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1. Introduction 

 
Piezoelectric (PZT) actuators are micro-actuators that 

use the inverse piezoelectric effect of piezoelectric 
materials. With the advantages of small size, high resolution 
and fast response speed, they have become important 
positioning and driving components in precision positioning 
systems. PZT actuators are widely used in scanning probe 
microscopy (Kenton et al. 2011, Vorbringer-Dorozhovets et 
al. 2011), micro-nano operation (Kim et al. 2004, Ionescu et 
al. 2011), semiconductor processing (Jung and Huh 2010, 
Liu et al. 2010, Tue et al. 2019) aerospace application (Ali 
et al. 2019, Sherrit et al. 2011, Sente et al. 2011). However, 
piezoelectric material has obvious nonlinear hysteresis 
characteristics, and the corresponding boost and 
depressurize curves of piezoelectric material do not 
coincide, resulting in an error in positioning. For example, a 
driver made of a certain piezoelectric material will produce 
a hysteresis error of up to 10% - 15% (Tao and Kokotovic 
1995). This will decrease the control accuracy and stability 
of the system, and even produce system turbulence. In 
many fields, how to eliminate the hysteresis effect on 
positioning and realize the effective control of piezoelectric 
actuator has become a key point in the research of precision 
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positioning control. 

There are mainly two ways to minimize the hysteresis 
effect on position: feedback control and open-loop control. 
Feedback control can reduce errors and achieve high 
accuracy in many PZT application devices. However, due to 
space limitation, sensors can’t be installed in some 
experimental places to realize closed-loop feedback control. 
So the open-loop control method based on high model 
accuracy seems to be a more feasible way. In order to 
accurately position and control PZT actuators, it is 
necessary to establish a model that can accurately simulate 
the hysteresis effect of PZT actuators. The earliest 
modelling method is to give the whole limit curve in the 
form of parameter table, but the accuracy is very low, so a 
more complex mathematical hysteresis model is used to fit 
the hysteresis curve of PZT actuators. 

In the past few years, studies have been conducted to 
develop the hysteresis models for PZT actuators. In general, 
related models are categorised into two groups: physical 
models (Guo et al. 2014, Schweizer 2017) and 
phenomenological models (Luo et al. 2019, Nguyen et al. 
2018). Physical hysteresis models are hard to build because 
of complicated physics of real systems with nonlinear 
hysteresis. Then, phenomenological hysteresis models 
become a more feasible way. 

Different from physical models, phenomenological 
hysteresis models employ numerical equations directly 
instead of the natural physical properties. Accordingly, 
several phenomenological models have been developed, 
such as Preisach model (Pasco and Berry 2004, Xiao and Li 
2012), Maxwell slip model (Liu et al. 2021, Liu et al. 
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2019), randtl-Ishlinskii model (Feng and Li 2021, Savoie 
and Shan 2022), Dahl model (Xu and Li 2010), Duhem 
model (Gan and Zhang 2019, Ji et al. 2022), Bouc-Wen 
(BW) model (Zhang et al. 2019, Gan and Zhang 2019, 
Wang and Zhu 2011) etc. 

The models above have found application in many 
fields. Preisach model (Mittal and Meng 2000, Nguyen et 
al. 2018, Pasco and Berry 2004), Generalized Maxwell-Slip 
(GMS) model (Liu et al. 2020, 2021), Prandtl-Ishlinskii (PI) 
model (Al Janaideh et al. 2016, Rakotondrabe 2017, Savoie 
and Shan 2022), Rayleigh model (Zhang and Damjanovic 
2020), Dahl model (Shome et al. 2018), Dieng model (Gan 
and Zhang 2019, Ji et al. 2022, Li et al. 2022), Bouc-Wen 
(BW) model (Qian et al. 2020) are widely used in nonlinear 
hysteresis modeling of piezoelectric actuators. Liu et al. 
(2020) proposed an adaptive generalized Maxwell-slip 
(AGMS) algorithm to identify and compensate for 
hysteresis online. Savoie and Shan (2022) introduced 
asymmetry and temperature dependence into PI model, and 
established a temperature-dependent asymmetric Prandtl-
Ishlinskii (TAPI) model to describe the change of the 
displacement curve of piezoelectric actuator (PEA) with 
temperature. Gan and Zhang (2019) introduced 
trigonometric functions and proposed an improved Duhem 
model (MDM). Zhang and Damjanovic (2020) proposed a 
quasi-Rayleigh model to describe the hysteresis behavior of 
PEAs and piezo-based systems. The method is based on two 
modified Rayleigh parameters and their corresponding 
coefficients, which are used to describe the ascending and 
descending curves of hysteresis trajectory. In addition, as 
classical friction models, LuGre friction model and LeuVen 
model have also been reported for hysteresis modeling of 
piezoelectric actuators (Fung et al. 2008). 

