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1. Introduction 

 
The knowledge of impact force location and time-

history is of great significance for assessing the structural 
integrity in structural health monitoring (Mahzan et al. 
2010, Yan et al. 2017, Chen et al. 2018, Zhong and Xiang 
2019). For example, external object impacts such as the 
drop of ice hails or maintenance tools, may induce internal 
damages to aerospace structures during their long-term 
service life. However, the direct measurement of impact 
forces is infeasible, because the insertion of force gages into 
impact locations is extremely challenging. Consequently, an 
indirect estimation of external impact forces from output 
responses has been attempted, which is a typical inverse 
problem. Like other inverse problems in structural 
dynamics, impact force identification might be inherently 
ill-conditioned, which means that even small variations in 
the measured response may cause large fluctuations in the 
force estimation. In this context, it does not necessarily 
have a unique and stable solution when noisy and limited 
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measurements are used. 

Impact force identification includes the localization of 
impact events and the reconstruction of the force time-
history. Inoue et al. (2001) presented a literature review of 
inverse techniques for localization and reconstruction of 
impact forces. The mostly used regularization methods are 
the truncated singular value decomposition (TSVD) method 
and Tikhonov regularization method, the latter of which is 
also known as l2-norm regularization. There generally exist 
over-determined, even-determined and under-determined 
problems in impact force identification. Given the 
localization of forces, Thite and Thompson (2003) applied 
TSVD and Tikhonov regularization for identifying the 
forces acting on the plate under over-determination in the 
frequency domain. When the impact location is known, 
Jacquelin et al. (2003) used Tikhonov regularization and 
TSVD for reconstructing the impact force history under 
even-determination in the time domain. Qiao et al. (2016b) 
respectively applied Daubechies wavelets and cubic B-
spline functions to approximate the profile of the impact 
force under even determination. Saleem and Jo (2019) 
proposed the augment Kalman filter for impact localization 
and then used genetic algotrithm to construct the force time 
history. Khoo et al. (2014) discussed three configurations, 
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under-determined, even-determined and over-determined 
cases of localizing and simultaneously reconstructing 
impact force in the frequency domain. Khoo’s experiments 
showed that for the under-determined case with fewer 
measurements than possible impacts, all response 
combinations (two, four and five accelerometers) failed to 
reconstruct the time-history of impact force and led to the 
false localization of impacts. Therefore, solving the 
undetermined problem where the number of measurements 
is less than that of possible excitations, poses a severe 
challenge to existing regularization algorithms. 

This paper focuses on a highly under-determined 
problem of impact force identification: simultaneous 
localization and reconstruction of impact forces, where the 
number of candidate impacts is greatly more than the 
number of measurements. For an under-determined linear 
system with fewer equations than unknowns, intuitively, 
there exist infinitely many solutions. Sparse regularization 
by considering the sparsity prior of impact force could 
generate the sparsest solution to approximate the exact 
solution of the under-determined system of impact force 
identification. The widely used sparse regularization 
method in inverse problem community is Lasso 
regularization, in which the penalty term is l1-norm instead 
of l2-norm (Donoho 2006). Some more recent work in 
impact force identification has focused on sparse 
regularization based on l1-norm penalty (Qiao et al. 2016a, 
2017, 2020b, Pan et al. 2018, Li and Lu 2018, Wambacq et 
al. 2019). Qiao et al. (2016a) presented an impact force 
sparse reconstruction method based on l1-norm penalty 
using highly incomplete and inaccurate measurements, 
where only one accelerometer was employed to identify one 
or two impact forces from a total of nine possible locations. 
However, l1-norm regularization may yield underestimated 
solutions and show limited identification ability when only 
few measurements are available for impact force 
identification. However, sparse regularization methods 
based on the l1 norm usually underestimate the magnitude 
of the impact force and yield erroneous impact force 
identification results (Selesnick and Bayram 2014, Qiao et 
al. 2020a). Hence, nonconvex sparse regularization is 
considered to ameliorate this problem (Liu et al. 2023). 
Some nonconvex sparse regularization methods have been 
studied for impact force identification (Liu et al. 2020, 
Zhou et al. 2024). Chartrand (2007) introduced the 
nonconvex compressive sensing, where the standard l1-
norm is replaced with lp-norm (0 < p < 1). Subsequently, 
numerical experiments showed that lp-norm minimization 
manages to recover sparse signals from substantially fewer 
measurements than l1-norm minimization does (Chartrand 
2007). The general lp-norm penalty with 0 < p < 1 is 
considered to enhance the crucial features of l1-norm 
regularization and approximate l0-norm regularization. 
Different from the l1-norm, which is a convex relaxation of 
the l0-norm, the lp-norm (0 < p < 1) as an interpolation 
between the l0-norm and l1-norm fills the gap between the 
two. Therefore, the regularization method based on the lp-
norm (0 < p < 1) can achieve sparser solutions compared to 
the l1-norm, enhancing the recovery of sparse vectors in the 
inverse problem. 

Inspired by the great success of lp-norm (0 < p < 1) 
regularization in the inverse problem community and 
considering the sparsity nature of the impact force in 
temporal and spatial domains, this paper proposes a 
nonconvex sparse regularization model based on lp-norm (0 
< p < 1) penalty for impact force identification. The main 
contributions of this paper are as follows. The standard l1-
norm regularization is extended to the nonconvex lp-norm 
regularization for improving the sparsity and accuracy of 
impact force identification from highly incomplete 
measurements. The performance of lp-norm regularization 
with arbitrary p values (0 ≤ p ≤ 1) in locating and 
simultaneously reconstructing time-history of impact force 
identification is evaluated. The iteratively reweighted l1-
norm minimization (IRL1) (Candes et al. 2008) which was 
proposed to enhance the sparsity of l1-norm minimization is 
here developed to solve the unconditioned lp-norm 
regularization of impact force inverse problem from highly 
incomplete measurements. The unique solution of the 
under-determined problem of impact force identification is 
achieved by a sufficiently sparse solution of lp-norm 
regularization. lp-norm regularization for impact force 
identification proposed in this paper and tackled by IRL1 
algorithm is easier to be solved than l0-norm regularization 
and, meanwhile, generates much sparser and more accurate 
solutions than l1-norm regularization does. 

The paper is organized as follows. In Section 2, the 
general formulation of impact force identification problems 
is formulated and the under-determined system is analyzed. 
In Section 3, we outline lp-norm (0 ≤ p ≤ 1) regularization 
strategies including the standard sparse regularization and 
nonconvex sparse regularization models, and discuss their 
difference. In Section 4, an iteratively reweighted l1-norm 
minimization algorithm is derived for solving the 
unconditioned lp-norm regularization model of under-
determined problems of impact force identification, in 
which a standard l1-norm regularization problem is solved 
at each iteration. In Section 5 and Section 6, numerical and 
experimental validations including single-source and two-
source cases of impact force identification from highly 
incomplete measurements are conducted to demonstrate the 
advantage of lp-norm regularization over l1-norm 
regularization. Conclusions are given in Section 7. 

 
 

2. General formulation of impact force 
identification 
 
For a linear time-invariant mechanical system, when the 

impact location is known, the output response 𝑦௜(𝑡) at 
point i relates to the input force 𝑓௝(𝑡) at point j and the 
impulse response function ℎ௜௝(𝑡) , defined by the 
convolution integral form as follows 

 𝑦௜(𝑡) = ℎ௜௝(𝑡) ∗ 𝑓௝(𝑡) = න ℎ௜௝(𝑡 − 𝜏)𝑓௝(௧
଴ 𝜏)𝑑𝜏 (1)

 
where ∗ represents the convolution operator, and 𝜏 is the 
time delayed operator satisfying 𝑡 ≥ 𝜏 . ℎ௜௝(𝑡)  gives a 
mathematical representation of the relationship between the 
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output response and input force in the time domain, which 
completely describes the dynamic characteristics of the 
system. Since the forward impact problem can be 
formulated as a convolution of the impact force and the 
impulse response function, the deconvolution is considered 
as straightforward to reconstruct the impact force. 

