Smart Structures and Systems, Vol. 33, No. 6 (2024) 431-447
https://doi.org/10.12989/sss.2024.33.6.431

Acceleration-based fuzzy sliding mode control
for high-rise structures with hybrid mass damper

Zhenfeng Lai '3, Yanhui Liu*'2, Dongfan Ye 2, Ping Tan ' and Fulin Zhou '3

' Earthquake Engineering Research & Test Center (EERTC), Guangzhou University, Guangzhou 510006, China

431

2 Key Laboratory of Earthquake Resistance, Earthquake Mitigation and Structural Safety, Ministry of Education, Guangzhou 510006, China

3 Guangdong Provincial Key Laboratory of Earthquake Engineering and Applied Technology, Guangzhou 510006, China

(Received February 16, 2023, Revised September 30, 2023, Accepted November 10, 2023)

Abstract. The Hybrid Mass Damper (HMD) has proven effective in mitigating vibrations in high-rise structures subject to
seismic and wind-induced excitations. One derivative configuration of the HMD mounts an Active Mass Damper (AMD) atop a
Tuned Mass Damper (TMD). However, the control efficacy of such HMDs may be compromised when confronted with loads
that exceed their design parameters. Additionally, the confined structural space within high-rise structures often limits the
feasibility and economic viability of retrofitting HMD systems. This study introduces an Acceleration-based Fuzzy Power
Approach Rate Sliding Mode Control (AFP-SMC) algorithm aimed at enhancing the control efficacy of HMDs while
minimizing their stroke and force output requirements. Employing the Canton Tower as a research prototype, an analytical
model incorporating HMDs was established, and a comparative analysis between the AFP-SMC and Linear Quadratic Gaussian
(LQG) control algorithms was conducted for efficacy. The control performance of the AFP-SMC control algorithm under
different control parameter variations was investigated. Furthermore, by experimentally assessing the AMD subsystem within
the Canton Tower, friction and ripple force formulas were derived to bolster the analytical model, thereby validating the
robustness of the AFP-SMC algorithm. The results show that the proposed AFP-SMC algorithm effectively reduces the vibration
response of the structure and the stroke and control force output of HMDs, and exhibits superior overall control performance and

robustness compared to the LQG algorithm.
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1. Introduction

Mitigating detrimental responses in building structures
under various types of loading, such as earthquakes and
winds, remains a critical area of research in civil
engineering. Advances in structural control methods have
yielded various techniques that generally fall into four
primary categories: passive, semi-active, active, and hybrid
control systems (Ohtori et al. 2004). Tuned mass dampers
(TMDs) and active mass dampers (AMDs) are prevalent
methods for vibration control (Rana and Soong 1998,
Sladek and Klinger 1983). For instance, Zou et al. (2020)
presented a TMD system designed for the bi-directional
vibration suppression of offshore wind turbines, validating
its performance through numerical simulations. Similarly,
Yamamoto and Sone (2014) explored the energy efficiency
and vibration control effectiveness of a 24-story building
equipped with an AMD, showing that the energy-
regenerative system reduced energy consumption. However,
TMDs exhibit vulnerabilities, including a high sensitivity to
frequency deviations and challenges in frequency
adjustment (Esteki et al. 2015). In active control systems,
the failure of sensors or actuators, or interruptions in
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external energy supply, can lead to a complete loss of
control effectiveness. Additionally, active control systems
necessitate robust and stable strategies due to their reliance
on sensors and actuators.

The commonly used hybrid mass damper (HMD)
typically refers to an active-controlled tuned mass damper
(ATMD), which entails a connection between the actuator
and the TMD (Koutsoloukas et al. 2022). Previous studies
have investigated the use of HMD systems in various
contexts. For instance, Nagashima et al. (2001) employed
an HMD system for vibration control in a 36-story biaxial
eccentric high-rise building in Tokyo. Similarly, Mamat et
al. (2018) examined the application of HMDs in high-rise
structures, focusing on vibration control analysis and the
development of appropriate control strategies. Another
configuration of the HMD, also known as DUOX, involves
mounting an AMD at the top of a TMD, and the mass of the
AMD constitutes approximately 10%-15% of the mass of
the TMD. (Sakamoto and Kobori 1995). This particular
HMD configuration allows for the simultaneous utilization
of both the control features of the TMD and AMD; even if
the AMD fails, the TMD component still serves the control
function. Notably, such HMD systems have been
successfully installed in Japan’s Ando Nishikicho Building
and the Dowa Kasai Phoenix Tower, remaining operational
even during major seismic events (Nishitani 1998). The
Canton Tower also employs this type of HMD, which has
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repeatedly ensured the structural safety of the tower under
typhoon conditions. However, in such HMD configurations,
the mass and volume of the TMD are often considerable.
This poses particular challenges in the confined spaces of
high-rise buildings, where external loads may cause the
control force and stroke of HMD to exceed acceptable
limits, thus compromising control effectiveness. Therefore,
HMDs require further research, refinement, and more
advanced control strategies to enhance their performance.
This type of HMD (i.e., DUOX) is also used in this study
and will be referred to as HMD throughout the remainder.

In the realm of structural vibration control for large
buildings, multiple interfering and uncertain variables can
compromise the accuracy or effectiveness of control
systems, sometimes leading to outright failure. Ensuring a
reliable control algorithm thus becomes one of the pivotal
aspects of structural control. Within this context, the Linear
Quadratic Regulator (LQR) has emerged as a classic
method for full-state feedback control (Khansefid and
Bakhshi 2019, Ho and Ma 2007). Extensive research efforts
have been undertaken to optimize the LQR weight matrix
for enhancing control performance (Miyamoto et al. 2018,
Shi et al. 2014). Nevertheless, achieving full-state feedback
in large building structures proves both challenging and
costly, giving rise to the popularity of the Linear Quadratic
Gaussian (LQG) control algorithm (Kumar ef al. 2023, You
et al. 2014). For instance, Wu and Yang (2000) employed an
LQG control strategy using acceleration feedback to reduce
the response of the Nanjing TV transmission tower,
demonstrating its efficacy in mitigating lateral-torsional
coupling motion.