The models above have their own advantages. For 
example, the GMS model improves the simulation accuracy 
of hysteresis curves by increasing the number of elastic 
slide elements. Prandtl-Ishlinskii model is widely used in 
hysteresis modeling of intelligent actuators because of its 
advantage of analytic inverse model. Through selecting 
appropriate undetermined parameters, the Bouc-Wen model 
is widely used in the simulation of hysteresis of 
magnetorheological damps, structural science, isolation 
devices and soil behavior (Huang et al. 2019). However, 
there are still some problems in the models above, such as 
too many model parameters, difficult identifying 
parameters, high simulation error, and not easy to solve 
nonlinear differential equation. For example, the Bouc-Wen 
model has many parameters, and highly nonlinear 
differential equations in the expression are also a 
challenging problem to deal with. 

Based on the analysis above, an ideal hysteresis model 
of PZT actuators should achieve high precision and easy 
identification, while avoiding too many parameters and 
being difficult to solve. Activation functions are mostly 
piece-wise linear or nonlinear exponential functions, and 
feature S-shaped curve characteristics. By its own nonlinear 
phenomenological characteristics, it can effectively avoid 
the drawbacks of nonlinear equations and too many 

 
 

parameters, then can play an important role in realizing the 
nonlinear mapping of input features. This feature can 
increase the non-linearity of the neural network model. In 
this paper, the S-shaped curve of the activation function is 
utilized for nonlinear fitting of the hysteresis loop of the 
piezoelectric actuators, featuring fewer adjustable 
parameters and no highly nonlinear differential equations in 
the expression. Five activation functions are introduced and 
integrated into mathematical models to describe the 
nonlinear hysteresis displacement-voltage response of 
piezoelectric actuators. Based on the PSO algorithm, the 
model parameters are identified, and the experimental data 
of piezoelectric drivers under different load frequencies and 
voltages are used to verify the proposed five hysteresis 
models. The superiority of the five proposed models to the 
classical Bouc-Wen model is also proven. Finally, in order 
to better perform the modeling of piezoelectric actuators, 
the performance among the five proposed hysteresis models 
is compared, and relative suggestion is recommended. 

In this pater, Particle swarm optimization (PSO) is 
employed to evaluate the performance of the proposed 
models. PSO algorithm is based on population theory that is 
used to simulate the social behaviors like bird flocking, fish 
schooling, and wasp swarming. By continually updating the 
exploring information of each particle, the PSO is regarded 
as an effective way to search the optimal solution at a 
limited iteration number (Yu et al. 2015). Similar to bird 
flocking, all the particles are allocated with different 
velocities which guide them to fly through the solution 
domain. At the same time, the optimal solutions obtained by 
both the individual and the whole swarm are recorded and 
utilized as the guidance for the following searching. The 
optimal solution is finally obtained when the searching 
process satisfies some stopping criterion. The PSO 
algorithm has the advantages of fast convergence speed, 
few parameters, simple algorithm and easy implementation. 
For high dimensional optimization problems, it converges 
to the optimal solution faster than genetic algorithm. Some 
studies (Baziyad et al. 2022, Ali et al. 2010, Muftah et al. 
2022, Aziz et al. 2018) have proven that the effectiveness of 
PSO algorithm in various fields, including piezoelectric 
area. The procedure of PSO algorithm is to resolve a 
globally minimal optimisation problem (Nguyen et al. 
2021, Tang et al 2013, Das and Dhang 2020). In summary, 
PSO algorithm can be an effective way to simulate 
hysteresis characteristics of PZT actuators. 

 
 

2. Phenomenological hysteresis model based on 
activation function 
 
2.1 Activation function 
 
Activation functions are piece-wise linear or exponential 

nonlinear functions, which can effectively increase the non-
linearity of neural network models. Five activation 
functions are selected in this paper, shown in the Eq. (1). 
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Fig. 1 Curves of activation function 
 
 

𝑓௜ሺ𝑥ሻ ൌ
⎩⎪⎪
⎨⎪
⎪⎧ atan൫𝛾𝑢ሺ𝑡ሻ൯         𝑤ℎ𝑒𝑛 𝑖 ൌ 111 ൅ exp ሺെ𝛾𝑢ሺ𝑡ሻሻ     𝑤ℎ𝑒𝑛 𝑖 ൌ 2lnሺ1 ൅ exp ሺ𝛾𝑢ሺ𝑡ሻሻሻ   𝑤ℎ𝑒𝑛 𝑖 ൌ 3𝛾𝑢ሺ𝑡ሻ1 ൅ |𝛾𝑢ሺ𝑡ሻ|             𝑤ℎ𝑒𝑛 𝑖 ൌ 4tanh൫𝛾𝑢ሺ𝑡ሻ൯           𝑤ℎ𝑒𝑛 𝑖 ൌ 5

