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1. Introduction 

 

Since there are an infinite technology’s demands for the 

mechanical properties’ improvement, Multi-scale Hybrid 

Nanocomposite (MHN) reinforcement increases the 

consideration of scientists in the case of design 

enhancement of practical composites. The reinforcement 

scale highly depends on the aim of the engineer where the 

structure should be used. A range of composites 

manufactured by macroscale reinforcement including 

Carbon Fiber’s (CFs) in a certain orientation to boost the 

performance of the structure mechanically (Balubaid et al. 

2019, Berghouti et al. 2019, Boutaleb et al. 2019, 

Boussoula et al. 2020, Chikr et al. 2020, Ghabussi et al. 

2020, Kaddari et al. 2020, Khiloun et al. 2020, Menasria et 

al. 2020, Rabhi et al. 2020, Rahmani et al. 2020, Refrafi et 

al. 2020, Tounsi et al. 2020, Zine et al. 2020). Recently, it is 

revealed that composites enriched by MHN are much more 

beneficial in real engineering applications (Alimirzaei et al. 

2019, Draoui et al. 2019, Medani et al. 2019, Bourada et al. 

2020, Bousahla et al. 2020). 

Thereby, the dynamics of the composites enhanced by  
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MHN is a significant area of research. Chakrapani et al. 

(2016) used a model of multiple size levels to survey the 

importance of fibers’ and sequence of laminate directions 

on the CFs enriched composite beam’s forced oscillation 

response which its viscoelasticity is determined to employ 

the Kelvin-Voigt equation. Furthermore, they conducted 

experimental research in order to confirm the numerical 

results’ accuracy. In another investigation, buckling along 

with the post-buckling behavior of the fiber-reinforced 

beam located in a hygro-thermal environment has been 

scrutinized via the Reddy’s model by Emam and Eltaher 

(2016). 

On the other hand, enhancing composite properties 

using nano-scaled fibers instead of macro-sized ones 

reveals considerable boosting in the mechanics of 

structures. However, many scientists are focusing on the 

CNT-reinforced structures. For instance, a FE model is 

applied in order to analyze CNTR circular, and the annular 

plate’s buckling relied on third-order SDT by Maghamikia 

and Jam (2011). They claimed that the load determined by 

their method, which is critical when it comes to the 

buckling investigation, is less than those calculated based 

on classical methods, owing to considering shear strain 

terms. Vibration study of continuously graded thick CNTR 

annular plate relying on an elastic foundation utilizing 

elasticity model is conducted by Tahouneh and Yas (2014). 

They used a solution method known as the Differential 

Quadrature Method (DQM) in their research paper. As 

another study, Tahouneh and Eskandari-Jam (2014) 

investigated natural frequencies of continuously graded 
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CNTR annular plate relying on an elastic medium in which 

Carbon Nanotubes (CNTs) are changed through the plate’s 

thickness, while the elasticity model and DQ method 

applied to obtain motion equations and solve those 

equations respectively. In both papers reported above, in 

order to estimate the composite annular plate’s elastic 

properties, Eshelby-Mori-Tanaka micro-scaled mechanics is 

applied. Using variational DQM to solve the equations 

governed to this problem, which is extended based on the 

FSDT, Ansari et al. (2017) conducted buckling and 

vibration characteristics of functionally graded CNT-

reinforced annular sector plate covered by an elastic 

foundation under thermal loading. Progress of research in 

the field of static, bending, and stress-strain responses of the 

composite structures are that Alibeigloo (2020) reported a 

study about the thermostatic information of a simply 

supported doubly curved shell that the structure is 

reinforced with four kinds of GPLs patterns and they 

formulated the problem with the aid of 3D-elasticity 

framework. Shaban and Alibeigloo (2020) presented a paper 

about the bending information of a smart panel that 

integrated with a piezoelectric layer. Also, they formulated 

the problem via elasticity theory and the energy method and 

solved by using the state-space method. They showed that 

the geometrical parameters have an important issue for 

studying. Rahimi et al. (2020) reported the static and stress-

strain responses of an imperfect GPLs reinforced shell via 

3D-elasticity theory, Halpin-Tsai, and Rule of mixtures. 

Their results show that porosity, boundary conditions, and 

GPLs patterns can have an important effect on the bending 

behavior of the inhomogeneous structure.  In a 

comprehensive study, Safarpour et al. (2019a) had a focus 

on the static and dynamic behaviors of the GPLs reinforced 

imperfect circular/annular system. They derived the 

formulations of the problem with the aid of elasticity theory 

and Halpin-Tsai model. They employed a semi numerical 

method as a solver to draw the results of their paper. Also, 

Safarpour et al. (2019b) reported research about the static, 

bending, and stress-strain responses of the GPLs reinforced 

conical shell, cylindrical shell, and disk via elasticity theory 

and GDQ method. Alibeigloo and Noee (2017) presented a 

paper about the impact FG patterns and geometrical 

parameters of an inhomogeneous shell on the static and 

dynamic properties with the aid of 3D-elasticity theory and 

Fourier series analytical solution. Salehipour et al. (2020) 

had a focus on the bending and stress-strain information of 

the porous size-dependent FG shell via Hamilton’s principle 

and GDQ method. Their results show that the length scale 

factor and imperfection factor have the most remarkable 

impact on the bending and frequency of the inhomogeneous 

shell. Parand and Alibeigloo (2017) employed 3D-elasticity 

theory and Kelvin-Voigt method to formulate bending and 

natural dynamic properties of the viscoelastic FG shell. 

