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1. Introduction 

 
A smart city refers to an urban environment that 

harnesses cutting-edge technology and data analytic 
methodologies to enhance the quality of life of its residents 
(Wang and Zhou 2023), maximize resource consumption 
(Shafiullah et al. 2023), and promote sustainability (Chen 
2023). This topic has attracted increased attention in the 
past few decades, as cities throughout the globe confront 
different difficulties such as traffic congestion (Guo et al. 
2020), contamination of the environment (Chu et al. 2021), 
and aging infrastructure. Smart city efforts attempt to solve 
these difficulties via the inclusion of technical 
breakthroughs like the Internet of Things (IoT) (Bhardwaj 
et al. 2022), intelligent machines (AI) (Herath and Mittal 
2022), and big data analytics (Khan 2022) to enhance 
municipal operations and services. 

Bibri and Krogstie (2017a) define a smart city as a city 
that utilizes technology to improve its livability, work-
ability, and sustainability. Furthermore, they contend that a 
smart city should be tailored to the requirements and desires 
of its inhabitants, rather than exclusively prioritizing 
technological remedies. Additional research has examined 
specific aspects of smart cities, such as the application of 
Internet of Things (IoT) technology in transportation 
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(Krishankumar and Ecer 2023), the challenges associated 
with implementing smart city projects in developing nations 
(Al Nuaimi et al. 2015), and the role of citizen involvement 
in smart city initiatives (Vahidnia 2022). In addition to 
these studies, there have also been other case studies of 
smart city efforts across the globe. Caragliu et al. (2013) 
investigate the smart city strategies of various European 
cities, while Bibri and Krogstie (2017b) explore the 
execution of smart city projects in Singapore. The case 
studies provide valuable insights into the difficulties and 
possibilities of implementing smart city programs in various 
settings (Quan and Solheim 2023). 

Piezoelectricity is the term used to describe the behavior 
of some materials that generate an electric charge when 
exposed to mechanical stress (Cao and AlKubaisy 2022, 
Chen et al. 2022, Jangid 2022, Zhong et al. 2022, Chase et 
al. 2023). The distinctive characteristic of piezoelectric 
materials has rendered them a crucial element in the 
development of smart cities. Piezoelectric materials in smart 
cities provide several advantages, such as capturing energy, 
monitoring and actuator (Rani and Kumar 2022), and 
inspection of structural health (Mishra et al. 2022). 
Piezoelectric materials have a significant influence on the 
monitoring of building health in smart cities. Piezoelectric 
sensors have the ability to detect changes in physical stress 
or pressure and transform them into electrical signals. This 
characteristic makes them valuable for examining the 
structural integrity of buildings and other forms of 
infrastructure (He et al. 2022). Engineers may monitor the 
building’s reaction to external variables like wind, 
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Abstract.  There has been an increasing interest in the construction of smart buildings that can actively monitor and react to 
their surroundings. The capacity of these intelligent structures to precisely predict and respond to deflection is a crucial feature 
that guarantees both their structural soundness and efficiency. Conventional techniques for determining deflection often depend 
on intricate mathematical models and computational simulations, which may be time- and resource-consuming. Artificial 
intelligence (AI) algorithms have become a potent tool for anticipating and controlling deflection in intelligent structures in 
response to these difficulties. The term “deflection-aware smart structures” in this sense refers to constructions that have AI 
algorithms installed that continually monitor and analyses deflection data in order to proactively detect any problems and take 
appropriate action. These structures anticipate deflection across a range of operating circumstances and environmental factors by 
using cutting-edge AI approaches including deep learning, reinforcement learning, and neural networks. AI systems are able to 
predict real-time deflection with high accuracy by using data from embedded sensors and actuators. This capability enables the 
systems to identify intricate patterns and linkages. Intelligent buildings have the potential to self-correct in order to reduce 
deflection and maximize performance. In conclusion, the development of deflection-aware smart structures is a major stride 
forward for structural engineering and has enormous potential to enhance the performance, safety, and dependability of designed 
systems in a variety of industries. 
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earthquakes, or high loads by incorporating piezoelectric 
sensors within the structure (Gordan et al. 2022). 
Subsequently, this data may be used to forecast the future 
performance of the structure and detect any possible harm 
or structural vulnerabilities (Shetty et al. 2023). 
Furthermore, piezoelectric actuators have the capability to 
exert precise mechanical stress or pressure, allowing for 
effective management of any damage or instability (Feng 
and Liang 2022). In summary, including piezoelectric 
materials in the construction of buildings for health 
monitoring purposes may contribute to the durability and 
security of structures in smart cities (Ju et al. 2023). 

Anisotropic materials have unique properties that 
change with orientation in relation to their internal structure 
or external loading conditions, in contrast to isotropic 
materials, which have uniform properties regardless of 
direction (Zhang et al. 2022, She et al. 2023). They are 
useful and adaptable for a variety of technical applications 
where directional dependency is crucial because of their 
special quality (He et al. 2024, Wang et al. 2024). 
Anisotropic materials occur naturally and in a variety of 
artificial forms, such as sophisticated synthetic materials, 
biological tissues, composites, and crystals (Zhang et al. 
2016, Luo et al. 2023). The asymmetrical arrangement of 
atoms, molecules, or microstructures within the material is 
the cause of their anisotropic behaviour, which results in 
directional variations in mechanical stiffness, optical 
properties, thermal conductivity, electrical conductivity, and 
other material properties (Guo and Zhang 2023, Zhou et al. 
2024). 

Single crystals are one of the most prevalent types of 
anisotropic materials; their ordered atomic arrangement 
causes them to display distinct mechanical characteristics 
along various crystallographic axes (Zhu et al. 2017, Mi et 
al. 2023). Sophisticated methods for precisely simulating 
complex systems include agent-based modelling, 
computational fluid dynamics (CFD), and finite element 
analysis (FEA) (Liu et al. 2020, Yang et al. 2023a). 
Stochastic models addressing uncertainty in systems like 
financial markets or risk analysis (Yang et al. 2022, 2023b), 
individual agents with specific behaviours like traffic flow 
(Taheri et al. 2020, Feng et al. 2021), or social dynamics, 
discrete processes like industrial workflows or queuing 
systems (Liu et al. 2021, Taheri et al. 2021), and continuous 
systems with changing variables over time can all be 
modelled by computer simulations. 

Additionally, computer simulations play a critical role in 
performance  enhancement ,  i s sue iden t i f ica t ion 
(Firouzianhaji et al. 2021, Mehrabi et al. 2021a), and 
structural, mechanical, and electrical system design 
optimisation (Chen et al. 2023, Song et al. 2024). 
Simulations have the potential to improve patient outcomes 
and healthcare delivery by forecasting the course of 
diseases, streamlining medical procedures, and assessing 
the efficacy of therapies (Hu et al. 2023, Wu et al. 2023). 
To sum up, computer simulation is a vital tool for decision-
making across a range of domains, promoting technological 

 
 
 

innovation and scientific research (Toghroli et al. 2020, 
Han et al. 2023 a, b). Through the provision of insights into 
system behaviours under various settings, simulations 
facilitate novel idea exploration, practical problem solving, 
and knowledge advancement in their respective domains. 

Artificial intelligence relies heavily on machine 
learning, which enables computers to autonomously 
identify patterns in datasets without explicit programming. 
This feature is applicable to a wide range of subjects, 
including but not limited to statistics, demonstrating its 
broad application across several domains (Qiu 2019, Qiu 
and Wang 2024). The results of earlier studies may be used 
as the starting point for Refs. (Taheri et al. 2019, Mehrabi 
et al. 2021b). The development of co-culture systems with 
the goal of increasing the productivity and efficiency of 
biomass transformation has advanced significantly in recent 
years, according to studies. The co-culture system 
incorporating Clostridium aceticum and Clostridium 
cellulovorans was established by Xia et al. (2017), 
demonstrating the synergistic interactions between these 
bacteria that resulted in better biomass transformation 
capacities. Comparably, Horne et al. (2020) investigated the 
potential of coffee and theophylline to alter gene expression 
and enzyme activity, hence influencing cellular processes, 
by studying their inhibitory effects on β-galactosidase 
activity and expression in Escherichia coli. Moreover, Mock 
et al. (2021) studied enzyme activity and substrate 
promiscuity in a variety of microbial cultures. Their 
investigation of the enzyme complex’s substrate 
promiscuity, which was reported in Biotechnology Notes, 
provided insight into its capacity to catalyse a variety of 
substrates. Furthermore, Mock et al. (2024) investigated the 
biodegradation of theophylline by an optimised Escherichia 
coli strain, leading to the generation of 1-methylxanthine, in 
their study published in the Journal of Biotechnology. 