 (1)

 
Among the equation, 𝑓ଶሺ𝑥ሻ ൌ ଵଵାୣ୶୮ ሺିఊ௨ሺ௧ሻሻ  is called 

Sigmoid function, 𝑓ଷሺ𝑥ሻ ൌ lnሺ1 ൅ exp ሺ𝛾𝑢ሺ𝑡ሻሻሻ is called 
Softplus function, 𝑓ସሺ𝑥ሻ ൌ ఊ௨ሺ௧ሻଵା|ఊ௨ሺ௧ሻ|  is called Softsign 

function, 𝑓ହሺ𝑥ሻ ൌ tanh൫𝛾𝑢ሺ𝑡ሻ൯  is called Hyperbolic 
tangent function. 

The following figure shows the plots of the five 
activation functions above in range [-5,5], which are inverse 
tangent function, Softplus function, Sigmoid function, 
Softsign function and hyperbolic tangent function in turn. 
As can be seen from the figure, the five functions have 
obvious nonlinear characteristics and resemble the letter S. 
The performance of fitting nonlinear hysteretic 
characteristics of PZT actuator based on activation 
functions above will be elaborated in detail below. 

 
2.2 Phenomenological hysteresis model based on 

activation function 
 
Five efficient hysteresis models based on activation 

functions are proposed, and their expressions are shown in 
Eq. (2). 

 𝑧௛ሺ𝑡ሻ ൌ 𝑘଴𝑢ሺ𝑡ሻ ൅ 𝛼𝑢ሶ ሺ𝑡ሻ ൅ 𝛽𝑓௜ሺ𝑥ሻ 

𝑓௜ሺ𝑥ሻ ൌ
⎩⎪⎪
⎨⎪
⎪⎧ atan൫𝛾𝑢ሺ𝑡ሻ൯         𝑤ℎ𝑒𝑛 𝑖 ൌ 111 ൅ exp ሺെ𝛾𝑢ሺ𝑡ሻሻ   𝑤ℎ𝑒𝑛 𝑖 ൌ 2lnሺ1 ൅ exp ሺ𝛾𝑢ሺ𝑡ሻሻሻ   𝑤ℎ𝑒𝑛 𝑖 ൌ 3𝛾𝑢ሺ𝑡ሻ1 ൅ |𝛾𝑢ሺ𝑡ሻ|           𝑤ℎ𝑒𝑛 𝑖 ൌ 4tanh൫𝛾𝑢ሺ𝑡ሻ൯        𝑤ℎ𝑒𝑛 𝑖 ൌ 5

 (2)

 
Where 𝑧௛ሺ𝑡ሻ  represents the hysteresis displacement 

output, 𝑢ሺ𝑡ሻ is the input voltage, 𝑘଴  is a parameter to 
represent the stiffness of system, 𝛼  represents viscosity 
coefficient of system, and the parameters of 𝛽 and 𝛾 are 
related to the shape of hysteresis loops. Among the 
equation, 𝑘଴𝑢ሺ𝑡ሻ  determines the Max/Min displacement 
output of piezoelectric actuators, 𝛼𝑢ሶ ሺ𝑡ሻ  determines the 
size of hysteresis loop, 𝛽 ∙ 𝑓௜ሺ𝑥ሻ  determines the 
fundamental hysteresis loop. 

Obviously, the five proposed models in this study use 
elements based on inverse Tangent function, Sigmoid 
function, Softplus function, Softsign function and 
Hyperbolic tangent function, respectively, to characterize 
the nonlinear characteristics of displacement-voltage, with 
the advantages of less undetermined parameters and no 
highly differential equation. 

 
2.3 Analysis of the parameters in the proposed 

models 
 
In this paper, the influence of different model 

parameters on displacement output is numerically studied. 
Considering the first two items of the equation are the same 
and only 𝑓௜ሺ𝑥ሻ makes the difference in the five proposed 
models, 𝑓ହሺ𝑥ሻ ൌ tanh൫𝛾𝑢ሺ𝑡ሻ൯  is determined as the 
precondition while observing the influence of 𝑘଴, 𝛼, 𝛽 on 
displacement. 