In order to solve the inverse problem of impact force 
identification, the continuum in Eq. (1) an be discretized as 
algebraic equations on the time interval [0, 𝑡] 

 

 
where 𝑛 is the data length and 𝛥𝑡 is the time step, namely 
the sampling interval. The sampling frequency 𝑓௦ = ଵ௱௧ 
depends on the working frequency range of interest. As a 
consequence, it is convenient to express the convolution 
problem of Eq. (2) in a matrix-vector form as 

 𝒚௜ = 𝑯௜௝𝒇௝ (3)
 

where 𝒚௜ ∈ 𝑹௡×ଵ is the measured response vector, 𝒇௝ ∈𝑹௡×ଵ is the impact force vector to identify, and the lower 
triangular Toeplitz matrix 𝑯௜௝ ∈ 𝑹௡×௡  is the transfer 
function matrix. One can cast the deconvolution problem of 
inferring the input force 𝒇௝ from the output response 𝒚௜ 
as a linear inverse problem, the purpose of which is to solve 
Eq. (3). The response signal 𝒚௜  can be experimentally 
measured as any of physical quantities—displacement, 
velocity, acceleration, or strain. The impact force signal 𝒇௝ 
is generally sparse in the time domain [0, 𝑡], relative to its 
size. Eq. (3) describes a forward problem of a single-input-
single-output (SISO) system. 

In many practical situation, multiple impact forces 
rather than a single impact event impose in finite locations. 
For the inverse problem of the multiple-source impact force 
identification, several unknown forces act on different 
locations over a structure and several responses are 
synchronously recorded over a small time period. Here, the 
governing equation of such a multiple-input multiple-output 
(MIMO) system can be expressed in a matrix form. 

 

൦ 𝒚ଵ𝒚ଶ⋮𝒚ெ൪ = ൦ 𝑯ଵଵ 𝑯ଵଶ ⋯ 𝑯ଵே𝑯ଶଵ 𝑯ଶଶ … 𝑯ଶே⋮ ⋮ ⋱ ⋮𝑯ெଵ 𝑯ெଵ ⋯ 𝑯ெே൪ ൦𝒇ଵ𝒇ଶ⋮𝒇ே൪ (4)

 
where M is the number of the measurement sensors, and N 
is the number of possible impact forces to be identified. 
Submatrix 𝑯௜௝ is the transfer function matrix between the 
measured point 𝑖  and the impact located point 𝑗. Each 
response vector 𝒚௜ corresponds to a measurement sensor 
and each force vector 𝒇௝  corresponds to a possible 
excitation source. In general, for the purpose of impact 
localization, the number of candidate locations is much 
larger than the number of the actual impact sources. In such 

a circumstance, the actual impact sources can be determined 
from N candidate locations via regularization methods. 

For simplicity, the input-output relation in Eq. (4) can be 
expressed as a matrix-vector form 

 𝒚 = 𝑯𝒇 (5)
 

where the rewritten transfer matrix 𝑯 ∈ ℝ௡ெ×௡ே  is a 
Toeplitz block matrix. The force vector 𝒇 = [𝒇ଵ, 𝒇ଶ, 
 

 … , 𝒇ே]் ∈ 𝑹௡ே×ଵ  is the collection of all the possible 
impact forces, and the response vector 𝒚 =[𝒚ଵ, 𝒚ଶ, … , 𝒚ே]் ∈ 𝑹௡ெ×ଵ  is a multi-channel vector 
consisting of M measurements. 

In practice, the measured response is rarely noiseless. 
This noisy distortion is often modeled by a perturbation 
vector 𝒆 as follows 

 𝒚 = 𝑯𝒇 + 𝒆 (6)
 
In this work, the goal of impact force identification is to 

solve Eq. (6) for determining the multiple impact locations 
and simultaneously reconstructing the time-history of N 
assumed impact forces. In many situations, the transfer 
function matrix is too ill-conditioned (even rank-deficient) 
to allow a numerically stable and unique solution. Even a 
small perturbation in the measured data may cause a 
considerable change in 𝒇. In order to overcome the ill-
posed nature of impact force identification, the number of 
measurement sensors is required to be larger than the 
number of candidate excitations in existing references 
(Thite and Thompson 2003). When multiple sensors are 
available, the pseudo-inverse method can be directly 
implemented to solve such an over-determined linear 
system in Eq. (6) for a stable solution. In this context, the 
pseudo-inverse method provides some redundancy by 
utilizing response measurements at extra locations to reduce 
the measurement error and thereby improves the accuracy 
of the identified forces. This approach results in estimated 
forces that are usually distributed over the whole structure 
(Park et al. 2009, Kalhori et al. 2018). 

However, more sensors may not be allowed and are not 
economical. As for the MIMO system, the inverse problem 
of impact force identification can be divided into three 
categories depending on the relationship between the 
number of responses and the number of assumed impact 
locations: 

 

(I) Over-determined case (M > N): the number of 
measurements is larger than that of candidate 
excitations. 

(II) Even-determined case (M = N): the number of 
measurements is equal to that of candidate 
excitations. 

(III) Under-determined case (M < N): the number of 

⎣⎢⎢
⎢⎡ 𝑦௜(𝛥𝑡)𝑦௜(2𝛥𝑡)⋮𝑦௜((𝑛 − 1)𝛥𝑡)𝑦௜(𝑛𝛥𝑡) ⎦⎥⎥

⎥⎤ = 𝛥𝑡 ⎣⎢⎢⎢
⎢⎡ ℎ௜௝(𝛥𝑡) 0 ⋯ 0 0

ℎ௜௝(2𝛥𝑡) ℎ௜௝(𝛥𝑡) ⋯ 0 0⋮ ⋮ ⋯ ⋮ ⋮
ℎ௜௝((𝑛 − 1)𝛥𝑡) ℎ௜௝((𝑛 − 2)𝛥𝑡) … ℎ௜௝(𝛥𝑡) 0
ℎ௜௝(𝑛𝛥𝑡) ℎ௜௝((𝑛 − 1)𝛥𝑡) … ℎ௜௝(2𝛥𝑡) ℎ௜௝(𝛥𝑡)⎦⎥⎥⎥

⎥⎤
⎣⎢⎢⎢
⎢⎡ 𝑓௝(𝛥𝑡)𝑓௝(2𝛥𝑡)⋮𝑓௝((𝑛 − 1)𝛥𝑡)𝑓௝(𝑛𝛥𝑡) ⎦⎥⎥⎥

⎥⎤
 (2)
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measurements is smaller than that of candidate 
excitations. 

 

Here, we are primarily concerned with the under-
determined case of impact force identification including 
impact localization and force history reconstruction. 
Assuming the number of actual impact forces is small, the 
impact distribution is sparse in space. Furthermore, it is 
assumed that each impact force vector 𝒇௝ is localized in 
the time axis. Therefore, once the unknown excitation field 
is exactly reconstructed, impact force can be simultaneously 
localized. Here, we are particularly interested in the special 
case where only a single accelerometer is available and nine 
candidate sources over the entire structure are selected. 
Therefore, we are facing a severely under-determined and 
large-scale ill-posed problem. The challenge now is to 
develop efficient regularization methods to solve such an 
under-determined inverse problem. The useful prior 
characteristic is the jointly sparse nature of impact force in 
temporal and spatial domains, which has only a small 
number of nonzero components around the peak force 
compared to its dimension. 

 
 

3. lp-norm regularization for impact force 
identification 
 
We want to reconstruct high-dimensional sparse impact-

force vectors from low-dimensional measurements. This 
difficulty can be managed by the so-called sparsity-
promoting regularization, which involves applying 
additional constraints as a prior to regularize the inverse 
problem to obtain a stable and unique solution. The 
underlying information of impact force identification is that 
the force time-history is sufficiently sparse and the 
distribution of limited impact forces is also sparse in the 
spatial domain. Hence, it is possible to solve the under-
determined problem of impact force identification with its 
inherent sparsity by sparse regularization from fewer 
measurements than possible excitations. As a result, finding 
the unique solution of under-determined problem absolutely 
turns into the search of the sparsest solution. 

A natural approach is to find the sparsest solution of the 
general under-determined problem of impact force 
identification by solving the following l0-norm 
minimization problem. 

 minimize𝒇 ሼ‖𝒇‖଴: 𝒚 = 𝑯𝒇ሽ (7)
 

where the l0-norm ‖⋅‖଴  simply counts the number of 
nonzero components in a vector. Hence, l0-norm 
minimization corresponds to making as many as possible 
entries in 𝒇 ∈ 𝑹௡ே×ଵ equal to zero. 