Among the various active control algorithms reported in
the literature, sliding mode control (SMC) is a nonlinear
active control algorithm that has been continuously
improved throughout the 20th century. Yang et al. (1995)
took the lead in introducing the SMC method into the
vibration control of civil engineering structures. They
designed a control law using the Lyapunov direct method.
SMC algorithm has since been extensively applied for
minimizing the impact of both earthquake and wind-
induced forces on structures under horizontal loads
(Thenozhi and Yu 2013, Fallah and Taghikhany 2015, Yakut
and Alli 2011). Although SMC offers robust resilience
against external and internal disturbances, chattering
remains a major drawback of the traditional SMC algorithm
(Concha et al. 2021, Xiao et al. 2022). To address this,
fuzzy control methods have been introduced (Ghaffarzadeh
and Aghabalaei 2017, Baghaei et al. 2019, Alli and Yakut
2005), offering advantages in systems with imprecise or
uncertain variables, often outperforming traditional control
algorithms.

In the design of structural control algorithms, multiple
factors come into play, including the intrinsic properties of
the structure, the external forces it experiences, predefined
control objectives, and the range of available control
devices. To effectively minimize the vibrational response of
the structure, the performance of damping control devices
(such as TMD and HMD) should also be considered,
especially in the limited space of high-rise building
structures, the operation of the control devices in space

should also be considered to avoid exceeding the design
limits. This study proposes an Acceleration-based Fuzzy
Power Approach Rate SMC (AFP-SMC) algorithm, aimed
at reducing both the vibrational response of high-rise
structures and the stroke and control force exerted by the
HMD. Firstly, a switching function is designed to determine
the switching surface. Then, the power reaching law is used
to design the controller, and the weight matrix is optimized
using a genetic algorithm. Utilizing the Canton Tower,
equipped with an HMD, as a research prototype, an
analytical model was established. Subsequent simulations
were conducted to compare the performance of the
proposed AFP-SMC algorithm with the LQG algorithm
under three distinct wind loading scenarios, as well as to
evaluate the efficacy of AFP-SMC across different control
parameters. In addition, to further verify the robustness of
the AFP-SMC algorithm, the dynamic performance of the
AMD subsystem in the Canton Tower is tested, and the
friction and ripple thrust formula of AMD are proposed and
introduced into the analysis model for simulation research.
The results show that the proposed AFP-SMC algorithm is
superior to the LQG algorithm, and reduces the stroke and
control force of HMD.

The remainder of this paper is structured as follows. In
Section 2, the design of the AFP-SMC algorithm is
presented. The model construction and numerical
simulations of Canton Tower are presented in Section 3. In
Section 4, results regarding the robustness of AFP-SCM
under different disturbance factors are presented. Finally,
the conclusions are summarized in Section 5.

2. Design of AFP-SMC algorithm

The state—space equation of a general control system
can be expressed as follows

Y =GZ+ DU

where A, B, G and D signify the state, input, output, and
transmission matrices, respectively. Z, U and Y represent
the state of the system, input, and output vectors,
respectively.

In Fig. 1, the system state Z is divided into two parts
(i.e., S > 0 and S < 0) by the switching surface S(Z) = 0.
Points A, B, and C represent an arbitrary state, the initial
state, and the terminal state, respectively. The goal of the
controller is typically to make the system state start from
the initial point B, undergo sliding motion in the sliding
mode region, and eventually converge to the terminal point
C.

S>0

S<0
S=0

Fig. 1 Sliding surface
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When the point is proximity the switching surface S(Z)

= 0, the conditions lim$<0 and limS>0 (e,
S—-o0+ S—0~

1Sirr6$SS0) hold true. In such a case, the following

Lyapunov function is considered
1
V(Z) = 55%(Z) ()

By differentiating Eq. (2) and allowing the limit of S(Z)
to approach 0, it becomes evident that the derivative is non-
positive, confirming the decreasing nature of the function.
Consequently, sliding mode control can be distilled into two
problems:

1. Formulate a switching function that satisfies lsi_r}gSS <
0;

2. Construct a controller that facilitates the sliding of
state points on the switching surface.

2.1 Design of switching function

A switching surface is constructed using the state-space
equation Eq. (1) of the control system and disregarding the
impact of noise, as shown in Eq. (3). The dimensions of S
are identical to those of the system state vector.

S(Z)=0Z =0 3)

To determine the matrix @, the following equation
transformations and  constructions are performed.
Specifically, the system state Z is transformed to satisfy the
following expression

n=rZ (4)

where the is T an invertible matrix.

By substituting Eq. (4) into Eq. (3) and ignoring the
effects of noise and external excitation, the state equation
and switching surface expressed in terms of m can be
obtained as follows

1 =An+BU (5)
S=0n=0 (6)

where A=TAI'"'!, B=TB, and ® = OI'"', and the
matrices are partitioned to facilitate expression and
computation, as shown in Eq. (7). The dimensions of each
block matrix or vector in the equation are determined by the
number of controllers. In this study, m, denotes a 1-
dimensional vector.

_ ‘11],

~_[A11 A
n= N2 A

ol E R R A G

Building upon the three aforementioned Egs. (5)-(7), the
validity of the following equations is postulated

M =AM+ AN, ¥

S=0m; +0,n,=0 ©

The matrix I is subsequently solved using the Singular
Value Decomposition (SVD) method based on Egs. (8) and
(9). SVD is defined as the existence of an m-order matrix
@ and an n-order matrix o, such that the matrix T satisfies
the following expression

T=¢ -0c-VT (10)

where T is the matrix to be decomposed, ¢ and V are two
orthogonal matrices, and o is a diagonal matrix with non-
negative real numbers.

After solving for ¢, it is divided into blocks, as
expressed in Eq. (11). In this study, @, denotes a 1-
dimensional vector and Eq. (11) is used for position
transformation, as defined by Eq. (12).

¢ =[@, 9,17 (11)
Q= [(Pz"Pl]T 12)

[ is defined as T = @', such that B =TB satisfies
Eqgs. (5) and (6). By defining ®, as a unit vector, the
following equation can be obtained

N, =—-0n, (13)
= (A — A0, (14)

In this study, assuming the objective function is defined
as Eq. (15).

t
J= f [Z7QZ] dt (15)
0

where Q is a positive-definite weight matrix. By taking the
Eq. (4) into Eq. (15), Eq. (16) is obtained. For the sake of
convenience in expression and computation, the weight
matrix Q is transformed and partitioned as shown in Eq.
(17). Eq. (16) is derived and solved, and n; is considered
the variable of n» to obtain Eq. (18).

t
J= f " (C~1)TQ(r )] dt (16)
0
= —_ — (_211 612
= T = [ 3 17
Q=@ =t 27 (7

To minimize the objective function represented by Eq.
(16), the equation is differentiated and solved, while 1, is
taken as a variable of m,, as shown in the following
equation.

