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1. Introduction 

 
Microelectromechanical systems (MEMS) integrate 

mechanical components with microelectronics and find 
widespread applications in fields such as medical devices, 
automobiles, and industrial control systems (Hossain et al. 
2024). Hajjaj et al. (2020) emphasized that understanding 
the linear and nonlinear dynamical behaviors of movable 
structures in MEMS is crucial for their successful 
implementation. Resonators serve as the crucial working 
elements within MEMS, and the mechanical models of their 
sensitive components are often simplified into microscale 
beams, plates, or rings (Ranji et al. 2023). Based on those 
models, the frequencies and modal shapes of the sensitive 
components in the resonator can be theoretically analyzed, 
which is beneficial to their structural design and control. 

Beams are commonly employed as sensit ive 
components in resonators. A model of resonators consisting 
of beams has been developed to detect the nonlinear 
dynamics (Alattar et al. 2023), and an energy harvester with 
zigzag beams has been proposed to lower resonant 
frequency and broaden bandwidth (Feng et al. 2023). 
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Usually, these sensitive components in resonators are fixed 
by supported structures, which can lead to energy 
dissipation (Romero et al. 2020). Analytical model of 
support loss in a rocking mass resonator has been developed 
and verified (Wang et al. 2011). Energy transmission from 
the vibrating resonator to the support in micromechanical 
resonators has been determined using two-dimensional 
elastic wave theory (Chen et al. 2017). Recent studies have 
explored the effects of axial pre-tension and nonlinear 
vibration properties on support loss in doubly clamped 
beam resonators (Ma et al. 2024). Considering the influence 
of the supported structures, the sensitive components of 
beam resonators should be dynamically modelled as multi-
point supported complex beam structures. 

Complex beam structures are widely used in 
engineering, including atomic force microscopes (Raman et 
al. 2008), resonators (Vyas et al. 2009) and energy harvester 
(Erturk et al. 2009). Previous theoretical studies have 
addressed simple configurations, such as L-shaped beams 
with the in-plane model (Cao et al. 2015) and the out-of-
plane model (Georgiades et al. 2013). Karami and Inman 
(2011) proposed a zigzag harvester and calculated its modal 
shapes. Iliuk et al. (2014) analyzed the modal energy 
transferring in a portal frame structure. Dou and Jensen 
(2016) presented a method to tune the hardening/softening 
behavior of three-beam structures, while Danzi et al. (2018) 
examined the orientation of members in multi-beam 
resonators. Kumar et al. (2024) simplified several folding 
supported beams of a bandpass filter into a spring and stated 
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that nonlinear modal coupling via internal resonances in 
resonators has been widely used to improve performance. 
These studies generally focus on cascade architectures; 
however, as dynamical models of beam resonators, multi-
point supported complex beams often involve parallel 
structures. 

Frequencies and modal shapes are critical characteristics 
of resonators that can significantly impact their 
performance (Thrust 2025). For instance, the dynamic 
behavior of graphene micro ribbons shows that natural 
frequencies decrease with increased mass intensity in a 
fixed position (Mohammadimehr and Monajemi 2016). 
Nonlinear viscoelastic damping effects on cantilever 
sensors and system frequency responses have also been 
investigated (Habib et al. 2022). Mode localization in two 
coupled resonators was studied through experimental and 
theoretical analyses (Liu et al. 2024). The equations have 
been derived governing the dynamic behavior of MEMS 
devices, with a focus on the analysis of natural frequencies 
(Akhavan et al. 2022). While analytical modal shapes for 
straight beams are relatively straightforward to calculate, 
multi-beam structures pose additional complexity (Zhang et 
al. 2016). Studies have focused on analytical modal shapes 
for L-shaped beams (Warminski et al. 2008), relative error 
measurements (Tripathi and Bajaj 2013), and comparisons 
with ANSYS (Zhou et al. 2017). Jujjuvarapu et al. (2024) 
analyzed a resonator with a regular hexagon-shaped beam 
and a cantilever beam. However, there is limited research 
on the theoretical analysis of frequencies and modal shapes 
for multi-point supported beam structures. 

The influences of the supported structure on the 
frequencies and global modal shapes of a beam resonator 
are considered, and the beam resonator has been modeled 
using a multi-point supported beam structure with parallel 
configuration. The governing equations of motion and 
boundary conditions of the system are obtained, and the 
frequencies and global modal shapes of the structure are 
analyzed. Additionally, the frequencies of a multi-point 
supported beam structure are experimentally measured. The 
parametric laws of the frequencies and modal shapes for the 
structure are explored, which may provide a theoretical 
basis for optimizing the parameters of multi-point supported 
beam structures, such as beam resonators. 

 
 
 
 

2. Theoretical model 
 
The sensitive component of a resonator is modeled as a 

multi-point supported beam and the position vectors are 
described. Subsequently, the governing equations and 
corresponding boundary conditions of the beam are 
obtained with the Hamilton principle. Fig. 1(a) shows the 
sensitive component of a multi-point supported beam 
resonator, which consists of a resonant beam and three 
supported beams. The exciting electrodes are arranged on 
the lower side of the resonant beam to mainly excite its 
bending vibration, and their positions are dependent on the 
vibration mode of the resonant beam. The resonant beam 
may work in the second-order bending vibration mode. One 
end of the supported beam is connected to the node of the 
vibration mode of the resonant beam, and the other end is a 
fixed anchor point. As shown in Fig. 1(b), the global 
coordinate system is defined at the anchor point of the left 
supported beam so that the axes of each part are in the same 
plane before the deformation. The multi-point supported 
beam can be divided into seven parts, and the local 
coordinate system of each part is defined as oixiyizi. The 
length, width and height of the ith part are Li, bi and hi. 