In practice, the vibrational responses may be corrupted 
by noise, and thus Eq. (7) can simply be transformed into a 
constrained minimization problem. 

 minimize𝒇 ሼ‖𝒇‖଴: ‖𝒚 − 𝑯𝒇‖ଶ ≤ 𝛿ሽ (8)
 

where the bound 𝛿 is the tolerance of measurement error. 
Furthermore, the constrained minimization problem is 

frequently recast into an unconstrained form with l0-norm 
penalty. 

 minimize𝒇 ሼ‖𝑯𝒇 − 𝒚‖ଶଶ + 𝜆‖𝒇‖଴ሽ (9)
 
The residual term ‖𝑯𝒇 − 𝒚‖ଶଶ can reduce the influence 

of the noise included in measurements. The regularized 
term 𝜆‖𝒇‖଴ taken as a penalty incorporates the sparsity 
prior of the impact forces in temporal and spatial domains. 
However, l0-norm minimization Eq. (7) or regularization 
Eq. (9) is a typical NP-hard problem, which is not easy to 
be solved for highly under-determined inverse problems 
(Donoho 2006). 

To circumvent this problem, one alternative convex 
relaxation is to replace the l0-norm penalty with the l1-norm 
penalty. 

 minimize𝒇 ሼ‖𝑯𝒇 − 𝒚‖ଶଶ + 𝜆‖𝒇‖ଵሽ (10)
 

where ‖𝒇‖ଵ = ∑ |𝑓௜|௡௜ୀଵ  is the convex envelop of ‖𝒇‖଴over 
the interval ሼ𝒇: ‖𝒇‖∞ ≤ 1ሽ. Notably, different from l0-norm 
regularization in Eq. (10), l1-norm regularization (as named 
Lasso regularization) in Eq. (10) is an equivalent convex 
optimization problem and it can be solved by many efficient 
algorithms such as gradient projection, iterative shrinkage-
thresholding and interior point method that guarantee a 
globally optimal solution (Koh et al. 2007). The cost is that 
more measurements are required for sparse signal recovery 
(Chartrand and Staneva 2008, Liu et al. 2022). Donoho 
(2006) proved that under some conditions, for most large 
underdetermined systems, l1-norm minimization can also 
generate the sparsest solution from a small number of 
measurements as l0-norm minimization. 

In this work, l1-norm regularization is called the 
standard sparse regularization model for impact force 
identification. The l1-norm penalty encourages small 
components in the impact force vector 𝒇 to become zeros, 
preserves the local information with large magnitude, and 
thus yields a sparse solution. It is interesting to note that the 
solution of l1-norm regularization often shows less sparsity 
than that of l0-norm regularization. Larger elements in 
desired forces are penalized more heavily by the l1-norm, 
while the penalizations of the l0-norm on forces with 
different magnitudes are equal. Hence, l1-norm 
regularization does not always yield a sufficiently sparse 
solution (see Fig. 1) (Qiao et al. 2019). In this context, the 
standard l1-norm regularization for impact force 
identification tends to produce the underestimated solution. 

Recently, it has been demonstrated that the nonconvex lp 
(0 < p < 1) quasi-norm regularization bridging l0-norm 
regularization and l1-norm regularization can produce more 
accurate reconstruction with fewer measurements when 
compared to the convex l1-norm regularization. In the 
present study, considering the desired sparse structure of 
impact force, we are interested in addressing the more 
challenging case of lp-norm (0 < p < 1) regularization for 
the under-determined problem of impact force 
identification. The general framework of lp-norm 
regularization is summarized as 

 minimize𝒇 ൛‖𝑯𝒇 − 𝒚‖ଶଶ + 𝜆‖𝒇‖௣௣ൟ (11)
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where p is a tuning parameter. lp-norm ‖𝒇‖௣ is taken as the 
norm of the solution of impact force identification model. 
Such a problem is said to be convex when p ≥ 1. Otherwise, 
it is nonconvex when 0 < p < 1. The lp-norm of a vector is 
defined for 0 < p ≤ 1. 

 ‖𝒇‖௣ = ൭෍|𝑓௜|௣௡
௜ୀଵ ൱భ೛

 (12)

 
The penalty ‖𝒇‖௣௣ properly reflects different priors on 

the unknown force. It is intuitive that when 𝑝 → 0, the 
solution to Eq. (11) will be close to that of Eq. (9), thus 
achieving a sparser solution than solving Eq. (10). 
Theoretical investigations supported that for an under-
determined system, the solution of lp-norm minimization is 
also the sparsest one under some conditions (Lai and Wang 
2011). Coping with different penalties often demands 
different regularization algorithms. Compared with l1-norm 
regularization, a major problem of lp-norm regularization is 
that Eq. (11) is a nonconvex, nonsmooth and non-Lipschitz 
optimization problem. Though solving Eq. (11) is more 
difficult than solving Eq. (10), many algorithms can still be 
applied to seek a local minimizer. 

lp-norm (0 < p < 1) minimization for solving an under-
determined system requires weaker conditions to guarantee 
a successful recovery than the case p = 1. Theoretical 
results and numerical experiments have demonstrated that, 
compared to l1-norm regularization, lp-norm regularization 
(0 < p < 1) requires fewer measurements for exact signal 
reconstruction (Lai and Wang 2011). 

Almost all the existing regularization methods for force 
identification can be considered as a special form of this 
regularization framework. When p = 0, the procedure 
counts the number of nonzero entries, which is referred to 
as l0-norm regularization. When p = 1, it is l1-norm 
regularization, which is called the standard sparse 
regularization in this paper. For lp-norm (p > 1) 
regularization, researchers mainly focus on l2-norm 
regularization, also called Tikhonov regularization, but its 
solution is non-sparse. l0-norm regularization is an ideal 
method for impact force identification and would yield the 
sparsest solution but of little practical use, since its solution 
requires an intractable combinatorial search. l1-norm 
regularization provides an alternative for sparse 
identification of impact force, which just needs to solve a 
quadratic programming problem but is less sparser than l0-
norm regularization. 

To choose the proper penalty for impact force 
identification, the mismatch between the l0-norm and the l1-
norm regularizations that we are trying to compensate using 
lp-norm regularization with 0 < p < 1, can be seen clearly in 
Fig. 1, where larger values are penalized more heavily by l1-
norm penalty than small ones. The limit case for p = 0 by 
penalizing all the nonzero values equally can be seen as 
more impartial than any other norms. If a very small value 
would be weighted as much as a large value, the 
minimization process will try to eliminate the smaller ones 
and enhance the larger ones. Due to the NP-hardness of l0-
norm penalty, it seems that there no hope of approximating ‖𝒇‖଴ to any level of accuracy by a convex function. On the 

Fig. 1 lp-norm penalty functions ‖𝒇‖௣௣ for p = 1, p = 1/2 
and p = 0

 
 

contrary, there exist various concave functions that can 
approximate ‖𝒇‖଴ . It is well-known that l1-norm is the 
convex envelope of ‖𝒇‖௣௣ over the region [-1, 1]. When 0 
< p < 1, non-zero components are penalized increasingly for 
decreasing values of p; the smaller p is, the larger is the 
penalty on small values of solutions f (e.g., near zeros); 
conversely, for large values (e.g., the peak amplitudes), the 
smaller p is, the smaller is the penalty on these values. This 
implies that Eq. (11) imposes a relatively large penalty on 
small nonzero components, encouraging them to become 
zero, while larger values are more heavily penalized by l1-
norm regularization. Therefore, for impact force 
identification, lp-norm regularization can yield a sparser 
solution and has the potential to compensate for the 
underestimation that occurs with l1-norm regularization. 

 
 

4. Iteratively reweighted l1-norm minimization 
algorithm 
 
Finding a minimizer of lp-norm (0 ≤ p < 1) model 

remains a big challenge, due to its nonconvex nature. It 
raises the question whether one can find another alternative 
which not only finds a more accurate solution than l1-norm 
regularization but also is easier to be solved than l0-norm 
regularization. In this section, we present a simple iteration 
procedure to solve the under-determined lp-norm 
regularization model of impact force identification, which 
aims to find a sparse and accurate solution of Eq. (11). 
Indeed, it has been shown that lp-norm can be approximated 
by a series of weighted l1-norm, where the existing Lasso 
algorithms can be efficiently applied (Wipf and Nagarajan 
2010). Candes et al. (2008) proposed an iteratively 
reweighted l1-norm minimization algorithm (IRL1) 
corresponding to the p = 0 case for improving the sparsity 
and accuracy of l1-norm minimization. Extensive numerical 
experiments indicate that IRL1 does outperform l1-norm 
minimization in many situations (Candes et al. 2008, Wipf 
and Nagarajan 2010). 

