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1. Introduction 

 
Mitigation of vibration of civil structures induced by 

earthquake and strong wind through structural vibration 
control, which can enhance the structural functionality and 
safety, is considered as a major breakthrough in civil 
engineering (Ou 2003, Korkmaz 2011, Amezquita-Sanchez 
et al. 2014). The traditional structural design approach only 
relies on changing the structure’s own performance, such as 
changing the rigidity, damping, or the mass distribution of 
the structure to resist dynamic loads. Besides this way, the 
vibration control method can advance the traditional 
structural design approach to actively control the dynamic 
response of the structure (Wang and Lin 2015). A typical 
way is to reduce structural response of structures by 
installing damping devices, such as magnetorheological 
(MR) dampers, TMD and AMD etc., which has been widely 
applied for vibration control of newly-built or existing 
buildings, bridges and so on (Xu et al. 2014, Sun and 
Jahangiri 2018, Lenggana et al. 2021). 

Tuned mass dampers (TMD) have been widely 
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recognized as an effective method for reducing structural 
vibration due to their efficiency, reliability, and low 
maintenance cost (Nagarajaiah 2009, Domizio et al. 2015, 
Elias and Matsagar 2017). Among TMD types, pendulum 
tuned mass damper (PTMD) suspended by ropes is 
commonly used and relies on gravity to provide the 
required restoring force. The natural frequency of PTMD is 
determined by the curvature of pendulum motion (Matta 
2019). However, determining the optimum frequency and 
damping ratio of a PTMD is not an easy task. Gerges and 
Vickery (2005) derived the optimum design formula for 
planar PTMDs aiming to minimize the displacement of the 
structure under wind and earthquake excitations. 
Additionally, Roffel et al. (2013) proposed the optimum 
design formula to minimize the acceleration of slender tall 
buildings with PTMD installed under wind excitation. Shi 
et al. (2017) developed an adaptive-passive variable PTMD, 
whose pendulum length can be adjusted by microcontroller 
to retune its natural frequency to consistent with the natural 
frequency of structure. Other researches (Contreras et al. 
2014, Pasala and Nagarajaiah 2014) have also made 
significant contributions in the similar orientation, 
exploring the principles and applications of PTMDs 
extensively. 

In terms of TMDs, vibration energy is dissipated 
through the damping. Various dampers are applied in TMDs 
to improve their dissipation capability, such as viscoelastic 
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Abstract.  Pendulum tuned mass damper with eddy current damping (EC-PTMD) is a promising TMD device for vibration 
control of structures. Previous study focused primarily on the plate-like configuration of EC-PTMD, which motion of inertial 
mass is approximately horizontal. However, uneven distribution of damping force, non-constant damping and low energy 
efficiency will be resulted. This study developed a newly assembled pendulum tuned mass damper with constant eddy current 
damping (AEC-PTMD) in the form of arc. The proposed AEC-PTMD consists of a rigid suspension with sufficient lateral 
stiffness to keep inertial mass motion in a plane, the conductor plate fixed on the baseplate, and arc-shaped back iron acted as 
inertial mass placed on two sides of conductor plate. Meanwhile, the arc-shaped permanent magnets (PMs) are embedded into 
both sides of back iron to overcome the normal attraction and enhance greater magnetic density. Based on the Biot-Savart Law, 
the analytical expressions of magnetic flux distribution for arc-shaped PM are derived and assessed. Meanwhile, the effect of 
ferromagnetic media on magnetic flux distribution of arc-shaped PM is analyzed, which utilized a parameterization formula for 
the distance from the surface of the PM to a point outside. Further, the 3D finite element model (FEM) of an AEC-PTMD unit is 
established to evaluate the accuracy of the analytical results. A prototype of the proposed AEC-PTMD unit has been fabricated 
and laboratory experiments are conducted for the purpose of validating analytical and FEM results. All of these results have a 
good agreement. 
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damper (Weber et al. 2011, Weber and Maslanka 2012), 
friction damper (Domenico and Ricciardi 2018) and eddy 
current damper (ECD) (Mehrtash and Khamesee 2013, Pluk 
et al. 2014) etc. In comparison, the ECD is an effective 
mechanism for suppressing vibration of dynamic systems. 
ECDs are designed based on the principle of 
electromagnetic induction, which has the attractive merit of 
no friction and no mechanical contact. Therefore, it does 
not induce undesired additional stiffness to the overall 
stiffness of the structures. Moreover, the eddy current 
damping is approximately linear at low speed and easily 
adjusted by altering the air gap between the PMs and 
conductor plate (Ao and Reynolds 2019, Li et al. 2019). 
Due to these merits, the damping mechanism via eddy 
currents has been widely reported by many researchers 
(Ebrahimi et al. 2009, Mohanta et al. 2017, Diez-Jimenez et 
al. 2019). Sodano et al. (2005) developed an eddy current 
damping system to suppress the vibration of a cantilever 
beam. Subsequently, Sodano and Inman (2008) developed 
an active ECD that controlling eddy current force by 
changing the strength of the magnetic field induced through 
current coil. Recently, Zhang et al. (2020) proposed a rotary 
ECD for vibration control. It has been proved that all 
aforementioned ECDs are effective in reducing vibration. 