1_ . _ _
N, = _Engl(Ar{zP +2Qz1)N, (18)

where P is the solution to the Riccati equation in Eq. (19),
and A is expressed as Eq. (20).

KTP+PK—1P7\ Qz;AT,P +2(Q:; — Q12Q37 Q1)
2 12Q22 12 Qll Q12Q22 Q12 (19)
=0
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A=Ay —A;1Q5;Q, (20)
Eq. (21) is obtained by combining Eq. (19) with Eq. (9).

Based on this equation, the matrix can be calculated to
determine the switching surface.

I N _
0, = Esz (A12P +2Qy,)
®@=0r=[0,1r

€2y

2.2 Controller design

The primary objective in designing a sliding mode
controller is to guide the system state towards a
predetermined sliding surface, ensuring it remains on this
surface. Factors, such as the controlled object and specific
control tasks, heavily influence the design of the controller.
In this study, the power reaching law is used to design the
sliding mode controller. This law provides an algorithmic
description of the convergence rate of the system state,
determining the rate according to the deviation of the state
from the switching surface. The expression for calculating
the control force based on the power reaching law is as
follows

U = —(0B)"1[OAZ + Lf(S)] (22)

f(Si) = 1S;|%sgn(S;)

where S; represents the i-th element on the switching
surface, with the total number of elements corresponding to
the control force outputs. sgn is a symbolic function, while
L is a diagonal matrix; The coefficient a adjusts system
deviations, and r signifies the number of control devices.

For the system state to rapidly converge to its designed
state, especially when distant from the sliding mode
switching surface, and to ensure a slower approach speed
when near the surface, judicious parameter selection
becomes imperative. This study employed a fuzzy
controller to adjust the parameter a, allowing for adaptive

0.5F
0-1 -0.8-0.6-0.4-0.2 (S) 02 04 0.6 0.8 1
(a) Input variable S
*Rz0 PS PB
251
2.0
15¢
1.0F
0.5F
0 . s
0 0.2 0.4 0.6 0.8 1.0

€
(c) Output variable €

dynamic parameter adjustment within the range of 0 to 3
based on changes in structural response.

2.2.1 Fuzzy control algorithm for SMC controller

In this study, acceleration is a key control indicator
because it can help achieve a faster control response. To
align with control objectives, the displacement-related term
in the sliding surface S and the acceleration-related term in
its derivative dS are taken as fuzzy control input variables.
The output variable, denoted as g, corresponds to the
parameter a. By integrating Egs. (22) and (23), the control

—>{ Control system

Sliding mode
controller

B lS,dS

Fuzzy controller

Fig. 2 Control system

Fuzzy inference

Defuzzifier

Fuzzier

S,dS

Fuzzy rule

Fig. 3 Fuzzy controller

Table 1 Fuzzy control rules

ds

‘ NB NS Z0 PS PB

NB PB PB PS Z0 Z0

NS PB PS Z0 Z0 Z0

S Z0 PS Z0 Z0 Z0 PS
PS 70 70 Z0 PS PB

PB Z0 Z0 PS PB PB

- B NS (6] PS  PB

0.5+

0

-1 -0.8-0.6-0.4-0.2 g 0204 06 08 1

(b) Input variable dS

(d) Schematic diagram of fuzzy rules

Fig. 4 Membership function value and fuzzy rules



Acceleration-based fuzzy sliding mode control for high-rise structures with hybrid mass damper 435

force Eq. (24) with ¢ as the fuzzy output variable can be
derived. Fig. 2 illustrates a diagram of the fuzzy SMC
system, while the fuzzy controller is depicted in Fig. 3.
Considering the design of the sliding mode surface, as well
as the response features of the system and stability
requirements, the triangular membership function was
selected. This selection offers computational simplicity
while satisfying the aforementioned criteria. Figs. 4(a)-(c)
display the preset values for the membership function of
both input and output variables. The fuzzy input variables
underwent normalization to ensure their values in the fuzzy
domain ranged from -1 to 1.

To define the fuzzy rules of the input and output
variables, the fuzzy subset {NB,NS,ZO, PS,PB} was used
to describe the linguistic values of the input fuzzy variables,
whereas the fuzzy subset {ZO, PS,PB} was used to describe
the linguistic values of the output fuzzy variables. NB and
NS represent negative large and negative small,
respectively. ZO is indicative of zero, while PB and PS
denote positive large and positive small values, respectively.
Table 1 lists the fuzzy control rules that dictate the
relationship between input and output, and Fig. 4(d)
provides a visual representation of this relationship.

In this section, a sliding surface and an objective
function are designed, and a fuzzy controller is integrated
with the previously established sliding mode controller. It is
proposed that the displacement-related term of the sliding
mode surface and the acceleration-related term in its
derivative be used as input variables for the fuzzy
controller, with the parameter o designated as the output.
Fuzzy rules are then formulated based on these variables.
This configuration is designed to enhance the control
performance of the sliding mode controller.

U = —(0B)"1[@AZ + L|S|*sgn(S)] (24)

(a) Canton Tower

3. Numerical simulation analysis based on Canton
Tower

3.1 Introduction of Canton Tower

Canton Tower, which is 600 m high, is used for
broadcasting and sightseeing and includes a 450-m-high
main tower and 150-m-high mast (see Fig. 5(a)). To
mitigate the effects of wind-induced vibrations, two HMDs
(i.e., DUOXs) were installed at a height of 438.4 m with
respect to the main tower. Each HMD consisted of a TMD
and an AMD. The AMD, which was driven by four linear
motors, was mounted on top of the TMD, as shown in Fig.
5(b). The TMD was composed of a fire water tank, and the
weight of the water tank was 5880 kN under full water
conditions. Each linear motor was capable of producing a
rated control force output of 8 kN, with a maximum output
of 18kN. The rated force output of each AMD was 32 kN,
and the maximum output was 72 kN. The weight of the
AMD was 568.4 kN, and the maximum speed was limited
to 0.5 m/s.