The model reference parameter is set as: 𝑘଴ = 0.145, 𝛼 
= -0.0001, 𝛽  = 0.385. Then harmonic wave voltage is 
exerted on PZT actuators, shown as Eq. (3) 

 𝑢ሺ𝑡ሻ ൌ 𝑉௔ ∙ sinሺ2𝜋𝑓௩𝑡 ൅ 𝜑଴ሻ ൅ 𝑉௔ (3)
 
Where, 𝑉௔ is the input voltage; 𝑓௩ denotes the excitation 

frequency; 𝜑଴  is the initial phase angle of voltage 
excitation. In this investigation, 𝑉௔, 𝑓௩ and 𝜑଴ are set to 
40 V, 10 Hz and -π/2, respectively. The sampling frequency 
and duration are set to 1000 Hz and 0.05 s, so a complete 
cycle of data can be obtained for this numerical analysis. 

Then, each model parameter changes in a certain range 
from the reference value, while other parameters are set as 
reference values. Fig. 2 portrays the hysteretic loops of the 
proposed model with different combinations of model 
parameters. Fig. 2(a) shows the displacement outputs 
corresponding to different values of 𝑘଴ of 0.0435, 0.087, 
0.1305, 0.174 and 0.2175, respectively. Obviously, the 
maximum displacement output increases linearly with 
increasing k0, because it represents the stiffness of the 
system and is related to the slope of the hysteresis loop. The 
influence of α on the hysteresis loop is shown in Fig. 2(b). 
Unlike 𝑘଴, the change of 𝛼, which represents the viscosity 
capacity of the system, doesn’t affect the minimum and 
maximum displacement outputs. With the increase of 𝛼 
value, the closed area expands and the energy dissipation 
capacity increases. Fig. 2(c) depicts the hysteresis at 
different beta values. It can be seen that 𝛽 has little effect 
on the shape of the response, including the width and shape 
of the hysteresis loop. And 𝛽  is proportional to the 
magnitude of the output displacement. The larger the 𝛽 is, 
the larger the displacement becomes. 

Then, 𝑘଴, 𝛼, 𝛽 are set to 𝑘଴ = 0.145, 𝛼 = -0.0001, 
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 𝛽 = 0.385, respectively. And 𝛾 is changed to observe its 

influence on the displacement hysteresis loop. The range of 
variation is 0, 50%, 80%, 90% and 100% of the 
corresponding reference value of 526000. Fig. 3 illustrates 
the effect of 𝛾 on displacement output. It can be seen from 
the analysis results that only one curve can be observed in 
the hysteresis model with Softplus function, and only two 
curves can be seen in the hysteresis model with the four 
other activation functions. The main reason for this result is 
that when the absolute value of 𝛾 is greater than a certain 
value, the activation function reaches the upper and lower 
limits, respectively. 

 
 
 
 

 
 

 
 

3. Modelling verification 
 
3.1 Experimental measurements of PZT 

displacement 
 
The experimental setup for displacement measurement 

of PZT actuator is shown in Fig. 4. The experimental 
system consists of a computer, multifunctional data 
acquisition (DAQ) board card, PZT ceramic drive power 
supply, PZT actuator, drive unit, capacitive displacement 
sensor, auxiliary measurement bracket and 3D manual fine-
tuning table. The measurement process is provided as 
follows: The multi-function (DAQ) board card converts the 
digital signal output by the computer into analog signal, 
which is output to the piezoelectric ceramic drive power 
supply. The output voltage of the drive power supply acts 

 
(a) k0 (b) α (c) β 

Fig. 2 Influences of model parameters (k0, α, β) on displacement outputs 

 
(a) i = 1 (b) i = 2 (c) i = 3 

 

(d) i = 4 (e) i = 5 

Fig. 3 Influences of model parameter (γ) on displacement outputs 
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Fig. 4 Displacement measurement system of PZT
 
 

Table 1 Model and main parameters of the equipments 

Equipment Model Resolution Bandwidth/ 
Sampling rate

Piezoelectric driver XE501-C 16 bit 0~2000 Hz 
DAQ NI 9263 16 bit 100 kS/s/ch 

Capacitive sensor CSE1 1 nm N/A 
 

 
 

on the PZT actuator, and the drive unit produces micro 
displacement. The displacement can be measured by the 
capacitive displacement sensor, and finally the measured 
displacement is collected into the computer through the 
network port. 

Table 1 gives the instrument models and main 
parameters used in the experimental test system. Sine wave 
voltages of 0-20-0 V, 0-40-0 V and 0-60-0 V are applied to 
the PZT actuators in the driving unit, respectively. The 
frequency changes in the range of 10 Hz ~ 80 Hz, with each 
increase of 10 Hz every time. The displacement output 
results are tested repeatedly. Then the hysteresis relation 
between output displacement and input voltage is obtained. 
In order to obtain stable results, the sampling time of all 
tests is five excitation cycles. The displacement and voltage 
values can be obtained directly from the sensor readings, 
while the rate of voltage change can be calculated by 
differentiating the time and voltage response. 

