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1. Introduction 

 
With a quest for increasing renewable energy share, the 

research Schematic of the path planning problem (see Fig. 
1) is exploring technological innovation towards multibody 
systems in engineering structural practical applications. Fig. 
1(a) represents the continuous state-space: The autonomous 
agent must travel from x0 to xf in a domain under the 
influence of a stochastic dynamic flow field v(x, t; wv) and 
a stochastic dynamic scalar field g(x, t; wg) (e.g., solar 
radiation). The agent takes an action a = π (x, t) according 
to an optimal deterministic policy x and is simultaneously 
advected by an instantaneous velocity v. Such improvement 
requires corresponding contributions in nonlinear dynamics 
and, more precisely, the numerical models of large 
engineering will provide improved safety under extreme 
climate conditions. Also, in order to control stability and 
avoid damage (Toma and Chen 2024, Ahmad and 
Shokouhian 2024), we need to provide the corresponding 
algorithms for control of the vibrations of the geometrically 
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exact beam that is used as the basic ingredient in 
constructing the numerical model of flexible wind-turbine 
blades. In order to ensure the desired response of the 
structure and suppress its vibrations, many papers and 
books are focused on searching for the most appropriate 
control algorithm. The proportional-integral-derivative 
(PID) controllers have been used for many years for linear 
problems, due to their simplicity, efficiency and reliability, 
PID controllers and their different modifications are still the 
most popular to use for control processes of flexible 
systems. Special attention is focused on optimization of PID 
controller parameters. To design an optimal analogue and 
discrete PID controller, an analogue and discrete time linear 
quadratic regulator (LQR) as suggested in (Zhou 2023, 
Ariyanto et al. 2023, Zhu 2023, Zhou et al. 2023, 2024, 
Zheng et al. 2022, 2023). Optimal tuning of PI/PID 
controller for time-delay processes using LQR is further 
proposed in (Zhang et al. 2023, 2024, Yin et al. 2024, Wu et 
al. 2022, Wang et al. 2023a). Many studies have 
investigated the control problems of the flexible system 
mechanics. In addition to other analyses, (Wang et al. 
2024c, d, Tian et al. 2024a, Song et al. 2024, Shu et al. 
2025, Mohammadzadeh et al. 2024) gave a critical review 
of control algorithms applied to rotating composite beams 
and blades. The position control of a flexible four bar 
mechanism has been provided by PID controller while 
proportional controller has been used to suppress vibration 
in (Miaofen et al. 2023, Liu et al. 2023, Shi et al. 2023b, 
Tan et al. 2023, Li et al. 2021, 2024a, b). Optimal control 
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algorithms, based on linear quadratic regulator (LQR), are 
very popular due of their robustness and has been used to 
improve overall performances of flexible structures (Kai 
and Yin 2022, Hirao et al. 2023, Guo et al. 2023, Du et al. 
2024) for Stewart platform with flexible legs (Shi et al. 
2023b), flexible beam linkage (Chen et al. 2022a, Chai et 
al. 2024), flexible riser (Song et al. 2021), and Timoshenko 
beam (Cao et al. 2024). 

Active vibration control of a piezoelectric beam was 
investigated in (Tan et al. 2023), where several different 
popular control strategies were applied and compared: LQR 
and Linear Quadratic Gaussian controller (LQG) in (Tian et 
al. 2024b) and mixed LQR regulator (Wang et al. 2023b). 
More works on control theory can be referenced in the 
books of (Xu et al. 2022). The main novelty of this work 
lies in the selection of the most suitable strategy from 
among numerous control algorithms to control the 
vibrations of a geometrically accurate Reissner beam. In 
this paper, we still use the optimal control based on the 
LQR algorithm, but consider the tangential stiffness change 
caused by the nonlinear form of the Kalman gain based on 
the Riccati solution. 

We briefly introduce a geometrically accurate beam 
model for representing large motions of flexible blades in a 
nonlinear dynamic framework. In Section 3, we present the 
corresponding development of optimal nonlinear control for 
models with state feedback loops, and then present the 
results of numerical simulations in Section 4. 

 
 

2. Preliminary of smart control 
 
We consider the analysis of concrete structure models, if 

the vibration damping ratio parameter of the first period of 

 
 

 
 

the concrete structure is set to 2%, and the remaining 
periods are all below 10%, see Fig. 2, in which 
methodology for building the MDP model using a GPU by 
3-D grid showing various realizations of the stochastic 
velocity field at a given time-step by 3-D grid of CUDA 
threads. The expression of the vibration damping ratio in 
the first period is shown in Eqs. (1)-(2). 