The combination of ECDs and TMDs has been found to 
be effective in suppressing structural vibration, and 
numerous studies have demonstrated the effectiveness and 
robustness of EC-TMDs (Niu et al. 2018, Zhong et al. 
2022). EC-PTMDs have also been investigated, Wang et al. 
(2012) carried out the theoretical analysis and experimental 
investigation of a large-scale EC-PTMD, and then 
confirmed its reliability and feasibility in practical 
applications. Lu et al. (2016) performed laboratory and field 
tests on a reduced-scale EC-PTMD installed at the Shanghai 
Center Tower in China, demonstrating its strong endurance 
and linear damping. Numerical research indicated that it has 
a good effect on reducing vibration in structure response 
under wind and earthquake excitation. Wang et al. (2020) 
presented an adaptive-passive EC-PTMD, which can retune 
its frequency and the damping ratio by adjusting the air gap 
between PMs and conductor plate. The principle and 
application of EC-PTMDs have been studied and explored 
in all of these literatures. It should be noticed that these EC-
PTMDs move approximately horizontal, which 
configuration is similar to the plate-like. However, the 
pendulum motion of EC-PTMDs may cause changes in the 
air gap between the PMs and the conductor plate, 
subsequently leading to fluctuations in eddy current 
damping. This will affect the effectiveness of the EC-
PTMDs. 

The purpose of this paper is to develop a novel 
assembled PTMD with constant eddy current damping 
(AEC-PTMD). The AEC-PTMD is constructed from 
standard units, which can be assembled to achieve a large 
damping capacity. Each unit comprises an arc-shaped mass 
block with PMs and arc-shaped conductor plate, where the 
PMs are arranged in a vertical arc embedded inside of the 
mass block and on both sides of the conductor plate. The 
curvature of the AEC-PTMD unit matches that of the 
pendulum’s motion to ensure that the air gap between the 

PMs and conductor plate remains constant during operation, 
thus ensuring the eddy current damping maintains constant. 
In addition, the double-sided PM arrangement can 
overcome the normal attraction of the PMs to the conductor 
plate and allows for greater magnetic density. 

In this paper, section 2 provides background on the need 
for AEC-PTMD development. Section 3 presents the 
configuration of the AEC-PTMD. Section 4 derives the 
analytical expressions of magnetic field distribution for 
special arc-shaped PM based on vector potential method. 
Section 5 characterizes the mechanical properties of the 
AEC-PTMD by using finite element method, meanwhile, 
parameters affecting its characteristics are analyzed. Finally, 
experimental results on an AEC-PTMD prototype are 
presented in Section 6, where the damping of AEC-PTMD 
is analyzed and compared to numeral results. Section 7 is a 
brief conclusion of the paper. 

 
 

2. Analysis of EC-PTMD 
 
2.1 Eddy current damp ng 
 
Previous research (Zhu et al. 2019) has indicated that 

the calculation of eddy current damping and its interaction 
with original magnetic field are much complicated. To 
simplify the process of analysis and solution, some 
assumptions are made as follows: 

 

• The magnetic field can be treated as a quasi-static 
field (Haus et al. 1989) and its distribution is 
uniform, ignoring effect of eddy current interaction 
with original magnetic field. 

• The conductor plate always fully interacts with the 
magnetic field generated by PMs. 

• The speed of inertial mass is always low, so that the 
eddy current damping is truly linear. 

• The relative permeability of conductor plate and PM 
is 1, and conductivity of the conductor plate is 
constant. The magnetic conductivity of back iron is 
infinite, and its conductivity is ignored, i.e., its eddy 
current effect is not considered. 

 

The damping force is calculated by the Lorentz force 
equation 𝐹 = න 𝐽 × 𝐵 𝑑𝑉 (1)

 
where 𝑑𝑉 represents the volume element in conductor. In 
addition, the current intensity inside the conductor is 

 𝐽 = 𝜎(𝑣 × 𝐵) (2)
 

where σ is the electrical conductivity of the conductor, 𝑣 is 
the velocity of the inertial mass relative to the conductor 
plate, and the magnetic field 𝐵 is generated by PMs. In 
addition, a method of images in two dimensions on the 
electrostatic field solutions is needed when the size of the 
conductor is comparable to the dimensions of the source of 
the magnetic field (Zuo et al. 2011). Besides this method, a 
dimensionless coefficient 𝐺 can be utilized to consider this 
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condition, which is proved to be simple and effective. The 
Eq. (1) can be described as 

 𝐹ఏ = −𝐺𝐵ଶ𝑡𝑆𝜎𝑣ఏ = −𝐶௘𝑣ఏ (3)
 

where 𝐶௘ is the eddy current damping coefficient and 𝑣ఏ 
is the angular velocity of inertial mass. 𝑡, 𝑆  are the 
thickness of conductor plate and the area of the magnetic 
field intersected by it, respectively. G can be calculated 
according to the reference (Zuo et al. 2011). 