3.1.1 Analysis model of the Canton Tower

The tower was initially modeled using the finite element
method in 3D with ANSYS software (The ANSYS Inc.,
Pittsburgh, Pennsylvania, USA), as depicted in Fig. 5(b). To
simplify calculation and analysis, a multi-degree-of-
freedom (MDOF) analysis model was derived from the 3D
finite element model using the following steps:

(1) The mass matrix was derived as a diagonal matrix,
by concentrating the mass of the tower into the
corresponding 51 node layers, including the weight of both
structural and non-structural members and the live load. A
total of 153 degrees of freedom were considered, with three
degrees of freedom in each node layer in three directions
(two horizontal and one rotation around the vertical axis).

(2) The stiffness matrix was determined using the
flexibility method applied to the 3D ANSYS finite element
model.

(3) For practical engineering systems, the damping
coefficient matrix cannot be directly calculated. In this

‘ AMD
Mast {

Water Tank
(TMD)

HMD control system

Main
tower

tsimpliﬁcation Model

- o AMD driven by
ki B O /7 linear motor

:( Tower waist
B | (214.65m)

—» TMD

ANSYSodel
(b) ANSYS model and HMDs system

Fig. 5 Canton Tower and analysis model
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study, the Rayleigh damping method was employed to
obtain the structural damping matrix.

According to the Canton Tower as an analytical model,
the 19th and 38th node layers signify the main tower waist
and top, respectively. The HMD control system is located at
the 37th node layer. Consequently, the motion equation
incorporating the HMD control system can be formulated as

Mx + Cx + Kx = 8F, + oF, (25)

where M, C, and K represent the mass, damping, and
stiffness matrices, respectively, with details provided in

Appendix A. The vectors x, X and X correspond to
displacement, velocity, and acceleration, respectively. &
and 0 denote the position vectors for the control force and
excitation, respectively. F, serves as the control force
input, while the wind load vector is denoted by F,,.

For succinctness, Eq. (25) is rewritten in the form of a
state-space equation, as shown in Eq. (1); where Z= {x,x}T

denotes the state variables , U = {E,,F,}T is the status

input and Y represents the status output. The matrices A, B,
G and D are expressed as follows

(kN)

Wind load

. V»{ind load (kN)
28

—
wn
(=}

(kN)

Wind load

0 100 200 300 400 500
Time (s)

(a) 0° wind attack angle

0 100 200 300 400 500
Time (s) Time (s)

(b) 45° wind attack angle

0 100 200 300 400 500

(c) 225° wind attack angle

Fig. 6 10-year-return period wind load time history at different wind attack angles
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Fig. 7 Time history of tower top response under wind load at 0° wind attack angle
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Fig. 8 Time history of tower top response under wind load at 45° wind attack angle
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Fig. 9 Time history of tower top response under wind load at 225° wind attack angle

A= [—Mo-ll( —Ml‘1C] (26)
G= [—M}LK —Mo—lc @)
B=p=[ % ol (28)

where H is the displacement transformation matrix. The
designed objective function (Eq. (15)) and the formulated
control force equation (Eq. (24)) are employed to achieve
precise control over both the stroke and control force of the
HMD.

3.2 Analysis of simulation results

The simulation of the Canton Tower analysis model was
carried out in Matlab/Simulink employing the proposed
AFP-SMC control algorithm. The structural feedback
utilized in this simulation was partial state feedback,
augmented with a Kalman filter for state estimation. The
weight matrix in Eq. (16) was optimized using a genetic
algorithm. The solution was derived using the fourth-order
Runge-Kutta method, with a calculation timestep of 0.01 s.
For simulation and experimentation, three 10-year return
period wind loads with different wind attack angles (0°,
45°, and 225°) were chosen as external loading inputs, as

depicted in Fig. 6. The basic wind pressure is 0.26 kN/m?.
An autoregressive model (Samaras ef al. 1985) was adopted
to derive the time history curve of fluctuating wind speed,
leading to the generation of wind loadings based on
(Tannuzzi and Spinelli 1987).

Figs. 7-9 illustrate the time histories of acceleration and
displacement at the tower top of the Canton Tower analysis
model, as computed by both AFP-SMC and LQG under
various wind loads. The maximum tower top acceleration
and displacement values calculated by AFP-SMC are 5.1%
and 2.8% smaller, respectively, than those calculated by
LQG. Moreover, the time history values for AFP-SMC are
generally lesser than the values of LQG. As demonstrated in
Figs. 10-11, AFP-SMC excels over LQG in dampening
structural vibrations. The illustrations clarify that, at
identical elevations, the structural response from AFP-SMC
is invariably lesser than that of LQG, a difference that
accentuates with height. The results indicate that the
proposed AFP-SMC has better control performance than
LQG. Additionally, detailed comparative results of
structural responses and devices can be found in Tables 2
and 3.

In Table 2, the vibration reduction ratio (VRR) of the
maximum displacement of the tower top according to AFP-
SMC was 3% higher than that of LQG, and the VRR of the
maximum tower waist acceleration according to AFP-SMC
was 4% higher than that of LQG. Table 3 displays the TMD

Height(m)
Height(m)

—— LQG
—— AFP-SMC

Height(m)

0 1 1 1 0
0 50 100 150 200 0
Displacement(mm)

(a) 0° wind attack angle

—— LQG —— LQG
—— AFP-SMC —— AFP-SMC
1 0 1 1
300 450 0 150 300 450

Displacement(mm)

(b) 45° wind attack angle

Displacement(mm)

(c) 225° wind attack angle

Fig. 10 Displacement profile of analysis model under different wind loads
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Fig.11 Acceleration profile of analysis model under different wind loads

Table 2 VRR of structural responses under different wind loads

Wind attack angle 0 aeli 225"

LQG AFP-SMC LQG AFP-SMC LQG AFP-SMC
Maximum displacement 38% 41% 44% 45% 44% 45%
Tower MSE of displacement 45% 46% 48% 49% 48% 49%
Waist Maximum acceleration 7% 8% 9% 8% 9% 9%
MSE of acceleration 5% 5% 8% 8% 8% 8%
Maximum displacement 39% 40% 41% 43% 42% 42%
Tower MSE of displacement 46% 47% 48% 49% 48% 49%
Top Maximum acceleration 25% 29% 35% 36% 35% 36%
MSE of acceleration 36% 37% 44% 44% 44% 45%

*VRR = (1-peak response of controlled structure/peak response of uncontrolled structure)x100%;
MSE: Mean Squared Error