The core idea of IRL1 is to replace the lp-norm penalty 
by an equivalent iterative procedure based on a weighted l1-
norm penalty. Using l1-norm penalty to majorize nonconvex 
lp-norm penalty, the resulting algorithm can be interpreted 
as a sequence of weighted l1-norm minimization problems, 
in which each set of weights depends on the previous 
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iteration. IRL1 is generally used for constrained lp-norm 
minimization problems in a noise-free case. 

 minimize𝒇 ൛‖𝒇‖௣௣, 𝒚 = 𝑯𝒇ൟ, 0 < 𝑝 < 1 (13)
 
Here, to handle the measurement noise in impact force 

identification, IRL1 is extended to the unconstrained lp-
norm regularization problem. 

 minimize𝒇 ൛‖𝑯𝒇 − 𝒚‖ଶଶ + 𝜆‖𝒇‖௣௣ൟ, 0 < 𝑝 < 1 (14)
 
The model in Eq. (14) is also called the denoising model 

of Eq. (13). IRL1 consists in constructing a sequence ൛𝒇(௞)ൟ 
recursively by defining 𝒇(௞ାଵ)  as a solution of the 
following weighted l1-norm regularization model. 

 𝒇(௞ାଵ) ∈ 𝑎𝑟𝑔𝑚𝑖𝑛𝒇 ቄ‖𝒚 − 𝑯𝒇‖ଶଶ + 𝜆ฮ𝑾(௞ାଵ)𝒇ฮଵቅ (15)

 
where 𝑘  is the iteration and the weight matrix is 𝑾(௞ାଵ)=diag[𝜔ଵ(௞ାଵ), 𝜔ଶ(௞ାଵ), . . . , 𝜔௡(௞ାଵ)] . IRL1 solves a 
series of l1-norm regularization problems to approximate 
the optimal solution of lp-norm regularization. To improve 
the sparsity of the solution, the weights can be chosen as 
inversely proportional to the magnitudes of the components 
of the true solution. Typically, the optimal weight matrix 𝑾 
is not known exactly. Because the true impact force 𝒇 is 
unknown, it is suggested that 𝑾 is determined according 
to the current iteration and updated after each iteration. 

 𝜔௜(௞ାଵ) = 1൫ห𝑓௜(௞)ห + 𝜂൯ଵି௣ , 𝑖 = 1, . . . . , 𝑛 (16)

 
where 0 < 𝜂 ≪ 1  is a given small parameter to avoid 
division by zeros. The solution of Eq. (14) is set to be 𝒇(௞ାଵ), based on which the new weight matrix 𝑾(௞ାଵ) is 
computed by Eq. (16). 

Large weights discourage nonzero elements in identified 
impact force. On the contrary, small weights encourage 
nonzero elements. Naturally, for a small ห𝑓௜(௞)ห → 0, there 
is a large weight value 𝜔௜(௞ାଵ) in Eq. (16) when p is fixed. 
Furthermore, as 𝑝 → 0, the weight value 𝜔௜(௞ାଵ) becomes 
large, when ห𝑓௜(௞)ห is small enough. Conversely, as 𝑝 → 0, 
the weight value 𝜔௜(௞ାଵ) becomes small, when ห𝑓௜(௞)ห is 
large enough (i.e., the impulse force). IRL1 attempts to find 
a local minimum of a nonconvex lp-norm regularization 
model for impact force identification. It has been proved 
that under some conditions, the solutions of IRL1 can 
converge to a stationary point of lp-norm regularization that 
is an approximation of l0-norm regularization (Lai and 
Wang 2011). Although no analytic solution exists, many 
existing convex algorithms (e.g., interior point method) can 
be adopted to solve Eq. (15). 

Therefore, the primary idea of IRL1 is to define a 
weight based on the current iterate, solve the weighted l1-
norm regularization, and thus use its solution to define a 
new weight. The pseudo code of IRL1 for the unconstrained 

regularization model of the impact force inverse problem is 
summarized as Algorithm 1. It is necessary to point out 
that lp-norm regularization together with IRL1 allows 
arbitrary choices for 0 ≤ p ≤ 1. The reweighted l1-norm 
minimization developed for enhanced sparse regularization 
of impact force identification, is the special instance of the 
algorithm with p = 0 (Qiao et al. 2019). 

 
Algorithm 1: Iteratively reweighted l1-norm 
minimization algorithm for solving 
unconstrained lp-norm regularization problem 
of impact force identification 

Input: Transfer function matrix 𝑯 ∈ ℝ௡ெ×௡ே, 
measured response 𝒚 ∈ ℝ௡ெ×ଵ, regularization 
parameter 𝜆 and stability parameter 𝜂, the 
norm 𝑝 ∈ [0,1]. 
Step 1: Initialize the iteration count 𝑘=0, 
and the weight matrix to be the identity 

matrix, i.e., 𝑾(଴) = 𝑰. 
Step 2: Solve the weighted l1-norm 
regularization problem, i.e., Eq. (15). 

Step 3: Update the weights 𝜔௜, using Eq. 
(16). 

Step 4: Terminate on convergence or when 𝑘 
attains a specified maximum number of 
iterations 𝑘௠௔௫. Otherwise, let 𝑘 = 𝑘 + 1 and 
go to Step 2. 

Output: Identified impact force 𝒇 consisting 
of the impact location and the force time-
history. 

 
In Step 1, it is important to determine the initialization 𝒇(଴)  for the successful impact force identification. It is 

assumed that the iterations begin with a vector (e.g., the l1-
norm solution) sufficiently close to the desired solution. The 
weighted l1-norm regularization is initialized in the first 
iteration (k = 0), where the starting weight matrix 𝑾(଴) is 
set to be an identity one. It implies that Step 2 is actually to 
solve a standard l1-norm regularization problem, i.e., Eq. 
(10). It means that the solution of the standard l1-norm 
regularization that was developed for impact force 
identification (Qiao et al. 2017), is selected as a reasonable 
initialization of lp-norm regularization with 0 ≤ p < 1. 

Step 2 corresponds to solving a weighted l1-norm 
regularization problem. The scheme is easy to implement, 
since each step reduces to a standard l1-norm regularization 
model. In order to implement each reweighted algorithm 
using the existing convex solver, we make straightforward 
modification of the optimization problem Eq. (15). An 
intermediate variable 𝒙 is defined as 

 𝒙 = 𝑾(௞)𝒇 (17)
 
Since the weight matrix is a diagonal one, the unknown 

impact force is expressed as 
 𝒇 = ൫𝑾(௞)൯-1𝒙 (18)
 
Substituting Eqs. (17) and (18) into Eq. (15), an 
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equivalent optimization problem can be obtained 
 𝒙(௞) = 𝑎𝑟𝑔𝑚𝑖𝑛𝒙 ൜ቛ𝒚 − 𝑯൫𝑾(௞)൯-1𝒙ቛଶଶ + 𝜆‖𝒙‖ଵൠ  (19)
 

Setting 𝑨 = 𝑯൫𝑾(௞)൯-1 , the standard l1-norm 
regularization model is derived as 

 𝒙(௞) = 𝑎𝑟𝑔𝑚𝑖𝑛𝒙 ሼ‖𝒚 − 𝑨𝒙‖ଶଶ + 𝜆‖𝒙‖ଵሽ (20)
 
It relaxes the original lp-norm regularization problem to 

a sequence of l1-norm problems. For each p, IRL1 solves a 
series of l1-norm regularization to approximate the original 
nonconvex optimization problem. Each iteration of IRL1 
simply requires solving one l1-norm regularization problem, 
which can be implemented readily by using many efficient 
algorithms such as interior point method. Here, a robust 
solver, the primal-dual interior point method (PDIPM), is 
suggested to solve the l1-norm regularization problem of 
impact force identification. PDIPM has been successfully 
applied for solving the standard l1-norm regularization 
model of impact force identification in authors’ previous 
work (Qiao et al. 2017, 2019). It is known that the 
reconstruction accuracy of the solution of a regularization 
problem depends seriously on the regularization parameter 𝜆 . However, the selection of proper regularization 
parameters is often hard. According to the previous work 
(Qiao et al. 2017), the regularization parameter is 
empirically set 𝜆 = 0.01‖2𝑯்𝒚‖∞. 