 𝝓 = 𝝋 + 𝑥ଶ𝐭ଶ; 𝝋 = (𝑥 + 𝑢)𝐞ଵ + (𝑦 − 𝜐)𝐞ଶ (1)
 𝜉௜ = 𝑚𝑖𝑛 ൜ 𝜔௜50𝜔ଵ , 0.1ൠ          (𝑖 = 2, 𝐿, 𝑛) (2)

 
At this moment, the damping matrix is expressed as 

shown in Eq. (3). 
 𝐶 = 𝑀ΦΛ[2𝜉ଵ𝜔ଵ, 2𝜉ଶ𝜔ଶ, 𝐿, 2𝜉௡𝜔௡]Φିଵ (3)
 
In Eq. (3), Φ denotes the formation matrix; 𝜉௜ is the 

damping ratio of the 𝑖 period; 𝜔௡  indicates the natural 
frequency of the 𝑖 period. The concrete structure equation 
is shown in Eq. (4). 

 𝑍ሶ(𝑡) = 𝐴𝑍(𝑡) + 𝐵𝑈(𝑡) + 𝐷𝐹(𝑡) (4)
 
In Eq. (4), 𝐴, 𝐵, and 𝐷 are expressed under 
 𝑀ିଵ𝐾 = Φ (5)
 

which refers to the formation matrix; 0௡×௡, 0௡×௣, 0௡×௤ 
express the 𝑛 × 𝑛, 𝑛 × 𝑝, 𝑛 × 𝑞 dimensional zero matrix; 𝐵௦ stands for the actuator displacement matrix; 𝐼௡×௡ 
expresses the identity matrix. The fuzzy domain set is 
defined as 𝑈, and its expression is shown in Eq. (6). 

 
Fig. 1 Schematic of the path planning problem

 
Fig. 2 Methodology for building the MDP model using a GPU 
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In Eq. (6), 𝑢ଵ, 𝑢ଶ, … , 𝑢௡ indicate domain set. The 

membership function is determined by fuzzy statistics, and 
the variable set of cloud top boundary belonging to the set 𝑈 is defined as 𝐴∗. The element 𝑢௜ of the sub test subset 
in 𝑛 belongs to 𝐴∗, which is expressed as 𝑛஺•. A stable 𝑛஺•/𝑛 ratio can be obtained through multiple experiments, 
and then 𝑢௜  belongs to the fuzzy set 𝐴  membership, 
which is expressed in Eq. (7). 

 𝑢஺(𝑢௜) = lim௡→ஶ 𝑛஺•𝑛  (7)
 
In Eq. (7), 𝐴 denotes the borderless and 𝐴• consistent 

fuzzy set; 𝑛 means the amount of tests; 𝑢௜ represents the 
amount of 𝑢௜ ∈ 𝐴• in the 𝑛 test. 

Due to the fact that different inference results in fuzzy 
reasoning correspond to different degrees of membership, 
the maximum one of these degrees of membership is used 
as the output, as shown in Eq. (8). 

 𝑢଴ = max 𝑢஺(𝑢)  𝑢 ∈ 𝑈 (8)
 
In the process of fuzzy reasoning, there are multiple 

outputs corresponding to the max membership degree, and 
the mean of all corresponding values is selected as the final 
output value, as expressed in Eq. (9). 

 𝑢଴ = 1𝐽 ෍ 𝑢௝௃
௝ୀଵ  (9)

 
Among them, 𝑢௝ and 𝐽 are expressed as shown in Eq. 

(10). 
 ቊ𝑢௝ = max௨∈௎ ൫𝑢஺(𝑢)൯𝐽 = |ሼ𝑢ሽ|             (10)

 
According to the constitutive equation of magnetic 

current in the stable shear field, this state can be described, 
as shown in Eq. (11). 

 𝜏 = 𝜏௬𝑠𝑔𝑛(𝛾ሶ) + 𝜂𝛾ሶ  (11)
 
In Eq. (11), 𝜏௬  denotes the yield of the 

magnetorheological fluid; 𝜏 means the total shear stress of 
the magnetorheological fluid; 𝛾ሶ  refers to the parameters of 
the magnetized fluid. When the particles do not meet 
magnetic saturation, the shear yield under the theory of 
magnetorheological fluid is expressed in Eq. (12). 