They used Fourier series and DG method to solved the 

governing equation of the problem and drown their result to 

show the effect of viscoelastic properties on the static and 

dynamic behaviors of the inhomogeneous shell. Alibeigloo 

(2017) reported a research about the static, bending, and 

stress-strain information of the time dependent FG core 

sandwich simply supported plate under thermal shock. He  

 

Fig. 1 Distribution patterns of CNT through the 

thickness of the MHLN 

 

 

employed Laplace method to solve the equation of the 

problem. Van Do and Lee (2020) presented a paper about 

the impacts of GPLs patterns on the bending, and dynamic 

behavior of the cylindrical and spherical panels with the aid 

of Halpin-Tsai model, higher-order deformation theory and 

isogeometric method.  

Also, references (Tounsi et al. 2013, Salari 2016, 

Ebrahimi and Jafari 2017, Ehyaei and Daman 2017, Wu et 

al. 2018, Ebrahimi et al. 2019, Ebrahimi and Salari 2019, 

Emdadi et al. 2019, Ghannadpour and Moradi 2019, 

Shahsavari et al. 2019, Dehshahri et al. 2020, Ebrahimi et 

al. 2020a) presented stability/instability analysis of the 

structures with the aid of different solution procedure. 

According to the extremely detailed exploration in the 

literature by the authors, no one can claim there is a 

research on the vibration analysis of the MPCL reinforced 

circular/annular plates using 3D-elasticity theory. Rule of 

the mixture and modified Halpin-Tsai model are engaged to 

provide the effective material constant of the MPC disk. 

With the aid of compatibility conditions, the sandwich 

structure with two, three, five and seven layers is modeled. 

The SS-DQM is presented to examine the frequency 

behavior of Multi-scale Hybrid Laminated Nanocomposite 

(MHLN) Reinforced Circular/Annular Plate (MHLNRCP/ 

MHLNRAP) with different boundary conditions. 

Afterward, a parametric study is done to present the effects 

of stacking sequence, various types of sandwich circular/ 

annular plates, and various types of pressure on frequency 

characteristics of the MHLN reinforced circular/annular 

plate’s 3D-elasticity theory. 

 

 

2. Mathematical modeling 
 

2.1 The homogenization process of MHLN 
 

The procedure of homogenization is made of two main 

steps based upon the Halpin-Tsai model (Thostenson et al. 

2002), together with a micromechanical theory (Shen 

2009), as shown in Fig. 1. The first stage is engaged with 

computing the effective characteristics of the composite 

reinforced with CFs as following (Rafiee et al. 2014) 

 

𝐸11 = 𝑉𝐹𝐸11
𝐹 + 𝑉𝑁𝐶𝑀𝐸

𝑁𝐶𝑀 (1a) 
 

1

𝐸22
=
𝑉𝐹
𝐸22
𝐹 +

𝑉𝑁𝐶𝑀
𝐸𝑁𝐶𝑀

− 𝑉𝐹𝑉𝑁𝐶𝑀 

            ×

(𝜈𝐹)2𝐸𝑁𝐶𝑀

𝐸22
𝐹 +

(𝜈𝑁𝐶𝑀)2𝐸22
𝐹

𝐸𝑀
− 2𝜈𝐹𝜈𝑁𝐶𝑀

𝑉𝐹𝐸22
𝐹 + 𝑉𝑁𝐶𝑀𝐸

𝑁𝐶𝑀
 

(1b) 
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𝐸33 = 𝐸22 (1c) 

 
1

𝐺12
=
𝑉𝐹
𝐺12
𝐹 +

𝑉𝑁𝐶𝑀
𝐺𝑁𝐶𝑀

, 𝐺23 = 𝐺12, 𝐺13 = 𝐺12 (1d) 

 

𝜌 = 𝑉𝐹𝜌
𝐹 + 𝑉𝑁𝐶𝑀𝜌

𝑁𝐶𝑀 (1e) 

 

𝜈12 = 𝑉𝐹𝜈
𝐹 + 𝑉𝑁𝐶𝑀𝜈

𝑁𝐶𝑀 (1f) 

 

𝑣21 =
𝐸22
𝐸11

𝑣12, 𝑣13 = 𝑣12, 𝑣31 = 𝑣21 

𝑣32 = 𝑣21,        𝑣23 = 𝑣32 

(1g) 

 

The relation between VF and VNCM is as follows (Rafiee 

et al. 2014) 

 

𝑉𝐹 + 𝑉𝑁𝐶𝑀 = 1 (2) 

 

The second step is organized to obtain the effective 

characteristics of the nanocomposite matrix reinforced with 

CNTs with the aid of the extended Halpin-Tsai 

micromechanics as follows (Kim et al. 2009) 

 

𝐸𝑁𝐶𝑀 = 𝐸𝑀(
5

8
(
1 + 2𝛽𝑑𝑑𝑉𝐶𝑁𝑇
1 − 𝛽𝑑𝑑𝑉𝐶𝑁𝑇

) 