While the development of smart cities heavily relies on 
piezoelectricity, no study to date has examined the 
structural health monitoring of smart walls via an 
assessment of their inherent frequency. By using 
piezoelectricity, this study adopts a novel strategy to 
increase public awareness of the potentially dangerous 
characteristics of structures. Reciprocally, electrical power 
and displacement may be converted into one another via 
piezoelectric materials. In this work, a critical threshold for 
the displacements is established using this feature. The case 
study of a rectangular wall with a single free edge at the 
top, or GPLR-FGP, is the main subject of this study. 
Gradually increasing the voltage will occur until the natural 
frequency gets close to zero. The wall’s stability is directly 
threatened by this circumstance. Consequently, the wall 
displacements under these conditions might be considered 
the system’s critical deflections. The wall’s controlling 
equations are established in relation to HOSDT. DQA is 
used to ascertain the wall’s inherent frequency. By training 
a deep neural network with the examples obtained from the 
designated numerical approach, deep learning is used to 
accelerate the computing process. 
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Fig. 1 Diagram depicting the schematic of the GPLR-
FGP wall 

 
 

 
(a) GPL-X 

 

 

(b) GPL-O 
 

 

(c) GPL-UD 

Fig. 2 Three dispersion patterns of GPL that occur 
across the transverse of the GPLR-FGP wall

 
 

2. Formulation 
 
2.1 Schemat cs of the case study 
 
Fig. 1 illustrates the schematic representation of the 

GPLR-FGP wall, where b represents its width, a represents 
its length, and h represents its thickness. 

Fig. 2 illustrates the dispersion patterns of the GPL 
along the wall’s thickness. 

 
2.2 Effect ve mater al propert es 
 
This study assumes that the wall consists of 𝑁௅ layers 

Table 1 Mechanical properties of PVDF (Wang and Liew 
2003) and GPL (Song et al. 2017) 

GPL 𝐸ீ = 1.01 TPa 𝜈ீ = 0.186 𝜌ீ = 1920 kg/mଷ
PVDF 𝐸ெ = 1.44 GPa 𝜈ெ = 0.29 𝜌ெ = 800 kg/mଷ 

 
 

Table 2 Dielectric and piezoelectric constants of PVDF 
(Mitchell and Reddy 1995) 𝑒ଷଵ,ெ 𝑒ଷଶ,ெ 𝑒ଷଷ,ெ 𝑒ଶସ,ெ 𝑒ଵହ,ெ 32.075ൈ 10ିଷ 

−4.07ൈ 10ିଷ 
−21.19ൈ 10ିଷ 

−12.65ൈ 10ିଷ 
−15.93ൈ 10ିଷ 𝜇ଵଵ,ெ 𝜇ଶଶ,ெ 𝜇ଷଷ,ெ   53.985ൈ 10ିଵଶ 66.375ൈ 10ିଵଶ 59.295ൈ 10ିଵଶ   

Units: 𝑒௜௝,ெ ቀ ஼ெమቁ, 𝜇௜௝,ெ ቀ ி௠ቁ 
 
 

of the GPL reinforced piezoelectric plate with a PVDF 
matrix. The mechanical characteristics of PVDF and GPL 
are shown in Table 1. 

Furthermore, the dielectric and piezoelectric constants 
of PVDF may be found in Table 2 (Mitchell and Reddy 
1995). 

With the aid of Ref. (Mao and Zhang 2018), the 
dispersion patterns of GPL are defined as below 

Pattern U 
 𝑓௜ = Λீ௉௅, (1)
 
Pattern X 
 𝑓௜ = (𝑁2 + 1 − 𝑖)𝑓∗     if     𝑖 ൑ 𝑁2𝑓௜ = ൬𝑖 − 𝑁2൰ 𝑓∗     if     𝑖 ൐ 𝑁2       , (2)

 

Pattern O 
 𝑓௜ = 𝑖𝑓∗     if     𝑖 ൑ 𝑁2                    𝑓௜ = (𝑁 + 1 − 𝑖)𝑓∗     if     𝑖 ൐ 𝑁2, (3)

 

Where 
 𝑓∗ = 21 + ேଶ Λீ௉௅. (4)

 
Here, 𝑓௜ (𝑖 = 1,2, . . . , 𝑁௅), 𝑓∗ and Λீ௉௅ represent the 

volume fraction of GPL at the ith layer, the average volume 
fraction of GPL, and the overall volume fraction of GPL, 
respectively. Furthermore, the PVDF matrix is believed to 
be tightly linked with GPL nanoparticles. The 
micromechanics model proposed by Halpin-Tsai provides a 
more precise prediction of the elastic moduli of 
GPL/polymer composites compared to the micromechanics 
model of Mori-Tanaka. The Halpin-Tsai parallel model 
properly calculates the Young’s modulus of the GPLR-
PVDF composites when Λீ௉௅  is less than 1%. The 
dielectric and piezoelectric properties of the dielectric and 
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GPL are β times greater than those of PVDF, and the 
piezoelectric multiple is represented by ξ. Consequently, the 
layer-dependent elastic modulus of the piezoelectric 
composite plate may be obtained as 

 𝐸஼௜ = 1 + ଶ௟ಸುಽଷ௧ಸುಽ 𝜂௅𝑓௜1 − 𝜂௅𝑓௜ 𝐸ெ. (5)
 

where 
 𝜂௅ = ாಸாಾ − 1ாಸாಾ + ଶ௟ಸುಽଷ௧ಸುಽ. (6)

 
here, 𝐸ெ , 𝐸ீ  and 𝐸஼௜  represent in order the elastic 
modulus of the matrix, GPL, and the composite material. 
Length and thickness of the GPL nanoplates are denoted by 𝑙ீ௉௅ and 𝑡ீ௉௅. Furthermore, the well-recognized principle 
of mixes is used to articulate other characteristics of the 
composite wall as shown below. 

 𝜌௜ = 𝜌ீ𝑓௜ + 𝜌ெ(1 − 𝑓௜)𝜈௜ = 𝜈ீ𝑓௜ + 𝜈ெ(1 − 𝑓௜)𝑒௜ = 𝑒ீ𝑓௜ + 𝑒ெ(1 − 𝑓௜)𝜇௜ = 𝜇ீ𝑓௜ + 𝜇ெ(1 − 𝑓௜). (7)

 
The ith layer of the composite is characterized by its 

effective mass density (𝜌௜), Poisson’s ratio (𝜈௜), dielectric 
constant (𝜇௜), and piezoelectric constant (𝑒௜). The subscripts 𝑀  and 𝐺  in Eq. (7) represent the matrix and GPL, 
respectively. 

 
2.3 D splacement f elds 
 
The displacement field based on the HOSDT is written 

as 
 𝒰(𝔚, 𝔛, 𝔜, 𝑡) = 𝒰଴(𝔚, 𝔛, 𝑡) + 𝔜𝒰ଵ(𝔚, 𝔛, 𝑡)+ 𝔜ଶ𝒰ଶ(𝔚, 𝔛, 𝑡) + 𝔜ଷ𝒰ଷ(𝔚, 𝔛, 𝑡)+ 𝔜ସ𝒰ସ(𝔚, 𝔛, 𝑡) + 𝔜ହ𝒰ହ(𝔚, 𝔛, 𝑡), 𝒱(𝔚, 𝔛, 𝔜, 𝑡) = 𝒱଴(𝔚, 𝔛, 𝑡) + 𝔜𝒱ଵ(𝔚, 𝔛, 𝑡)+ 𝔜ଶ𝒱ଶ(𝔚, 𝔛, 𝑡) + 𝔜ଷ𝒱ଷ(𝔚, 𝔛, 𝑡)+ 𝔜ସ𝒱ସ(𝔚, 𝔛, 𝑡) + 𝔜ହ𝒱ହ(𝔚, 𝔛, 𝑡), 𝒲(𝔚, 𝔛, 𝔜, 𝑡) = 𝒲଴(𝔚, 𝔛, 𝑡) + 𝔜𝒲ଵ(𝔚, 𝔛, 𝑡)+ 𝔜ଶ𝒲ଶ(𝔚, 𝔛, 𝑡) + 𝔜ଷ𝒲ଷ(𝔚, 𝔛, 𝑡)+ 𝔜ସ𝒲ସ(𝔚, 𝔛, 𝑡) + 𝔜ହ𝒲ହ(𝔚, 𝔛, 𝑡).