 
 

Fig. 1 Schematic diagram of pendulum Tuned mass damper 
with eddy current damping (EC-PTMD) 

 

2.2 Effect of EC-PTMD pendulum mot on on eddy 
current damp ng 

 
Fig. 1 shows the sketch of a kind of pendulum tuned 

mass damper with eddy current damping (EC-PTMD). The 
PMs are attached to the mass block, and the conductor plate 
is fastened underneath it. The pendulum length of EC-
PTMD is L and the air gap between PM and conductor plate 
is d. Once the magnetic and geometric parameters of PM 
are given, its magnetic field depends on the relative position 
between the selected point and the PM (Gou et al. 2004). 
For the swing motion in Fig. 1, the air gap represents such 
relative position. Consequently, it will affect the magnitude 
of the eddy current damping according to Eq. (3). As shown 
in Fig. 1, the air gap is varying when the EC-PTMD 
operated, therefore, its eddy current damping is not 
completely constant. The air gap can be written as 

 𝑑 = 𝑑଴ + 𝐿(1 − 𝑐𝑜𝑠 𝜃) (4)
 

where d0 is the initial air gap and θ is the pendulum angle. 
It is well known that only pendulum length L and 

pendulum angle θ could affect the magnitude of air gap. 
Assuming the pendulum length L0 is the base-length, its 
corresponding eddy current damping C0 is the baseline of 
the eddy current damping. The variation of the eddy current 
damping with the pendulum length and angle is illustrated 
in Fig. 2. It can be seen that the eddy current damping 
varies clearly. The contour map in Fig. 2(b) shows that the 
eddy current damping is decreased with the increasing of 

 the pendulum length and angle, especially for larger pe
ndulum length. When the pendulum length is 10 times 
of L0, the resulting eddy current damping drops 30%

 

(a) 3D view for effect factors (b) Contour map 
 

 
(c) Effect of pendulum length (d) Effect of pendulum angle 

Fig. 2 Effect of pendulum length and angle of EC-PTMD on eddy current damping 
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comparing to the case with pendulum length L0. In other 
words, the performance of EC-PTMD will be worse than 
expected. The reason of this phenomenon is that the 
increase of pendulum length and angle induces the bigger 
air gap, resulting in a reduction of the magnetic field on the 
conductor plate. 

Furthermore, the relationship between eddy current 
damping and pendulum length in few fixed pendulum 
angles is given in Fig. 2(c). In Fig. 2(c), there is an 
approximately negative linear correlation between eddy 
current damping and pendulum length. Fig. 2(d) shows the 
relationship between eddy current damping and pendulum 
angle in few fixed pendulum lengths. It can be seen that the 
eddy current damping decreased while the pendulum angle 

 
 

 
 

increased. The relationship is almost quadratic. 
In summary, the eddy current damping of the EC-PTMD 

with simple pendulum motion is not invariable, and its 
variation range depends on the pendulum length and angle. 

 
 

3. Configuration and principle of the AEC-PTMD 
 
Fig. 3 shows the configuration of the assembled 

pendulum tuned mass damper with constant eddy current 
damping (AEC-PTMD). The AEC-PTMD can be assembled 
by a number of standard units with designed eddy current 
damping. The unit is mainly composed of the inertial mass 
block with attached the permanent magnets (PMs) and 

 
 

 
 

 

 
Fig. 3 Configuration of assembled pendulum Tuned mass damper with eddy current damping (AEC-PTMD)

 
(a) Experimental prototype

 

 

(b) Cross-section and geometric parameters of the prototype (Not to scale) 

Fig. 4 Experimental prototype of the AEC-PTMD
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Table 1 Geometrical and material parameters of the small-
scaled prototype of AEC-PTMD 