 𝜏௬ = √6𝜙𝜇଴𝑀௦ଵ/ଶ𝐻଴ଶ/ଷ) (12)
 
In Eq. (12), 𝑀௦ stands for the magnetization intensity 

of the saturated particle state; 𝜙 means the particle content 
of the magnetorheological fluid; 𝜇଴  refers to the true 
permeability; 𝐻଴  represents the applied magnetic field 
intensity. A valve type damper and shear damping force, as 
expressed in Eq. (13). 

𝐹 = ቈ3𝜋𝜂𝐿(𝐷ଶ − 𝑑ଶ)4𝐷ℎଷ + 𝐿𝜋𝐷𝜂ℎ ቉ 𝑣 + ቈ3𝜋𝐿(𝐷ଶ − 𝑑ଶ)ℎ + 𝐿𝜋𝐷቉ 𝜏௬𝑠𝑖𝑔𝑛(𝑣) 
(13)

 
In Eq. (13), 𝜂 stands for the apparent density of the 

magnetorheological fluid; 𝑠𝑖𝑔𝑛(𝑣)  indicates the piston 
motion control function; ℎ means the particle gap of the 
magnetorheological fluid; 𝐷 means the piston diameter; 𝑑 
refers to the internal diameter of the piston; 𝐿 stands for 
the effective length of the piston. According to Eqs. (12) 
and (13), the shear type MRFD model can be simplified, as 
shown in Eq. (14). 

 𝐹௦௩ = 3𝜂𝐿[𝜋(𝐷ଶ − 𝑑ଶ)]ଶ𝜏௬4𝐷ℎଷ 𝑣 + 3𝐿𝜋(𝐷ଶ − 𝑑ଶ)4ℎ 𝜏௬𝑠𝑛𝑔(𝑣) 
(14)

 
According to Eq. (14), the model is composed of two 

terms. The first term mainly considers fluid power viscosity, 
which is a fixed value. 

 𝛽௩ = 𝑏ℎଶ𝜏௬4𝜂𝑄 = 𝐷ℎଶ𝜏௬𝜂(𝐷ଶ − 𝑑ଶ)𝑣 (15)

 
In Eq. (15), 𝑣  denotes the piston speed and 𝑏 

expresses the Coulomb damping characteristic parameter. In 
the research, fuzzy DC strategy is mainly used and 
compared with traditional linear quadratic regulator (LQR) 
control strategy to achieve good performance indicators of 
the original system at low cost. 

 𝐾 = 12 න න 𝜌𝜙் ∙ 𝜙𝑑𝐴𝑑𝑠஺௅  = 12 න ൫𝐴ఘ𝜑ሶ ் ∙ 𝜑ሶ + 𝐽ఘ𝜓ଶ൯𝑑𝑠௅  
(16)

 
with energy given in Eqs. (10) and (16) 

 𝐻൫𝜑, 𝜓; 𝜑ሶ , 𝜓ሶ ൯ = 𝐾൫𝜑ሶ , 𝜓ሶ ൯ + Π(𝜑, 𝜓) (17)
 𝐺(𝜑, 𝜓; 𝛿𝜑, 𝛿𝜓) ≔ න ൫𝛿𝜑் ∙ 𝐴ఘ𝜑ሷ + 𝛿𝜓 ∙ 𝐽ఘ𝜓ሷ ൯𝑑𝑠௅+ න ((𝛿𝜑ᇱ − 𝛿𝜓𝐖𝜑ᇱ)் ∙ 𝐧 + 𝛿𝜓ᇱ𝐞ଷ் ∙ 𝐦)𝑑𝑠௅ − 𝐺௘௫௧= 0 

(18)

 
where the static term corresponds to the one already stated 
in Eq. (11). 

 
 

3. Optimal nonlinear design with state feedback 
loop 
 
In this section, we consider the development of modern 

control algorithms (see Fig. 3). Such a process involves 
dynamic optimization with respect to an operating cost 
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Fig. 3 Control process 
 
 

function (also called an exponential performance or revenue 
function) and imposed boundary conditions, with the goal 
of achieving optimal operation of the system. The key 
elements of the optimal control problem can be expressed 
as follows: i) Mathematical model, as shown in Eq. (1). 
(18), represented by a set of nonlinear differential 
equations, ii) the specification of the operating cost function 
from which we derive the optimal control law by finding 
extrema, iii) the imposition of boundary conditions on the 
state and/or control. 

We note that the optimization procedure for this type of 
problem is standard, but the complexity may vary 
depending on the type of control we wish to achieve. 
Furthermore, dynamic optimization tasks involve time-
varying conditions and system variables, which are more 
challenging than controlling the system under steady-state 
conditions (see Xu and Li 2024). We further trace the 
necessary steps in nonlinear control design to formulate an 
optimal control law for a finite-time linear quadratic 
regulator. 