 
3.2 Identification of model parameters 
 
The procedure of PSO algorithm is to resolve a globally 

minimal optimisation problem. The key to the optimisation 
problem is to define a reasonable objective function, also 
known as fitness function. Here, the root means square error 
(RMSE) between measured displacements and model 
predicted values in one sampling cycle is employed as the 
optimisation target, with the mathematical formulation 
shown as follows. 

 𝑅𝑀𝑆𝐸 ൌ 1𝑁௢௖ ෍ൣ𝑧௛௣௥௘ௗሺ𝑡ሻ െ 𝑧௛௘௫௣ሺ𝑡ሻ൧ଶே೚೎
௧ୀଵ  

              ൌ 1𝑁௢௖ ෍ሾ𝑘଴𝑢ሺ𝑡ሻ ൅ 𝛼𝑢ሶ ሺ𝑡ሻ ൅ 𝛽 ∙ 𝑓௜ሺ𝑥ሻ െ 𝑧௛௘௫௣ሺ𝑡ሻሿଶே೚೎
௧ୀଵ

(4)

where 𝑁௢௖  denotes the sample number in one sampling 
frequency. For different excitation frequencies, the values of 𝑁௢௖  are different. 𝑧௛௘௫௣  and 𝑧௛௣௥௘  are experimentally 
measured displacement and predicted displacement by the 
proposed model, respectively. Using PSO algorithm to 
resolve the fitness function is an iterative procedure, the 
model parameters of k0, α, β and γ are constantly updated to 
lower the RMSE value as small as possible. If the fitness 
value is close to 0, the corresponding solution is the optimal 
values of model parameters. Accordingly, the model 
parameter optimisation problem can be formulated as 

 Min 𝑅𝑀𝑆𝐸ሺ𝑘଴, 𝛼, 𝛽, 𝛾ሻ (5)
 
Since there are eight frequencies and three input voltage 

levels, a total of 24 groups of parameter combinations need 
to be identified using the PSO algorithm. The 
implementation of PSO is based on Matlab v2016a 
optimization toolbox. The parameter setting of PSO is given 
as follows: The swarm size is 30, the maximum iteration 
number is 200, and the inertia weight factor and learning 
factor are 0.8 and 1.5, respectively. 

To shorten the representation space of simulation 
results, only identification results under 0-40-0 V are given 
in this paper. The identification results are summarized in 
Tables 2-6. 

 
 
 

Table 2 Identification results of the proposed model 
(i = 1) parameters under the loading voltage case 
of 0-40-0 V 

Frequency k0 α β γ 
10 Hz 0.1516 -0.00017 0.1996 1000 
20 Hz 0.1487 -0.00016 0.2211 1000 
30 Hz 0.1481 -0.000063 0.2149 1000 
40 Hz 0.1456 -0.000093 0.2564 541.3729
50 Hz 0.1441 -0.000092 0.2673 532.2059
60 Hz 0.1422 -0.0001 0.2725 1000 
70 Hz 0.1396 -0.000104 0.3107 1000 
80 Hz 0.1445 -0.000028 0.2669 522.4845

 
 
 

Table 3 Identification results of the proposed model 
(i = 2) parameters under the loading voltage case 
of 0-40-0 V 

Frequency k0 α β γ 
10 Hz 0.1516 -0.00017 0.3131 1000 
20 Hz 0.1483 -0.00016 0.6891 0.0028 
30 Hz 0.1482 -0.000006 0.336 1000 
40 Hz 0.1461 -0.000093 0.3851 997.9669
50 Hz 0.1445 -0.000092 0.4068 541.3878
60 Hz 0.1422 -0.0001 0.429 552.4445
70 Hz 0.1397 -0.0001 0.4849 1000 
80 Hz 0.1432 -0.000028 0.4608 499.6622
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Table 4 Identification results of the proposed model 
(i = 2) parameters under the loading voltage case 
of 0-40-0 V 

Frequency k0 α β γ 
10 Hz 0.1411 -0.00017 0.4503 0.0342 
20 Hz 0.1121 -0.00016 0.5849 0.0782 
30 Hz 0.1482 -0.000063 0.4831 0.0369 
40 Hz 0.1369 -0.000093 0.5637 0.0265 
50 Hz 0.1342 -0.000092 0.5948 0.0278 
60 Hz 0.1331 -0.0001 0.6232 0.0242 
70 Hz 0.1397 -0.0001 0.6965 0.0234 
80 Hz 0.089 -0.000028 0.7053 0.0957 

 

 
 

Table 5 Identification results of the proposed model 
(i = 4) parameters under the loading voltage case 
of 0-40-0 V 