Item Description Value 

PM 

Inside radius, 𝑟଴ 155 mm
Outside radius, 𝑅0 200 mm

Angle corresponding to arc-shaped, 𝜃0 8° 
Thickness, ℎ 6 mm 

Remanence, 𝐵𝑟 1.29 T 

Mass 
block 

Mass, 𝑚௧ 3.5 kg 
Inside radius, 𝑟𝑡 125 mm

Outside radius, 𝑅𝑡 200 mm
Angle corresponding to 

the inertial mass block, 𝜃𝑡 90° 

Thickness of the single side 
back iron, ℎ𝑏 6 mm 

Conductor 
plate 

Inside radius, 𝑟௖ 140 mm
Outside radius, 𝑅𝑐 240 mm

Angle corresponding to 
the conductor plate, 𝜃𝑐 110° 

Thickness, ℎ𝑐 0.1, 0.2, 
0.5 mm

Suspension 
plate 

Mass, 𝑚𝑠 0.2 kg 
Radius, 𝑅𝑠 145 mm

Others 
Air-gap length, 𝑑𝑔 7.6 mm

Angle corresponding to Pole length, 𝜃𝑝 1° 
 

 
 

conductor plate. The inertial mass block is suspended by a 
rigid suspension with sufficient stiffness to avoid the mass 
block rotate out of plane. Meanwhile, the conductor plate is 
fixed on the baseplate. 

A small-scaled prototype of an AEC-PTMD unit 
designed and fabricated in laboratory for the purpose of 
characterization testing is given in Fig. 4. Meanwhile, its 
geometrical and material parameters are given in Table 1 
and marked in Fig. 4(b). It is worth noting that the inertial 
mass block and conductor plate are designed as arc-shape, 
and the PMs are also designed as arc-shape to better fit on 
the mass block to make the magnetic flux uniformly 
distributed on the conductor plate. Additionally, in order to 
avoid the influence of normal force between conductor plate 
and PMs, PMs are symmetrically arranged on both sides of 
the conductor plate. The magnetization of PMs is 
perpendicular to the conductor plate, and the polarity of the 
adjacent PMs is opposite, which specific arrangement can 
be seen from Fig. 4(b). In this way, the eddy current 
damping force is evenly distributed on the mass block when 
the inertial mass block undergoes pendulum motion. 
Therefore, the eddy current damping induced by AEC-
PTMD remains constant, and its magnitude is not 
influenced by the pendulum length and angle. 

The working principle of the AEC-PTMD is to match 
the frequency of AEC-PTMD by selecting the appropriate 
parameters substantially with the natural frequency of 
structure. The absorbed energy of AEC-PTMD will be 
converted into heat and dissipated. The eddy current 

damping force will be generated as soon as the inertial mass 
block rotates along the conductor plate. 

 
 

4. Theoretical basis of Magnetic field 
 
4.1 Magnetic field characteristics of arc-shaped PM 
 
As shown in the Eqs. (1)-(3), the eddy current damping 

is directly proportional to the square of the main magnetic 
field inside and outside the conductor plate. The layout and 
magnetic properties of PM must be designed to realize the 
desired magnetic field. In this section, depending on the 
assumption of electrodynamic molecule, the analytic 
expression of magnetic field distribution for special arc-
shaped PM is derived using Biot-Savart Law. Cartesian 
coordinate (described in black) and cylindrical coordinate 
(described in red) in Fig. 5 are established simultaneously. 𝑃(𝑟, 𝜃, 𝑧) is a point out of PM while 𝑄൫𝑟̑, 𝜃̑, 𝑧଴൯ is a point 
on the surface of PM. Assuming that the direction of 
magnetization of PM is along axis z with a value of 𝑀௦, 
thereby the surface current density is 

 𝐽௦ = 𝑀௦ = 𝐵௥𝜇଴ (5)

 
where Br is the remanence of PM, and 𝜇଴  is the 
permeability of vacuum, 𝜇଴ = 4𝜋 × 10ି଻𝑇 ⋅ m/A. 

Selecting a thin current layer 𝐴ᇱ𝐵ᇱ𝐶ᇱ𝐷ᇱ𝐴ᇱ  with the 
thickness of 𝑑𝑧଴, its current intensity can be described as 𝑰 = 𝐽௦𝑑𝑧଴. The magnetic field generated by current layer 𝐴′𝐵′𝐶 ′𝐷′𝐴′ at point 𝑃(𝑟, 𝜃, 𝑧) is 𝑑𝐵, therefore, the total 
magnetic field can be expressed as 

 𝐵 = 𝐵௫𝑖 + 𝐵௬𝑗 + 𝐵௭𝑘 = න 𝑑𝐵௫𝑖 + 𝑑𝐵௬𝑗 + 𝑑𝐵௭𝑘ℎ

௢  (6)

 
where 𝑑𝐵௫, 𝑑𝐵௬, 𝑑𝐵௭represent the components of magnetic 
field generated by the current layer at point 𝑃 in the x, y 
and z directions, respectively. In this section, the magnetic 
field 𝑑𝐵௭ is taken as an example for analysis and derivation 
in the following. Furthermore, the magnetic field 𝑑𝐵௭ can 
be divided into four parts (𝐴′𝐵′, 𝐵′𝐶 ′, 𝐶 ′𝐷′, 𝐷′𝐴′) according 
to the superposition principle of magnetic field, which can 
be seen in Fig. 5. The yellow arrow represents the direction 