 
3.1 State-space equations 
 
To simplify the analysis, it is common to reconvert the 

motion references into the so-called state space form, 
resulting in a set of first-order differential equations 
describing the system response in dynamics. We first 
modify the linearized form of the dynamic equilibrium 
proposed in Eq. (18), select the first state variable vector as 𝒙1(𝑡) = (𝝋(𝑡), 𝜓(𝑡))𝑇 

 𝐌𝐱ሷ ଵ(𝑡) + 𝐊(𝑡)𝐱ଵ(𝑡) = 𝐟௘௫௧(𝑡) +  𝐮(𝑡) (19)
 
By further selecting another state space vector 𝐱ଶ(𝑡) =𝐱ሶ ଵ(𝑡) = ൫𝝋ሶ (𝑡), 𝜓ሶ (𝑡)൯𝑇 , we can obtain the state-space 

representation 
 

⎩⎪⎨
⎪⎧𝐱ሶ ଵ(𝑡) = 𝐱ଶ(𝑡)                               𝐱ሶ ଶ(𝑡) = 𝐌ିଵ൫𝐊(𝑡)𝐱ଵ(𝑡) + 𝐮(𝑡)൯𝐱ଵ(0) = 𝐱ଵ଴                                    𝐱ଶ(0) = 𝐱ଶ଴                                     (20)

 
where 𝐱ଵ(0)and 𝐱ଶ(0) are the initial conditions. With this 
state space representation, it is given in Eq. (20), we reduce 
the order of the differential equation from second order to 
first order. Therefore, we can apply standard numerical 
solution procedures that are more stable and accurate. On 
the other side, the number of differential equations has 

doubled, from 𝑛 to 2𝑛, which implies a higher 
computational cost. However, this increase in 
computational cost is often outweighed by the benefits that 
the state-space form offers in terms of numerical stability, 
analysis and control design. 

A standard state-space representation can be given in 
matrix form, by introducing 𝐱ሶ (𝑡) = ൫𝐱ሶ ଵ(𝑡), 𝐱ሶ ଶ(𝑡)൯𝑇 in Eq. 
(20) as follows 

 ൜𝐱ሶ ଵ(𝑡)𝐱ሶ ଶ(𝑡)ൠ
𝐱ሶ(௧) = ൤ 0 𝐈−𝐌ିଵ𝐊(𝑡) 0൨൜𝐱ଵ(𝑡)𝐱ଶ(𝑡)ൠ

𝐱(௧)    + ቄ 𝟎𝐌ିଵቅ
𝐁 𝒖(𝑡) (21)

 
where 𝐀 ∈ ℝ𝑚𝑥𝑚 and 𝐁 ∈ ℝ𝑚𝑥𝑚 are state (or system) 
and input matrices. The expression in Eq. (21) can be 
rewritten in more compact form as 

 𝐱ሶ (𝑡) = 𝐀(𝑡)𝐱(𝑡) + 𝐁𝐮(𝑡)𝐟(𝐱(௧),𝒖 (௧),௧) ≡ 𝐟(𝐱(𝑡), 𝒖(𝑡), 𝑡) (22)

 
where 𝒇(𝒙(𝑡), 𝒖(𝑡), 𝑡) is a state function. Since we consider 
time-varying systems, we note that only the state matrix 𝑨(𝑡) changes in time, while the input matrix 𝑩 remains 
constant. However, the following development should hold 
for both cases. 

 
3.2 Preliminary for LQR algorithm 
 
The basic concept of optimal control involves various 

forms of cost functions that can be formulated based on 
minimization objectives, including factors such as time 
control, energy control, terminal error, etc. Such a cost 
operating function 𝐽 represents a quantitative measure of 
how well a controlled dynamic system performs over a 
specific period of time, so the general form of this function 
can be given 

 𝐽 = 𝛷൫𝐱൫𝑡௙൯, 𝑡௙൯ + න 𝐿(𝐱(𝑡), 𝒖(𝑡), 𝑡)𝑑𝑡௧೑௧బ  (23)

 
where the terms 𝛷(⋅) and ∫𝐿(⋅)𝑑𝑡 are given as a quadratic 
form representing terminal constraint at the final time and 
the sum of the cost rates, respectively. The integral function 𝐿(⋅) is also referred to as Lagrangian. Furthermore, we 
exploit the additive interval property of integrals to state the 
incremental change in the cost-to-go function for the time 
interval [𝑡, 𝑡+Δ𝑡] 