               + 
3

8
(
1 + 2(𝑙𝐶𝑁𝑇/𝑑𝐶𝑁𝑇)𝛽𝑑𝑙𝑉𝐶𝑁𝑇

1 − 𝛽𝑑𝑙𝑉𝐶𝑁𝑇
)) 

(3) 

 

Here, β dd and β dl would be computed as the following 

expression 

 

𝛽𝑑𝑙 =
(
𝐸11
𝐶𝑁𝑇

𝐸𝑀
) − (

𝑑𝐶𝑁𝑇

4𝑡𝐶𝑁𝑇
)

(
𝐸11
𝐶𝑁𝑇

𝐸𝑀
) + (

𝑙𝐶𝑁𝑇

2𝑡𝐶𝑁𝑇
)

 

𝛽𝑑𝑑 =
(𝐸11

𝐶𝑁𝑇/𝐸𝑀) − (𝑑𝐶𝑁𝑇/4𝑡𝐶𝑁𝑇)

(𝐸11
𝐶𝑁𝑇/𝐸𝑀) + (𝑑𝐶𝑁𝑇/2𝑡𝐶𝑁𝑇)

 

(4) 

 

According to the WCNT, the volume fraction of CNTs can 

be formulated as follows (Rafiee et al. 2013) 

 

𝑉𝐶𝑁𝑇
∗ =

𝑊𝐶𝑁𝑇

𝑊𝐶𝑁𝑇 + (
𝜌𝐶𝑁𝑇

𝜌𝑀
)(1 −𝑊𝐶𝑁𝑇)

 (5) 

 

Also, MHLN distribution, along with thickness 

direction, can be given by (Wu et al. 2017) 

 

𝑉𝐶𝑁𝑇 = 𝑉𝐶𝑁𝑇
∗  (6) 

 

Besides, the relation between VM and VCNT is as follows 

 

𝑉𝐶𝑁𝑇 + 𝑉𝑀 = 1 (7) 

 

Finally, the mechanical properties of the nanocomposite 

structure can be given by 

 

𝜌𝑁𝐶𝑀 = 𝑉𝐶𝑁𝑇𝜌
𝐶𝑁𝑇 + 𝑉𝑀𝜌

𝑀 (8a) 

 

𝜈𝑁𝐶𝑀 = 𝜈𝑀 (8b) 

 

 
Fig. 2 Schematic view of the MPC reinforced  

circular plate 

 

 

𝐺𝑁𝐶𝑀 =
𝐸𝑁𝐶𝑀

2(1 + 𝜈𝑁𝐶𝑀)
 (8c) 

 

2.2 Obtaining governing equations 
 

For modeling the presented structure, a cylindrical 

coordinate system 𝑟, 𝜃, 𝑧 located on the bottom center is 

employed, as shown in Fig. 2. For circular/annular plates 

under uniform initial stress in the circumferential direction 

only, its equilibrium equations in the absence of body forces 

are given as 

 
𝜕𝜎𝑟
𝜕𝑟

+
1

𝑟

𝜕𝜏𝑟𝜃
𝜕𝜃

+
𝜕𝜏𝑟𝑧
𝜕𝑧

+
𝜎𝑟 − 𝜎𝜃
𝑟

 

−
𝜎0
𝑟2
(
𝜕2𝑢𝑟
𝜕𝜃2

− 2
𝜕𝑢𝜃
𝜕𝜃

− 𝑢𝑟) = 𝜌
𝜕2𝑢𝑟
𝜕𝑡2

 

(9a) 

 
𝜕𝜎𝜃
𝑟𝜕𝜃

+
𝜕𝜏𝜃𝑧
𝜕𝑧

+
𝜕𝜏𝑟𝜃
𝜕𝑟

+
2𝜏𝑟𝜃
𝑟

 

−
𝜎0
𝑟2
(2
𝜕𝑢𝑟
𝜕𝜃

+
𝜕2𝑢𝜃
𝜕𝜃2

− 𝑢𝜃) = 𝜌
𝜕2𝑢𝜃
𝜕𝑡2

 

(9b) 

 

𝜕𝜎𝑧
𝜕𝑧

+
𝜏𝑟𝑧
𝑟
+
𝜕𝜏𝑟𝑧
𝜕𝑟

+
𝜕𝜏𝜃𝑧
𝑟𝜕𝜃

−
𝜎0
𝑟2
𝜕2𝑢𝑧
𝜕𝜃2

= 𝜌
𝜕2𝑢𝑧
𝜕𝑡2

 (9c) 

 

where 𝜎0 > 0  indicates compressive stress and 𝜎0 < 0 

means tensile stress for the conveniency of discussion 

hereafter. Stress-strain relations of multi-scale hybrid cross-

ply laminated nanocomposite circular/annular plates can be 

written as follows (Abualnour et al. 2019, Belbachir et al. 