In order to investigate the vibration characteristics of the 
structure, the following assumptions are proposed: 

(1) Each part of the structure is considered as an 
isotropic homogeneous equal-section Euler-Bernoulli beam, 

(2) The effect of gravity is not considered. 
The variables ui, vi, wi respectively represent 

displacements along axes of xi, yi, zi, and 𝜃i is the rotation 
around the xi axis. The position vectors of a point at the axis 
of each part are described as 

 

⎩⎪⎪
⎨⎪
⎪⎧𝑹ଵ = ሾ𝑥ଵ + 𝑢ଵ 𝑣ଵ 𝑤ଵሿ்𝑹ଶ = 𝑹ଵሺ𝐿ଵሻ + 𝑻ଶሾ𝑥ଶ + 𝑢ଶ 𝑣ଶ 𝑤ଶሿ்𝑹ଷ = 𝑹ଶሺ𝐿ଶሻ + 𝑻ଷሾ𝑥ଷ + 𝑢ଷ 𝑣ଷ 𝑤ଷሿ்𝑹ସ = 𝑹ଶሺ𝐿ଶሻ + 𝑻ସሾ𝑥ସ + 𝑢ସ 𝑣ସ 𝑤ସሿ்𝑹ହ = 𝑹ଵሺ𝐿ଵሻ + 𝑻ହሾ𝑥ହ + 𝑢ହ 𝑣ହ 𝑤ହሿ்𝑹଺ = 𝑹ହሺ𝐿ହሻ + 𝑻଺ሾ𝑥଺ + 𝑢଺ 𝑣଺ 𝑤଺ሿ்𝑹଻ = 𝑹ହሺ𝐿ହሻ + 𝑻଻ሾ𝑥଻ + 𝑢଻ 𝑣଻ 𝑤଻ሿ்

 (1)

 
where, Li is the length of ith part. Ti is used to transform 
displacements in the ith local coordinate into the global 
coordinate, whose linear parts are: 

 
 

(a) The sensitive structure (b) A multi-point supported beam 

Fig. 1 A resonator with multiple anchors
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 𝑻ଶ = ቎−𝑤ଵ′ ሺ𝐿ଵሻ −𝑣ଵ′ ሺ𝐿ଵሻ −1−𝜃ଵ 1 −𝑣ଶ′ ሺ𝐿ଵሻ1 𝜃ଵ −𝑤ଵ′ ሺ𝐿ଵሻ቏ (2a)

 𝑻ଷ = ቎ 1 −𝑣ଵ′ − 𝜃ଶ −𝑤ଵ′ − 𝑤ଶ′𝑣ଵ′ + 𝜃ଶ 1 𝑣ଶ′ − 𝜃ଵ𝑤ଵ′ + 𝑤ଶ′ −𝑣ଶ′ + 𝜃ଵ 1 ቏ቮ௫భୀ௅భ
௫మୀ௅మ

 (2b)

 𝑻ସ = ቎−𝑤ଵ′ − 𝑤ଶ′ −𝑣ଵ′ − 𝜃ଶ −1𝑣ଶ′ − 𝜃ଵ 1 −𝑣ଵ′ − 𝜃ଶ1 −𝑣ଶ′ + 𝜃ଵ −𝑤ଵ′ − 𝑤ଶ′ ቏ቮ௫భୀ௅భ
௫మୀ௅మ

 (2c)

 𝑻ହ = ቎𝑤ଵ′ −𝑣ଵ′ 1𝜃ଵ 1 𝑣ଵ′−1 𝜃ଵ 𝑤ଵ′ ቏ቮ௫భୀ௅భ
 (2d)

 𝑻଺ = ቎ 1 −𝑣ଵ′ + 𝜃ହ −𝑤ଵ′ − 𝑤ହ′𝑣ଵ′ − 𝜃ହ 1 −𝑣ହ′ − 𝜃ଵ𝑤ଵ′ + 𝑤ହ′ 𝑣ହ′ + 𝜃ଵ 1 ቏ቮ௫భୀ௅భ
௫ఱୀ௅ఱ

 (2e)

 𝑻଻ = ቎𝑤ଵ′ + 𝑤ହ′ −𝑣ଵ′ + 𝜃ହ 1𝑣ହ′ + 𝜃ଵ 1 𝑣ଵ′ − 𝜃ହ−1 𝑣ହ′ + 𝜃ଵ 𝑤ଵ′ + 𝑤ହ′ ቏ቮ௫భୀ௅భ
௫ఱୀ௅ఱ

 (2f)

 
Considering the free vibration of the structure, the 

kinetic energy and elastic potential energy are calculated, 
and substituting them into Hamilton’s equation, there are 

 

 
where, Hi is a function introduced to simplify the 
calculation. The prime and dot denote spatial and temporal 
derivatives, respectively. 𝜌i is the density. 𝐽௜క, 𝐽௜ఎ and 𝐽௜఍ 
stand for the principal mass moments of inertia. 𝜔௜క, 𝜔௜ఎ 
and 𝜔௜఍ , indicate the angular velocities. 𝐾௜క , is the 
torsional rigidity. 𝐾௜ఎ and 𝐾௜఍ are the bending rigidities. 𝜅௜క, 𝜅௜ఎ and 𝜅௜఍ denote the curvatures. Ei represents the 
elastic modulus. Ai is the cross-section area. The specific 
expressions are given in Appendix A. 