(8)

 
2.4 Compatibility conditions 
 
Eq. (9) presents the stress-strain relations specified for 

FGP materials 
 𝜎𝔚𝔚 = 𝒻ଵଵ𝜀𝔚𝔚 + 𝒻ଵଶ𝜀𝔛𝔛 + 𝒻ଵଷ𝜀𝔜𝔜 + 𝑒ଷଵ 𝜕∅𝜕𝔚 ,𝜎𝔛𝔛 = 𝒻ଵଶ𝜀𝔚𝔚 + 𝒻ଶଶ𝜀𝔛𝔛 + 𝒻ଶଷ𝜀𝔜𝔜 + 𝑒ଷଶ 𝜕∅𝜕𝔛 , 𝜎𝔜𝔜 = 𝒻ଵଷ𝜀𝔚𝔚 + 𝒻ଶଷ𝜀𝔛𝔛 + 𝒻ଷଷ𝜀𝔜𝔜 + 𝑒ଷଷ 𝜕∅𝜕𝔜 , 𝜏𝔛𝔜 = 𝒻ସସ𝛾𝔛𝔜 + 𝑒ଶସ 𝜕∅𝜕𝔛 , 𝜏𝔚𝔜 = 𝒻ହହ𝛾𝔚𝔜 + 𝑒ଵହ 𝜕∅𝜕𝔚 , 𝜏𝔚𝔛 = 𝒻଺଺𝛾𝔚𝔛, 

(9)

Moreover 
 D୶ = eଵହγ୶୸ − ηଵଵ ∂∅∂x , D୷ = eଵହγ୷୸ − ηଶଶ ∂∅∂y , D୸ = eଷଵε୶୶ + eଷଶε୷୷ − ηଷଷ ∂∅∂z, (10)

 
The variables 𝒻௜௝, 𝜂௜௜, and  𝑒௜௝ represent the elasticity, 

dielectric, and piezoelectric constants, respectively. 
Furthermore, 𝐷௜  and 𝐸௜  represent the electric 
displacement and intensity of the electric field of the 
piezoelectric plate, respectively. Furthermore, Eq. (11) 
expresses the magnitudes of the electric and magnetic 
fields, denoted as 𝐸𝔚 , 𝐸𝔛 , and 𝐸𝔜 , in the following 
manner 

 𝐸𝔚 = − 𝜕φ𝜕𝔚, 𝐸𝔛 = − 𝜕φ𝜕𝔛 ,     𝐸𝔜 = − 𝜕φ𝜕𝔜, (11)

 
The electric potential in Eq. (11) would be considered as 

follow 
 φ(𝔚, 𝔛, 𝔜, 𝑡) = − cos(𝛽𝔜) Φ(𝔚, 𝔛, 𝑡) + 2𝔜Φ௢ℎ ,where 𝛽 = 𝜋ℎ 

(12)

 
Moreover, 𝜙(𝔚, 𝔛, 𝑡) denotes the spatial variation of 

the electric potential in the longitudinal and 
latitudinal orientations. Also, Φ௢ in Eq. (12) represents the 
initial external electric potential.  Following equation (Eq. 
(13)) articulates the terms of 𝒻௜௝ as 

 𝒻ଶଶ = 𝒻ଷଷ = 𝒻ଵଵ = 𝐸(1 − 𝜈)(1 − 2𝜈)(1 + 𝜈) ,𝒻ଵଶ = 𝒻ଵଷ = 𝒻ଶଷ = 𝜈𝐸(1 − 2𝜈)(1 + 𝜈) , 𝒻ସସ = 𝒻ହହ = 𝒻଺଺ = 𝐸2(1 + 𝜈). (13)

 
Following equation (Eq. (14)) articulates the strains in 

terms of displacements as 
 𝜀𝔚𝔚 = 𝜕𝒰𝜕𝔚 + 𝒲𝑅௫ , 𝜀𝔛𝔛 = 𝜕𝒱𝜕𝔛 + 𝒲𝑅௬ ,   𝜀𝔜𝔜 = 𝜕𝒲𝜕𝔜 ,𝛾𝔚𝔛 = 𝜕𝒰𝜕𝔛 + 𝜕𝒱𝜕𝔚,   𝛾𝔚𝔜 = 𝜕𝒰𝜕𝔜 + 𝜕𝒲𝜕𝔚 − 𝒰𝑅௫ , 𝛾𝔛𝔜 = 𝜕𝒱𝜕𝔜 + 𝜕𝒲𝜕𝔛 − 𝒱𝑅௬. (14)

 
2.5 Governing equations and Hamilton principle 
 
Eq. (15) represents the Hamilton principle in the way of 

deriving the governing equations 
 න ቀ𝛿𝛱௞ − 𝛿𝛱௘భ − 𝛿𝛱௘మ − ൫𝛿𝛱𝒲భ + 𝛿𝛱𝒲మ൯ቁ 𝑑𝑡 = 0௧మ௧భ , (15)

 
The subsequent relations present the process of 

determining each individual term used in Eq. (15) 
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𝛱௞ = 12 න ቈ𝜌 ቊ൬𝜕𝒰𝜕𝑡 ൰ଶ + ൬𝜕𝒱𝜕𝑡 ൰ଶ + ൬𝜕𝒲𝜕𝑡 ൰ଶቋ቉ 𝑑𝑉 ,𝛱௘భ = 12 න൛𝜎𝔚𝔚𝜀𝔚𝔚 + 𝜎𝔛𝔛𝜀𝔛𝔛 + 𝜎𝔜𝔜𝜀𝔜𝔜 + 𝜏𝔛𝔜𝛾𝔛𝔜+ 𝜏𝔚𝔜𝛾𝔚𝔜 + 𝜏𝔚𝔛𝛾𝔚𝔛ൟ𝑑𝑉 . 𝛱௘మ = − න൛𝐷𝔚𝐸𝔚 + 𝐷𝔛𝐸𝔛 + 𝐷𝔜𝐸𝔜ൟ𝑑𝑉 , 𝛱𝒲భ = 12 න 𝑁௣ ቆ൬𝜕𝒲଴𝜕𝔚 ൰ଶ + ൬𝜕𝒲଴𝜕𝔛 ൰ଶቇ 𝑑𝐴 . 𝛱𝒲మ = 12 න 𝑃𝑠𝑖𝑛(Ωt)𝒲଴𝑑𝐴. 
(16)

 
where 𝑁௣ = −2(𝑒ଷଵ − ௖భయ௘యయ௖యయ )Φ଴. 

Substituting Eqs. (16) into Eq. (15) brings about the 
following relations 

 𝛿𝒰଴ :   𝜕𝔑𝔚𝔚𝜕𝔚 + 𝜕𝔑𝔚𝔛𝜕𝔛 + 𝔑𝔚𝔜𝑅௫         = 𝐼଴ 𝜕ଶ𝒰଴𝜕𝑡ଶ + 𝐼ଵ 𝜕ଶ𝒰ଵ𝜕𝑡ଶ + 𝐼ଶ 𝜕ଶ𝒰ଶ𝜕𝑡ଶ + 𝐼ଷ 𝜕ଶ𝒰ଷ𝜕𝑡ଶ               +𝐼ସ 𝜕ଶ𝒰ସ𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒰ହ𝜕𝑡ଶ , 𝛿𝒱଴ :   𝜕𝔑𝔛𝔛𝜕𝔛 + 𝜕𝔑𝔚𝔛𝜕𝔚 + 𝔑𝔛𝔜𝑅௬           = 𝐼଴ 𝜕ଶ𝒱଴𝜕𝑡ଶ + 𝐼ଵ 𝜕ଶ𝒱ଵ𝜕𝑡ଶ + 𝐼ଶ 𝜕ଶ𝒱ଶ𝜕𝑡ଶ + 𝐼ଷ 𝜕ଶ𝒱ଷ𝜕𝑡ଶ               +𝐼ସ 𝜕ଶ𝒱ସ𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒱ହ𝜕𝑡ଶ , 𝛿𝒲଴ :   𝜕𝔑𝔚𝔜𝜕𝔚 + 𝜕𝔑𝔛𝔜𝜕𝔛 − 𝔑𝔚𝔚𝑅௫ − 𝔑𝔛𝔛𝑅௬               −𝔑௣ ቆ𝜕ଶ𝒲଴𝜕𝔚ଶ + 𝜕ଶ𝒲଴𝜕𝔛ଶ ቇ + 𝑃𝑠𝑖𝑛(𝛺𝑡)          = 𝐼଴ 𝜕ଶ𝒲଴𝜕𝑡ଶ + 𝐼ଵ 𝜕ଶ𝒲ଵ𝜕𝑡ଶ + 𝐼ଶ 𝜕ଶ𝒲ଶ𝜕𝑡ଶ + 𝐼ଷ 𝜕ଶ𝒲ଷ𝜕𝑡ଶ               +𝐼ସ 𝜕ଶ𝒲ସ𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒲ହ𝜕𝑡ଶ , 𝛿𝒰ଵ :   𝜕𝔐𝔚𝔚𝜕𝔚 + 𝜕𝔐𝔚𝔛𝜕𝔛 − 𝔑𝔚𝔜 + 𝔐𝔚𝔜𝑅௫           = 𝐼ଵ 𝜕ଶ𝒰଴𝜕𝑡ଶ + 𝐼ଶ 𝜕ଶ𝒰ଵ𝜕𝑡ଶ + 𝐼ଷ 𝜕ଶ𝒰ଶ𝜕𝑡ଶ + 𝐼ସ 𝜕ଶ𝒰ଷ𝜕𝑡ଶ               +𝐼ହ 𝜕ଶ𝒰ସ𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒰ହ𝜕𝑡ଶ , 𝛿𝒱ଵ :   𝜕𝔐𝔛𝔛𝜕𝔛 + 𝜕𝔐𝔚𝔛𝜕𝔚 − 𝔑𝔛𝔜 + 𝔐𝔛𝔜𝑅௬           = 𝐼ଵ 𝜕ଶ𝒱଴𝜕𝑡ଶ + 𝐼ଶ 𝜕ଶ𝒱ଵ𝜕𝑡ଶ + 𝐼ଷ 𝜕ଶ𝒱ଶ𝜕𝑡ଶ + 𝐼ସ 𝜕ଶ𝒱ଷ𝜕𝑡ଶ               +𝐼ହ 𝜕ଶ𝒱ସ𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒱ହ𝜕𝑡ଶ , 𝛿𝒲ଵ :   𝜕𝔐𝔚𝔜𝜕𝔚 + 𝜕𝔐𝔛𝔜𝜕𝔛 − 𝔑𝔜𝔜 − 𝔐𝔚𝔚𝑅௫ − 𝔐𝔛𝔛𝑅௬           = 𝐼ଵ 𝜕ଶ𝒲଴𝜕𝑡ଶ + 𝐼ଶ 𝜕ଶ𝒲ଵ𝜕𝑡ଶ + 𝐼ଷ 𝜕ଶ𝒲ଶ𝜕𝑡ଶ + 𝐼ସ 𝜕ଶ𝒲ଷ𝜕𝑡ଶ               +𝐼ହ 𝜕ଶ𝒲ସ𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒲ହ𝜕𝑡ଶ , 𝛿𝒰ଶ :   𝜕𝔓𝔚𝔚𝜕𝔚 + 𝜕𝔓𝔚𝔛𝜕𝔛 − 2𝔐𝔚𝔜 + 𝔓𝔚𝔜𝑅௫  