In Step 3, the weight matrix 𝑾 is adaptively updated 
according to the current solution, and the updated weight 
matrix after each iteration is used to obtain the next solution 𝒇(௞ାଵ) . Each weight 𝜔௜(௞ାଵ)  is only a function of the 
preceding iterative solution 𝑓௜(௞) . In order to implement 
Step 3, a stability parameter 𝜂 is introduced to ensure the 
stability when small components in the previous solution 𝒇(௞) go to zero. According to the work (Qiao et al. 2019), 
the value of 𝜂  should be set much smaller than the 
expected nonzero magnitudes. The identification of impact 
force is reasonably robust with respect to the choice of 𝜂. 
The stability parameter can be set 𝜂 = 0.00001. Such an 
iterative algorithm for updating the weights 𝜔௜ allows for 
successively better estimation of the nonzero supports, i.e., 
the pulse interval of impact force. 

In Step 4, the stopping condition can be chosen as either 
a maximal number of iterations or as a convergence 
criterion. It should be noted that as for any nonconvex 
optimization problem, there is no way to derive any 
guarantees regarding the convergence. Nevertheless, IRL1 
empirically works well for lp-norm regularization and is 
easily implemented. Numerical experiments (Foucart and 
Lai 2009) demonstrated that the iteration converges to the 
sparsest solution with an overwhelming probability. When 
an initial point is properly chosen, the convergence of the 
enhanced sparse regularization using IRL1 has been 
empirically demonstrated in numerical and experimental 
examples (Candes et al. 2008, Qiao et al. 2019). Actually, 
few reweighting iterations or even a single iteration of IRL1 
are sufficient to address the impact force identification 
problem, the solutions of which can be sparser and more 

accurate than those of the standard l1-norm regularization. 
For all under-determined tested cases in this paper, each 
reweighted algorithm is executed by only five iterations. 
Clearly, the main computational cost in Algorithm 1 is 
consuming on solving a series of l1-norm regularization 
problems. Much of the benefit of solving lp-norm 
regularization comes from first few reweighting iterations, 
and the additional computational cost is quite moderate, 
compared to l1-norm regularization. The required 
reconstruction time is generally more than with p = 1 but 
much less than with p = 0. 

 
 

5. Numerical examples using a simply supported 
plate 
 
In this section, we start with numerical examples 

conducted on a simply supported plate to confirm the 
effectiveness and applicability of the proposed lp-norm (0 ≤ 
p < 1) regularization method in improving the 
reconstruction accuracy of impact force as well as the 
impact localization from highly incomplete measurements 
under different noise levels, compared to the standard l1-
norm regularization. Single-source and double-source 
impact forces acting on nine potential locations the sparsity 
of which are different, will be localized and reconstructed 
by using only a single acceleration response. 

Under impact circumstances, the peak force amplitude 
of impact events matters much for the assessment of the 
structural integrity (Qiu and Yuan 2011). Hence, the peak 
relative error (PRE) between the exact and identified 
solutions is calculated to quantify the performance of 
regularization methods in solving the ill-posed inverse 
problem of impact force identification. 

 PRE = 𝑚𝑎𝑥( 𝒇exact) − 𝑚𝑎𝑥( 𝒇identified)𝑚𝑎𝑥( 𝒇exact) × 100% (21)

 
where 𝑚𝑎𝑥( 𝒇) denotes the maximum amplitude of impact 
force; 𝒇exact  and 𝒇identified  is the exact and identified 
impact forces, respectively. 

 
5.1 Problem description 
 
The distribution of impact locations and measurement 

locations over the simply supported plate is limned in Fig. 
2. The detailed parameters of the plate can be found (Qiao 
et al. 2016b). Although the exact location of the impact 
event is unknown, nine possible impact locations uniformly 
distributed over the surface of the plate are considered in 
impact force identification. To take advantage of the spatial 
distribution of impact locations, it is supposed that one or 
two of nine different locations of the plate are excited. The 
single-source impact force acting on location 6# (300 mm, 
375 mm) is defined as 

 𝑓଴(𝑡) = 𝐹଴𝑒(ିଶగ௙బ(௧ି௧బ)మ) (22)
 
The double-source impact forces applied at location 3# 

(150 mm, 375 mm) and location 6# (300 mm, 375 mm) are 
respectively defined as 
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 𝑓ଵ(𝑡) = 𝐹ଵ𝑒(ିଶగ௙బ(௧ି௧భ)మ); 𝑓ଶ(𝑡) = 𝐹ଶ𝑒(ିଶగ௙బ(௧ି௧మ)మ) (23)
 

where the center frequency 𝑓଴  is used to adjust the 
frequency band of interest. When 𝑓଴ = 120000 Hz, the 
simulated impact force with a short duration has a good 
agreement with the actual one in Section 6. For the single-
source case, the peak force 𝐹଴ = 120 𝑁  is obtained at 𝑡଴ = 0.1948 𝑠; for the double-source case, the first impact 
force acts on point 3# whose peak force 𝐹ଵ = 120 𝑁 is 
obtained at 𝑡ଵ = 0.1948 𝑠  and the second one acts on 
point 6# whose peak force 𝐹ଶ = 100 𝑁  is obtained at 𝑡ଶ =  0.5854 𝑠 . A total simulated duration of 1s is 
considered, assuming the sampling frequency of 2048 Hz. 
The impact force is not assumed to be concentrated at a 
point. Hence, this work involves identifying multiple 
impact forces rather than a single concentrated force. 

Given the impact force and the transfer function matrix, 
the transient acceleration response of location 1# (150 mm, 
125 mm) used for impact force identification is generated 
from a forward computation. In order to evaluate the effect 
of measurement noise on the identified impact force using 
lp-norm regularization, the simulated noise is added to the 
exact acceleration 𝒚. 

 𝒚෥ = 𝒚 + 𝒆 = 𝒚 + 𝑙noise ⋅ std(𝐲) ⋅ (2 ⋅ rand(𝑛,  1) − 1) (24)
 

where 𝒚෥ represents the polluted response; e denotes the 
additive noise; lnoise indicates the noise level; the MATLAB 
script function std(𝐲) denotes the standard deviation of y; 
the MATLAB script function rand(𝑛, 1) denotes an 𝑛 × 1 
random vector satisfying the uniform distribution on the 
interval (0, 1). Here, four simulations with the noise levels 
lnoise = 10%, 40%, 60% and 100% are considered. The 
simulated noise will inversely propagate into the identified 
impact forces. 

In this work, only a single acceleration response point 
1# is utilized for identifying the impact location and the 
force history, such that the number of potential impact 
locations (nine locations) greatly exceeds the number of 
measurements (one sensor). The impact location and the 
force history forces can be simultaneously computed by lp-
norm (0 ≤ p ≤ 1) regularization from highly imperfect and 
incomplete data. The dimension of the excitations 𝒇 
composed of nine assumed impact force vectors 𝒇௝ ∈ 

 
 𝑅ଶ଴ସ଼×ଵ is 18432×1; the dimension of the transfer function 

matrix 𝑯 in Eq. (5) composed of nine transfer matrices 𝑯ଵ௝ ∈ 𝑅ଶ଴ସ଼×ଶ଴ସ଼  (j = 1,…,9) is 2048×18432; the 
dimension of the measurement vector 𝒚 is only 2048×1. 
Hence, such a problem of impact force identification is 
highly under-determined. All simulated cases are 
successively done for each 𝑝 ∈ ሼ0,0.1,0.2, . . . ,0.9,1ሽ. Let us 
point out that when p = 1, it corresponds to the standard l1-
norm regularization (Qiao et al. 2017). When p = 0, the lp-
norm regularization model using IRL1 as a special case 
corresponds to the enhanced sparse regularization method 
Qiao et al. 2019). In each case, the peak relative error and 
the number of non-zero components in identified impact 
forces are computed. 