By substituting Eqs. (1)-(2) into Eq. (3), the equations of 
motion of the multi-point supported beam and the 
corresponding boundary conditions can be derived. The 
boundary conditions are shown in Appendix B. The 
equations of motion are as follows 

 

⎩⎪⎪
⎪⎨
⎪⎪⎪
⎧ 𝜕ଶ𝐻௜𝜕𝑢ሶ ௜𝜕𝑡 + 𝜕ଶ𝐻௜𝜕𝑢௜′𝜕𝑥௜ = 0𝜕ଷ𝐻௜𝜕𝑤ሶ ௜′𝜕𝑥௜𝜕𝑡 + 𝜕ଷ𝐻௜𝜕𝑤௜′𝜕𝑥௜ଶ − 𝜕ଶ𝐻௜𝜕𝑤ሶ ௜𝜕𝑡 − 𝜕ଶ𝐻௜𝜕𝑤௜′𝜕𝑥௜ = 0𝜕ଶ𝐻௜𝜕𝜃ሶ௜𝜕𝑡 + 𝜕ଶ𝐻௜𝜕𝜃௜′𝜕𝑥௜ = 0𝜕ଷ𝐻௜𝜕𝑣ሶ௜′𝜕𝑥௜𝜕𝑡 + 𝜕ଷ𝐻௜𝜕𝑣௜′′𝜕𝑥௜ଶ − 𝜕ଶ𝐻௜𝜕𝑣ሶ௜𝜕𝑡 − 𝜕ଶ𝐻௜𝜕𝑣௜′𝜕𝑥௜ = 0

 (4)

In Eq. (4), ui and 𝜃 i are governed by second-order 
differential equations and two boundary conditions, 
whereas, vi and wi are governed by fourth-order differential 
equations and have four boundary conditions. Therefore, 
there are 28 variables to describe the free vibration of the 
multi-point supported beam. 

 
 

3. Modal shapes and frequencies 
 
The governing equations of motion of the beam are 

linearized to theoretically calculate the modal shapes and 
frequencies, which are validated by comparing with 
numerical results. 

 
3.1 Calculation of frequencies and modal shapes 
 
To study the intrinsic properties of the structure, 

neglecting the nonlinear term in Eq. (4), there are 
 

⎩⎪⎪⎪
⎨⎪
⎪⎪⎧𝑢ሷ ௜∗ − 𝐸௜𝜌௜ 𝑢௜∗′′ = 0𝑤ሷ ௜∗ + 𝐸௜𝐽௜ఎ𝜌௜𝐴௜ 𝑤௜∗ሺସሻ − 𝐽௜ఎ𝐴௜ 𝑤ሷ ௜∗′′ = 0𝜃ሷ௜∗ − 𝐾௜క𝐽௜క 𝜃௜∗′′ = 0𝑣ሷ௜∗ + 𝐸௜𝐽௜఍𝜌௜𝐴௜ 𝑣௜∗ሺସሻ − 𝐽௜఍𝐴௜ 𝑣ሷ௜∗′′ = 0

 (5)

 
where the variables with a star are given in Appendix C. 

 

 
 
Based on Eq. (5), it is found that the free vibration of a 

multi-point supported beam can be decoupled into in-plane 
and out-of-plane motion. ui and wi are coupled in the oixizi 
plane, whereas 𝜃i and vi are coupled in the oixiyi plane. 

The variables in Eq. (5) are separated as 
 ൜𝑢௜∗ = 𝑈௜ሺ𝑥௜ሻ𝑞௜௨ሺ𝑡ሻ, 𝑤௜∗ = 𝑊௜ሺ𝑥௜ሻ𝑞௜௪ሺ𝑡ሻ𝑣௜∗ = 𝑉௜ሺ𝑥௜ሻ𝑞௜௩ሺ𝑡ሻ, 𝜃௜∗ = 𝛩௜ሺ𝑥௜ሻ𝑞௜ఏሺ𝑡ሻ  (6)

 
The linear coupling leads to a synchronized motion of 

the whole structure. Therefore, there are 
 𝑞ሷ௜௨𝑞௜௨ = 𝑞ሷ௜௪𝑞௜௪ = −𝜔௪ଶ ,     𝑞ሷ ௜௩𝑞௜௩ = 𝑞ሷ௜ఏ𝑞௜ఏ = −𝜔௩ଶ (7)

 
Substituting Eqs. (6)-(7) into Eq. (5), we have the global 

modal shapes as follows 
 

⎩⎪⎨
⎪⎧𝑈௜ሺ𝑥௜ሻ = ෍ 𝐶௜௝௨𝑒ఒ೔ೕೠ ௫೔,ଶ

௝ୀଵ 𝑊௜ሺ𝑥௜ሻ = ෍ 𝐶௜௝௪𝑒ఒ೔ೕೢ௫೔ସ
௝ୀଵ𝑉௜ሺ𝑥௜ሻ = ෍ 𝐶௜௝௩ 𝑒ఒ೔ೕೡ ௫೔ସ

௝ୀଵ ,  𝛩௜ሺ𝑥௜ሻ = ෍ 𝐶௜௝ఏ𝑒ఒ೔ೕഇ ௫೔ଶ
௝ୀଵ

 (8)