(17)

= 𝐼ଶ 𝜕ଶ𝒰଴𝜕𝑡ଶ + 𝐼ଷ 𝜕ଶ𝒰ଵ𝜕𝑡ଶ + 𝐼ସ 𝜕ଶ𝒰ଶ𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒰ଷ𝜕𝑡ଶ             +𝐼଺ 𝜕ଶ𝒰ସ𝜕𝑡ଶ + 𝐼଻ 𝜕ଶ𝒰ହ𝜕𝑡ଶ , 𝛿𝒱ଶ :   𝜕𝔓𝔛𝔛𝜕𝔛 + 𝜕𝔓𝔚𝔛𝜕𝔚 − 2𝔐𝔛𝔜௖ + 𝔓𝔛𝔜𝑅௬           = 𝐼ଶ 𝜕ଶ𝒱଴𝜕𝑡ଶ + 𝐼ଷ 𝜕ଶ𝒱ଵ𝜕𝑡ଶ + 𝐼ସ 𝜕ଶ𝒱ଶ𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒱ଷ𝜕𝑡ଶ               +𝐼଺ 𝜕ଶ𝒱ସ𝜕𝑡ଶ + 𝐼଻ 𝜕ଶ𝒱ହ𝜕𝑡ଶ , 𝛿𝒲ଶ :   𝜕𝔓𝔚𝔜𝜕𝔚 + 𝜕𝔓𝔛𝔜𝜕𝔛 − 2𝔐𝔜𝔜 − 𝔓𝔚𝔚𝑅௫ − 𝔓𝔛𝔛𝑅௬           = 𝐼ଶ 𝜕ଶ𝒲଴𝜕𝑡ଶ + 𝐼ଷ 𝜕ଶ𝒲ଵ𝜕𝑡ଶ + 𝐼ସ 𝜕ଶ𝒲ଶ𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒲ଷ𝜕𝑡ଶ               +𝐼଺ 𝜕ଶ𝒲ସ𝜕𝑡ଶ + 𝐼଻ 𝜕ଶ𝒲ହ𝜕𝑡ଶ , 𝛿𝒰ଷ :   𝜕𝒻𝔚𝔚𝜕𝔚 + 𝜕𝒻𝔚𝔛𝜕𝔛 − 3𝔓𝔚𝔜 + 𝒻𝔚𝔜𝑅௫           = 𝐼ଷ 𝜕ଶ𝒰଴𝜕𝑡ଶ + 𝐼ସ 𝜕ଶ𝒰ଵ𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒰ଶ𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒰ଷ𝜕𝑡ଶ               +𝐼଻ 𝜕ଶ𝒰ସ𝜕𝑡ଶ + 𝐼 𝜕ଶ𝒰ହ𝜕𝑡ଶ , 𝛿𝒱ଷ :   𝜕𝒻𝔛𝔛𝜕𝔛 + 𝜕𝒻𝔚𝔛𝜕𝔚 − 3𝔓𝔛𝔜 + 𝒻𝔛𝔜𝑅௬           = 𝐼ଷ 𝜕ଶ𝒱଴𝜕𝑡ଶ + 𝐼ସ 𝜕ଶ𝒱ଵ𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒱ଶ𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒱ଷ𝜕𝑡ଶ               +𝐼଻ 𝜕ଶ𝒱ସ𝜕𝑡ଶ + 𝐼 𝜕ଶ𝒱ହ𝜕𝑡ଶ , 𝛿𝒲ଷ :   𝜕𝒻𝔚𝔜𝜕𝔚 + 𝜕𝒻𝔛𝔜𝜕𝔛 − 3𝔓𝔜𝔜 − 𝒻𝔚𝔚𝑅௫ − 𝒻𝔛𝔛𝑅௬           = 𝐼ଷ 𝜕ଶ𝒲଴𝜕𝑡ଶ + 𝐼ସ 𝜕ଶ𝒲ଵ𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒲ଶ𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒲ଷ𝜕𝑡ଶ               +𝐼଻ 𝜕ଶ𝒲ସ𝜕𝑡ଶ + 𝐼 𝜕ଶ𝒲ହ𝜕𝑡ଶ , 𝛿𝒰ସ :   𝜕ℜ𝔚𝔚𝜕𝔚 + 𝜕ℜ𝔚𝔛𝜕𝔛 − 4𝒻𝔚𝔜 + ℜ𝔚𝔜𝑅௫           = 𝐼ସ 𝜕ଶ𝒰଴𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒰ଵ𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒰ଶ𝜕𝑡ଶ + 𝐼଻ 𝜕ଶ𝒰ଷ𝜕𝑡ଶ               +𝐼 𝜕ଶ𝒰ସ𝜕𝑡ଶ + 𝐼ଽ 𝜕ଶ𝒰ହ𝜕𝑡ଶ , 𝛿𝒱ସ :   𝜕ℜ𝔛𝔛𝜕𝔛 + 𝜕ℜ𝔚𝔛𝜕𝔚 − 4𝒻𝔛𝔜 + ℜ𝔛𝔜𝑅௬           = 𝐼ସ 𝜕ଶ𝒱଴𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒱ଵ𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒱ଶ𝜕𝑡ଶ + 𝐼଻ 𝜕ଶ𝒱ଷ𝜕𝑡ଶ               +𝐼 𝜕ଶ𝒱ସ𝜕𝑡ଶ + 𝐼ଽ 𝜕ଶ𝒱ହ𝜕𝑡ଶ , 𝛿𝒲ସ :   𝜕ℜ𝔚𝔜𝜕𝔚 + 𝜕ℜ𝔛𝔜𝜕𝔛 − 4𝒻𝔜𝔜 − ℜ𝔚𝔚𝑅௫ − ℜ𝔛𝔛𝑅௬           = 𝐼ସ 𝜕ଶ𝒲଴𝜕𝑡ଶ + 𝐼ହ 𝜕ଶ𝒲ଵ𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒲ଶ𝜕𝑡ଶ + 𝐼଻ 𝜕ଶ𝒲ଷ𝜕𝑡ଶ               +𝐼 𝜕ଶ𝒲ସ𝜕𝑡ଶ + 𝐼ଽ 𝜕ଶ𝒲ହ𝜕𝑡ଶ , 𝛿𝒰ହ :   𝜕𝔖𝔚𝔚𝜕𝔚 + 𝜕𝔖𝔚𝔛𝜕𝔛 − 5ℜ𝔚𝔜 + 𝔖𝔚𝔜𝑅௫  = 𝐼ହ 𝜕ଶ𝒰଴𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒰ଵ𝜕𝑡ଶ + 𝐼଻ 𝜕ଶ𝒰ଶ𝜕𝑡ଶ + 𝐼 𝜕ଶ𝒰ଷ𝜕𝑡ଶ  