Frequency k0 α β γ 
10 Hz 0.1516 -0.00017 100 318.2799
20 Hz 0.1486 -0.00016 99.9999 286.9318
30 Hz 0.1481 -0.000063 100 295.5721
40 Hz 0.146 -0.000092 100 257.9082
50 Hz 0.1445 -0.000092 100 245.9069
60 Hz 0.1422 -0.0001 100 232.9167
70 Hz 0.1395 -0.0001 100 204.1493
80 Hz 0.1449 -0.000028 100 246.3472

 

 
 

Table 6 Identification results of the proposed model 
(i = 5) parameters under the loading voltage case 
of 0-40-0 V 

Frequency k0 α β γ 
10 Hz 0.1517 -0.00017 0.3121 113971 
20 Hz 0.1487 -0.00016 0.3454 976595 
30 Hz 0.1482 -0.00006 0.3349 499290 
40 Hz 0.1461 -0.00009 0.3857 500032 
50 Hz 0.1447 -0.00009 0.4017 54236 
60 Hz 0.1424 -0.00010 0.4234 888161 
70 Hz 0.1397 -0.00010 0.4828 988761 
80 Hz 0.1451 -0.00003 0.4004 187906 

 

 
 
3.3 Verification of the five proposed Models 
 
Fig. 5 compares the hysteresis responses predicted by 

the five proposed models under the loading conditions of 20 
Hz, 40 Hz and 60 Hz at 0-40-0 V voltage. The results show 
that with the increase in excitation frequency, the hysteresis 
loop width increases, but the maximum displacement output 
does not change. The perfect match between the measured 
displacement and the predicted displacement verifies the 
ability of the five proposed hysteresis models to 
characterize the displacement-voltage responses of PZT 

(a) 20 Hz 
 

(b) 40 Hz 
 

(c) 60 Hz 

Fig. 5 Simulation and experimental fitting diagram of the 
five proposed models under 0-40-0 V 

 
 
 
 
 

actuators. It is worth noting that the mean absolute error of 
all cases is very low, representing a high prediction 
accuracy. When the frequency is 20 Hz, the absolute error 
distribution between the actual displacement and the 
predicted displacement is in the range of -0.2 to 0.2 µm. At 
the frequency of 40 Hz, the absolute error is in the range of 
-0.15 to 0.15 µm. At the frequency of 60 Hz, the absolute 
error between the actual displacement and the predicted 
displacement is between -0.12 and 0.12 µm. In general, the 
prediction error is acceptable in the modeling study. 
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(a) 0-20-0 V 
 

(b) 0-40-0 V 
 

(c) 0-60-0 V 

Fig. 6 Simulation and experimental fitting diagram of the 
five proposed models under 40 Hz 

 
 

4. Performance study 
 
4.1 Comparison between the five proposed models 

and Bouc-wen model 
 
To demonstrate the superiority of the proposed models 

over existing models in depicting the hysteresis responses 
of PZT actuators, a comparative study is conducted by 
comparison with commonly used BW model. Due to its 
excellent simulation ability, Bouc-wen model has been 
widely used in nonlinear hysteresis simulation of PZT 
actuators. Bouc-wen model adopts a nonlinear differential 
equation with specific parameters to simulate hysteresis, as 
shown in Eqs. (6)-(7). As shown in Eqs. (6)-(7), k0 denote 
the stiffness coefficient, α, β, γ and n are nondimensional 

parameters that regulate the size and shape of the hysteretic 
loop. Among the parameters, α control the size of the 
hysteresis ring, β and γ control the shape of the hysteresis 
ring, and parameter n controls the sharpness of the 
hysteresis displacement output 𝑧௛ሺ𝑡ሻ . The detailed 
correction is presented as follows. By selecting appropriate 
undetermined parameters, hysteresis rings of various shapes 
and types can be obtained, which can simulate different 
hysteresis behaviors. 

 𝑧௛ሺ𝑡ሻ ൌ 𝑘଴𝑢ሺ𝑡ሻ ൅ 𝑔ሺ𝑡ሻ (6)
 𝑔ሶሺ𝑡ሻ ൌ 𝛼𝑢ሶ ሺ𝑡ሻ െ 𝛽|𝑢ሶ ሺ𝑡ሻ||𝑔ሺ𝑡ሻ|௡ିଵ𝑔ሺ𝑡ሻ െ 𝛾𝑢ሶ ሺ𝑡ሻ|𝑔ሺ𝑡ሻ|௡ (7)
 
Fig. 6 shows an example of performance comparison 

between the five proposed models and BW model in 
predicting the displacement-voltage hysteresis effect of PZT 
actuators when the excitation frequency is set to 40 Hz, 
with input voltages namely 0-20-0 V, 0-40-0 V and 0-60-0 
V respectively. As can be seen from the results in Fig.6, the 
response curve predicted by the BW model is distorted due 
to the existence of nonlinear differential equations 
(highlighted in the figure). In addition, when the input 
voltage is 0-20-0 V and 0-60-0 V, respectively, the BW 
model has obvious distortion and even can’t close the 
hysteresis loop when the voltage gets close to 0. However, 
the hysteresis loops described by the five proposed 
hysteresis models are very smooth and more consistent with 
the actual experiments. It can be seen that the five proposed 
hysteresis models have better fitting performance than the 
BW model. 