 

න 𝛿𝐼௧మ
௧భ 𝑑𝑡 = න 𝛿 ൭෍ න 𝐻௜𝑑𝑥௜௅೔

଴
଻

௜ୀଵ ൱௧మ
௧మ 𝑑𝑡 = න 𝛿 ൝෍ න 12 ቂ𝜌௜ห𝑹ሶ ௜หଶ − 𝐸௜𝐴௜𝑢′௜ଶ௅೔

଴
଻

௜ୀଵ
௧మ

௧మ + ෍ ൫𝜌௜𝐽௜ఞ𝜔ଶ௜ఞ − 𝐾௜ఞ𝜅ଶ௜ఞ൯ఞୀక,ఎ,఍ ቏ 𝑑𝑥௜ቑ 𝑑𝑡 = 0 (3)
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where, 𝜆௜௝௨ , 𝜆௜௝௩ , 𝜆௜௝௪  and 𝜆௜௝ఏ  are given in Appendix D. 
By using Eq. (8) and its boundary conditions to compute 𝐶௜௝௨, 𝐶௜௝௩ , 𝐶௜௝௪ and 𝐶௜௝ఏ , the frequencies and the global modal 

shapes of the structure can be obtained analytically. 
 
3.2 Examples and validation 
 
To verify the analytical results, the multi-point 

supported beam is assumed to have parameters as: 𝜌௜ = 
2329 kg/m3, Ei = 170 GPa, 𝜇௜ = 0.28, L1 = L3 = L6 = 93 
mm, L2 = L4 = L5 = L7 = 50.75 mm, b1 = b3 = b6 = 12 mm, 
b2 = b4 = b5 = b7 = 60 mm, hi = 1 mm, i = 1...7. The 
frequencies and global modal shapes of the multi-point 
supported beam are calculated and compared with the 
simulations by using the COMSOL software. Because the 
resonant beam is mainly excited by the electrodes to deform 
in the YOZ plane, the first four orders of bending mode of 
the resonant beam in the YOZ plane are given in Fig. 2. In 
the simulations, the black lines indicate the undeformed 
state of the structure, and the displacements from small to 
large are indicated by the white gradient to blue. In the 
analytical results, the red dashed lines indicate the 
undeformed states, and the blue solid lines indicate the 
global modal shapes. It can be seen that the theoretical and 
numerical frequencies are close to each other, and the 
analytical modal shapes are in good agreement with their 
simulations. The number of nodes in the first four vibration 
modes of the resonant beam is increased from 2 to 5. The 
join points of the supported beams are designed at the 
vibration node of the resonant beam to minimize energy 
dissipation. The second-order modal shape has three nodes, 

 
 

 
 

which is suitable for the resonant beam to have three 
supported beams at its nodes. For the second-order 
vibration mode, the midpoint of the resonant beam is a 
node, where the supported beam has almost no bending 
deformation. Bending and torsional deformations 
simultaneously exist if the connections of bilateral 
supported beams with the resonant beam deviate from the 
nodes. Obviously, the connection positions of the supported 
beams may affect the modal shapes, frequency, and nodal 
distribution of the vibration mode of the structure. The 
deviation of the connection position of the supported beams 
from the nodes will lead to more energy dissipation of the 
resonator, which in turn is unfavorable to the performance 
of the resonator. In fact, the simulations show that the nodal 
lines in the resonant beam are not actually along its width 
direction because there is no symmetric plane in the width 
direction of the structure. 

 
 

4. Experimental tests 
 
The first three natural frequencies of a multi-pointed 

supported beam are tested in the experiments as shown in 
Fig. 3. The experimental setup includes a computer, a 
shaker (DH40200), an amplifier (DH5872), the acceleration 
sensors (PCB352A21/352A73) and NI9178/9234/9263. The 
multi-pgoint supported beam is made by aluminum strips, 
which is mounted on a thick aluminum plate with three 
bolts. The way in which the three ends of the supported 
beams are fixed on the thick plate is used to approximate 
the boundary conditions of the theoretical model. For 
conveniently moving the joints, the supported beams are 

Fig. 2 First four modal shapes of the resonant beam in the YOZ plane

 
Fig. 3 First four modal shapes of the resonant beam in the YOZ plane 
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Table 1 Parameters of structure Φ௜ 
 Φ଴ Φଵ Φଶ Φଷ 

L2/ mm 150 120 90 60 
L4/ mm 100 100 100 100 
L5/ mm 150 180 210 240 
L7/ mm 100 100 100 100 

 

 
 

Fig. 4 Comparison of frequencies 
 
 

designed to use bolts to connect the resonant beam, which is 
a little different from the structure in Fig. 1. The thick plate 
is suspended by elastic strings and excited by the shaker in 
a horizontal direction, which works as a foundation 
excitation for the multi-point supported beam. Therefore, 
the beam is excited orthogonally to the gravity, which 
causes the vibration to decouple from the effect of gravity. 

To compare the frequencies obtained from experiments 
and simulations, the parameters of the beam are: 𝜌௜ = 2689 
kg/m3, Ei = 71 GPa, mi = 0.33, L1 = L3 = L6 = 160 mm, bi = 
20 mm, hi = 0.5 mm, i = 1...7. And the position of the 
intermediate supported beam is changed with four values 
while that of the bilateral support beams is unchanged. Each 
position is denoted as Φ௜, as shown in Table 1. 