 
 

Fig. 5 Illustration of special arc-shaped PM
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of the current on the current layer. 
Taking the magnetic field generated by part 𝐵′𝐶 ′ of PM 

as example. The current element can be calculated as 
 𝐼𝑑𝑙஻஼ = 𝐽௦൫−𝑅଴ 𝑠𝚤𝑛 𝜃̑ 𝑖 + 𝑅଴ 𝑐𝑜𝑠 𝜃̑ 𝑗 + 0𝑘൯𝑑𝜃̑𝑑𝑧଴ (7)
 
The position vector 𝐴𝑃ሬሬሬሬሬ⃗  can be written 
 𝑟 = ൫𝑟 𝑐𝑜𝑠 𝜃 − 𝑅଴ 𝑐𝑜𝑠 𝜃̑ ൯𝑖 + ൫𝑟 𝑠𝑖𝑛 𝜃 − 𝑅଴ 𝑠𝚤𝑛 𝜃̑ ൯𝑗+ (𝑧 − 𝑧଴)𝑘 

(8)

 
According to Biot-Savart Law, the element of magnetic 

field 𝑑𝐵௭஻′஼ ′ along direction Z is 
 

 
Using the same approach, the magnetic field at point P 

generated by other three parts is easily calculated. The 
magnetic field 𝐵௭ at point P is derived as 

 

 
It should be noticed that the integrated function has no 

antiderivative at aforementioned formula, therefore, a 
discretization approach of integration is used to calculate 
magnetic flux density. Similarly, the magnetic flux density 
along axis x and y can be obtained. 

COMSOL is a large-scale multi-physical field coupling 
analysis software that is based on finite element solutions of 
partial differential equations (groups) for the physical and 
engineering problems. AC/DC module in COMSOL can be 

 
 

used to understand, predict, and design electric and 
magnetic fields for steady-state, low-frequency, and 
transient applications. A finite element model of single PM 
is established by using AC/DC module to verify the 
accuracy of Eq. (10) and further explore the distribution of 
magnetic field of special arc-shaped PM. The PM 
parameters can be obtained from Table 1. Analytical results 
compared to finite element method (FEM) results are shown 
in Fig. 6, which show a good agreement between both. It 
proved the aforementioned analytical expressions are 
correct and accurate. Meanwhile, it can be seen that the 
magnetic field gradually decreases as the distance increases. 
In addition, Fig. 7 gives the magnetic field distribution at 

 

 
 
 
 
 

 
 

1 mm upper the surface ABCD of the PM. The maximum 
magnetic field occurs at the edge of the PM, while in the 
middle it is slightly less than at the edge. Beyond the 
projected position of the PM, the magnitude of the magnetic 
field drops abruptly to zero. 

Further, the analytical expressions for several arc-
shaped PMs arranged along an arc according to the 
superposition principle can be derived using the coordinate 

 
 

𝑑𝐵௭஻′஼ ′ = 𝜇଴4𝜋 ඾ 𝐼𝑑𝑙஻஼ × 𝑟𝑟ଷௌ = 𝜇଴𝐽௦𝑑𝑧଴4𝜋 න 𝑅଴ଶ − 𝑅଴𝑟 𝑐𝑜𝑠൫𝜃 − 𝜃̑൯ቂ൫𝑟 𝑐𝑜𝑠 𝜃 − 𝑅଴ 𝑐𝑜𝑠 𝜃̑ ൯ଶ + ൫𝑟 𝑠𝑖𝑛 𝜃 − 𝑅଴ 𝑠𝚤𝑛 𝜃̑ ൯ଶ + (𝑧 − 𝑧଴)ଶቃଷ/ଶ 𝑑𝜃̑ഏమഏమିఏబ  (9)

𝐵௭ = 𝜇଴𝐽௦4𝜋 න න
⎩⎪⎨
⎪⎧ 𝑅଴ଶ − 𝑅଴𝑟 𝑐𝑜𝑠൫𝜃 − 𝜃̑൯ቂ൫𝑟 𝑐𝑜𝑠 𝜃 − 𝑅଴ 𝑐𝑜𝑠 𝜃̑ ൯ଶ + ൫𝑟 𝑠𝑖𝑛 𝜃 − 𝑅଴ 𝑠𝚤𝑛 𝜃̑ ൯ଶ + (𝑧 − 𝑧଴)ଶቃଷ/ଶ