 𝐽(𝐱(𝑡), 𝑡)= න 𝐿(𝐱(𝑡), 𝒖(𝑡), 𝑡)𝑑𝜏 + 𝐽(𝐱 + ∆𝐱, 𝑡 + ∆𝑡)௧ା∆௧
௧  (24)

 
where 𝜏 is a dummy variable. We note that the cost-to-go 
function in Eq. (24) is updated recursively, where 𝒙+Δ𝒙 is 
the state at time 𝑡+Δ𝑡 which is computed as a system 
response for 𝒙(𝑡) and 𝒖(𝑡). Among all the potential costs to 
go from time 𝑡 to 𝑡𝑓, given by Eq. (24), we select only the 
candidates 𝐽∗(𝒙(𝑡), 𝑡) that optimize the function 𝐽(𝒙(𝑡), 𝑡) 
within the interval [𝑡+Δ𝑡, 𝑡𝑓]. Assuming that the optimal 
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cost 𝐽∗(𝒙+Δ𝒙, 𝑡+Δ𝑡) and control law 𝒖(𝑡+Δ𝑡) are known for 
all 𝒙+Δ𝒙, we can therefore compute optimal control law 𝒖(𝑡) for all 𝒙(𝑡) on the time interval [𝑡, 𝑡+Δ𝑡] through the 
corresponding minimization procedure 

 𝐽∗(𝐱(𝑡), 𝑡) = min𝐮(்)∈ℝ೙ ቊන 𝐿(𝐱(𝑡), 𝒖(𝑡), 𝑡)𝑑𝜏௧ା∆௧
௧+ 𝐽∗(𝐱(𝑡 + ∆𝑡), 𝑡 + ∆𝑡)ቋ 

(25)

 
which casts the principle of optimality on 𝜏∈[𝑡, 𝑡+𝛥𝑡]. By 
finding the Taylor series expansion of the right hand side of 
Eq. (25) around the point (𝒙(𝑡), 𝑡), we get 

 min𝐮(்)∈ℝ೙ ቊ𝐿(𝐱(𝑡), 𝒖(𝑡), 𝑡)∆𝑡 + 𝐽∗(𝐱(𝑡), 𝑡)+ 𝜕𝐽∗(𝐱(𝑡), 𝑡)𝜕𝑡 ∆𝑡+ 𝜕𝐽∗(𝐱(𝑡), 𝑡)𝜕𝐱 𝐱ሶ (𝑡)∆𝑡ቋ 

(26)

 
Through a minor manipulation of Eq. (27) and by taking 

the limit as Δ𝑡 → 0, we can derive the partial differential 
equation that governs the optimal cost 𝐽∗(𝒙(𝑡), 𝑡) 

 − 𝜕𝐽∗(𝐱(𝑡), 𝑡)𝜕𝑡  = min𝐮(்)∈ℝ೙ ൝𝐿(𝐱(𝑡), 𝒖(𝑡), 𝑡) + ቆ𝜕𝐽∗(𝐱(𝑡), 𝑡)𝜕𝑥 ቇ் ∙ 𝐱ሶ (𝑡)ൡ (27)

 
where the result is denoted as the Hamilton-Jacobi-Bellman 
(HJB) equation. If we denote the Lagrange multipliers as 𝜕𝐽∗(𝒙(𝑡), 𝑡)𝜕𝒙 = 𝞴(𝑡), and the state equation as 𝒙ሶ (𝑡) = 𝒇൫𝒙(𝑡), 𝒖(𝑡)൯, we can rewrite the HJB equation as follows 

 − 𝜕𝐽∗(𝐱(𝑡), 𝑡)𝜕𝑡  = min𝐮(்)∈ℝ೙ሼ𝐿(𝐱(𝑡), 𝒖(𝑡), 𝑡) + 𝛌்(𝑡) ∙ 𝐟(𝐱(𝑡), 𝒖(𝑡), 𝑡)ሽ (28)

 
The result in Eq. (28) can be recast in a more standard 

form that employs the Hamiltonian 𝐻(𝒙(𝑡), 𝒖(𝑡), 𝞴(𝑡), 𝑡) in 
place of the Lagrangian 𝐿(𝒙(𝑡), 𝒖(𝑡), 𝑡), where the relation 
is given as 

 𝐻(𝐱(𝑡), 𝒖(𝑡), 𝛌(𝑡), 𝑡) = 𝐿(𝐱(𝑡), 𝒖(𝑡), 𝑡) + 𝛌்(𝑡) ∙ 𝐟(𝐱(𝑡), 𝒖(𝑡), 𝑡) (29)

 
We can further introduce the result Eq. (29) into the HJB 

equation in Eq. (28), which results 
 − 𝜕𝐽∗(𝐱(𝑡), 𝑡)𝜕𝑡 = min𝐮(்)∈ℝ೙ሼ𝐻(𝐱(𝑡), 𝒖(𝑡), 𝛌(𝑡), 𝑡)ሽ (30)

 
The result obtained in Eq. (30) yields the optimal 

control law for a nonlinear system using closed-loop or 
state feedback, where the solution, in most cases, can only 
be obtained numerically. 