(17)
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             +𝐼ଽ 𝜕ଶ𝒰ସ𝜕𝑡ଶ + 𝐼ଵ଴ 𝜕ଶ𝒰ହ𝜕𝑡ଶ ,𝛿𝒱ହ :   𝜕𝔖𝔛𝔛𝜕𝔛 + 𝜕𝔖𝔚𝔛𝜕𝔚 − 5ℜ𝔛𝔜 + 𝔖𝔛𝔜𝑅௬           = 𝐼ହ 𝜕ଶ𝒱଴𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒱ଵ𝜕𝑡ଶ + 𝐼଻ 𝜕ଶ𝒱ଶ𝜕𝑡ଶ + 𝐼 𝜕ଶ𝒱ଷ𝜕𝑡ଶ               +𝐼ଽ 𝜕ଶ𝒱ସ𝜕𝑡ଶ + 𝐼ଵ଴ 𝜕ଶ𝒱ହ𝜕𝑡ଶ , 𝛿𝒲ହ :   𝜕𝔖𝔚𝔜𝜕𝔚 + 𝜕𝔖𝔛𝔜𝜕𝔛 − 5ℜ𝔜𝔜 − 𝔖𝔚𝔚𝑅௫ − 𝔖𝔛𝔛𝑅௬           = 𝐼ହ 𝜕ଶ𝒲଴𝜕𝑡ଶ + 𝐼଺ 𝜕ଶ𝒲ଵ𝜕𝑡ଶ + 𝐼଻ 𝜕ଶ𝒲ଶ𝜕𝑡ଶ + 𝐼 𝜕ଶ𝒲ଷ𝜕𝑡ଶ               +𝐼ଽ 𝜕ଶ𝒲ସ𝜕𝑡ଶ + 𝐼ଵ଴ 𝜕ଶ𝒲ହ𝜕𝑡ଶ , 𝛿𝛷: න ൜𝜕𝐷𝔚𝜕𝔚 𝑐𝑜𝑠(𝛽𝔜) + 𝜕𝐷𝔛𝜕𝔚 𝑐𝑜𝑠(𝛽𝔜)+ 𝛽 𝑠𝑖𝑛(𝛽𝔜) 𝐷𝔜ൠ 𝑑𝔜 = 0. 

(17)

 
The involved terms in Eq. (17) would be formulated as 
 ൛𝔑௜௝, 𝔐௜௝, 𝔓௜௝, 𝒻௜௝, ℜ௜௝, 𝔖௜௝ൟ = නሼ1, 𝔜, 𝔜ଶ, 𝔜ଷ, 𝔜ସ, 𝔜ହሽ𝜎௜௝௖𝑑𝔜, 𝑖, 𝑗 = 𝔚, 𝔛, 𝔜,ሼ𝐼଴, 𝐼ଵ, 𝐼ଶ, 𝐼ଷ, 𝐼ସ, 𝐼ହ, 𝐼଺, 𝐼଻, 𝐼 , 𝐼ଽ, 𝐼ଵ଴ሽ= නሼ1, 𝔜, 𝔜ଶ, 𝔜ଷ, 𝔜ସ, 𝔜ହ, 𝔜଺, 𝔜଻, 𝔜଼, 𝔜ଽ, 𝔜ଵ଴ሽ𝜌𝑑𝔜. (18)

 
Moreover, Eq. (19) formulates the system’s basic 

boundary conditions 
 𝛿𝒰଴:     𝔑𝔚𝔚𝑛ො𝔚 + 𝔑𝔚𝔛𝑛ො𝔛 = 0, 𝛿𝒱଴:      𝔑𝔚𝔛𝑛ො𝔚 + 𝔑𝔛𝔛𝑛ො𝔛 = 0, 𝛿𝒲଴ :   ൬𝔑𝔚𝔜 − 𝔑௣ 𝜕𝒲଴𝜕𝔚 ൰ 𝑛ො𝔚              + ൬𝔑𝔛𝔜 − 𝔑௣ 𝜕𝒲଴𝜕𝔛 ൰ 𝑛ො𝔛 = 0, 𝛿𝒰ଵ:    𝔐𝔚𝔚𝑛ො𝔚 + 𝔐𝔚𝔛𝑛ො𝔛 = 0, 𝛿𝒱ଵ:     𝔐𝔚𝔛𝑛ො𝔚 + 𝔐𝔛𝔛𝑛ො𝔛 = 0, 𝛿𝒲ଵ:   𝔐𝔚𝔜𝑛ො𝔚 + 𝔐𝔛𝔜𝑛ො𝔛 = 0, 𝛿𝒰ଶ:    𝔓𝔚𝔚𝑛ො𝔚 + 𝔓𝔚𝔛𝑛ො𝔛 = 0, 𝛿𝒱ଶ:     𝔓𝔚𝔛𝑛ො𝔚 + 𝔓𝔛𝔛𝑛ො𝔛 = 0, 𝛿𝒲ଶ:    𝔓𝔚𝔜𝑛ො𝔚 + 𝔓𝔛𝔜𝑛ො𝔛 = 0, 𝛿𝒰ଷ:     𝒻𝔚𝔚𝑛ො𝔚 + 𝒻𝔚𝔛𝑛ො𝔛 = 0, 𝛿𝒱ଷ:      𝒻𝔚𝔛𝑛ො𝔚 + 𝒻𝔛𝔛𝑛ො𝔛 = 0, 𝛿𝒲ଷ:    𝒻𝔚𝔜𝑛ො𝔚 + 𝒻𝔛𝔜𝑛ො𝔛 = 0, 𝛿𝒰ସ:     ℜ𝔚𝔚𝑛ො𝔚 + ℜ𝔚𝔛𝑛ො𝔛 = 0, 𝛿𝒱ସ:      ℜ𝔚𝔛𝑛ො𝔚 + ℜ𝔛𝔛𝑛ො𝔛 = 0, 𝛿𝒲ସ:    ℜ𝔚𝔜𝑛ො𝔚 + ℜ𝔛𝔜𝑛ො𝔛 = 0, 𝛿𝒰ହ:     𝔖𝔚𝔚𝑛ො𝔚 + 𝔖𝔚𝔛𝑛ො𝔛 = 0, 𝛿𝒱ହ:      𝔖𝔚𝔛𝑛ො𝔚 + 𝔖𝔛𝔛𝑛ො𝔛 = 0, 𝛿𝒲ହ:    𝔖𝔚𝔜𝑛ො𝔚 + 𝔖𝔛𝔜𝑛ො𝔛 = 0, 

(19)

 
3. Numerical solution 

 
Below, a comprehensive explanation of the necessary 

procedures to use DQA as the numerical solution is 
provided. 

3.1 D fferent al quadrature approach (DQA) 
 
Through DQA, the pth derivative of 𝑓(𝔚) as a one-

dimensional function can be derived as 
 𝜕௣𝑓(𝔚)𝜕𝔚௣ = ෍ 𝐴௜௝(௣)𝑓(𝔚)𝔑𝔚

௝ୀଵ  for 𝑖 = 1,2, . . . , 𝔑𝔚 and   𝑝 = 1,2, . . . , 𝔑𝔚 − 1. (20)

 

where 𝐴௜௝(௣) shows the weight coefficients of the 𝑖th grid-
point (𝑗 = 1,2, … , 𝔑𝔚)  and 𝔑𝔚  represents the total 
number of grid-points. 

By means of Eq. (21), one can formulate 𝐴௜௝(௣) for 𝑖 ≠ 𝑗 
as 𝐴௜௝(௣) = 𝑛 ൭𝐴௜௜(௣ିଵ)𝐴௜௝(ଵ) − 𝐴௜௝(௣ିଵ)𝔚௜ − 𝔚௝൱ , 𝑝 = 2,3, . . . , 𝔑𝔚 − 1 and   𝑖, 𝑗 = 1,2, . . . , 𝔑𝔚, (21)

 

where 𝐴௜௝(ଵ) is determined by subsequent relation 
 𝐴௜௝(ଵ) = 𝔐(ଵ)(𝔚௜)൫𝔚௜ − 𝔚௝൯𝔐(ଵ)൫𝔚௝൯ , 𝑖, 𝑗 = 1,2, . . . , 𝔑𝔚, (22)

 

One can employ the subsequent relation to acquire 𝐴௜௜(௣) 
 𝐴௜௜(௣) = − ෍ 𝐴௜௝(௣)𝔑

௝ୀଵ,௝ஷ௜ ,     𝑖 = 2,3, … , 𝔑𝔚and 𝑝 = 1,2, . . . , 𝔑𝔚 − 1 

(23)

 𝔐(ଵ) in Eq. (22) would be obtained as 
 𝔐(ଵ)(𝔚௞) = − ෍ ൫𝔚௞ − 𝔚௝൯𝔑𝔚

௝ୀଵ,௝ஷ௞ ,for 𝑘 = 1,2,3, . . . , 𝔑𝔚. (24)