− 𝑟଴ଶ − 𝑟଴𝑟 𝑐𝑜𝑠൫𝜃 − 𝜃̑൯ቂ൫𝑟 𝑐𝑜𝑠 𝜃 − 𝑟଴ 𝑐𝑜𝑠 𝜃̑ ൯ଶ + ൫𝑟 𝑠𝑖𝑛 𝜃 − 𝑟଴ 𝑠𝚤𝑛 𝜃̑ ൯ଶ + (𝑧 − 𝑧଴)ଶቃଷ/ଶ⎭⎪⎬
⎪⎫ 𝑑𝜃̑ഏమഏమିఏబ 𝑑𝑧଴ℎ

଴  
       + 𝜇଴𝐽௦4𝜋 න න ⎩⎪⎨

⎪⎧ −𝑟 𝑐𝑜𝑠(𝜃 + 𝜃଴)ሾ(𝑟 𝑐𝑜𝑠 𝜃 − 𝑟̑ 𝑠𝑖𝑛 𝜃଴)ଶ + (𝑟 𝑠𝑖𝑛 𝜃 − 𝑟̑ 𝑐𝑜𝑠 𝜃଴)ଶ + (𝑧 − 𝑧଴)ଶሿଷ/ଶ+ 𝑟 𝑐𝑜𝑠 𝜃ሾ(𝑟 𝑐𝑜𝑠 𝜃)ଶ + (𝑟 𝑠𝑖𝑛 𝜃 − 𝑟̑)ଶ + (𝑧 − 𝑧଴)ଶሿଷ/ଶ ⎭⎪⎬
⎪⎫ 𝑑𝑟̑ோబ௥బ 𝑑𝑧଴ℎ

଴  

(10)

(a) Distance from point P to surface ABCD is 1 mm (b) Distance from point P to surface ABCD is 5 mm

Fig. 6 Comparison for magnetic field of single PM 
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transformation approach. The analytical expressions can be 
written as follows 

 𝐵௭ = ෍ 𝑠𝑖𝑔𝑛(𝑖)𝐵௭௜ ቀ𝜃 + (𝑖 − 1)൫𝜃଴ + 𝜃௣൯ቁ௡
௜ୀଵ𝑠𝑖𝑔𝑛(𝑖) = ൞ 1 𝑚𝑜𝑑 ൬𝑖2൰ = 0−1 𝑚𝑜𝑑 ൬𝑖2൰ = 1 

(11)

 
where sign(𝑖)  represents the magnetization direction of 
PM, in this paper, the direction of magnetization along the 
positive Z-axis is assumed as positive. 

 
4.2 Effect of the Ferromagnetic media 
 

It should be noticed that the magnetic media (i.e., back iron, 
which is made of ferromagnetic materials) in the magnetic 
field have a certain influence on the original magnetic field. 
The relationship between the total magnetic field 𝐵 and 
the original magnetic field 𝐵଴ is usually linear, it can be 
expressed as 

 
 
 

 
 𝐵 = 𝐵′ + 𝐵଴ = (1 + 𝜒௠)𝐵଴ (12)
 

where 𝐵ᇱ  is induced magnetic field within the 
ferromagnetic material due to the original magnetic field 
and 𝜒௠ is magnetic susceptibility. 

As shown in Fig. 4, the back iron is distributed on both 
sides of the PMs in this paper, both of which effects the 
magnetic field generated by PM. Its influence could not be 
neglected for analytical calculation. Consequently, it is 
essential to analyze the effects on the magnetic field from 
both sides of the device. This section includes separate 
examinations of the influence of back iron on the magnetic 
field for two scenarios: one where the PM is attached to a 
back iron (referred to as lower back iron), and the other 
involving a gap between the PM and back iron (referred to 
as upper back iron). The schematic diagram of these two 
situations is given in Fig. 8(a). As shown in Fig. 8(a), a 
simple finite element model (denoted as FEM-S) comprised 
is built, which consists of a PM and a back iron. Line A is a 
line between PM and upper back iron. Distance 𝑥௔ and 𝑥௕ 
are the distance from line A or back iron to the PM’s urface, 
respectively. In order to intuitively demonstrate the impact 
of the back iron on the magnetic field, a cloud image of 
magnetic field modulus obtained from the FEM-S with 

 
 

 
Fig. 7 3D diagram of magnetic field distribution of single PM 

(a) Schematic diagram of FEM-S
 

(b) Magnetic field cloud image resulted from the FEM-S with PM and upper back iron 

Fig. 8 Schematic diagram of the FEM-S and its magnetic field cloud image 
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s PM and upper back iron is presented in Fig. 8(b). The 
image clearly illustrates that the magnetic field is 
predominantly concentrated within the back iron and 
essentially nonexistent outside of it. This observation 
strongly suggests that the back iron effectively shields 
against magnetic leakage. 