2019, 2020, Draiche et al. 2019, Sahla et al. 2019, Allam et 

al. 2020) 

 

{
 
 

 
 
𝜎𝑅𝑅
𝜎𝜃𝜃
𝜎𝑧𝑧
𝜏𝑧𝜃
𝜏𝑟𝑧
𝜏𝑟𝜃}

 
 

 
 

=

[
 
 
 
 
 
 
𝑄̄11 𝑄̄12 𝑄̄13 0 0 0

𝑄̄21 𝑄̄22 𝑄̄23 0 0 0

𝑄̄13 𝑄̄23 𝑄̄33 0 0 0

0 0 0 𝑄̄44 0 0

0 0 0 0 𝑄̄55 0

0 0 0 0 0 𝑄̄66]
 
 
 
 
 
 

{
 
 

 
 
𝜀𝑅𝑅
𝜀𝜃𝜃
𝜀𝑧𝑧
𝛾𝑧𝜃
𝛾𝑟𝑧
𝛾𝑟𝜃}

 
 

 
 

 (10) 

 

where (Abualnour et al. 2019, Draiche et al. 2019, Sahla et 

al. 2019, Belbachir et al. 2020) 

 

𝑄̄11 = 𝑄22 𝑠𝑖𝑛
4 𝜃 + 2(𝑄12 + 2𝑄66) 

             𝑠𝑖𝑛2 𝜃 𝑐𝑜𝑠2 𝜃 + 𝑄11 𝑐𝑜𝑠
4 𝜃 

(11a) 

 

𝑄̄12 = 𝑄12(𝑐𝑜𝑠
4 𝜃 + 𝑠𝑖𝑛4 𝜃) 

            + (𝑄22 + 𝑄11 − 4𝑄66) 𝑐𝑜𝑠
2 𝜃 𝑠𝑖𝑛2 𝜃 

(11b) 
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𝑄̄13 = 𝑄23 𝑠𝑖𝑛
2 𝜃 + 𝑄13 𝑐𝑜𝑠

2 𝜃 (11c) 

 

𝑄̄22 = 𝑄11 𝑠𝑖𝑛
4 𝜃 + 𝑄22 𝑐𝑜𝑠

4 𝜃 + 2𝑄12 𝑠𝑖𝑛
2 𝜃 𝑐𝑜𝑠2 𝜃 

            + 2(𝑄12 + 2𝑄66) 𝑐𝑜𝑠
2 𝜃 𝑠𝑖𝑛2 𝜃 

(11d) 

 

𝑄̄23 = 𝑄23 𝑐𝑜𝑠
2 𝜃 + 𝑄13 𝑠𝑖𝑛

2 𝜃 (11e) 

 

𝑄̄33 = 𝑄33 (11f) 

 

𝑄̄44 = 𝑄55 𝑠𝑖𝑛
2 𝜃 + 𝑄44 𝑐𝑜𝑠

2 𝜃 (11g) 

 

𝑄̄55 = 𝑄44 𝑠𝑖𝑛
2 𝜃 − 2𝑄45 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 + 𝑄55 𝑐𝑜𝑠

2 𝜃 (11h) 

 

𝑄̄66 = 𝑄66(𝑐𝑜𝑠
2 𝜃 − 𝑠𝑖𝑛2 𝜃)2 

            − 4(2𝑄12 − 𝑄11 − 𝑄22) 𝑐𝑜𝑠
2 𝜃 𝑠𝑖𝑛2 𝜃 

(11i) 

 

The terms involved in Eq. (11) would be obtained as 

 

𝑄11 =
(1 − 𝜐32𝜐23)

𝛥
𝐸11 

𝑄12 =
(𝜐21 + 𝜐23𝜐31)

𝛥
𝐸11  

𝑄13 =
(𝜐31 + 𝜐32𝜐21)

𝛥
𝐸11 

(12a) 

 

𝑄22 =
(1 − 𝜐31𝜐13)

𝛥
𝐸22  

𝑄23 =
(𝜐32 + 𝜐31𝜐12)

𝛥
𝐸22 

𝑄33 =
(1 − 𝜐21𝜐12)

𝛥
𝐸33 

(12b) 

 

𝑄66 = 𝐺12, 𝑄55 = 𝐺13, 𝑄44 = 𝐺23 (12c) 
 

𝛥 = (1 − 𝜐32𝜐23 − 𝜐21𝜐12 − 𝜐31𝜐13 − 2𝜐23𝜐31𝜐12) (12d) 
 

The relationships between the strain and displacement 

are (Safarpour et al. 2019a) 

 

𝜀𝑟 = 𝑢𝑟,𝑟 , 𝜀𝜃 =
1

𝑟
(𝑢𝜃,𝜃 + 𝑢𝑟), 𝜀𝑧 = 𝑢𝑧,𝑧 (13a) 

 

𝛾𝑟𝜃 =
1

𝑟
𝑢𝑟,𝜃 + 𝑢𝜃,𝑟 −

1

𝑟
𝑢𝜃 

𝛾𝑟𝑧 = 𝑢𝑟,𝑧 + 𝑢𝑧,𝑟 , 𝛾𝜃𝑧 = 𝑢𝜃,𝑧 +
1

𝑟
𝑢𝑧,𝜃 

(13b) 

 

The substitution of Eqs. (13a)-(13b) into Eq. (10) gives 
 

𝜎𝑟𝑟 = 𝑄̄11𝑢𝑟,𝑟 +
𝑄̄12
𝑟
(𝑢𝑟 + 𝑢𝜃,𝜃) + 𝑄̄13𝑢𝑧,𝑧 (14a) 

 