Table 3 Response of TMD and AMD under different wind loads

Wind attack angle 0° 45° 225°
Ttem LQG  AFP-SMC LQG AFP-SMC LQG  AFP-SMC
Stroke of TMD (m) 0.205 0.183 0.449 0.410 0.458 0.419
AMD device stroke (m) 0.350 0.526 0.895 1.180 0.908 1.193
AMD device control force (N) 28752 28175 57143 56567 58573 58438

stroke, AMD stroke, and control force output results for
HMD under AFP-SMC and LQG controls. Compared with
LQG, AFP-SMC diminishes the stroke of the TMD and
AMD control force outputs by a maximum of 0.039 m and
577 N, respectively. Nevertheless, the stroke of the AMD
calculated by the AFP-SMC was larger than that of the
LQG, with a maximum difference of 0.285 m. It should be
noted that even though the AFP-SMC control algorithm
augments the stroke of the AMD, it remains within
permissible limits. An increase in the stroke of the AMD is
beneficial for reducing the stroke of the TMD (Cao and Li
2004). Furthermore, it is worth noting that the AMD in the
Canton Tower is affixed at the top of the TMD (refer to Fig.
5(b)), and its dimension is significantly smaller than that of
the TMD. Consequently, the limitation of the space for
AMD stroke is not the primary concern. Instead, the focus
is on the limitation of TMD stroke. Therefore, the priority
should be to minimize the working stroke of the TMD to
the greatest extent possible.

To further compare the control performance of the two
control algorithms, Benchmark evaluation criteria (Spencer
et al. 1998) described by Egs. (29)-(33) were used in this

study.

where ug; and ag; are the maximum displacement and
maximum absolute acceleration of the i-th node layer of the
analytical model with control, respectively; ug; and ag;
correspond to the responses of the tower without control.

1.Structural response evaluation criteria
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2. AMD device response evaluation criteria

u
Js = max{l - } x 100% (31)
UT lim
Ua
Js =max{l— x 100% (32)
UAlim
F
Js = max{l - F_} X 100% 33)
lim

where ur and ur)jy, are the TMD stroke and maximum
stroke limit, respectively; u, and up)y, are the peak
stroke and the maximum stroke limit of the AMD
respectively. F and F;,, denote the peak and maximum
output limits of the control force by the AMD, respectively.
The ur)im and upj, are set to 1.5 m for calculation
comparison in this study, and F;,, is 72 kN.

Criteria J; and J, reflect the displacement and
acceleration response of the structure; J; and J, evaluate
the control effect of the stroke of the TMD and AMD,
respectively; and J; evaluates the surplus degree of the
control force of AMD. The higher the value of each
criterion, the better the control effect.

Table 4 delineates the comparative assessment of the
dynamic response control capabilities of the Canton Tower
analysis model under the control of AFP-SMC and LQG.
Criterion J, indicates that AFP-SMC achieved a maximum

increase of 2.68% in the acceleration control effect of the
entire structure, while criterion J; shows that it presented a
slight increase in the displacement control effect of the
entire structure, with a maximum increase of 1.13%.
Additionally, J; suggests that the stroke of TMD calculated
by AFP-SMC is less than that of LQG, and J; indicates
that AFP-SMC performs slightly better than LQG in terms
of the control force output of AMD. J, shows that the
stroke of the AMD calculated by AFP-SMC is larger than
that of LQG. These evaluative metrics align coherently with
the data presented in Tables 2 and 3.

4. Robustness analysis of control algorithm

To further assess the robustness of the AFP-SMC
algorithm, the impact of variations in control system
parameters on the effectiveness of structural control was
analyzed. As depicted in Fig. 5(b), the Canton Tower
incorporates TMDs configured as fire water tanks. The
TMD mass is inherently variable, depending on the water
level, and deviations may also arise in structural stiffness
and damping due to construction inconsistencies or other
external influences. Furthermore, sensor malfunctions could
introduce computational inaccuracies into the control
system. Consequently, this investigation considers these
sources of interference, including TMD mass variability,
structural stiffness and damping discrepancies, and sensor
faults, to verify the robustness of the AFP-SMC algorithm.

Table 4 Evaluation criteria results of LQG and AFP-SMC under different wind loads

Criteria

0° wind attack angle

45° wind attack angle

225° wind attack angle

LQG AFP-SMC LQG AFP-SMC LQG AFP-SMC

J1(%) 38.30 39.43 4222 43.01 42.65 43.17

J2(%) 13.78 15.66 16.26 18.99 16.40 19.08

J3(%) 86.34 87.78 70.09 72.64 69.50 72.08

Ja(%) 76.65 64.95 40.36 21.36 39.47 20.44

J5(%) 60.07 60.87 20.63 21.43 18.65 18.84

Table 5 Structural response to mass changes in TMD (0° wind attack angle)
Ttem Response Massx90% Massx80% Massx70%

AFP-SMC LQG AFP-SMC LQG AFP-SMC LQG
Tower top Peak value (mm) 6.987 7.126 7.398 7.662 7.963 8.313
displacement VRR (%) 36.76 35.51 33.04 30.65 27.93 24.76
Tower top Peak value (m-s2) 0.091 0.095 0.088 0.091 0.089 0.090
acceleration VRR (%) 30.95 27.61 33.17 30.92 32.04 31.13
Tower waist Peak value (mm) 5.039 5.210 5.488 5.696 5.975 6.373
displacement VRR (%) 38.95 36.88 33.51 30.99 27.60 22.78
Tower waist Peak value (m-s) 0.069 0.069 0.070 0.069 0.070 0.070
acceleration VRR (%) 7.29 7.40 6.78 7.41 6.28 6.37
Entirety displacement VRR (%) 32.28 31.71 28.99 27.95 2491 22.42
Entirety acceleration VRR (%) 12.60 11.75 12.23 11.35 11.77 10.78
AMD control force Peak value (N) 25410 27023 25042 25955 23052 26733
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Table 6 Structural response to mass changes in TMD (45° wind attack angle)

Massx90% Massx80% Massx70%
Item Response

AFP-SMC LQG AFP-SMC LQG AFP-SMC LQG
Tower top Peak value (mm) 17.620 18.190 18.643 19.506 19.699 20.946
displacement VRR (%) 39.55 37.60 36.05 33.08 32.42 28.15
Tower top Peak value (m-s?) 0.197 0.202 0.203 0.207 0.207 0.213
acceleration VRR (%) 36.68 35.29 34.85 33.58 33.69 31.80
Tower waist Peak value (mm) 12.664 12.911 13.616 14.230 14.729 15.776
displacement VRR (%) 41.66 40.53 37.28 34.45 32.15 27.33
Tower waist Peak value (m-s?) 0.144 0.143 0.145 0.145 0.146 0.147

acceleration VRR (%) 7.94 8.26 7.27 7.15 6.65 6.01
Entirety displacement VRR (%) 39.96 38.90 36.16 34.25 31.79 28.47
Entirety acceleration VRR (%) 16.76 16.04 16.08 15.25 15.31 14.43
AMD control force Peak value (N) 53984 55987 53138 57581 54351 59328