 
3.2 Two-d mens onal approx mat on 
 
On the basis of DQA, the first two derivatives for 𝑓 (𝔚, 𝔛) as a two-dimensional function would be obtained 

as follows (Rahimi et al. 2020) 
 𝜕𝑓𝜕𝔚ฬ𝔚ୀ𝔚೔,𝔛ୀ𝔛ೕ = ෍ ෍ 𝐴௜௣𝔚𝔑𝔛

௞ୀଵ
𝔑𝔚
௣ୀଵ 𝐼௣௞𝔛 𝑓௞௝, 

𝜕𝑓𝜕𝔛ฬ𝔚ୀ𝔚೔,𝔛ୀ𝔛ೕ = ෍ ෍ 𝐼௜௣𝔚𝔑𝔛
௞ୀଵ

𝔑𝔚
௣ୀଵ 𝐴௣௞𝔛 𝑓௞௝, 

𝜕𝜕𝔚 ቆ𝜕𝑓𝜕𝔛ฬ𝔚ୀ𝔚೔,𝔛ୀ𝔛ೕቇ = ෍ ෍ 𝐴௜௣𝔚𝔑𝔛
௞ୀଵ

𝔑𝔚
௣ୀଵ 𝐴௣௞𝔛 𝑓௞௝, 

𝜕ଶ𝑓𝜕𝔚ଶቤ𝔚ୀ𝔚೔,𝔛ୀ𝔛ೕ = ෍ ෍ 𝐵௜௣𝔚𝔑𝔛
௞ୀଵ

𝔑𝔚
௣ୀଵ 𝐼௣௞𝔛 𝑓௞௝, 

𝜕ଶ𝑓𝜕𝔛ଶቤ𝔚ୀ𝔚೔,𝔛ୀ𝔛ೕ = ෍ ෍ 𝐼௜௣𝔚𝔑𝔛
௞ୀଵ

𝔑𝔚
௣ୀଵ 𝐵௣௞𝔛 𝑓௞௝. 

(25)
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Here 𝐴௣௞𝔛  , 𝐴௜௣𝔚 , 𝐵௣௞𝔛 , and 𝐵௜௣𝔚  represent the weight 
coefficients. 

Additionally, 𝔑𝔛, and 𝔑𝔚  are in order the number of 
grid-points picked through the latitudinal and longitudinal 
orientations. Also,  𝐼௜௣𝔚 , 𝐼௣௞𝔛 , 𝐼௜௣𝔚 , and 𝐼௣௞𝔛  are identity 
tensors. Based on the implementation of Chebyshev–
Gauss–Lobatto function, the coordination of the grid-points ൫𝔚௜, 𝔛௝൯ are formulated as 

 𝔚௜ = 𝑎2 ቆ1 − 𝑐𝑜𝑠 ቆ (𝑖 − 1)(𝔑𝔚 − 1) 𝜋ቇቇ 𝑖 = 1,2,3, . . . , 𝔑𝔚,𝔛௝ = 𝑏2 ቆ1 − 𝑐𝑜𝑠 ቆ (𝑗 − 1)(𝔑𝔛 − 1) 𝜋ቇቇ 𝑗 = 1,2,3, . . . , 𝔑𝔛. (26)

 
Therefore, by replacing Eqs. (25) and (18) with equation 

(17), we get the following equation 
 ൣሾℳ௜௝൧൛𝑋ሷ ൟ + ሾ𝒦௜௝ሿሼ𝑋ሽ = 𝐹௞(𝑡), (27)
 
The equations of motion may be determined by using 

the stiffness matrix ሾ𝒦௜௝ሿ, mass matrix ሾℳ௜௝ሿ,  and nodal 
time-dependent force vector 𝐹௞, as outlined in Eq. (27). 
The following structure was used to express the limits or 
constraints. By using the Laplace transform (Nguyen et al. 
2022) to Eq. (27) with different boundary conditions, the 
following relationships are derived. 

 ሾℳ௜௝ሿሼ𝑆ଶ𝑋(𝑠)ሽ + ሾ𝒦௜௝ሿሼ𝑋(𝑠)ሽ = 𝐹௞(𝑠), (28)
 
The displacement for each layer may be obtained by 

solving Eq. (28) using the layer-wise technique and the 
Laplace transform (Nguyen et al. 2022). The equations (8) 
and (9) will provide the displacements and stress of the 
doubly curved panel in a transverse position. The 
displacements and stresses are determined over time by 
using the Laplace transform inversion on Dubner and 
Abate’s modified formulation (Durbin 1974). Therefore, 
Eq. (29) is the mathematical formula used to carry out the 
inverse Laplace transform in this research. 

 

 
here 

 𝐴଴ = 𝑅𝑒ሾ𝐹(𝑎)ሿ,     𝐴௞ = 𝑅𝑒 ൤𝐹 ൬𝑎 + 𝑖 2𝑘𝜋𝑇 ൰൨ , 𝐵௞ = 𝐼𝑚 ൤𝐹 ൬𝑎 + 𝑖 2𝑘𝜋𝑇 ൰൨ ,    𝑆 = 𝑎 + 𝑖 2𝑘𝜋𝑇 ,   𝑎𝑇 = 5. (30)

 
3.3 Deep-learn ng solut on 
 
The application of deep learning solutions for estimating 

deflection in smart structures represents a significant 
advancement in the field of structural health monitoring and 
control. Smart structures are equipped with sensors, 
actuators, and control systems that enable them to sense, 
process, and respond to changes in their environment or 
operating conditions. Deflection, which refers to the 

displacement or deformation of a structure under load, is a 
critical parameter that directly impacts the structural 
integrity, performance, and safety. Traditional methods for 
estimating deflection in structures often rely on analytical 
models, finite element analysis, or empirical equations, 
which may have limitations in accuracy, computational 
efficiency, or robustness, especially for complex or 
nonlinear systems. Deep learning, particularly deep neural 
networks (DNNs), offers a promising alternative by 
leveraging the power of artificial intelligence to learn 
complex patterns and relationships from data. The 
application of deep learning solutions to estimate deflection 
in smart structures involves several key steps: 

 
1. Data Collection: Large datasets of structural 

response data, including deflection measurements, 
sensor readings, and environmental conditions, are 
collected through sensors embedded in the structure 
or obtained from simulations and experiments. 

2. Data Preprocessing: The collected data is 
preprocessed to remove noise, outliers, and 
inconsistencies, and to prepare it for input into the 
deep learning model. This may involve 
normalization, scaling, feature extraction, and data 
augmentation techniques. 

3. Model Development: Deep learning models, such 
as deep neural networks (DNNs), convolutional 
neural networks (CNNs), or recurrent neural 
networks (RNNs), are designed and trained using 
the preprocessed data. The model architecture, 
including the number of layers, neurons, activation 
functions, and optimization algorithms, is selected 
based on the specific characteristics of the problem 
and the available data. 

4. Training and Validation: The deep learning model 
is trained using the labeled dataset, where the input 
data corresponds to sensor measurements or 
environmental factors, and the output data 
corresponds to deflection measurements. The model 
learns to map the input data to the corresponding 
deflection values through iterative optimization of  
 

 

its parameters. 
5. Model Evaluation: The trained model is evaluated 

using a separate validation dataset to assess its 
performance in terms of accuracy, generalization, 
and robustness. Various metrics, such as mean 
squared error (MSE), root mean squared error 
(RMSE), and coefficient of determination (R^2), are 
used to quantify the model’s predictive capability. 

6. Deployment and Integration: Once the deep 
learning model has been trained and validated, it 
can be deployed and integrated into the smart 
structure’s monitoring and control system. Real-
time deflection estimation can be performed using 
sensor data acquired during operation, allowing for 
timely detection of structural anomalies, damage, or 
degradation. 

𝒻(𝑡) = 2𝑒௔௧𝑇 ൥− 𝐴଴2 + ෍ ൭𝐴௞𝑐𝑜𝑠 ൬2𝑘𝜋𝑡𝑇 ൰ − 𝐵௞𝑠𝑖𝑛 ൬2𝑘𝜋𝑡𝑇 ൰൱ஶ
௞ୀ଴ ൩, (29)
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Overall, the application of deep learning solutions to 
estimate deflection in smart structures offers several 
advantages, including improved accuracy, efficiency, and 
scalability compared to traditional methods. By harnessing 
the power of artificial intelligence, engineers and 
researchers can develop more reliable, adaptive, and 
resilient structural health monitoring and control systems 
for a wide range of applications, including civil 
infrastructure, aerospace, automotive, and manufacturing. 
Here are some advantages and disadvantages of using deep 
learning algorithms, such as deep neural networks (DNNs), 
for estimating the transient dynamics of a structure: 

 

Advantages: 
 

1. Complex Pattern Recognition: Deep learning 
algorithms excel at learning complex patterns and 
relationships from data, making them well-suited 
for capturing the nonlinear behavior and dynamics 
of structures. 

