 1 

TPa, v = 0.19, ρ = 2300 kg/m3. Moreover, the thickness is 

considered to be h = 0.34 nm. Wave frequencies in 

following figures are determined by dividing WAF to 2π 

(𝑓 =
𝜔

2𝜋
). Moreover, the validity of reported results is 

confirmed by comparing the results between this study with 

those of previous papers as illustrated in Table 1. Fig. 3 

indicates the coupled effects of strain gradient parameter 

and linearly varying bending loads in −x and −y directions 

on the wave frequency values while μ = 1 nm. Based on 

these diagrams, it is clear that the stiffness-hardening 

phenomenon discussed in NSGT can be figured out. 

In other words, Fig. 3(a) describes the size-dependency 

of GSs by the means of the NET, whereas, in Figs. 3(b), (c) 

and (d), the NSGT is employed. As same as the basic 

assumptions of the NSGT, wave frequency intensifies once 

the length scale parameter is added. Besides, it can be 

concluded that the greater the distance from the position of  

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 3 The wave frequency variation against wave 

number for various x and y amounts at (a) η = 0 

nm; (b) η = 0.5 nm; (c) η = 1 nm; (d) η = 2 nm 

(μ = 1 nm, kw = kp = 0, ζ = λ = 1, N = 1) 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 4 The wave frequency variation against nonlocal 

parameter for various load factors at (a) η = 0 nm; 

(b) η = 0.5 nm; (c) η = 1 nm; (d) η = 2 nm 

(μ = 1 nm, kw = kp = 0, ζ = λ = 1, N = 1) 

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 5 The wave frequency variation against nonlocal 

parameter for different biaxial load factors at  

(a) η = 0 nm; (b) η = 0.5 nm; (c) η = 1 nm; (d) η = 

2 nm (μ = 1 nm, kw = kp = 0, ζ = λ = 1, N = 1) 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 6 The wave frequency variation against wave 

number for different Winkler coefficients at  

(a) η = 0 nm; (b) η = 0.5 nm; (c) η = 1 nm;  

(d) η = 2 nm (μ = 1 nm, kw = kp = 0, ζ = λ = 1,  

N = 1) 

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 7 The wave frequency variation against wave 

number for different Pasternak coefficients at  

(a) η = 0 nm; (b) η = 0.5 nm; (c) η = 1 nm;  

(d) η = 2 nm (μ = 1 nm, kw = kp = 0, ζ = λ = 1,  

N = 1) 
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the place of loading to the origin of the GS, the higher wave 

frequencies are obtained. Therefore, it can be deduced that 

for achieving higher wave frequencies, the loading position 

shall be as far as possible from the origin. Moreover, the 

influences of different types of bending force, illustrated in 

Fig. 2 show that the small scale effects are covered as same 

as previous figure. Indeed, the load factor can be regarded 

as one of the increasing coefficients which are able to 

aggrandize wave frequency while it is increased. Obviously, 

in the first two conditions (a, b), the frequency values are all 

zero when nonlocality varies; however, in other situations 

(c, d), wave frequency is nonzero while nonlocality is 

smaller than 1 in Fig. 4(c) and 2 in Fig. 2(d). Further, the 

stiffness-softening effect can be seen here as well, which 

means reduction in the wave frequency is observed as the 

nonlocality rises. Further, it can also be noticed that the 

wave frequency remains constant after a particular amount 

of nonlocal parameter (μ > 7 nm). Influences of biaxial load 

factor are investigated in Fig. 5. In this diagram, the 

variations of wave frequency against nonlocal parameter are 

illustrated for different biaxial load factors. 

As it is clear in this figure, the influences of biaxial load 

factor are completely different from the effects of load 

factor. In other words, increasing the load factor results in 

an increase in wave frequency, whereas, increasing biaxial 

load factor exhibits a reverse trend and have a detrimental 

effect on the wave frequency. Another difference is the 

nonzero amount of wave frequency for various values of 

biaxial load factor while wave frequency reaches to zero in 

some nonlocal parameters (at η = 0, η = 0.5). In contrast to 

the previous diagram, here, wave frequency does not vary 

once μ > 7 nm. Besides the discussed issues, influences of 

foundation parameters should be well studied. The effect of 

Winkler coefficient is illustrated in Fig. 6. This figure 

emphasizes that the size-dependency of the GS is similar to 

the former ones. The crucial point is that Winkler parameter 

can produce a raise in the amount of wave frequency 

whenever it is amplified. Meanwhile, it is significant to 

point that the mentioned coefficient can modify wave 

frequency in a particular range of wave numbers, roughly 

smaller than β = 1 × 109 m.s. Finally, Fig. 7 is dedicated to 

clarify the influence of Pasternak coefficient on the wave 

frequency values. Herein, it is obvious that the wave 

frequency improves with the increasing Pasternak 

coefficient. However, the shape of the diagram is a bit 

different with the previous figure. Actually, by changing 

Winkler coefficient, the most observable changes can be 

seen in very small wave numbers. However, the most 

remarkable changes in this diagram can be observed in 

wave numbers between β = 0.1 × 109 and β = 1 × 109. 

 

 

5. Conclusions 
 

Since the behavior of SLGSs subjected to IVB force has 

not been scrutinized in the literature, this study investigates 

the WP responses of the mentioned structure while rested 

on elastic medium under described external loads. In this 

paper, it was attempted to employ the constitutive relations 

of the NSGT in order to capture both stiffness-softening and 

-hardening effects. In the framework of the Hamilton’s 

Principle (HP), the nonlocal governing equations were 

derived and solved analytically. Then, wave frequencies 

were determined. The most important results can be 

summarized as follows: 

• By increasing nonlocal parameter, wave frequency 

becomes smaller, whereas, mentioned variant can be grater 

if the length scale parameter is added. 

• If each of the Winkler or Pasternak coefficients are 

added, wave frequency obtains higher amount. 

• Higher wave frequencies are achieved whenever load 

factor is increased. 

Higher wave frequencies are achieved whenever biaxial 

load factor is decreased. 
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