Table 7 Structural response to mass changes in TMD (225° wind attack angle)
Massx90% Massx80% Massx70%
Item Response

AFP-SMC LQG AFP-SMC LQG AFP-SMC LQG
Tower top Peak value (mm) 17.674 18.263 18.706 19.593 19.839 21.042
displacement VRR (%) 40.16 38.16 36.66 33.66 32.83 28.76
Tower top Peak value (m's?) 0.196 0.203 0.202 0.206 0.208 0.216
acceleration VRR (%) 37.70 35.44 35.85 34.57 33.87 31.49
Tower waist Peak value (mm) 12.671 12.928 13.635 14.289 14.772 15.846
displacement VRR (%) 42.50 41.33 38.13 35.16 32.96 28.09
Tower waist Peak value (m-s?) 0.143 0.142 0.144 0.144 0.145 0.146

acceleration VRR (%) 8.21 8.49 7.52 7.34 6.87 6.18
Entirety displacement VRR (%) 40.61 39.56 36.86 34.89 32.49 29.14
Entirety acceleration VRR (%) 16.89 16.12 16.20 15.36 15.45 14.51
AMD control force Peak value (N) 54957 58311 54131 58947 55633 60775

4.1 Analysis of system response to changes
in the mass of TMD

In the designated simulations, the mass of TMD within
the HMD was decreased by 10%, 20%, and 30%. Under the
influence of three distinct wind load excitations, a
comparison between the control performances of AFP-SMC
and LQG is presented in Tables 5-7.

Tables 5-7 present a comparison of the control
performance of AFP-SMC and LQG on the structure under
different TMD masses. For a more intuitive assessment,
Fig. 12(a) presents a three-dimensional visualization of
VRR differences, calculated as the VRR values of AFP-
SMC minus those of LQG, as listed in Tables 5-7. The
visualization elucidates that for different TMD mass
adjustments, the maximum VRR value under AFP-SMC
exceeds that of LQG by differences of 3.34%, 3.0%, and
4.82%. On the other hand, the VRR corresponding to the
tower waist acceleration determined by AFP-SMC is
slightly less than that determined by LQG, with an average
difference of 0.29%. Furthermore, the average control force

output of the AMD calculated by AFP-SMC is 7.26% lower
than that of LQG. The results show that AFP-SMC has a
better control effect and anti-interference ability than LQG.

4.2 System response analysis under structural
parameter disturbance

Discrepancies can arise between an actual structure and
its ideal finite element model due to uncertainties in
building materials and variations in the construction
process. Consequently, this study factored in the stiffness
and damping of the structure as elements influencing
disturbance control efficacy.

Tables 8-9 display the control outcomes for both tower
top and tower waist in terms of displacement and
acceleration, as determined by AFP-SMC and LQG, when
structural stiffness and damping each experienced a 10%
reduction. Similarly, for the sake of comparison, a three-
SMC and LQG listed in Tables 8-9 are presented in Fig.
12(b). The graph shows that, when the stiffness and
damping of the structure were reduced by 10%, the
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Stiffness change |

0° [ 45° [ 225°
[l Damping change |

(a) Mass changes in TMD (b) Stiffness and damping changes in structure
Fig. 12 VRR difference between AFP-SMC and LQG

TTD: Tower top displacement; TTA: Tower top acceleration; TWD: Tower waist displacement;
TWA: Tower waist acceleration; ED: Entirety displacement; EA: Entirety acceleration.

Table 8 Structural response to structural stiffness changes

Wind attack angle
Item Response 0° 45° 225°

AFP-SMC LQG AFP-SMC LQG AFP-SMC LQG
Tower top Peak value (mm) 7.220 7.465 18.800 18.850 19.265 19.335
displacement VRR (%) 28.70 26.27 27.94 27.74 27.51 27.25
Tower top Peak value (m-s?) 0.091 0.091 0.206 0.206 0.269 0.269
acceleration VRR (%) 26.03 23.97 26.64 2330 2531 21.93
Tower waist Peak value (mm) 5.340 5.438 13.663 13.845 13.921 14.121
displacement VRR (%) 31.00 29.74 29.25 2831 29.17 28.15
Tower waist Peak value (m-s?) 0.080 0.080 0.163 0.163 0.176 0.176

acceleration VRR (%) 5.79 5.57 7.79 7.39 7.97 7.59
Entirety displacement VRR (%) 24.29 22.21 25.77 25.13 25.47 24.87

Entirety acceleration VRR (%) 7.84 6.68 9.14 7.95 9.05 7.87
AMD control force Peak value (N) 35346 33154 72000 72000 72000 72000

dimensional graph of the difference in VRR between AFP-

Table 9 Structural response to structural damping changes

Wind attack angle
Item Response 0° 45° 225°
AFP-SMC LQG AFP-SMC LQG AFP-SMC LQG
Tower top Peak value (mm) 6.653 6.794 16.754 17.243 17.063 17.304
displacement VRR (%) 41.12 39.87 43.82 42.18 43.55 42.75
Tower top Peak value (m's?) 0.097 0.097 0.214 0.214 0.325 0.325
acceleration VRR (%) 28.86 25.52 36.28 33.68 36.16 33.58
Tower waist Peak value (mm) 4.895 5.214 11.950 12.201 12.197 12.370
displacement VRR (%) 41.73 37.93 45.99 44.85 45.70 44.93
Tower waist Peak value (m's?) 0.072 0.072 0.150 0.150 0.163 0.163
acceleration VRR (%) 7.78 7.55 8.80 8.52 9.09 8.84
Entirety displacement VRR (%) 40.09 38.86 43.79 42.99 43.99 43.45
Entirety acceleration VRR (%) 10.45 9.65 14.64 13.96 14.79 14.12

AMD control force Peak value (N) 28749 29318 57916 58035 59472 59778
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difference in VRR between AFP-SMC and LQG was
positive, indicating that the VRR calculated by AFP-SMC
was greater than that calculated by LQG. With reduced
structural stiffness, the peak VRR differences between AFP-
SMC and LQG were 2.43%, 3.34%, and 3.38%.
Meanwhile, with reduced structural damping, these
differentials were 3.8%, 2.6%, and 2.58%. These results
reflect the superior control performance of AFP-SMC over
LQG. The AMD control forces from both control
algorithms are approximately the same. Nevertheless, when
the structural stiffness decreased by 10%, the control forces
calculated by both control algorithms reached the limit
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value, indicating that the influence of structural stiffness
changes on both control algorithms is significant.