2. Data-Driven Approach: Deep learning algorithms 
are inherently data-driven, allowing them to learn 
directly from large datasets of structural response 
data without relying heavily on predefined models 
or equations. 

3. Feature Extraction: Deep learning algorithms can 
automatically extract relevant features from raw 
sensor data, reducing the need for manual feature 
engineering and potentially uncovering hidden 
correlations or insights. 

4. Adaptability: DNNs can adapt and learn from new 
data, enabling them to continuously improve and 
update their predictions over time as more data 
becomes available or as the structural behavior 
evolves. 

5. Scalability: Deep learning algorithms can scale to 
handle large and complex datasets, making them 
suitable for analyzing high-dimensional sensor data 
collected from multiple sensors distributed 
throughout a structure. 

 

Disadvantages: 
 

1. Data Requirements: Deep learning algorithms 
typically require large amounts of labeled training 
data to effectively learn the underlying patterns and 
dynamics of a structure. Acquiring and labeling 
such datasets can be time-consuming and expensive. 

2. Black Box Nature: DNNs are often considered 
“black box” models, meaning that they provide 
accurate predictions but offer limited interpretability 
or insights into the underlying physical mechanisms 
driving the structural dynamics. 

3. Overfitting: Deep learning models are susceptible 
to overfitting, especially when trained on noisy or 
insufficient data. Overfitting occurs when the model 
learns to memorize the training data rather than 
generalize to unseen data, leading to poor 
performance on new data. 

4. Computational Resources: Training deep learning 
models, particularly large and complex DNN 
architectures, requires significant computational 
resources, including high-performance GPUs or 

TPUs, as well as substantial memory and storage 
capacity. 

5. Hyperparameter Tuning: Deep learning models 
have several hyperparameters that need to be tuned, 
such as the number of layers, neurons, activation 
functions, and learning rates. Finding the optimal 
set of hyperparameters can be challenging and time-
consuming. 

 

Overall, while deep learning algorithms offer significant 
potential for estimating the transient dynamics of structures, 
it is essential to carefully consider their advantages and 
disadvantages and to tailor their use to the specific 
requirements and constraints of the application at hand. 
Here’s a mathematical modeling overview of the deep 
learning algorithm, particularly deep neural networks 
(DNNs), for estimating the transient dynamics of a 
structure: Let’s denote the input dataset as 𝑋  and the 
corresponding output (target) dataset as 𝑌. Each row of the 
dataset represents a sample, and each column represents a 
feature or attribute. For example, the input dataset 𝑋 may 
include sensor readings or measurements collected from 
various sensors installed on the structure, while the output 
dataset 𝑌  may include the corresponding transient 
deflection values of the structure. The goal of the DNN 
model is to learn a mapping function 𝑓: 𝑋 → 𝑌  that 
accurately predicts the transient deflection of the structure 
given the input sensor data. This mapping function is 
represented by the parameters (weights and biases) of the 
neural network. The DNN model consists of multiple layers 
of interconnected neurons, including input layers, hidden 
layers, and output layers. Each neuron applies a linear 
transformation to the input data followed by a nonlinear 
activation function, such as the rectified linear unit (ReLU) 
or hyperbolic tangent (tanh) function. Mathematically, the 
forward pass of the DNN model can be represented as 
follows 

 ሾ𝑍ሿሾଵሿ = ሾ𝑊ሿሾଵሿ𝑋 + ሾ𝑏ሿሾଵሿ, ሾ𝐴ሿሾଵሿ = ሾ𝑔ሿሾଵሿ൫ሾ𝑍ሿሾଵሿ൯, ሾ𝑍ሿሾଶሿ = ሾ𝑊ሿሾଶሿሾ𝐴ሿሾଵሿ + ሾ𝑏ሿሾଶሿ, ሾ𝐴ሿሾଶሿ = ሾ𝑔ሿሾଶሿ൫ሾ𝑍ሿሾଶሿ൯, ⋮ ሾ𝑍ሿሾ௅ሿ = ሾ𝑊ሿሾ௅ሿሾ𝐴ሿሾ௅ିଵሿ + ሾ𝑏ሿሾ௅ሿ, 𝑌෠ = ሾ𝐴ሿሾ௅ሿ = ሾ𝑔ሿሾ௅ሿ൫ሾ𝑍ሿሾ௅ሿ൯. 
(31)

 
During the training phase, the DNN model learns the 

optimal values of the parameters (weights and biases) by 
minimizing a loss function, which measures the discrepancy 
between the predicted output 𝑌෠  and the actual output 𝑌. 
This optimization process is typically performed using 
gradient-based optimization algorithms such as stochastic 
gradient descent (SGD) or Adam. Once the model is 
trained, it can be used to predict the transient deflection of 
the structure for new input data that was not seen during 
training. Overall, the mathematical modeling of the DNN 
algorithm for estimating the transient dynamics of a 
structure involves defining the architecture of the neural 
network, specifying the activation functions, and optimizing 
the model parameters to minimize the prediction error. 
Here’s a simple MATLAB code to demonstrate how you 
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Fig. 3 A Matlab code for deep learning solutions to 
estimate the deflection in smart structures

 
 

can create and train a basic deep neural network (DNN) 
using MATLAB’s built-in functions. This code assumes that 
you have a dataset consisting of input features (X) and 
corresponding target labels (Y) for training the network. 
Fig. 3 shows a matlab code for deep learning solutions to 
estimate the deflection in smart structures. 

 
 

4. Results and discussion 
 
In this section, the influences of some geometrical and 

physical parameters on the presented smart structure is 
shown. First a verification between the results of current 
work and published articles are presented. Then a 
parametric result is presented. Finally, the results of 
presented deep learning algorithm is presented. 

 
4.1 Val dat on 
 
A verification between the outcomes of presented work 

and published articles (Gilhooley et al. 2007, Lee et al. 
2009, Nguyen-Xuan et al. 2011) is presented in Table 3 to 
compare the results of non-dimensional center deflection of 
square Al/ZrO2-1 plates under a uniform load. As is 
presented, the results are compared for various FG power 
index and boundary conditions. All in all, can be concluded 
that the results of presented study is in good agreement with 
the outcomes of Refs. (Gilhooley et al. 2007, Lee et al. 
2009, Nguyen-Xuan et al. 2011). 

 
4.2 Parametr c results 
 
In this subsection, the influences of some geometrical 

and physical parameters on the presented smart structure are 
shown. Fig. 4 shows the impact of boundary domain on the 
dynamic deflection properties of the presented smart 
structure at various time domains. As is seen, an increase in 
the time results in fluctuation in response. It means that by 
increasing the time domain, up and down in the deflection 
of the current smart structure can be seen. Also, selecting 

Table 3 Non-dimensional center deflection of square 
Al/ZrO2-1 plates under a uniform load 

Boundary 
condition Methods 

n 
0 0.5 1 2 

SSSS 

Present 0.1715 0.2317 0.2714 0.3119
Nguyen-Xuan 
et al. (2011) 0.1703 0.2232 0.2522 0.2827

Gilhooley 
et al. (2007) 0.1671 0.2505 0.2905 0.3280

Lee et al. (2009) 0.1722 0.2403 0.2811 0.3221
 

CCCC 

Present 0.0768 0.1062 0.1194 0.1396
Nguyen-Xuan 
et al. (2011) 0.0777 0.1012 0.1152 0.1313

Gilhooley 
et al. (2007) 0.0731 0.1034 0.1253 0.1444

Lee et al. (2009) 0.0774 0.1073 0.1207 0.1404
 
 

Fig. 4 The impact of boundary domain on the dynamic 
deflection properties of the presented smart 
structure at various time domains 

 
 

clamped boundary conditions as the boundary edge of the 
presented system results in lower dynamic deflection in the 
current smart structure. 

To understand about the impacts of duration time of 
applied load and type of GPL distribution patterns on the 
presented smart structure, Fig. 5 is appeared. As is 
observed, selecting GPL-UD as the GPL distribution 
pattern, has middle dynamic deflection at various duration 
times than other GPL distribution patterns. In other word, 
GPL-O, and GPL-X as the GPL distribution patterns result 
in highest and lowest dynamic deflection than GPL-UD as 
the GPL distribution pattern. 