𝜎𝜃𝜃 = 𝑄̄12𝑢𝑟,𝑟 +
𝑄̄22
𝑟
(𝑢𝑟 + 𝑢𝜃,𝜃) + 𝑄̄23𝑢𝑧,𝑧 (14b) 

 

𝜎𝑧𝑧 = 𝑄̄13𝑢𝑟,𝑟 +
𝑄̄23
𝑟
(𝑢𝑟 + 𝑢𝜃,𝜃) + 𝑄̄33𝑢𝑧,𝑧 (14c) 

 

𝜏𝜃𝑧 = 𝑄̄44 (𝑢𝜃,𝑧 +
1

𝑟
𝑢𝑧,𝜃) (14d) 

 

𝜏𝑟𝑧 = 𝑄̄55(𝑢𝑟,𝑧 + 𝑢𝑧,𝑟) (14e) 

 

𝜏𝑟𝜃 = 𝑄̄66 (
1

𝑟
𝑢𝑟,𝜃 + 𝑢𝜃,𝑟 −

𝑢𝜃
𝑟
) (14f) 

 

Employed Eqs derive State-space differential equations. 

Eqs. (9a)-(9c) and (14a)-(14f) as the following equations 

 

𝜕𝜎𝑧
𝜕𝑧

= 𝜌
𝜕2𝑢𝑧
𝜕𝑡2

+
𝜎0
𝑟2
𝜕2𝑢𝑧
𝜕𝜃2

−
𝜕𝜏𝑟𝑧
𝜕𝑟

−
𝜏𝑟𝑧
𝑟
−
1

𝑟

𝜕𝜏𝑧𝜃
𝜕𝜃

 (15a) 

 
𝜕𝑢𝑟
𝜕𝑧

= −
𝜕𝑢𝑧
𝜕𝑟

+
𝜏𝑟𝑧

𝑄̄55
 (15b) 

 
𝜕𝑢𝜃
𝜕𝑧

= −
1

𝑟

𝜕𝑢𝑧
𝜕𝜃

+
𝜏𝑧𝜃

𝑄̄44
 (15c) 

 

𝜕𝑢𝑧
𝜕𝑧

=
𝜎𝑧

𝑄̄33
−
𝑄̄13

𝑄̄33

𝜕𝑢𝑟
𝜕𝑟

−
𝑄̄23

𝑟𝑄̄33
𝑢𝑟 −

𝑄̄23

𝑟𝑄̄33

𝜕𝑢𝜃
𝜕𝜃

 (15d) 

 

𝜕𝜏𝑟𝑧
𝜕𝑧

= −
𝑄̄13

𝑄̄33

𝜕𝜎𝑧
𝜕𝑟

− (
𝑄̄13 − 𝑄̄23

𝑄̄33
)𝜎𝑧 + 𝜌

𝜕2𝑢𝑟
𝜕𝑡2

 

−(𝑄̄11 −
𝑄̄13
2

𝑄̄33
)
𝜕2𝑢𝑟
𝜕𝑟2

−
1

𝑟
(𝑄̄11 −

𝑄̄13
2

𝑄̄33
)
𝜕𝑢𝑟
𝜕𝑟

−
𝑄̄66
𝑟2

× 

𝜕2𝑢𝑟
𝜕𝜃2

−
1

𝑟2
(
𝑄̄12𝑄̄33 + 𝑄̄23

2 − 𝑄̄13𝑄̄23 − 𝑄̄22𝑄̄33

𝑄̄33
)𝑢𝑟 

+
𝜎0
𝑟2
(
𝜕2𝑢𝑟
𝜕𝜃2

− 2
𝜕𝑢𝜃
𝜕𝜃

− 𝑢𝑟) −
1

𝑟
(𝑄̄12 + 𝑄̄66 −

𝑄̄13𝑄̄23

𝑄̄33
) 

𝜕2𝑢𝜃
𝜕𝑟𝜕𝜃

−
1

𝑟2
(
𝑄̄12𝑄̄33 + 𝑄̄23

2 − 𝑄̄13𝑄̄23 − 𝑄̄22𝑄̄33

𝑄̄33
)
𝜕𝑢𝜃
𝜕𝜃

 

(15e) 

 

𝜕𝜏𝜃𝑧
𝜕𝑧

= −
1

𝑟

𝑄̄23

𝑄̄33

𝜕𝜎𝑧
𝜕𝜃

−
1

𝑟
(𝑄̄12 + 𝑄̄66 −

𝑄̄13𝑄̄23

𝑄̄33
)
𝜕2𝑢𝑟
𝜕𝜃𝜕𝑟

 

−
1

𝑟2
(𝑄̄22 + 2𝑄̄66 −

𝑄̄23
2

𝑄̄33
)
𝜕𝑢𝑟
𝜕𝜃

− 𝑄̄66
𝜕2𝑢𝜃
𝜕2𝑟

−
𝑄̄66
𝑟

𝜕𝑢𝜃
𝜕𝑟

 

−
1

𝑟2
(𝑄̄22 −

𝑄̄23
2

𝑄̄33
)
𝜕2𝑢𝜃
𝜕2𝜃

+
2𝑄̄66
𝑟2

𝑢𝜃 +
𝜎0
𝑟2
(2
𝜕𝑢𝑟
𝜕𝜃

+
𝜕2𝑢𝜃
𝜕𝜃2

 