In Fig. 4, the stars represent frequencies obtained from 
experiments, while squares are the frequencies obtained 
from simulations, which have almost the same values. It can 
be seen that the lower the order, the better the experiments 
and simulations agree. The error among experimental and 
numerical results probably arises from the gravity effect, 
small difference of boundary conditions and dimensions. 

 
 

The directions of the excitation and gravity are 
perpendicular, but the beam is still affected by gravity. The 
constraints of the beam with bolts in the experiment are 
merely an approximation of the ideal boundary condition in 
the theoretical model. However, it can be concluded that the 
above theoretical analyses are correct by simultaneously 
considering the results in Fig. 2 and Fig. 4. 

 
 

5. Parametric influence 
 
The frequency characteristics of a resonator and the 

arrangement of its electrodes are closely related to the 
frequencies and modal shapes of the sensitive component. 
The analysis of the influence law of its parameters is 
conducive to the optimal design and performance 
enhancement of a resonator. 

 
5.1 Influence of the length of each part 
 
Keeping the structural form of the multi-point supported 

beam unchanged, the lengths of the resonant beam or 
supported beams are changed to analyze the variation of the 
frequencies of the structure. The length of each part of the 
resonant beam is set as L2 = L4 = L5 = L7 = L, and the other 
parameters remain unchanged. Fig. 5(a) shows the relative 
change of the first four frequencies of the multi-point 
supported beam for different values of L. In the figure, fi0 
means the ith-order frequency of the structure with L = 50 
mm, and fi is the ith-order frequency as L changes. As the 
value of L increases, the frequencies of the first four orders 
decrease, and the decline extents of each order frequency 
are different. To analyze the effect of the length of the 
supported beam on the frequencies of the structure, the 
length is set as L1 = L3 = L6 = 𝐿ത. and the rest of the 
parameters remain the same. Fig. 5(b) gives the relative 
change of the first four orders of frequencies of the multi-
point support beam when L is taken to different values. 
With the increase of the length of the supported beams, the 
first-order frequency decreases firstly rapidly and then 
gently, the second-order frequency decreases approximately 
linearly and monotonically, the third-order frequency has a 
maximum value near 𝐿ത = 80 mm, and the fourth-order 
frequency remains nearly steady. The second-order 
frequency is almost linearly changing as the length of the 

 
 

 

(a) Effect of the length of the resonant beam (b) Effect of the length of the supported beams

Fig. 5 Effects of geometrical parameters on the frequencies
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supported beams increases, which is different from other 
frequencies. The excellent linearity makes the second-order 
modal shape the best choice for exciting the resonator. By 
comparing Fig. 5, it can be seen that the length of the 
resonant beam has a greater effect than the supported beams 
on the frequencies of the multi-point supported beam. It 
should be mentioned that the method that is used to 
calculate the frequencies in these two figures is theoretical, 
as given in Section 3.2. That means all the details of 
parametric influences can be illustrated. 

 
5.2 Influence of the position of the supported 

beams 
 
The second-order modal shape in Fig. 2 is commonly 

used in a resonator with three support beams. The energy 
dissipation caused by the support can be minimized when 
the support beam is connected to the node of the modal 
shape. Keeping the total length of the resonant beam 
unchanged, based on the same material parameters and 
considering the completely free state of the resonant beam, 
the second-order bending frequency is calculated to be 
587.39 Hz. If the supported beams are connected at the 
nodes of the second-order bending modal shape of the 
resonant beam under this condition, we have L2 = L5 = 
74.68 mm and L4 = L7 = 26.82 mm, which is denoted as Π଴. In order to study the influence of the position of the 
supported beams on the frequencies and modal shapes of 
the structure, the position of the intermediate supported 
beam is changed with four values while that of the bilateral 
supported beams is unchanged. Each position is denoted as 𝜌௜, as shown in Table 2. To investigate the effect of the 
positions of bilateral supported beams on the frequencies of 
the structure, Table 3 gives four sets of structures. The 
position of the intermediate supported beam remains 
unchanged and the positions of bilateral supported beams 
are changed with four values, which are denoted as Θ௜. 

The lengths of the supported beams are set as L1 = L3 = 
L6 = 93 mm, the second-order bending frequencies of the 
four structures in Table 2 are 607.58 Hz, 596.02 Hz, 580.94 
Hz, and 565.22 Hz, respectively. The changes in the modal 
shapes of the resonant beam are shown in Fig. 6(a). The 
second-order frequency decreases with the shift of the 
intermediate supported beam, and the intermediate node of 
the modal shape is also shifted in the same direction with 
the supported beam. The nodes on both sides have a very 
small offset. The position of the point with the max 

displacement on the left of the modal shape is almost not 
 
 

Table 2 Parameters of structure Π௜ 
 Π଴ Πଵ Πଶ Πଷ Πସ 

L2/ mm 74.68 69.68 64.68 59.68 54.68 
L4/ mm 26.82 26.82 26.82 26.82 26.82 
L5/ mm 74.68 79.68 84.68 89.68 94.68 
L7/ mm 26.82 26.82 26.82 26.82 26.82 
 
 
 

Table 3 Parameters of structure Θ௜ 
 Θଵ Θଶ Θ଴ Θଷ Θସ 

L2/ mm 84.68 79.68 74.68 69.68 64.68 
L4/ mm 16.82 21.82 26.82 31.82 36.82 
L5/ mm 84.68 79.68 74.68 69.68 64.68 
L7/ mm 16.82 21.82 26.82 31.82 36.82 
 