To further elaborate the performance of the five 
proposed models, fitting error comparison is studied. Fig. 7 
shows the fitting error curve of the five proposed models 
and BW model. It can be seen that the fitting errors of BW 
model are all significantly higher than those of the five 
proposed models mentioned in this paper, and the error 
curves of BW model show an irregular trend. Especially 
under the excitation voltage of 0-40-0 V, the error curve of 
BW model is up to 0.6 µm, which is much higher than the 
error of the five proposed models in this paper. In 
conclusion, the stability and accuracy of the five proposed 
hysteresis models proposed in this paper are better than that 
of BW model. 

On the analysis above, the five proposed models based 
on the activation function are superior to the Bouc-Wen 
model in modelling the nonlinear hysteresis displacement-
voltage responses, in terms of the smoothness of hysteresis 
loops and fitting error. 

 
4.2 Comparison of the five proposed models 
 

To further compare the difference and superiority among 
the five proposed models, several commonly used statistical 
metrics are employed to comprehensively compare the 
performance of the five proposed models. Besides RMSE 
shown in Eq. (4), mean absolute percentage error (MAPE) 
and symmetric mean absolute percentage error (SMAPE) 
are also adopted in the model performance evaluation. For 
all three metrics, the lower the values of evaluation metrics, 
the better the model performance. The mathematical 
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expressions of MAPE and SMAPE are given in Eq. (8) and 
Eq. (9). 

 

(a) Comparison of error curves under 0-20-0 V
 

(b) Comparison of error curves under 0-40-0 V
 

(c) Comparison of error curves under 0-60-0 V

Fig. 7 Error curves of the five proposed models and BW 
model under 40 Hz 

 
 

𝑀𝐴𝑃𝐸 ൌ 1𝑁௢௖ ෍ ቤ𝑧௛௣௥௘ௗሺ𝑡ሻ െ 𝑧௛௘௫௣ሺ𝑡ሻ𝑧௛௘௫௣ሺ𝑡ሻ ቤே೚೎
௧ୀଵ  (8)

 𝑆𝑀𝐴𝑃𝐸 ൌ 1𝑁௢௖ ෍ ห𝑧௛௣௥௘ௗሺ𝑡ሻ െ 𝑧௛௘௫௣ሺ𝑡ሻหሺ𝑧௛௣௥௘ௗሺ𝑡ሻ ൅ 𝑧௛௘௫௣ሺ𝑡ሻሻ/2ே೚೎
௧ୀଵ  (9)

 
To shorten representation space of comparison results, 

only performance evaluation of RMSE, MAPE and SMAPE 
under frequencies of 20, 40, 60 and 80 Hz, with voltage 
respectively 0-20-0 V, 0-40-0 V, 0-60-0 V, are given in this 
paper. The performance comparison results of the five 
proposed models are shown in Figs. 8-11 in the form of 
column map. As can be seen from Figures, under 20 Hz, the 
five proposed models don’t make much difference in terms 
of RMSE/SMAPE/MAPE. While under 0-20-0 V & 40 Hz 
case, as can be seen from Fig. 9(a), the proposed model 
with Atan function (i = 1) records the worst performance 
a m o n g  t h e  f i v e  p r o p o s e d  m o d e l s ,  a n d  t h e 
RMSE/SMAPE/MAPE is 0.0843, 0.2088 and 0.3935 
respectively, 459.81%, 867.96% and 1657.99% higher than 
the lowest values in the other four proposed models. The 
performance also shows that when the excitation level is 0-
40-0 V under 50 Hz, the values of RMSE, MAPE and 
SMAPE of the proposed model with Tanh function (i = 5) 
are 0.128, 0.1052 and 0.0924, 245.63%, 439.19% and 
369.9% higher than the lowest values in the other four 
proposed models. The proposed model with Softplus 
function (i = 3) also records the worst under 0-60-0 V, 60 
Hz case (see Fig. 10(c)), and the values of RMSE, MAPE 
and SMAPE are 0.3844, 0.193 and 0.2881, 452.92%, 
762.43% and 1165.74% higher than the lowest values in the 
other four proposed models. The proposed model with 
Sigmoid function (i = 2) performs badly under 0-20-0 V 
with frequencies, namely 70 Hz, and 80 Hz. And the values 
of RMSE, MAPE and SMAPE are 0.0628, 0.1341, 0.1116 
and 0.0584, 0.1266, 0.106, respectively. With regards to the 
proposed model with Softsign function (i = 4), when the 
excitation level is 0-60-0 V and 70 Hz, although the values 
of RMSE, MAPE and SMAPE of the proposed model with 
Softsign function (i = 4) are 0.1076, 0.0307 and 0.0368, the 
difference is acceptable, only 60.96%, 48.76% and 75.49% 
higher than the lowest values in the other four proposed 
models. In summary, although the five proposed models can 
all fit the measured displacement-voltage hysteresis loop 
well, the overall fitting performance of the proposed model 