 
5.2 Single-source impact force identification 
 
It starts with the identification of the single-source 

impact force using lp-norm regularization from heavily 
contaminated and highly incomplete response. We first fix p 
= 1/2 and test lp-norm regularization in determining the 
impact location and simultaneously reconstructing the force 
time-history under four noise levels. To see the possible 
impact force at each point and then localize the impact 
force, the identified impact force signal 𝒇 ∈ 𝑹ଵ଼ସଷଶ×ଵ is 
divided into nine vectors, as illustrated in Fig. 3. For each 
case, the exact impact force is also given (Location = 0). It 
is remarkable that under four noise levels, the impact force 
is successfully localized from nine candidate locations 
using only a single acceleration response. The location 6# 
that coincides with the actual force location, is the only one 
which is clearly excited. Fig. 3 depicts that the nonzero 
entries of the l1/2-norm solutions strongly concentrate on the 
peak profile of impact force. The l1/2-norm solutions are 
sufficiently sparse and match the exact one quite well. The 
reconstructed force histories of other locations are much 
smaller and have no clear impulsive feature. Hence, it helps 
improve the impact localization and determine the 
occurrence time of impact force. As the noise level 
increases, there exist more random spurious values that are 
irrelevant to the true impact force. 

Subsequently, lp-norm (0 ≤ p < 1) regularization together 
with l1-norm regularization is applied to identifying the 
single-source impact force from a single acceleration 
response. As shown above, lp-norm regularization works 

 
Fig. 2 The distribution of impact forces and measurement locations of the simply supported plate: (a) the single-source 

impact-force case; and (b) the double-source impact-force case (dimensions in mm) 
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well in identifying the impact location. The peak value of 
impact force is an important indicator in structural health 
monitoring. Here, we focus on the identification of the 
maximum value of impact force, compared to the standard 
l1-norm regularization. Fig. 4 depicts the peak relative error 
between the exact and identified impact forces using lp-
norm regularization as a function of p (0 ≤ p ≤ 1) under four 
noise levels. Differences of lp-norm regularization with 0 ≤ 
p < 1 for improving the peak force amplitude are 
quantitatively compared. It can be seen from Fig. 4 that the 

 
 

 
 
l1-norm solutions are underestimated, meaning the peak of 
the identified force is lower than the exact solution, 
particularly when lnoise = 100% (see Fig. 4(d)). A significant 
improvement in identifying the peak force amplitude is 
observed using lp-norm (0 ≤ p < 1) compared to l1-norm 
regularization across all four noise cases. Even for p = 0.9, 
there is a noticeable improvement over l1-norm 
regularization. The peak relative errors of lp-norm solutions 
(0 ≤ p ≤ 1/2) are nearly half of those of l1-norm solutions. In 
the same condition, as the noise level increases, the peak 

 
(a) (b) 

 

 

(c) (d) 

Fig. 3 l1/2-norm regularization for identifying the single-source impact force acting on location 6# under different noise 
levels: (a) 10%; (b) 40%; (c) 60%; and (d) 100%

  
(a) (b) 

 

  
(c) (d) 

Fig. 4 The peak relative error of the identified single impact force acting on location 6# using lp-norm regularization as 
a function of p under different noise levels: (a) 10%; (b) 40%; (c) 60%; and (d) 100% 
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relative error of lp-norm (0 ≤ p < 1) solutions also increases. 
One can see from Fig. 4 that the peak relative error has a 
monotonous reduction tendency as 𝑝 → 0, when the noise 
levels are small (e.g., lnoise = 10% and lnoise = 40%). It 
suggests that decreasing p improves the robustness of lp-
norm regularization to noise. It coincides with the intuition 
that the performance of lp-norm regularization is improved 
when p decreases. The change of the peak relative error is 
large for 1/2 ≤ p ≤ 1; but the change is small for 0 ≤ p ≤ 1/2. 
The enhanced sparse regularization (p = 0) cannot always 

 
 

 
 
yield the most accurate solution, particularly when the noise 
levels are large (e.g., lnoise = 60% and lnoise = 100%). For 
example, when lnoise = 100%, the peak relative error of l0.6-
norm is smallest. It is not necessary to make p much smaller 
for further improving the identification accuracy. The 
similar results have been observed in Xu’work on l1/2-norm 
regularization (Xu et al 2012). 

We compare the sparsity of lp-norm regularization with 
l1-norm regularization in solving the under-determined 
inverse problem of impact force identification. Fig. 5 lists 

  
(a) (b) 

 

  
(c) (d) 

Fig. 5 Number of nonzero components in the identified single impact force acting on location 6# using lp-norm 
regularization as a function of p under different noise levels: (a) 10%; (b) 40%; (c) 60%; and (d) 100%
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(c) (d) 

Fig. 6 l1/2-norm regularization for identifying the double-source impact forces acting on locations 3# and 6# under 
different noise levels: (a) 10%; (b) 40%; (c) 60%; and (d) 100%
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the number of nonzero elements in identified single impact 
force as a function of p under four noise levels. It is clear 
that lp-norm regularization generates sparser solutions than 
l1-norm regularization. One can see from Fig. 5 that lp-norm 
regularization with 0 ≤ p ≤ 0.8 performs particularly well in 
finding the sparse solution of impact force identification, 
when lnoise =10%. The sparsity significantly increases as p 
decreases, when the noise levels are high. As the noise level 
increases, the sparsity of the solution declines. We see a 
greater improvement for the smaller p corresponding to a 
sparser solution (see Fig. 5), with the reduction in peak 
relative error up to 50% or more (see Fig. 4). Therefore, 
although a single acceleration response is inversely used, lp-
norm regularization for impact force identification with 
IRL1 still ensures the sparsity and accuracy of the solution. 

 
5.3 Double-source impact force identification 
 
In the second one of under-determined force 

identification problems, the localization and reconstruction 
of the double-source impact forces acting on nine possible 
locations are implemented by lp-norm regularization under 
four noise levels. The under-determined system in Eq. (6) 
has the same dimension as the case in Section 5.2. The 
difference lies in the sparsity of the solution. Here the force 
vector f includes two impulsive forces. The following 
examples are conducted to show the feasibility of lp-norm 
regularization, when the sparsity decreases. shows that two 
identified impact forces using l1/2-norm regularization are 
well localized on locations 3# and 6# under four noise 
levels. The values in other assumed locations are quite 
small and ignored, leading to an accurate localization of the 
impact force. The two exact impact forces are also shown 
in, corresponding to Location = -1 and Location= 0. The 

 
 

histories of l1/2-norm solutions match the exact ones pretty 
well. The case of lnoise = 100% in responses is taken as 
example. The peak value for the first identified impact force 
is 111.9 N, while the reference value is 120 N, yielding a 
peak relative error of 6.75%. The peak value for the 
identified second impact force is 94.38 N, with a reference 
value of 100 N, yielding a peak relative error of 5.62%. 

As we can see from Fig. 7, lp-norm regularization with 0 
≤ p < 1 does have much more identification accuracy than 
l1-norm regularization. The first impact is the one acting on 
locations 3# and the second impact is the one acting on 
locations 6#. When the noise level is low, e.g., lnoise = 10%, 
l1-norm regularization can also achieve acceptable 
solutions, the peak relative error of which is less than 10%. 
When the noise level is high in Figs. 7(c) and (d), the peak 
amplitude of the identified impact force using l1-norm 
regularization is dramatically underestimated. lp-norm 
regularization is robust with respect to noisy measurements. 
When p increases from 0 to 1, the peak relative error 
increases nearly two times. All the peak relative errors of 
two identified impact forces using lp-norm regularization 
are less than 10% under four noise levels. Consequently, the 
identified impact forces computed by lp-norm regularization 
with 0 ≤ p < 1 are much improved. It is the intuition that 
decreasing p results in a more accurate solution, typically 
for lnoise = 40% in Fig. 7(b). However, it is not true for all 
cases in Fig. 7. Actually, the improvement of impact force 
identification using lp-norm regularization has no significant 
differences for 0 ≤ p < 1/2. One case see from Figs. (c) and 
(d) that for 0.3 ≤ p ≤ 0.6, the peak relative error of lp-norm 
solutions is smallest. It appears that reducing p less than 1/2 
gives only a slight decrease or even increase in peak relative 
error. Similar phenomenon has been discovered by Xu et al. 
(2012). Figs. 7(c) and (d) also reveal that the choice of p = 0 

 
 

  
(a) (b) 

 

  
(c) (d) 

Fig. 7 The peak relative error of identified two impact forces acting on locations 3# and 6# using lp-norm regularization 
as a function of p under different noise levels: (a) 10%; (b) 40%; (c) 60%; and (d) 100% 
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is not unequivocally the best choice for a single p in impact 
force identification. It should be noted that compared with 
the single-source impact force identification, the peak 
relative errors of the identified double-source impact forces 
are commonly large but acceptable under the same noise 
level. One reasonable explanation is that for the same 
dimension of the inverse problem, as the non-zeros of 
solutions increase, the reconstruction accuracy will reduce 
in sparse regularization. 