Fig. 6 illustrates the effects of the length time of the 
applied load and the weight percentage of GPLs on the 
smart structure under consideration. It is evident that 
choosing the median weight fraction of GPLs results in a 
moderate dynamic deflection at different durations 
compared to other weight fractions of GPLs. Put simply, 

% Load your dataset (X, Y) 
load('your_dataset.mat'); 
% Define the architecture of the neural network 
layers = [ 
    fullyConnectedLayer(32)     % Fully connected layer with 32 neurons 
    reluLayer                   % ReLU activation layer 
    fullyConnectedLayer(16)     % Fully connected layer with 16 neurons 
    reluLayer                   % ReLU activation layer 
    fullyConnectedLayer(1)      % Output layer with 1 neuron (for regression)
]; 
% Specify training options 
options = trainingOptions('adam', ...        % Optimization algorithm 
    'MaxEpochs', 50, ...                      % Maximum number of epochs 
    'MiniBatchSize', 32, ...                  % Mini-batch size 
    'InitialLearnRate', 0.001, ...            % Initial learning rate 
    'LearnRateSchedule', 'piecewise', ...     % Learning rate schedule 
    'LearnRateDropFactor', 0.1, ...           % Learning rate drop factor 
    'LearnRateDropPeriod', 10, ...            % Learning rate drop period 
    'Shuffle', 'every-epoch', ...             % Shuffle data every epoch 
    'Verbose', true);                         % Display training progress 
% Train the neural network 
net = trainNetwork(X_train, Y_train, layers, options); 
 
% Predict using the trained network 
Y_pred = predict(net, X_test); 
 
% Evaluate the performance (optional) 
mse = mean((Y_pred - Y_test).^2); 
fprintf('Mean Squared Error (MSE): %.4f\n', mse); 
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Fig. 5 The impacts of duration of applied load and type 
of GPL distribution patterns on the presented 
smart structure 

 
 

Fig. 6 The impacts of duration time of applied load and 
GPLs’ weight fraction on the presented smart 
structure 

 
 

smaller and higher weight fractions of GPLs lead to the 
largest and lowest dynamic deflection, respectively, 
compared to the weight fraction in the medium range. 

The impacts of external electrical loading and duration 
time of applied loading on the presented smart structure is 
shown in Fig. 7. As is observed, by increasing the electrical 
applied loading on the current smart system, the dynamic 
deflection value increases. It means that by increasing the 
electrical applied loading on the current smart system, the 
stability in the system decreases. Also, by increasing the 
electrical applied loading on the current smart system, the 
fluctuation in the presented smart system in a specific value 
of the duration time decreases. It means that by increasing 
the electrical applied loading on the current smart system, 
the natural frequency of the smart structure decreases. 

The effects of the radius ratio and duration time of the 
applied stress on the smart structure are shown in Fig. 8. It 
is evident that raising the radius ratio on the existing smart 
system leads to an increase in the dynamic deflection value. 

Fig. 7 The impacts of external electrical loading and 
duration time of applied loading on the 
presented smart structure 

 
 

Fig. 8 The impacts of radius ratio and duration time of 
applied loading on the presented smart structure

 
 

Increasing the radius ratio on the existing smart system 
leads to a loss in system stability. Moreover, by augmenting 
the radius ratio in the existing intelligent system, the 
variability in the shown intelligent system at a certain 
duration diminishes. Increasing the radius ratio of the smart 
structure leads to a drop in its natural frequency. 

The effects of the b/a ratio and duration of applied 
loading on the smart structure are shown in Fig. 9. It can be 
noted that raising the ratio of b to a lead to an increase in 
the dynamic deflection of the present smart system. 
Increasing the ratio of b to a result in a loss in system 
stability. Moreover, by augmenting the ratio of b to a, the 
variability in the observed intelligent system at a certain 
duration diminishes. Increasing the ratio of b/a results in a 
reduction in the natural frequency of the smart structure. 

The impacts of external applied excitation value and 
duration time of applied loading on the presented smart 
structure, Fig. 10 is appeared. As is shown by increasing the 
external applied excitation value the more fluctuation in 
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Fig. 9 The impacts of 𝑏/𝑎 and duration time of applied 
loading on the presented smart structure 

 
 

Fig. 10 The impacts of external applied excitation value 
and duration time of applied loading on the 
presented smart structure 

 
 

response can be seen. It means that the stability in the 
system decreases. 

 
4.3 Art f c al ntell gence algor thm results 
 
The numerical analysis yields a dataset of 291 data 

points by utilizing known input and output parameters, as 
described in section 5.2. The dataset includes left and right 
boundary conditions, specifically two types: strict-strict and 
basic BC supported. Other quantities such as substrate data 
and external voltage are derived from the numerical results. 
The amplitude and bending information are obtained from 
the numerical data presented in Figs. 4-10. The PyTorch 
artificial intelligence training technique is straightforward. 
The collected data is randomly divided into three equal 
parts for training, validation, and testing phases. The 
number of network epochs (iterations) is determined based 
on the value of the loss function. The training data 
constitutes 80% of the dataset, while the remaining 20% is 

evenly split between validation and testing data. 
Fig. 11 displays the number of epochs needed for 

training data in both the training and validation phases. 
Typically, once the loss-error curve reaches a stable state 
between the training and validation phases, it indicates that 
the network is trained. However, beyond this point, 
although the training error continues to decrease, the 
network becomes overfitted and only performs well on the 
training data. Consequently, the intelligence networks will 
produce unrealistic and inaccurate results for the validation 
data set and any future input data. Based on our 
observations, a minimum of 2100 epochs are required to 
have confidence in the results. Any epochs beyond this 
value will result in overfitting. 

Fig. 12 depicts the prognostications of the intelligence 
network. It is evident that there is a strong correlation 
between the predictions made by the intelligence networks 
and the actual values. The maximum deformation process at 
the initial amplitude is assessed using the correlation value 𝑅ଶ = 0.9931. The figure clearly demonstrates that dynamic 
deflection, when compared to other parameters, exhibits 

 
 

Fig. 11 The MSE value calculated by considering the 
number of epochs for each output obtained from 
the training and validation data sets 

 
 

Fig. 12 The outcomes forecasted by the intelligence 
networks in relation to the numerical values of 
the solution
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Table 4 Comparison between the dimensionless amplitude 
of intelligence networks (INs) and presented 
numerical simulation by changing 𝑅௫/𝑎 , and 𝑏/𝑎 
parameters 

𝑏/𝑎 
𝑅௫/𝑎 1 5 

DQM INs DQM INs 1.5 -0.17264 -0.18148 -1.2548 -1.27166 2 -0.4548 -0.45566 -1.4996 -1.50822 2.5 -0.60664 -0.59622 -2.12704 -2.12118 3 -0.76224 -0.75407 -2.52784 -2.51622 
 

 
 

a high level of agreement with the actual answer, as 
indicated by a 𝑅ଶ value of 0.9931. So, employing learned 
parameters, we may provide fresh results of the given 
composite structure using intelligence networks. 

Table 4 displays the outcomes of the latest DQM using 
intelligence networks to assess the amplitude of the smart 
structure in a dimensionless manner. The analysis reveals 
that the amplitude of the smart structure in the current 
system increases as the 𝑅௫/𝑎  parameter increases. 
Furthermore, the amplitude also increases with an increase 
in the 𝑏/𝑎 parameter. By comparing the results, it can be 
inferred that there is a significant level of agreement 
between the two methods. 

 
 

5. Conclusions 
 
There has been a steady increase in the trend towards 

designing smart buildings that can actively monitor and 
react to their surroundings. These smart structures have an 
important feature that is essential to maintaining the 
integrity and efficacy of the whole structure: they can 
predict deflection and react to it correctly. Conventional 
techniques for determining deflection often depend on 
intricate mathematical models and computational 
simulations, which may be resource- and time-intensive. 
Artificial intelligence (AI) algorithms have become a potent 
tool for controlling and anticipating deflection in intelligent 
systems in response to these difficulties. AI systems 
anticipate deflection precisely in real-time by using the vast 
amounts of data provided by sensors and actuators built into 
the structure. This allows the systems to identify intricate 
patterns and correlations. Artificial intelligence (AI) 
algorithms may be used to programme smart structures to 
automatically modify their form and behaviour in order to 
reduce bending and increase efficiency. According to this 
paradigm, “deflection-aware smart structures” are buildings 
that have AI algorithms installed in order to continually 
monitor and analyse deflection data in order to proactively 
identify any problems and take corrective action. These 
structures anticipate deflection in a variety of operating 
situations and environmental factors by using advanced 
artificial intelligence techniques including deep learning, 
reinforcement learning, and neural networks. There are 
several advantages of integrating AI algorithms into smart 
structures, such as increased accuracy, less computational 

complexity, and better flexibility in response to changing 
circumstances. Deflection-aware smart structures have the 
potential to enhance energy efficiency, durability, and 
service life in a variety of sectors, such as mechanical 
components, aeronautical systems, and civil infrastructure, 
by accurately predicting deflection and performing real-
time alterations. To sum up, the development of deflection-
aware smart structures is a major step in structural 
engineering that provides prospects to improve the 
efficiency, safety, and dependability of designed systems 
across all domains. 
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