Furthermore, Fig. 9(a) illustrates the effect of the lower 
back iron on the magnetic susceptibility, as calculated by 
Eq. (12), where 𝐵  and 𝐵଴  represent the magnetic flux 
along line A with and without back iron, respectively. It can 
be seen that the thickness of the back iron has a negligible 
impact on the magnetic susceptibility. Hence, it is 
disregarded in this paper. Additionally, an approximately 
linear relationship between magnetic susceptibility and 
distance 𝑥௔ can be observed in Fig. 9(a). A linear function 
through fitting this relationship is provided as the first term 
in the product of Eq. (13). Additionally, Fig. 9(b) 
demonstrates the effect of upper back iron, with a fixed 
thickness, on magnetic susceptibility. Notably, the magnetic 
susceptibility increases as the increase of distance 𝑥௔ . 
Despite the variations in distance 𝑥௕, a similar parabolic 
relationship between magnetic susceptibility and distance 𝑥௕ is observed. Therefore, a quadratic function is employed 
to characterize this relationship, which is presented as the 
second term in the product of Eq. (13). 

In summary, the existence of back iron can greatly 
increase the magnetic field generated by PMs. Taking the 
parameters in Table 1 as example, the final fitting results by 
curve fitting approach can be expressed as follows 

 
 

 
 𝜒௠ = (1.14𝑥௔ + 55)(1.26𝑥௔ଶ + 1.01𝑥௔ + 31.5) (13)
 
 

5. Finite element model for AEC-PTMD 
 
5.1 3D finite element model 
 
The 3D finite element model (FEM) developed in 

COMSOL Multiphysics software to calculate the magnetic 
field and the eddy current damping is shown in Fig. 10. The 
suspension of the AEC-PTMD is ignored since the 
emphasis in this section is on its eddy current damping. As 
illustrated in Fig. 10(b), a cylindrical coordinate is linked to 
the stationary parts (i.e., back irons) of the FEM with an 
origin at the geometric center of the arc-shaped conductor 
plate. To add angular velocity to the moving components of 
the FEM, a second cylindrical coordinate origin is created at 
the same location, which is linked to the moving parts (i.e., 
conductor plate). To ensure the convergence of data, a small 
angular velocity of 𝜃ሶ = 10 rad௦  is applied to the conductor 
plate. A frequency-dependent solver is utilized to calculate 
the eddy current damping, and the damping force can be 
obtained by integrating the time-mean Lorentz force on the 
conductor plate. In addition, the magnetic field distribution 
of the PMs is calculated by using a stationary solver. 

 
5.2 Results analys s 
 
The eddy current damping coefficient can be calculated 
 
 

 

(a) Effect of lower back iron (b) Effect of upper back iron 

Fig. 9 Effect of back iron on magnetic field of PM 

(a) Meshing details of the AEC-PTMD’s FEM 
 

(b) The upper PMs’ arrangement and the conductor plate 
in the XY-planes

Fig. 10 3D FEM of the AEC-PTMD 
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by dividing the damping force acting on the conductor plate 
along the tangent direction by its tangential velocity. It 
should be noted that the tangential velocity on the 
conductor plate varies at different positions of the conductor 
plate, and the distribution law of Lorentz force is similar. 
Therefore, the damping force and tangential velocity is 
calculated by integral form on the conductor plate. The 
eddy current damping coefficient can be expressed as 

 𝐶ிாெ = ቀ𝐹௅௫ 𝑠𝑖𝑛 ቀatan ௬௫ቁ − 𝐹௅௬ 𝑐𝑜𝑠 ቀatan ௬௫ቁቁ𝜃ሶඥ𝑥ଶ + 𝑦ଶ 𝜃௧360 (14)

 
where 𝐹௅௫, 𝐹௅௬ are the x and y components of the Lorentz 
force on the surface of the conductor plate and (𝑥, 𝑦) are 
the position of this force. 

The results of the AEC-PTMD’s FEM are displayed in 
Fig. 11. Fig. 11(a) shows that the eddy current is mainly 
distributed in the projection plane of PMs. Moreover, it can 
be seen that the eddy current is uniformly distributed 
throughout the conductor plate, while its magnitude at the 
edges is close to zero. Fig. 11(b) displays a comparison 
between the magnetic field on the surface of the conductor 

 
 

 
 
plate obtained from the analytical expressions and the FEM 
simulation, which shows a strong agreement between both. 
The compared magnetic field in Fig. 11(b) is taken from the 
location marked by red line in Fig. 11(a). In other words, 
this comparison confirms the accuracy of the analytical 
expressions derived earlier. 

 
 

6. Experimental study 
 
In this section, laboratory experiments of AEC-PTMD 

prototype with different thickness of the conductor plate is 
performed. The analytical method and finite element 
simulations are used to evaluate these conditions, and the 
results are compared to the experimental results. 