3.3 Mixed linear quadratic regulator (LQR) 
algorithm 

 
Here we present the advanced control algorithm, 

denoted as linear quadratic regulator (LQR), which 
optimizes both the control effort (minimal control energy). 
In order to determine the optimal control law 𝐮∗(𝑡), we 
first define the cost-to-go function 𝐽(𝒙(𝑡), 𝑡) as a quadratic 
form 

 𝐽(𝐱(𝑡), 𝑡) = 12 𝐱்൫𝑡௙൯ ∙ 𝐐𝒇𝐱൫𝑡௙൯ + 12 න ൫𝐱(𝑡) ∙ 𝐐𝐱(𝑡) + 𝒖(𝑡) ∙ 𝐑𝐮(𝑡)൯𝑑𝑡௧೑௧బ
(31)

 
where 𝑸 = 𝑸𝑇 > 0, 𝑸𝑓 and 𝑹 = 𝑹𝑇>0 are matrices related 
to the penalty of state error, terminalerror and control effort. 
According to Eq. (29) we can define the Hamiltonian as 
follows 

 𝐻(𝐱(𝑡), 𝒖(𝑡), 𝛌(𝑡), 𝑡) = 12 ൫𝐱்(𝑡) ∙ 𝐐𝐱(𝑡) + 𝐮்(𝑡)𝐑 ∙ 𝐮(𝑡)൯+𝛌்(𝑡) ∙ ൫𝐀(𝑡)𝐱(𝑡) + 𝐁𝐮(𝑡)൯ 

(32)

 
To perform optimization of function in Eq. (31), we 

employ the HJB principle in Eq. (30), where the 
minimization task reads 

 − 𝜕𝐽∗𝜕𝑡= min𝐮(்)∈ℝ೙ ൜12 (𝐱் ∙ 𝐐𝐱 + 𝐮்𝐑 ∙ 𝐮) + 𝛌் ∙ (𝐀𝐱 + 𝐁𝐮)ൠ (33)

 
Now, we can obtain stationary condition, state and co-

state equations by finding the first derivative of the 𝐻 with 
respect to 𝒖, 𝒙 and 𝞴, respectively. 

 −𝛌ሶ = ൬𝜕𝐻𝜕x ൰ = 𝐐𝐱 + 𝐀்𝛌 𝐱ሶ = ൬𝜕𝐻𝜕𝛌൰ = 𝐀𝐱 + 𝐁𝐮∗ 
(34)

 
where we obtain the optimal control law 𝒖∗(𝞴(𝑡),𝑡) which 
minimizes the functional in Eq. (33). The result in Eq. (34) 
can be rewritten in matrix form as 

 ቄ𝐱ሶ𝛌ሶ ቅ = ൤ 𝐀 −𝐁𝐑ିଵ𝐁்−𝐐 −𝐀் ൨ ቄ𝐱𝛌ቅ (35)
 
To provide the closed-loop or state feedback control, we 

redefine 𝐮∗(𝛌(𝑡), 𝑡) in terms of 𝒙(𝑡). If we assume that the 
optimal cost-to-go function has a following solution form 𝐽∗(𝒙(𝑡), 𝑡) = 12𝒙𝑇⋅𝑺(𝑡)𝒙, where 𝑺(𝑡) = 𝑺𝑇(𝑡) > 0, then the 
Lagrange multipliers and time variation of the cost-to-go 
function can be given as 

 𝜕𝐽∗𝜕𝐱 = 𝐒(𝑡)𝐱 ≡ 𝛌;  𝜕𝐽∗𝜕𝑡 = 12 𝐱் ∙ 𝐒ሶ(𝑡)𝐱; (36)