Fig. 8 displays results where the number of nonzero 
elements in identified two impact forces using lp-norm (0 ≤ 
p < 1) regularization is drawn with p. It is noteworthy that 
the lp-norm solutions are significantly sparser than the l1-
norm solutions, even in the presence of substantial noise. As 
the noise level increases, nonzero components in sparse 
solutions significantly increase. lp-norm regularization with 
0 ≤ p ≤ 0.8 performs particularly well in finding the sparsest 
solutions of the inverse problem of impact force 
identification. The sparsity of lp-norm regularization is 
helpful in localizing the impact force. It implies that the 
nonconvex lp-norm regularization requires less 
measurements in solving the under-determined problem of 
impact force identification. 

The numerical simulations demonstrate that, regardless 
of the value of 0 ≤ p < 1, lp-norm regularization with IRL1 
outperforms standard l1-norm regularization for impact 
force identification in terms of both sparsity and accuracy, 
even when the responses are highly polluted and 
incomplete. One can see from Figs. 4-5 and Figs. 7-8 that 
when the number of the actual impact force increases, the 
sparsity and accuracy of the solution will decay. 

 

 
 
 

6. Experimental validation using a cantilever plate 
 
In this section, the proposed lp-norm (0 ≤ p ≤ 1) 

regularization method for impact-force localization and 
reconstruction is validated using experimental data obtained 
from a cantilever plate. The influence of six measured 
locations of acceleration on the identification accuracy is 
analyzed. Single-source and double-source impact forces 
acting on nine possible locations are localized and 
reconstructed by using only a single accelerometer. The 
advantage of lp-norm (0 ≤ p < 1) regularization over l1-norm 
regularization is demonstrated under different acceleration 
responses. 

 
 
 

Fig. 9 The cantilever plate experimental set-up applied for 
impact force identification 

 

  
(a) (b) 

 

  
(c) (d) 

Fig. 8 The number of nonzero components in identified two impact forces acting on locations 3# and 6# using lp-norm 
regularization as a function of p under different noise levels: (a) 10%; (b) 40%; (c) 60%; and (d) 100%
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6.1 Experiment description 
 
The structure under study applied for impact force 

identification is a cantilever plate, set up as shown in Fig. 9. 
One plate edge is fully constrained by a clamp. The material 
is structural steel. The dimensions are 500 mm × 600 mm × 
5 mm. As described in Section 5, the impact forces are 
assumed to act on spatially discrete nine locations. A PCB 
086C01 impact hammer is used to exert the impact force 
vertically at one or two points of nine locations. But we do 
not know which one is chosen in the procedure of impact 

 
 

 
 

force identification. The integral force sensor inserted in the 
tip of the hammer is used to measure the input force as the 
reference. The top surface of the plate is instrumented with 
six PCB 333B32 accelerometers for measuring the vertical 
response, labeled as R1-R6. All the measured responses for 
impact force identification are away from the excitation 
locations. A preliminary impact test is conducted for 
determining the transfer function matrix H between six 
measured locations and nine candidate impact locations. 
The input force and the response synchronously recorded by 
a 16-channel LMS data acquisition system are sampled at 

 
 

 
 

 

(a) (b) 

Fig. 10 The acceleration responses of six measured locations subjected to impact events: (a) the single-source impact 
force acting on location 2#; and (b) the double-source impact forces acting on locations 2# and 5# 
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(c) (d) 
 

 

(e) (f) 

Fig. 11 l1/2-norm regularization for identifying the single-source impact force acting on location 2# from six acceleration 
responses: (a) R1; (b) R2; (c) R3; (d) R4; (e) R5; and (f) R6
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2048 Hz. The impact testing module of LMS data 
acquisition system is applied for obtaining frequency 
response functions. Through inverse fast Fourier transform 
of frequency response functions. 

Successive impacts are applied by impact hammer at 
different locations (2# and 5#) on the plate. Fig. 10 
illustrates six acceleration responses subjected to the single-
source impact force acting on location 2# and the double-
source impact forces acting on locations 2# and 5#. A total 
of 1 s data is truncated for impact force identification. The 
time response of each impact event displays a rapid 
attenuation phenomenon. The current impact response also 
contains the response of the previous impact force, as 
shown in Fig. 10(a). There exists overlap among the 
adjacent impact events, as shown in Fig. 10(b). The 
influence from the previous impact force is regarded as the 
measurement noise. lp-norm (0 ≤ p ≤ 1) regularization is 
applied, and the impact locations are assumed to be from 
the nine points on the plate shown in Fig. 9. 

 
 
6.2 Single-source impact force identification 
 
A similar analysis process as Section 5.2 is conducted. 

Fig. 11 shows the reconstruction and localization results of 
the single-source impact force using l1/2-norm (p = 1/2) 
regularization from six acceleration responses, in which the 
measured impact force as reference is also given. The 
impact force acting on location 2# is well localized no 
matter which one acceleration response is chosen for 
inverse analysis. It can be observed from Fig. 11 that all the 
l1/2-norm solutions using six acceleration responses are 
sufficiently sparse, leading to a much better localization. 
Although there exist many spurious peaks in the time 
domain, it cannot result in unacceptable identified impact 
forces. Fig. 11 shows the time histories of the identified 
forces are in good overall agreement with the measured 
force. The disturbance from the previous impact response is 
greatly inhibited in the identified impact force. In detail, the 
peak value of the measured impact force is 81.21 N. The 

  
(a) (b) 

 

 

(c) (d) 
 

 

(e) (f) 

Fig. 12 The peak relative error of identified single impact force acting on location 2# using lp-norm regularization as a 
function of p from six acceleration responses: (a) R1; (b) R2; (c) R3; (d) R4; (e) R5; and (f) R6 
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peak values of the l1/2-norm solutions using acceleration 
responses R1-R6 are 80.63 N, 76.95 N, 75.64 N, 79.81 N, 
80.71 N, 81.45 N, respectively. The corresponding peak 
relative errors are only 0.71%, 5.25%, 6.86%, 1.72%, 
0.62%, and -0.30%. The mildly overestimated solution of 
the acceleration response R6 can be attributed to uncertain 
measurement noise and/or modeling error. There may exist 
slight differences of impact locations when the transfer 
function matrix and the response are separately measured. 
Hence, the lp-norm solutions with acceptable accuracy show 
excellent agreement with the reference one, the differences 
of which are hardly observed in Fig. 11. 

Fig. 12 shows that no matter what value of p is selected, 
lp-norm regularization remarkably outperforms l1-norm 
regularization in reconstructing the impact force from 
limited measurements. lp-norm regularization consistently 
reduces peak relative errors by at least 50% compared to l1-
norm regularization. Remarkably, even a value of p slightly 
less than 1 (e.g., p = 0.9) can yield a more accurate 

 
 

reconstruction of the impact force. The location of the 
identified impact forces using l1-norm regularization is well 
localized, while their amplitudes are generally 
underestimated. For example, when R3 is used in Fig. 
12(c), the peak relative error of the l1-norm solution is more 
than 20%. Actually, the identification accuracy of each 
acceleration response is different. For example, the 
responses at plate tip (e.g., R1 and R4) are inversely used to 
yield more accurate solutions. The peak relative errors of 
the measured responses (e.g., R2 and R3) are more than 5%. 
One possible explanation is that the response at R3 contains 
less information about the impact force at a certain 
frequency than the responses at other locations does (Martin 
and Doyle 1996, Inoue et al. 2001). As a result, the impact 
force estimated from the acceleration response R3 is worse. 