4.3 System response analysis to sensor failure

The control process necessitates signal feedback from
various sensors, including displacement and acceleration
sensors, to calculate the control force. A malfunctioning
sensor may affect the calculation effect of the controller,
potentially leading the system to fall short of its control
standards. Therefore, this study analyzed the responses of
single acceleration sensor failures at specific structural
layers, corresponding to node layers 1, 19, 38, and 51 in the
Canton Tower analysis model. In Figs. 13-15, the
coordinates 1, 19, 38, and 51 symbolize the first node layer
of the main tower, tower waist, tower top, and mast,
respectively. The coordinate 0 represents an operational
sensor, while coordinate 53 indicates that the position of the
sensor is on the HMD.

Figs. 13-15 show the peak responses of the acceleration
and displacement of the tower top in case of a single sensor
failure under different wind loads. When acceleration
sensors at positions 1, 19, and 38 malfunctioned, the
computed peak responses by LQG for both acceleration and
displacement of the tower top showed a significant increase,
and failures of sensors at positions 51 and 53 led to a slight
rise in the peak response. In contrast to LQG, the peak
responses of the tower top calculated by AFP-SMC were
almost unaffected in the case of a single sensor failure. Fig.
16 shows the peak results of the AMD control force when a
single sensor failed at different locations under different
wind loads. For sensor failures at positions 19 and 38, the
AMD control force calculated by LQG increased
significantly, reaching the limit of 72 kN, whereas the AMD
control force calculated by AFP-SMC increased slightly.
These results indicate that the stability and anti-interference
ability of AFP-SMC are better than those of the LQG
algorithm.

4.4 Practical dynamic characteristics of AMD

The AMD model is typically considered an ideal model
in numerical simulations since it ignores the effects of
friction and ripple thrust. Canton Tower has two AMDs,
each of which is driven by four linear motors (see Fig. 17).
In this study, tests are conducted to evaluate the practical
dynamic characteristics of the AMD control devices in
Canton Tower, and formulas are proposed for calculating
the ripple thrust and comprehensive resistance of a single
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Fig. 16 AMD control force peak values under sensor failure conditions
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Fig. 17 Photograph of AMD in Canton Tower
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Fig. 18 Relationship curves between AF and velocity and
between ripple thrust and displacement of AMD

AMD driven by multiple linear motors. The stability and
control efficiency of the AFP-SMC algorithm were further
verified.

4.4.1 Identification of comprehensive resistance
and ripple thrust

The difference between the command force and the
actual driving force is expressed by AF. Under the action of
a constant command force of -5.2 kN, the relationship
between the AF and velocity for the AMD, as well as the
correlation between the pulsating thrust and the
displacement of the mass block for the AMD are shown in
Fig. 18. The red lines in Figs. 18(a) and (c) represent the
relationship between the fitted comprehensive resistance
and velocity.

The formulas for
resistance are as follows

calculating the comprehensive

Fiy = 4349.3x,, + 816.65gn(%4,) (34)
Fyp = 4441.5x,, + 1045.8sgn(%42) (35)

where Fj; and Fj, are the comprehensive resistances of
AMDI1 and AMD2, respectively; x, and x, are the
displacement and velocity of AMD, respectively.

To discern the correlation between ripple thrust and the
displacement of the AMD mass block, an analysis was
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conducted on the frequency spectra of the ripple thrust. Fig.
19 illustrates the frequency spectra for the ripple thrust in
both  AMD1 and AMD2 subsystems, subjected to a
consistent command force of -5.2 kN.

Based on the spectrum for each case, the primary ripple-
thrust frequencies for the AMD1 subsystem were identified
as 0.0315, 0.042, and 0.0208 Hz, while the AMD2
subsystem had frequencies of 0.0312, 0.0415, and 0.0208
Hz. Subsequently, the amplitude for each respective
frequency was ascertained from the spectrum diagram.
Using the correlation curve between ripple thrust and
displacement in conjunction with the least squares method,
the phase angle for each frequency was established. The
resulting ripple thrust, represented as f;(i = 1, 2), is
articulated as follows

fr1 = 1895in(0.06307x4 (t) + 0.7499)
+182.25 sin(0.840mx4, (¢ + 5.189) (36)
+47.25 sin(0.04167x 4, (¢ + 1.193)

fra = 217.55in(0.06247x4,(t) + 5.912)
+172.5 sin(0.08307x 4, (t + 3.037) (37)
+52.55in(0.04167x45 (t) + 1.847)

Fig. 20 shows the fitting results for the ripple thrust in
both AMDI and AMD2 subsystems under the action of a
constant command force of -5.2 kN compared with the
actual values. The alignment between the derived
theoretical formula for ripple thrust and the actual ripple
thrust data signifies the efficacy and applicability of the
testing methodology in ripple thrust identification.

The fitted comprehensive resistance formula is found to
be inadequate in representing the comprehensive resistance
of AMD at low velocities. In the case of low velocity, the
friction force is deemed equivalent to the maximum value
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constant command force (-5.2 kN)
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of the unbalanced force and static resistance. Consequently,
the modified formulas for calculating the comprehensive
resistance are shown in Egs. (38)-(39). where D, denotes
the constant velocity determined experimentally, and in this
study, its value was determined to be 5 mm/s; F, represents
the command force.

To evaluate the time delay and synchronization between
the AMDI1 and AMD?2 subsystems, a pulse command force
was employed. This pulse force had a duration of 500 ms.
Fig. 21 depicts the time delay experienced by the AMDI1
and AMD?2 subsystems when subjected to a pulse command
force of 2.4 kN, while Fig. 22 illustrates the time delays for
the AMD subsystems under varied impulse forces. The term
D1-D2 in Fig. 22 represents the response time difference
between the AMDI1 and AMD2 subsystems. The
subsystems exhibited a maximum time delay of 12 ms. This
delay, in comparison to the basic period of 9.9661 s (as
determined by theoretical model calculations) for Canton
Tower, is negligible. Therefore, the multiple linear motor-
driven AMDI1 and AMD2 subsystems meet the
requirements of the actual control system in terms of time
delay.