−𝑢𝜃) + 𝜌
𝜕2𝑢𝜃
𝜕𝑡2

 

(15f) 

 

The matrix form Eqs. (15a)-(15f) can be written 

 
𝑑𝛿

𝑑𝑧
= 𝐺𝛿 (16) 

 

where 𝛿 = {𝜎𝑧𝑢𝑟𝑢𝜃𝑢𝑧𝜏𝑟𝑧𝜏𝜃𝑧}
𝑇 and G is defined in the 

appendix section. The relations for different boundary 

conditions can be formulated as follows 

 

Simply:    𝜎𝑟 = 𝑢𝑧 = 𝑢𝜃 = 0    
Clamped:   𝑢𝑧 = 𝑢𝑟 = 𝑢𝜃 = 0 

(17) 

 

Moreover, the singularity conditions on the central point 

are as follows 
 

𝑢𝑟 =
𝜕𝑢𝑧
𝜕𝑟

= 0𝑟 = 0 (18) 
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3. Solution procedure 
 

Since state Eq. (16) is not possible to solve analytically, 

a semi-analytical procedure with the aid of the DQM 

technique is used to solve it. In DQM, the nth-order partial 

derivative of a continuous function f(r, θ, z) with respect to 

x at a given point ri can be approximated to a linear sum of 

weighted function values at all of the discrete points as (Shu 

2012) 

 

𝜕𝑛𝑓

𝜕𝑟𝑛
= ∑ 𝑔(𝑛)

𝑗,𝑚
𝑓𝑚,𝑘

𝑀

𝑚=1

 (19) 

 

Here, 𝑔(𝑛)  shows weighting factors for the nth-order 

derivative in the orientation of its radius, that can be 

extracted as follows (Firouz and Ghadimi 2016, Gheydi et 

al. 2016, Hosseini Firouz and Ghadimi 2016, Gollou and 

Ghadimi 2017, Liu et al. 2017, Aghajani and Ghadimi 

2018, Hamian et al. 2018, Khodaei et al. 2018, Leng et al. 

2018, Akbary et al. 2019, Eslami et al. 2019, Mirzapour et 

al. 2019, Yu and Ghadimi 2019) 

 

𝑔𝑖𝑗
(1) = − ∑ 𝑔𝑖𝑗

(1)𝑖

𝑛

𝑗=1,   𝑖≠𝑗

= 𝑗 

𝑔𝑖𝑗
(1) =

𝑀(𝑥𝑖)

(𝑥𝑖 − 𝑥𝑗)𝑀(𝑥𝑗)
𝑖 

𝑗 = 1,2, . . . , 𝑛  and 𝑖 ≠ 𝑗 

(20) 

 

where 

 

𝑀(𝑥𝑖) = ∏ (𝑥𝑖 − 𝑥𝑗)

𝑛

𝑗=1,𝑗≠𝑖

 (21) 

 

The derivatives of Eq. (19) can be written as the 

following equations (Ghabussi et al. 2019, Habibi et al. 

2019, 2020, Al-Furjan et al. 2020a-m, Ebrahimi et al. 

2020b, Lori et al. 2020, Moayedi et al. 2020a, b, 

Oyarhossein et al. 2020, Safarpour et al. 2020, Shokrgozar 

et al. 2020) 

 

𝑔𝑖𝑖
(𝑛) = − ∑ 𝑔𝑖𝑗

(𝑛)

𝑛

𝑗=1,𝑖≠𝑗

 

1 ≤ 𝑛 ≤ 𝑁 − 1          while         𝑗, 𝑖 = 1,2, … , 𝑁 

𝑔𝑖𝑗
(𝑛) = 𝑟 [𝑔𝑖𝑗

(𝑛−1)𝑔𝑖𝑗
(1) −

𝑔𝑖𝑗
(𝑛−1)

(𝑥𝑖 − 𝑥𝑗)
] 

𝑖 ≠ 𝑗     2 ≤ 𝑛 ≤ 𝑁 − 1      while      𝑗, 𝑖 = 1,2, . . . , 𝑁 

(22) 

 

Also, using Chebyshev polynomials greed points, the 

seed along with the r-axes can be distributed as (Shu and 

Richards 1992) 

 

𝑟𝑖 =
𝑅0 − 𝑅𝑖

2
(1 − 𝑐𝑜𝑠(

(𝑖 − 1)

(𝑁𝑖 − 1)
𝜋)) + 𝑅𝑖 

𝑖 = 1,2,3, . . . , 𝑁𝑖 

(23) 

 

Also, displacement fields of circular/annular plates can 

be given by 

 

𝑢𝑟 = ∑ 𝑢̄𝑟

∞

𝑚=1

𝑠𝑖𝑛(𝑚𝜃) 𝑒𝑖𝜔𝑡 

𝑢𝜃 = ∑ 𝑢̄𝜃

∞

𝑚=1

𝑐𝑜𝑠(𝑚𝜃) 𝑒𝑖𝜔𝑡       

 𝑢𝑧 = ∑ 𝑢̄𝑧

∞

𝑚=1

𝑠𝑖𝑛(𝑚𝜃) 𝑒𝑖𝜔𝑡 

(24a) 