Compared with l1-norm regularization, lp-norm 
regularization for 0 ≤ p < 1 has a dramatic decrease in the 
peak relative error of the identified impact force. As 
previously mentioned in Section 5, on the one hand, 

 
(a) (b) 

 

 

(c) (d) 
 

 

(e) (f) 

Fig. 13 The number of nonzero components in identified single impact force acting on location 5# using lp-norm 
regularization as a function of p from six acceleration responses: (a) R1; (b) R2; (c) R3; (d) R4; (e) R5; 
and (f) R6 
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reducing p below 1 clearly reduces the peak relative error of 
the identified impact force, and the reconstruction 
improvement is nearly monotonic in p. On the other hand, 
there are almost no significant improvements for p much 
below 1/2. For example, when R2 is used in Fig. 12(b), the 
peak relative error is a monotonically decreasing function as 
p; when R5 is used in Fig. 12(e), the best choice of p is p = 
0.6. As results shown in Section 5, l0-norm regularization 
with IRL1 cannot always achieve the most accurate 
solution. 

Moreover, compared with l1-norm regularization, lp-
norm regularization consistently has much higher sparsity 
as shown in Fig. 13. For a fixed p, the sparsity level of all 
the lp-norm solutions using different acceleration responses 
is close. As 𝑝 → 1, the improvements of accuracy and 
sparsity diminish. In all, lp-norm regularization gives much 
sparser and more accurate recovery results than l1-norm 
regularization does. Note that although the locations #2 and 
#5 among nine points available are taken for example to 
validate the proposed method, other impact points can also 
generate the similar results. 

 
6.3 Double-source impact force identification 
 
We proceed with the experimental investigation of the 

circumstances under which the double-source impact forces 
 
 

forces acting on nine possible locations are localized and 
reconstructed by lp-norm (0 ≤ p ≤ 1) regularization from six 
different responses. Actually, the number of actual 
excitation locations does not have to be known in advance. 
The same procedure as in Section 6.2 is performed for a 
different excitation configuration. The identified results of 
l1/2-norm regularization using six acceleration responses are 
summarized in Fig. 14. l1/2-norm regularization accurately 
identifies both the magnitude and location of two impact 
forces on locations 2# and 5#. The first impact event acting 
on location #2 happens at t = 0.04639 s and the second 
impact event acting on location #5 happens at t = 0.39400 s. 
The actual time delay between the two impact forces is 
0.34761 s. The time histories of reconstructed impact forces 
using l1/2-norm regularization match the exact ones pretty 
well. The difference of each acceleration response in 
estimating the peak force value cannot be distinguished 
from Fig. 14. 

Fig. 15 shows the peak relative error between the 
measured and the identified impact forces using lp-norm 
regularization as a function of p. One can find that the lp-
norm solutions with 0 ≤ p < 1 are always much more 
accurate than the l1-norm solutions which greatly 
underestimate the peak force. l1-norm regularization fails to 
provide a desired solution, when R2 and R3 are used in 
Figs. 15(b) and (c). As results above, even if p is slightly 
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(e) (f) 

Fig. 14 l1/2-norm regularization for identifying the double-source impact forces acting on locations 2# and 5# from six 
acceleration responses: (a) R1; (b) R2; (c) R3; (d) R4; (e) R5; and (f) R6
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less than 1 (e.g., the case p = 0.9), lp-norm regularization 
can significantly improve the estimation of the two impact 
forces. Meanwhile, it can be observed from Fig. 15 that lp-
norm regularization always generates much sparser 
solutions than l1-norm regularization dose under different 
responses. Although different responses result in different 
sparse solutions, no notifiable differences in sparsity are 
noticed, particularly when 0 ≤ p  ≤ 1/2. lp-norm 
regularization does remarkably outperform the standard l1-
norm regularization in accuracy and sparsity. It is the 
intuition that decreasing p yields the improvements of the 
reconstruction accuracy of impact force. Here, it is not true 
for the under-determined problem of double-source impact 
force identification. Figs. 15(a), (c) and (e) show that the 
peak relative error has the smallest one for 0.4 ≤ p ≤ 0.8. 
Figs. 15(b), (e) and (f) show that when p is relatively small 
(e.g., p ≤ 0.6), the peak relative error of each p is quite 
comparable. Actually, not all these values of p are 
necessarily used. Furthermore, Fig. 16 shows the number of 
nonzero components of the identified double-source impact 
forces using lp-norm regularization. The smaller p is, the 
sparser the lp-norm solutions are. Meanwhile, whenever 0 ≤ 

 
 
p ≤ 1/2, the sparsity of lp-norm regularization has no 
significant differences. 

To summarize, the results of the above experiments 
highlight the necessity of using lp-norm (0 ≤ p < 1) 
regularization for improving the performance of impact 
force identification. The lp-norm solutions are much sparser 
and more accurate than the l1-norm solutions. lp-norm 
regularization with IRL1 is robust with respect to the choice 
of the parameter p. When 0 ≤ p ≤ 1/2, there are no 
significant differences in reconstruction performance of lp-
norm regularization. When 𝑝 → 1 , the accuracy and 
sparsity of lp-norm regularization become much worse. The 
preferred value p = 1/2 is taken as the representative of lp-
norm regularization. Numerical experiments (Chartrand and 
Staneva 2008) demonstrated that the signal sparse recovery 
using lp-norm minimization is surprisingly flat for p < 1/2. 
This is also consistent with the results of l1/2-norm 
regularization in Xu’s work (Xu et al. 2012). As mentioned 
in Section 5, the errors of the identified single-source 
impact force are smaller and their results are sparser, when 
compared with those of the identified double-source impact 
forces. 

  
(a) (b) 

 

  
(c) (d) 

 

  
(e) (f) 

Fig. 15 The peak relative error of identified two impact forces acting on locations 2# and 5# using lp-norm regularization as 
a function of p from six acceleration responses: (a) R1; (b) R2; (c) R3; (d) R4; (e) R5; and (f) R6 
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7. Conclusions 
 
In summary, this paper presents a nonconvex lp-norm (0 

≤ p < 1) regularization approach for the localization and 
simultaneous reconstruction of impact forces applied to a 
structure from highly incomplete measurements. We 
implement the lp-norm regularization model of impact force 
identification by the iteratively reweighted l1-norm 
minimization algorithm, in which the nonconvex problem is 
transferred into a series of standard l1-norm regularization 
problems. Both simulation and experimental results, 
including the identification of single-source and double-
source impact forces,  demonstrate that  l p-norm 
regularization with 0 ≤ p < 10 consistently provides more 
accurate and sparser solutions compared to standard l1-norm 
regularization. lp-norm regularization also outperforms l1-
norm regularization in improving the peak force amplitude. 
Therefore, lp-norm regularization represents a superior 
alternative to l1-norm regularization for impact force 
identification and can be viewed as a generalization of 
sparse regularization. For the highly under-determined 
inverse problem of impact force identification, lp-norm 

 
 

regularization with IRL1 successfully localizes the impact 
force and simultaneously reconstructs the force time-history 
from a large number of possible impact locations using a 
single acceleration response. It should be noted that the 
number of actual excitation locations does not have to be 
known in advance. The sparse solution of the under-
determined problem of impact force identification using lp-
norm regularization is very close to the actual one. 
Numerical examples conducted on the simply supported 
plate show that lp-norm regularization is robust in finding 
sparse and accurate solutions of impact force in the 
presence of high-level noise. Experimental examples on the 
cantilever plate demonstrate that lp-norm regularization can 
successfully identify the single and double impact forces 
from different acceleration responses and thus is not very 
sensitive to the location of sensors. In the same situations, 
the accuracy of the identified single-source impact force is 
higher than that of the identified double-source impact 
forces. In general, as p is approaching 0, lp-norm 
regularization is closer to l0-norm regularization. 
Nevertheless, it does not mean that the solution of l0-norm 
regularization implemented by IRL1 is the sparsest and 
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(c) (d) 

 

  
(e) (f) 

Fig. 16 The number of nonzero components in identified two impact forces acting on locations 2# and 5# using lp-norm 
regularization as a function of p from six acceleration responses: (a) R1; (b) R2; (c) R3; (d) R4; (e) R5; and (f) R6
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most accurate one. Indeed, when 0 ≤ p ≤ 1 /2, the peak 
relative error and the number of nonzero components have 
no significant differences. Consequently, a general 
suggestion is that l1/2-norm regularization can be selected as 
the representative of lp-norm (0 ≤ p ≤ 1) regularization for 
solving the under-determined problem of impact force 
identification. 
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