: Iﬁ— ..... Il Arp-sMC I LQG
il
T

P Arp-sMC [l 1QG  |Cylinder — 45° wind attack angle
P AFP-SMC M LQG  |Pyramid — 225° wind attack angle

| 45
F40

r30

VRR(%)

r20

TID  TTA  TWD  TWA
Fig. 23 Structural response in terms of VRR considering
comprehensive resistance and ripple thrust of AMD
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Fig. 24 HMD response considering comprehensive
resistance and ripple thrust of AMD

maximum VRR of the tower top displacement, acceleration,
and tower waist displacement calculated by AFP-SMC was
3.50%, 5.26%, and 5.01% higher than those derived from
the LQG, respectively. Contrarily, the maximum VRR of
the tower waist acceleration calculated by AFP-SMC was
slightly lower than that of LQG, with an average decrease
of 0.71%. Fig. 24 shows the difference in HMD response
between AFP-SMC and LQG. The control force output of
the AMD and stroke of TMD calculated by AFP-SMC were

4349.3x4,(t) + 816. 65gn(%41 (1)) |%q1| = D,

Fi1(xq1(t)) = ymin(816.6, F,) |%q1] < Dy and F; > 0 (39)
max( — 816.6.8, F,) |41l < Dgand F, <0
4441.5x,4,(t) + 1045.8sgn (%, (1)) |%a2] = Dg

Fy2(xq2(t)) = {min(1045.8, F,) |%42] < Dgand F, > 0 (38)

max( — 1045.8, F,)

4.4.2 Simulation considering comprehensive
resistance and ripple thrust of AMD

Based on the formulas for calculating the compre-
hensive resistance in Section 4.4.1, the structural response
results considering the comprehensive resistance and ripple
thrust of the AMD are listed in Table 10. Similarly, for ease
of comparison, Fig. 23 visually displays the VRR
comparison calculated by the two algorithms. The

|42l <Dgand F, <0

smaller than those calculated by the LQG control algorithm,
resulting in a negative difference. However, the stroke of
AMD calculated by AFP-SMC was larger than those
calculated by LQG, resulting in a positive difference. The
results indicate that the overall control performance of the
AFP-SMC algorithm is superior to that of the LQG
algorithm.
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Table 10 Structural response considering comprehensive resistance and ripple thrust of AMD
Wind attack angle
Item Response 0° 45° 225°
AFP-SMC LQG AFP-SMC LQG AFP-SMC LQG
Tower top Peak value (mm) 6.63 6.78 16.67 17.68 17.07 17.67
displacement VRR (%) 40.04 38.6 42.75 39.25 42.22 40.19
Tower top Peak value (m's?) 0.093 0.101 0.198 0.215 0.201 0.216
acceleration VRR (%) 28.85 23.68 36.47 31.21 36.27 31.31
Tower waist Peak value (mm) 4.83 5.245 11.93 12.63 12.17 12.59
displacement VRR (%) 41.43 36.42 45.05 41.83 44.75 42.86
Tower waist Peak value (m's?) 0.069 0.0686 0.143 0.142 0.142 0.140
acceleration VRR (%) 7.56 8.19 8.33 8.85 8.62 9.61
Entirety displacement VRR (%) 28384 28718 57314 57505 58739 58952
Entirety acceleration VRR (%) 0.536 0.287 1.180 0.613 1.194 0.635
AMD control force Peak value (N) 0.183 0.197 0.396 0.412 0.40 0.419

5. Conclusions

This study proposes an AFP-SMC algorithm and
conducts a comparative analysis with the LQG control
algorithm, utilizing the analytical model of the Canton
Tower equipped with HMDs control system. The robustness
of AFP-SMC under different interference conditions was
compared and analyzed, and formulas for the friction and
ripple thrust of the AMD subsystem in Canton Tower were
proposed to further verify the robustness of AFP-SMC. The
main conclusions are as follows:

* The displacement and acceleration control effect of
the tower top and waist, as well as the overall control
effect of the analysis model, are better when
calculated using AFP-SMC than when using LQG,
based on the Canton Tower analysis model under
different wind loads. In the HMD control system, the
control effect of AFP-SMC on the AMD control
force output and TMD stroke is also better than that
of LQG. However, the operating stroke of the AMD
device is increased by AFP-SMC.

* In the presence of disturbances to the control device
and structural parameters, the amplitude change in
the structural response under AFP-SMC control is
smaller than that of LQG, and the overall control
effect of AFP-SMC is better than that of LQG.
Furthermore, the influence of structural stiffness
changes on both control algorithms is significant. In
the case of partial sensor failure, the peak values of
the tower top response and AMD control force
calculated by AFP-SMC change little, whereas the
values calculated by LQG change significantly, even
reaching their limits.

* The proposed formulas for the integrated resistance
and ripple thrust of the AMD subsystem are further
used to verify the stability and reliability of AFP-
SMC, based on the results of the tests conducted on
the AMD in the Canton Tower analysis model. The
simulation results show that, compared with LQG,

the control effect of Canton Tower calculated by
AFP-SMC is better, and the control force output of
AMD and operating stroke of TMD are reduced, but
the stroke of AMD is increased.
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Appendix A

Mass, stiffness and damping matrix in Eq. (25).

(A1)

C= (A2)
@0 (in+1)
KS + ktl.l _ktln H

K= _k£n+1'1) kt + kamd _kamd (A3)

—Kama kama

where M, ,C, and K, respectively denote the mass,
stiffness, and damping matrices of the structure, while
m,,c, and k, signify the mass, damping, and stiffness
parameters for the TMD. For the AMD, the corresponding
parameters are represented by Mgma, Cama and kgma. It
should be noted that, in practice, the damping and stiffness
of the AMD are generally not considered. To satisfy the
requirements for simulating calculation, cu,g and kgma
are set to be 0.001. Superscripts (i, i), (i, n+1) and (n+1, i)
indicate the row and column positions of specific elements
within the matrices. For instance, Ct(l’l) refers to the element
of ¢; located at the i-th row and i-th column. The
expression Cs+ct(”) implies that ct(l‘l) is added to the
corresponding element in the C; matrix.
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