 

𝜎𝑟 = ∑ 𝜎̄𝑟

∞

𝑚=1

𝑠𝑖𝑛(𝑚𝜃) 𝑒𝑖𝜔𝑡 

𝜎𝜃 = ∑ 𝜎̄𝜃

∞

𝑚=1

𝑠𝑖𝑛(𝑚𝜃) 𝑒𝑖𝜔𝑡 

𝜎𝑧 = ∑ 𝜎̄𝑧

∞

𝑚=1

𝑠𝑖𝑛(𝑚𝜃) 𝑒𝑖𝜔𝑡 

(24b) 

 

𝜏𝑟𝑧 = ∑ 𝜏̄𝑟𝑧

∞

𝑚=1

𝑠𝑖𝑛(𝑚𝜃) 𝑒𝑖𝜔𝑡 

𝜏𝑟𝜃 = ∑ 𝜏̄𝑟𝜃

∞

𝑚=1

𝑐𝑜𝑠(𝑚𝜃) 𝑒𝑖𝜔𝑡 

𝜏𝜃𝑧 = ∑ 𝜏̄𝜃𝑧

∞

𝑚=1

𝑐𝑜𝑠(𝑚𝜃) 𝑒𝑖𝜔𝑡 

(24c) 

 

Applying Eqs. (24a)-(24c) and (19) to Eq. (16) leads to 

the state equations at sampling point ri 
 

𝜕𝜎̄𝑧𝑖
𝜕𝑧

= −𝜌𝜔2𝑢̄𝑧𝑖 −
𝜎0
𝑟𝑖
2
𝑃𝑚
2𝑢̄𝑧𝑖 

             −∑𝑔𝑖𝑗

𝑁

𝑗=1

𝜏̄𝑟𝑧𝑗 −
𝜏̄𝑟𝑧𝑖
𝑟𝑖
−
𝑚

𝑟𝑖
𝜏̄𝑧𝜃𝑖 

(25a) 

 

𝜕𝑢̄𝑟𝑖
𝜕𝑧

= −∑𝑔𝑖𝑗

𝑁

𝑗=1

𝑢̄𝑧𝑗 +
𝜏̄𝑟𝑧𝑖

𝑄̄55
 (25b) 

 

𝜕𝑢̄𝜃𝑖
𝜕𝑧

= −
1

𝑟𝑖
𝑚𝑢̄𝑧𝑖 +

𝜏̄𝑧𝜃𝑖

𝑄̄44
 (25c) 

 

𝜕𝑢̄𝑧𝑖
𝜕𝑧

=
𝜎̄𝑧𝑖

𝑄̄33
−
𝑄̄13

𝑄̄33
∑𝑔𝑖𝑗

𝑁

𝑗=1

𝑢̄𝑟𝑗  

              −
𝑄̄23

𝑟𝑖𝑄̄33
𝑢̄𝑟𝑖 +

𝑚𝑄̄23

𝑟𝑖𝑄̄33
𝑢̄𝜃𝑖 

(25d) 

 

𝜕𝜏̄𝑟𝑧𝑖
𝜕𝑧

= −
𝑄̄13

𝑄̄33
∑𝑔𝑖𝑗

𝑁

𝑗=1

𝜎̄𝑧𝑗 − (
𝑄̄13 − 𝑄̄23

𝑄̄33
) 𝜎̄𝑧𝑖 

                −𝜌𝜔2𝑢̄𝑟𝑖 − (𝑄̄11 −
𝑄̄13
2

𝑄̄33
)∑𝑔𝑖𝑗

2

𝑁

𝑗=1

𝑢̄𝑟𝑗 

(25e) 
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             −
1

𝑟𝑖
(𝑄̄11 −

𝑄̄13
2

𝑄̄33
)∑𝑔𝑖𝑗

𝑁

𝑗=1

𝑢̄𝑟𝑗 −
1

𝑟𝑖
2

 

            (
𝑄̄12𝑄̄33 + 𝑄̄23

2 − 𝑄̄13𝑄̄23 − 𝑄̄22𝑄̄33

𝑄̄33
) 𝑢̄𝑟𝑖 

            + 𝑚2
𝑄̄66
𝑟2

𝑢̄𝑟𝑖 −
𝜎0
𝑟𝑖
2
(𝑚2𝑢̄𝑟𝑖 − 2𝑚𝑢̄𝜃𝑖 + 𝑢̄𝑟𝑖) 

           + 
𝑚

𝑟
(𝑄̄12 + 𝑄̄66 −

𝑄̄13𝑄̄23

𝑄̄33
)∑𝑔𝑖𝑗

𝑁

𝑗=1

𝑢̄𝜃𝑗 

          + 
𝑚2

𝑟𝑖
2
(
𝑄̄12𝑄̄33 + 𝑄̄23

2 − 𝑄̄13𝑄̄23 − 𝑄̄22𝑄̄33

𝑄̄33
) 𝑢̄𝜃𝑖 

(25e) 

 

𝜕𝜏̄𝜃𝑧𝑖
𝜕𝑧

= −
𝑚

𝑟𝑖

𝑄̄23

𝑄̄33
𝜎̄𝑧𝑖 −

𝑚

𝑟𝑖
(𝑄̄12 + 𝑄̄66 −

𝑄̄13𝑄̄23

𝑄̄33
) 