 
 

shifted, but its peak value decreases. The position of the 
other point with the max displacement on the right of the 
modal shape is shifted in the same direction as the shift of 
the intermediate supported beam and its peak value 
increases. The second-order bending frequencies of the four 
structures in Table 3 are 583.97 Hz, 605.33 Hz, 600.85 Hz, 
and 578.66 Hz, respectively. Fig. 6(b) shows the changes in 
the second-order modal shapes of the resonant beam when 
the connection positions of bilateral supported beams on 
both sides of the sensitive component are shifted. The 
second-order frequency of the sensitive component 
increases and then decreases as bilateral supported beams 
are shifted to the middle. The positions of the middle node 
and the two extreme points remain unchanged. The 
positions of bilateral nodes move in the same way as 
bilateral supported beams are shifted to the middle, and the 
peak value of the extreme point decreases. 

The resonator is directly affected by the frequencies of 
its sensitive component. The electrode arrangement in the 
resonator is closely related to the vibration mode of the 
resonant beam, and the connection position of the supported 
beams has an important effect on the energy dissipation and 
the quality factor of resonators. Therefore, the above 
findings can provide a certain theoretical basis for the 
optimization of the design of the beam-type resonator and 
the improvement of its performance. 

 

(a) The intermediate support beam (b) The bilateral support beams 

Fig. 6 The influence of the position of the supported beam
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6. Conclusions 
 
The theoretical model of the sensitive component of a 

resonator has been established as a multi-point supported 
beam. Given the geometrical and material parameters, the 
theoretical calculation results are verified through 
simulations and experiments. The influence of structural 
parameters on the frequencies and modal shapes of the 
multi-point supported beam is further analyzed. The results 
show that the frequencies and modal shapes of the resonator 
beams are closely related to the structural parameters. The 
increase in the length of the resonant beam in the resonator 
leads to a decrease in frequencies, but the degree of change 
in each order frequency is different. The deviation in the 
connection positions between the supported beams and the 
resonant beam affects both the frequencies and the modal 
shapes, which leads to a change in the nodal positions of the 
modal shapes of the resonant beam. This insight into the 
relationship between the vibration characteristics and the 
resonators’ structural parameters is valuable, as the 
fabrication of resonators inevitably introduces errors, which 
may lead to difficulties in resonator excitation and energy 
dispassion. Furthermore, theoretical analyses on modal 
shapes lay the foundation for nonlinear dynamic studies. 
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Appendix A 
 𝐴௜ = 𝑏௜ℎ௜,     𝐾௜ఎ = 𝐸௜𝑏௜ଷℎ௜12 ,   𝐾௜఍ = 𝐸௜ℎ௜ଷ𝑏௜12  (A1)

 𝐾௜క = 𝐸௜ℎ௜ଷ𝑏௜6ሺ1 + 𝜇ሻ ቐ1 − 192ℎ௜𝜋ହ𝑏௜ ෍ 𝑡𝑎𝑛ℎ ቂሺଶ௡ିଵሻగ௕೔ଶℎ೔ ቃሺ2𝑛 − 1ሻହ∞

௡ୀଵ ቑ (A2)

 𝐽௜క = 𝑏௜ଷℎ௜ + ℎ௜ଷ𝑏௜12 ,     𝐽௜ఎ = 𝑏௜ଷℎ௜12 ,     𝐽௜఍ = ℎ௜ଷ𝑏௜12  (A3)

 𝜅௜క = 𝜃௜ ′ + 𝑣௜ ′′𝑤௜ ′, 𝜅௜ఎ = 𝑤௜ ′′ ൭𝜃௜ଶ2 − 𝑤 ′௜ଶ2 − 1൱ + 𝜃௜𝑣௜ ′′ (A4)

 𝜅௜఍ = 𝑣௜ ′′ ൭1 − 𝜃௜ଶ2 + 𝑣 ′௜ଶ2 ൱ + ሺ𝜃௜ + 𝑣௜ ′𝑤௜ ′ሻ𝑤௜ ′′ (A5)

 𝜔௜క = 𝜃ሶ௜ + 𝑣ሶ௜ ′𝑤௜ ′, 𝜔௜ఎ = 𝑤ሶ ௜ ′ ൭𝜃௜ଶ2 − 𝑤 ′௜ଶ2 − 1൱ + 𝜃௜𝑣ሶ௜ ′ (A6)

 𝜔௜఍ = 𝑣ሶ௜ ′ ൭1 − 𝜃௜ଶ2 + 𝑣 ′௜ଶ2 ൱ + ሺ𝜃௜ + 𝑣௜ ′𝑤௜ ′ሻ𝑤ሶ ௜ ′ (A7)

 
where, bi and hi are respectively the width and thickness of 
the ith part, 𝜂 is the Poisson’ ratio. 