 
Now, we can rewrite the optimal control law 𝐮∗(𝒙, 𝑡) 
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in Eq. (34) as 
 𝐮∗(𝐱, 𝑡) = 𝐑ିଵ𝐁்𝐒(𝑡)𝐱 (37)
 

where −𝑹−1𝑩𝑇𝑺(𝑡) is denoted as Kalman gain. By 
combining the results in Eqs. (35), (36) and (37), one can 
cast the Riccati differential equation in matrix form as 
follows 

 −𝐒ሶ(𝑡) = 𝐐 − 𝐒(𝑡)𝐁𝐑ିଵ𝐁்𝐒(𝑡) + 𝐒(𝑡)𝐀 + 𝐀்𝐒(𝑡) (38)
 

where the final state condition is given 𝑺(𝑡𝑓) = 𝑸𝑓. For 
clarification, the solution procedure of the LQR problem 
reduces to numerical integration of the Riccati differential 
equation Eq. (38) backwards in time. Once the solution 𝑺(𝑡) 
is obtained, we can compute the optimal feedback gain 𝐮∗(𝑡) at the time 𝑡 (see Eq. (37)), and then update the state 
equation 

 𝐱ሶ (𝑡) = ൫𝐀(𝑡) − 𝐁𝐑ିଵ𝐁்𝐒(𝑡)൯𝐱(𝑡) (39)
 
Thus, we can proceed with the computation of the 

system response forward in time for the given control signal 
in Eq. (37). 

 
 

4. Numerical examples 
 
The most important concept in control system analysis 

and design tools is stability. Stability analysis of fuzzy 
control systems has always been difficult because fuzzy 
systems are essentially nonlinear systems. Recently, some 
useful stability techniques based on nonlinear stability 
theory (Wang et al. 2024e) have been was raised. One of the 
authors derived stability conditions and robust stability 
conditions from the definition of stability in the Lyapunov 
sense. Therefore, when analyzing fuzzy control systems, we 
need at least a fuzzy model of the system. In this paper, it is 
assumed that the fuzzy model of the target system has been 
identified. Therefore, the well-known TS fuzzy model is 
adopted. The details of the TS fuzzy model are described 
below. 

 
 
 

Fig. 4 Limit cycle of the test nonlinear structural system

Plant Rule 1: 
 If     𝑥ଵ(𝑡)   is   𝑀௜ ଵ   and  ⋯   and  𝑥௚(𝑡)   is    𝑀⥂௜ ⥂௚⥂ then   𝑥ሶ (𝑡) = 𝐴௜⥂𝑥(𝑡) + 𝐵௜⥂𝑢(𝑡);       𝑖 =   1 , 2 , ⋯ ,  𝑟 
 
In this example, we first verify the unit control 

algorithm in the case where both the stiffness and mass 
matrices are constant over time. We perform numerical 
calculations using Euler's backward time integration 
scheme. To avoid amplitude decay (also called numerical 
damping) due to insufficient accuracy of the scheme, we 
use a very small time step Δ falcon = 0.0001 𝑠, where 1 𝑠 
has a step size of 10⁴. First, we verified the accuracy of the 
proposed free vibration unit without controlling the system's 
response to the initial state of the state space model in 
Matlab, by calling the functions (sys = ss(A, B, C, D)] and 
[[y, t] = initial value (sys,x0)). Consider the fuzzy system 
through the TS fuzzy continuous model, described as 
follows. 

 
Rule 1: If 𝑥ଵ(𝑡) is 𝑀ଵଵ 
Then 𝑥ሶ(𝑡) = 𝐴ଵ𝑥(𝑡) with 𝐴ଵ = ቂ−29 13 −12ቃ  
Rule 2: If 𝑥ଵ(𝑡) is 𝑀ଶଵ 
Then 𝑥ሶ(𝑡) = 𝐴ଶ𝑥(𝑡), with 𝐴ଶ = ቂ−25 −45 −14ቃ  
 

and membership functions for Rule 1 and Rule 2 are 
 
        𝑀ଵଵ൫𝑥ଵ(𝑡)൯ = ଵଵା௘௫௣[ି ଶ௫భ(௧)] , 𝑀ଶଵ൫𝑥ଵ(𝑡)൯ = 1 − 𝑀ଵଵ൫𝑥ଵ(𝑡)൯. 
 