 
 

 

 
(a) 0-20-0 V (b) 0-40-0 V (c) 0-60-0 V 

Fig. 8 Comparison of evaluation metrics among the proposed five models for 20 Hz frequency case
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with Softsign function (i = 4) is the most stable among the 
five proposed models, based on the performance parameters 
of RMSE, MAPE and SMAPE. 

In addition, the operation efficiency (running time of a 
single simulation) of the five proposed models is also 
studied. The following table shows the operation efficiency 
of 0-20-0 V, 0-40-0 V and 0-60-0 V respectively under the 
loading condition of 40 Hz. The results show that there is 
no significant difference among the five proposed models. 
All the running time of the five proposed models are 
acceptable. 

Based on the analysis above, the overall fitting 
performance of the proposed model with Sigmoid function 
(i = 4) outperform the other four models, with terms of 
stability. And its computation efficiency doesn’t show 
significant disadvantage compared with the other models. 

In brief, it is well acknowledged that highly nonlinear 
differential equations will cause a large amount of 
computation and introduce fitting errors, threatening the 
simulation accuracy. Apparently, in the proposed model, an 
element based on activation function is employed to replace 

 
 

 
 

 
 

Table 7 Comparison of running time among the five 
proposed models under 40 Hz 

Model i = 1 i = 2 i = 3 i = 4 i = 5 

Time (s) 
(0-20-0 V) 72.5312 81.8668 60.6915 74.6415 52.5113

Time (s) 
(0-40-0 V) 60.665 68.8223 67.7509 76.7814 71.8077

Time (s) 
(0-60-0 V) 58.255 83.8631 79.9322 53.2539 62.845

 
 

nonlinear differential equations in BW model. Through 
replacing the nonlinear differential equation with activation 
function, the proposed model features less undetermined 
parameters and computation, and avoids the errors caused 
by dealing with nonlinear differential equations. 

The proposed models also provide feasible choice for 
engineering application. Feedback control and open-loop 
control are two major methods to guarantee positioning 
precision in engineering. Feedback control can reduce 

 
(a) 0-20-0 V (b) 0-40-0 V (c) 0-60-0 V 

Fig. 9 Comparison of evaluation metrics among the proposed five models for 40 Hz frequency case

 
(a) 0-20-0 V (b) 0-40-0 V (c) 0-60-0 V 

Fig. 10 Comparison of evaluation metrics among the proposed five models for 60 Hz frequency case

 
(a) 0-20-0 V (b) 0-40-0 V (c) 0-60-0 V 

Fig. 11 Comparison of evaluation metrics among the proposed five models for 80 Hz frequency case
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positioning errors and achieve high positioning accuracy in 
many PZT application devices. However, it still faces 
problems such as response speed, stability, oscillation and 
overshoot, and features complex structure, high cost and 
troublesome design. Then open-loop control based on 
precise hysteresis model become a good choice. Although it 
can’t completely eliminate the positioning error, but can 
effectively reduce the positioning error and expedite the 
response speed of the system, while keeping the cost low. 
Especially, the combination of the feedback control and 
open-control can improve the response speed and stability 
of the system on the basis of eliminating the positioning 
error. 

 
 

5. Conclusions 
 
In this paper, five hysteresis models based on activation 

function are proposed to characterize the nonlinear 
displacement-voltage response of PZT actuators. Compared 
with the standard BW model, the proposed five models 
feature fewer parameters and no nonlinear differential 
equation in the expression, and have the advantage of high 
calculation accuracy. The performance of the proposed five 
models is verified through the experimental data and PSO 
algorithm. In addition, the comparison performance of the 
five models is made and specific recommendation is given. 
The detailed conclusions are drawn as follows. 

 

● The five proposed hysteresis models are effective in 
depicting hysteresis displacement-voltage responses 
of PZT actuators with high accuracy. 

● The five proposed hysteresis models are 
comprehensively superior to standard BW model in 
modelling the nonlinear hysteresis displacement-
voltage responses, in terms of hysteresis loop 
smoothness and prediction error. 

● The proposed model with Softsign function (i = 4) 
outperforms the other proposed models, considering 
stability performance. 
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