 
 
 

Appendix B 
 𝑢௜ሺ0ሻ = 0, 𝑣௜ሺ0ሻ = 0,  𝑣௜ ′ሺ0ሻ = 0,    𝑤௜ሺ0ሻ = 0 (B1)
 𝜕𝐻௜𝜕𝑢௜ ′ฬ௫೔ୀ௅೔ − ෍ න 𝜕ଶ𝐻௝𝜕𝑢ሶ ௜ሺ𝐿௜ሻ𝜕𝑡௅ೕ଴ 𝑑𝑥௝଻

௝ୀଵ = 0,𝑤௜ሺ0ሻ = 0 

(B2)

 ቆ 𝜕𝐻௜𝜕𝑤௜ ′ − 𝜕ଶ𝐻௜𝜕𝑤௜ ′′𝜕𝑥௜ − 𝜕ଶ𝐻௜𝜕𝑤ሶ ௜ ′𝜕𝑡ቇቤ௫೔ୀ௅೔ − ෍ න 𝜕ଶ𝐻௝𝜕𝑤ሶ ௜ሺ𝐿௜ሻ𝜕𝑡௅ೕ଴ 𝑑𝑥௝଻
௝ୀଵ = 0 

(B3)

 ൬ 𝜕𝐻௜𝜕𝑤௜ ′′൰ฬ௫೔ୀ௅೔ − ෍ න 𝜕ଶ𝐻௝𝜕𝑤ሶ ௜ ′ሺ𝐿௜ሻ𝜕𝑡௅ೕ଴ 𝑑𝑥௝଻
௝ୀଵ = 0 (B4)

 𝜃௜ሺ0ሻ = 0,𝜕𝐻௜𝜕𝜃௜ ′ቤ௫೔ୀ௅೔ − ෍ න 𝜕ଶ𝐻௝𝜕𝜃ሶ௜ሺ𝐿௜ሻ𝜕𝑡௅೔଴ 𝑑𝑥௝଻
௝ୀଵ = 0 (B5)

 ቆ𝜕𝐻௜𝜕𝑣௜ ′ − 𝜕ଶ𝐻௜𝜕𝑣௜ ′′𝜕𝑥௜ − 𝜕ଶ𝐻௜𝜕𝑣ሶ௜ ′𝜕𝑡ቇቤ௫೔ୀ௅೔ − ෍ න 𝜕ଶ𝐻௝𝜕𝑣ሶ௜ሺ𝐿௜ሻ𝜕𝑡௅ೕ଴ 𝑑𝑥௝଻
௝ୀଵ = 0 

(B6)

 ൬ 𝜕𝐻௜𝜕𝑣௜ ′′൰ฬ௫೔ୀ௅೔ − ෍ න 𝜕ଶ𝐻௝𝜕𝑣ሶ௜ ′ሺ𝐿௜ሻ𝜕𝑡௅ೕ଴ 𝑑𝑥௝଻
௝ୀଵ = 0 (B7)

 ሺ𝑣ଵ′ + 𝜃ଶ + 𝑣ଷ′ ሻห௫೔ୀ௅೔ = 0, ሺ𝜃ଵ − 𝑣ଶ′ + 𝜃ଷሻห௫೔ୀ௅೔ = 0 
(B8)

 ሺ𝑣ଵ − 𝜃ଵ𝑥ଶ + 𝑣ଶ + ሺ𝜃ଶ + 𝑣ଵ′ ሻ𝑥ଷ + 𝑣ଷሻห௫೔ୀ௅೔ = 0 (B9)
 ሺ𝑢ଵ − 𝑤ଶ + 𝑢ଷ − 𝑤ଵ′ 𝑥ଶሻห௫೔ୀ௅೔ = 0 (B10)
 ሺ𝑤ଵ + 𝑤ଷ + 𝑢ଶ + ሺ𝑤ଵ′ + 𝑤ଶ′ ሻ𝑥ଷሻห௫೔ୀ௅೔ = 0 (B11)
 ሺ𝑤ଵ′ + 𝑤ଶ′ + 𝑤ଷ′ ሻห௫೔ୀ௅೔ = 0, ൫𝜃ଵ + 𝑣ହ′ + 𝜃଺൯ห௫೔ୀ௅೔ = 0 

(B12)

 ሺ𝑣ଵ + 𝜃ଵ𝑥ହ + 𝑣ହ + ሺ−𝜃ହ + 𝑣ଵ′ ሻ𝑥଺ + 𝑣଺ሻห௫೔ୀ௅೔ = 0 (B13)
 ሺ𝑣ଵ′ − 𝜃ହ + 𝑣଺′ ሻห௫೔ୀ௅೔ = 0, ൫𝑤ଵ′ + 𝑤ହ′ + 𝑤଺′ ൯ห௫೔ୀ௅೔ = 0 

(B14)

 ൫𝑤ଵ + 𝑤଺ − 𝑢ହ + ൫𝑤ଵ′ + 𝑤ହ′ ൯𝑥଺൯ห௫೔ୀ௅೔ = 0 (B15)
 ሺ𝑢ଵ + 𝑤ହ + 𝑢଺ + 𝑤ଵ′ 𝑥ହሻห௫೔ୀ௅೔ = 0 (B16)
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Appendix C 
 𝑢ଵ∗ = 𝑢ଵ,   𝑢ଶ∗ = 𝑢ଶ − 𝑤ଵ|௫భୀ௅భ (C1)
 𝑢ଷ∗ = 𝑢ଷ − ሺ𝑢ଵ − 𝑤ଶ − 𝑥ଶ𝑤ଵ′ ሻห௫భୀ௅భ,௫మୀ௅మ (C2)
 𝑢ସ∗ = 𝑢ସ − ሺ𝑢ଶ + 𝑤ଵሻ|௫భୀ௅భ,௫మୀ௅మ (C3)
 𝑢ହ∗ = 𝑢ହ + 𝑤ଶ|௫భୀ௅భ (C4)
 𝑢଺∗ = 𝑢଺ − ሺ𝑢ଵ + 𝑤ହ + 𝑥ହ𝑤ଵ′ ሻห௫భୀ௅భ,௫ఱୀ௅ఱ (C5)
 𝑢଻∗ = 𝑢଻ − ሺ𝑢ହ − 𝑤ଵሻ|௫భୀ௅భ,௫ఱୀ௅ఱ (C6)
 𝑤ଵ∗ = 𝑤ଵ,     𝑤ଶ∗ = 𝑤ଶ − ሺ𝑥ଶ𝑤ଵ′ − 𝑢ଵሻห௫భୀ௅భ (C7)
 𝑤ଷ∗ = 𝑤ଷ − ቀ𝑤ଵ + 𝑢ଶ + 𝑥ଷሺ𝑤ଵ′ + 𝑤ଶ′ሻቁቚ௫భୀ௅భ,௫మୀ௅మ (C8)
 𝑤ସ∗ = 𝑤ସ − ቀ𝑤ଶ − 𝑢ଵ + 𝑥ଶ𝑤ଵ′+ 𝑥ସሺ𝑤ଵ′ + 𝑤ଶ′ሻቁቚ௫భୀ௅భ,௫మୀ௅మ 