 
6.1 Test method 
 
The aforementioned AEC-PTMD prototype is employed 

to perform the test. The conductor plate of this prototype 
can be easily replaceable, on the contrary, the back iron and 
PMs are fixed. The experimental setup of the AEC-PTMD 
prototype is displayed in Fig. 12. The apparatus used in this 

 
 

(a) Volume density vector of the eddy currents (b) Magnetic field comparison 

Fig. 11 Results of the AEC-PTMD’s FEM 

 
Fig. 12 Experimental system for characterization testing of the AEC-PTMD prototype: (a) overview of tests; 

(b) data acquisition system; (c) Qualisys Track Manager software
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experiment included a motion capture system (QUALISYS 
Corporation) with four cameras to film the movement of 
AEC-PTMD prototype, four measure points installed on the 
prototype with the center of rotation at fixed point 1, a 
Qualisys Track Manager (QTM) software to acquire data 
with a 100 Hz sampling rate to record the time histories of 
6-DOF motion of prototype, and a PC to process the output 
data. Before charactering the prototype, the calibration kit is 
firstly used to determine the coordinate plane and calibrate 
the motion length. The four points are refined as a rigid 
body, as shown in Fig. 12(c), This allows for the 
determination of the angle trajectory of the mass block from 
the QTM data. 

 
6.2 Results compar son 
 
To evaluate the effectiveness of the proposed AEC-

PTMD and the accuracy of the analytical and FEM results, 
a series of tests involving different thickness of the 
conductor plate are performed. The experimental eddy 
current can be calculated as follows 

 𝐶௧ = 2𝑚(𝜔௧𝜁௧ − 𝜔଴𝜁଴) (15)
 
 
 

where m is the mass of AEC-PTMD, 𝜔଴, 𝜔௧ are the natural 
frequency of AEC-PTMD without or with conductor plate, 
respectively. Meanwhile, 𝜁଴, 𝜁௧  are the corresponding 
damping ratios. 

The time history of angular trajectory and its frequency 
spectrum of the AEC-PTMD prototype under different 
conditions are given in Fig. 13. To obtain a more accurate 
natural frequency, a chirp-Z transform approach is used to 
refine the frequency band [0.6, 1.6] Hz. Meanwhile, Table 2 
presents a comparison of the eddy current damping of the 
prototype calculated by analytical expressions, FEM, and 
experiments. 

Compared Fig. 13(a) to Figs. 13(b)-(c), it can be seen 
that the attenuation of the angular trajectory is greatly 
reduced with the presence of eddy current damping. The 
natural frequency of the AEC-PTMD prototype is decreased 
with thickness of conductor plate increased, which may be 
attributed to the component of the damping force in the 
direction of gravity. Therefore, it is important to ensure 
consistency between the frequency design value and the 
actual value of the AEC-PTMD prototype. This ensures that 
the device can effectively perform its intended function 
when it is designed and implemented. 

 
 
 

 
(a) AEC-PTMD prototype without conductor plate

 

 

(b) AEC-PTMD prototype with conductor plate of 0.1mm thickness
 

 

(c) AEC-PTMD prototype with conductor plate of 0.2mm thickness

Fig. 13 Experimental results of angular trajectory and its frequency spectrum for the AEC-PTMD prototype
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Table 2 Comparison of eddy current damping coefficient 
calculation results (Unit: N/m·s) 

Symbol Experiments 𝐶௧ 
FEM 𝐶ிாெ 

Analytical results𝐶௔ 
Y-01mm 0.710 0.636 0.665 
Y-02mm 1.417 1.271 1.332 
Y-03mm — 1.907 1.998 
Y-04mm — 2.543 2.665 
Y-05mm 3.280 3.183 3.234 

 

 
 
In Table 2, the label ‘Y-01mm’ represents a conductor 

plate made of yellow brass with a thickness of 0.1 mm, and 
other labels are similar. It can be seen that there is little 
difference between the three results, and the analytical 
results are relatively conservative in comparison to 
experimental results. The eddy current damping increases 
with the thickness of conductor plate increases, meanwhile, 
an approximately linear relationship between both can be 
observed. 

 
 

7. Conclusions 
 
In this study, a novel AEC-PTMD with constant eddy 

current damping is developed, and a small-scaled prototype 
is subsequently fabricated, modelled and tested. The new 
configuration of AEC-PTMD guarantees its eddy current 
damping remains constant during operation. Meanwhile, the 
assembly feature of the AEC-PTMD makes it easy to 
achieve the requirement of arbitrary damping. 

The analytical expressions derived for the arc-shaped 
PM accurately calculate the magnetic flux distribution. 
Meanwhile, the effect of ferromagnetic media on the 
magnetic field is also studied and modelled by a high-order 
function. On this basis, the eddy current damping is 
calculated, which is in good agreement both FEM’s and 
experimental results, with the analytical approach being 
relatively conservative but more effective for primary 
design. Overall, this research provides important insights 
for the design and optimization of AEC-PTMD systems. 
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