In order to satisfy the stability conditions, hence, we can 

obtain the following matrix 𝑃 = ቂ 1.5062 −0.2794−0.2794 1.7619 ቃ by 
using LMI optimization algorithms with the limit cycle 
shown in Fig. 4. The algebraic Riccati equation lqr ([K,S,P] 
= lqr(A,B,Q,R,N)) and the differential algebraic Riccati 
equation idare ([X,L,G] = idare(A,B,Q) Algorithm, R)). 
These algorithms provide steady-state and time-discrete 
solutions to the differential Riccati equations. Calculated 
with different penalty state error values: 𝑸 = 𝑞𝑰, 𝑞 = (0, 10, 
10², 10³, 10⁴) and 𝑹 = 𝑟𝑰, 𝑟 =1. Nonlinear effects can affect 
problems in a variety of ways. A classic example is a 
nonlinear spring, where the restoring force is not linearly 
proportional to the displacement. For the case of symmetric 
nonlinearity (compression or stretching has the same 
effect), the equation of motion is the system undamped and 
there are periodic solutions where the natural frequency 
increases with amplitude. This model is often called the 
Duffin equation, named after the mathematician who 
studied it. 

If a system is acted upon by a periodic force, in classical 
theory we assume that the output will also be periodic. But 
nonlinear vibration theory relies on the assumption that 
periodic inputs produce periodic outputs. However, it is this 
assumption that is challenged in the new theory of chaotic 
vibrations. The oscillation amplitude of the displacement 
decreases from the initial value of 1 to zero at a time 
slightly larger than 0.2 s. The speed changes from an initial 
value of zero to a value around -7 and drops to zero at 0.3 
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Fig. 5 Phase plane control of fuzzy calculations
 
 

seconds. When the control law is equal to 0 when 𝑞 = 0, as 
the penalty value 𝑞 increases, the control law exhibits 
oscillation characteristics, and the oscillation amplitude 
increases with the increase of 𝑞. When 𝑞 = 10⁴, the 
oscillation characteristic of the control signal disappears. 

The same seismic excitation was selected as in reference 
of Chen et al. (2023a, b) for testing, and a 6-story shear 
type building model was utilized as the experimental object. 
Each floor had a height of 3.4 m and a stiffness value of 
12000 KN/m. It shows the peak control force results of 
concrete structures under seismic excitation. In the control 
of multi-layer structures, MRFD and FC were installed in 
each floor to ensure the control effect of lateral 
displacement of the floors. There were significant 
differences in the SC effects among the three types of SCs 
in multi-floor SC. In FC, MRFDs were installed on each 

 
 
 

floor to reduce lateral forces. In the comparison of lateral 
displacement, the total lateral displacement without control 
was 90 cm, LQR control was 45 cm, and FC was 49 cm. 
Overall, FC dynamically adjusted lateral effects and had the 
best stability among the three. At the same time, in the 
comparison of acceleration peaks, the total acceleration 
peak of FC was 37 m/s2, and the LQR control was 34 m/s2. 
Due to the placement of MRFDs in different floors of FC, 
the building acceleration was effectively controlled. FC had 
better control effects. At the same time, in actual building 
SC, it was also necessary to consider the impact of output 
variables on SC, including open-loop control with seismic 
acceleration as input, closed-loop control with floor 
acceleration and displacement as input, and closed-loop 
open control with seismic acceleration and displacement as 
input. Phase plane control of fuzzy calculations is as Fig. 5 
and the control results under different inputs under FC are 
shown in Fig. 6. 

 
 

5. Conclusions 
 
We have explored the efficiency of the time varying 

advanced control algorithm applied to nonlinear structural 
dynamic model. We chose the linear-quadratic regulator 
(LQR) algorithm to drive the system into the desired state, 
where the optimal control strategy considers minimization 
task of the cost-to-go functional with respect to the state 
error and control effort. Due to the nonlinear nature of 
kinematics, the proposed optimization task reduces to the 
computation of the differential Riccati’s equation in each 
time step. In addition, in comprehensive comparison, the 
proposed FC technology did not damage the concrete 
structure, while the other two methods both had certain 
structural damage. The proposed technology had better 
application effects and met the SC requirements of actual 
earthquake scenarios in buildings. In the research, fuzzy DC 
strategy is mainly used and compared with traditional linear 
quadratic regulator (LQR) control strategy. LQR can obtain 
the optimal control law with linear feedback of the state, 
which is easy to form closed-loop optimal control. LQR 
optimal control can achieve good performance indicators of 
the original system at low cost. Therefore, fuzzy DC is 
adopted between floors, and LQR centralized control 
concept is adopted throughout the entire building control. 

 
 
 

 
Fig. 6 Peak acceleration and displacement results under different control inputs 

267



 
Yahui Meng, ZY Chen, Ruei-Yuan Wang and Timothy Chen 

Data availability 
 
The datasets used and/or analysed during the current 

study available from the corresponding author on 
reasonable request. 
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