(C9)

 𝑤ହ∗ = 𝑤ଶ − ሺ𝑢ଵ + 𝑥ହ𝑤ଵ′ሻห௫భୀ௅భ (C10)
 𝑤଺∗ = 𝑤଺ − ሾ𝑤ଵ − 𝑢ହ + 𝑥଺ሺ𝑤ଵ′ + 𝑤ହ ′ሻሿห௫భୀ௅భ,௫ఱୀ௅ఱ (C11)
 𝑤଻∗ = 𝑤ସ − ሾ𝑢ଵ + 𝑤ହ + 𝑥ହ𝑤ଵ′+ 𝑥଻ሺ𝑤ଵ′ + 𝑤ହ′ሻሿห௫భୀ௅భ,௫ఱୀ௅ఱ 

(C12)

 𝜃௜∗ = 𝜃௜,     𝑣ଵ∗ = 𝑣ଵ,𝑣ଶ∗ = 𝑣ଶ − ሺ𝑣ଵ − 𝑥ଶ𝜃ଵሻ|௫భୀ௅భ (C13)

 𝑣ଷ∗ = 𝑣ଷ − ሾ𝑣ଵ + 𝑣ଶ + 𝑥ଷሺ𝑣ଵ′ + 𝜃ଶሻ − 𝑥ଶ𝜃ଵሿห௫భୀ௅భ,௫మୀ௅మ (C14)

 𝑣ସ∗ = 𝑣ସ − ሾ𝑣ଵ + 𝑣ଶ + 𝑥ସሺ𝑣ଶ′ − 𝜃ଵሻ − 𝑥ଶ𝜃ଵሿห௫భୀ௅భ,௫మୀ௅మ (C15)

 𝑣ହ∗ = 𝑣ହ − ሺ𝑣ଵ + 𝑥ହ𝜃ଵሻ|௫భୀ௅భ (C16)
 𝑣଺∗ = 𝑣଺ − ሾ𝑣ଵ + 𝑣ହ + 𝑥଺ሺ𝑣ଵ′ − 𝜃ହሻ + 𝑥ହ𝜃ଵሿห௫భୀ௅భ,௫ఱୀ௅ఱ (C17)

 𝑣଻∗ = 𝑣଻ − ൣ𝑣ଵ + 𝑣ହ + 𝑥଻൫𝑣ହ′ + 𝜃ଵ൯ + 𝑥ହ𝜃ଵ൧ห௫భୀ௅భ,௫ఱୀ௅ఱ (C18)

 
 
 

Appendix D 
 𝜆௜௝௨ = 𝜔௪ඨ𝜌௜𝐸௜ , 𝜆௜௝ఏ = 𝜔௩ඨ𝜌௜𝐽௜క𝐾௜క  (D1)

 

𝜆ଵ௜௩ = ඩ𝜌௜𝐴௜2𝐾௜ఎ ቌඨ𝐽௜ఎଶ 𝜔௩ସ𝐴௜ଶ + 4 𝐾௜ఎ𝜔௩ଶ𝜌௜𝐴௜ + 𝐽௜ఎ𝜔௩ଶ𝐴௜ ቍ (D2)

 

𝜆ଷ௜௩ = ඩ𝜌௜𝐴௜2𝐾௜ఎ ቌඨ𝐽௜ఎଶ 𝜔௩ସ𝐴௜ଶ + 4 𝐾௜ఎ𝜔௩ଶ𝜌௜𝐴௜ − 𝐽௜ఎ𝜔௩ଶ𝐴௜ ቍ (D3)

 

𝜆ଵ௜௪ = ඩ𝜌௜𝐴௜2𝐾௜఍ ቌඨ𝐽௜఍ଶ 𝜔௪ସ𝐴௜ଶ + 4 𝐾௜఍𝜔௪ଶ𝜌௜𝐴௜ + 𝐽௜఍𝜔௪ଶ𝐴௜ ቍ (D4)

 

𝜆ଷ௜௪ = ඩ𝜌௜𝐴௜2𝐾௜఍ ቌඨ𝐽௜఍ଶ 𝜔௪ସ𝐴௜ଶ + 4 𝐾௜఍𝜔௪ଶ𝜌௜𝐴௜ − 𝐽௜఍𝜔௪ଶ𝐴௜ ቍ (D5)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

CC 

376