∑𝑔𝑖𝑗

𝑁

𝑗=1

𝑢̄𝑟𝑗 −
𝑚

𝑟𝑖
2
(𝑄̄22 + 2𝑄̄66 −

𝑄̄23
2

𝑄̄33
) 𝑢̄𝑟𝑖 − 𝑄̄66 

∑𝑔𝑖𝑗
2

𝑁

𝑗=1

𝑢̄𝜃𝑗 −
𝑄̄66
𝑟𝑖
∑𝑔𝑖𝑗

𝑁

𝑗=1

𝑢̄𝜃𝑗 +
𝑚2

𝑟𝑖
2
(𝑄̄22 −

𝑄̄23
2

𝑄̄33
) 𝑢̄𝜃𝑖 

+
2𝑄̄66
𝑟𝑖
2
𝑢̄𝜃𝑖 +

𝜎0
𝑟𝑖
2
(2𝑚𝑢̄𝑟𝑖 −𝑚

2𝑢̄𝜃𝑖 − 𝑢̄𝜃𝑖) − 𝜌𝜔
2𝑢̄𝜃𝑖 

(25f) 

 

where 

 

𝜎̄𝑘𝑖 = 𝜎̄𝑘(𝑟𝑖 , 𝜃, 𝑧)(𝑘 = 𝑟, 𝜃, 𝑧) 
𝜏̄𝑟𝑧𝑖 = 𝜏̄𝑟𝑧(𝑟𝑖 , 𝜃, 𝑧), 𝜏̄𝜃𝑧𝑖 = 𝜏̄𝜃𝑧(𝑟𝑖 , 𝜃, 𝑧) 
𝑢̄𝑘𝑖 = 𝑢̄𝑘(𝑟𝑖 , 𝜃, 𝑧) 

(26) 

 

Substitution of Eqs. (17)-(18) into Eqs. (25a)-(25f) 

results in the following state-space equations 

 

𝜕𝛿̄𝑏
𝜕𝑧̄

= 𝐺̄𝑏𝛿̄𝑏 (27) 

 

in which 𝛿̄𝑏 = {𝜎̄𝑧 𝑢̄𝑟 𝑢̄𝜃 𝑢̄𝑧 𝜏̄𝑟𝑧 𝜏̄𝜃𝑧}𝑇 is the 

column matrix of state variables and 𝐺̄𝑏 is defined in the 

Appendix section. Where subscript, b in Eq. (27) denotes, 

the state equation includes the boundary conditions. By 

using the layer-wise technique, 𝐺̄𝑏  is reduced to the 

constant matrix, and then Eq. (27) can be solved 

analytically for Nt fictitious layer as the below 

 

𝛿𝑘(𝑧̄) = 𝛿𝑜𝑘 𝑒𝑥𝑝(𝐺̄𝑏𝑘(𝑧̄ − 𝑧̄𝑘−1))       𝑧̄𝑘−1 ≤ 𝑧̄ ≤ 𝑧̄𝑘 (28) 

 

where the subscript, b, denotes that the state equation 

contains the boundary conditions and the matrix 𝐺̅𝑏 each 

boundary condition is expressed in the Appendix. Where 

subscript, b in Eq. (28) denotes, the state equation includes 

the boundary conditions. By using the layer-wise technique, 

𝐺̅𝑏 is reduced to the constant matrix, and then Eq. (28) can 

be solved analytically for Nt fictitious layer as the below 

 

𝛿𝑘(𝑧̄𝑘) = 𝑀̄𝑘𝛿𝑜𝑘 (29) 

 

in which 𝑀̄𝑘 = 𝑒𝑥𝑝(
𝐺̄𝑏𝑘ℎ𝑓

𝑁𝑡
) . Similarly, state-space 

equations can be derived by using Eq. (29). 

 

𝜕𝛿̄𝑏𝑖
𝜕𝑧̄

= 𝐺̄𝑏𝑖𝛿̄𝑏𝑖       and      𝑖 = (𝑏, 𝑏1, 𝑏2, 𝑚, 𝑡2, 𝑡1, 𝑡) (30) 

 

As the repeat process, like three and five layers have 

 

𝛿̄𝑏𝑜 = 𝑀̄𝑏𝛿̄𝑏𝑖𝑀𝑏 = ∏ 𝑒𝑥𝑝(
𝐺̄𝑏𝑘ℎ𝑏
𝑁𝑡

)

1

𝑘=𝑁𝑡

 (31a) 

 

𝛿̄𝑏1𝑜 = 𝑀̄𝑏1𝛿̄𝑏1𝑖𝑀𝑏1 = ∏ 𝑒𝑥𝑝(
𝐺̄𝑏𝑘ℎ𝑏1
𝑁𝑡

)

1

𝑘=𝑁𝑡

 (31b) 

 

𝛿̄𝑏2𝑜 = 𝑀̄𝑏2𝛿̄𝑏2𝑖𝑀𝑏2 = ∏ 𝑒𝑥𝑝(
𝐺̄𝑏𝑘ℎ𝑏2
𝑁𝑡

)

1

𝑘=𝑁𝑡

 (31c) 

 

𝛿̄𝑚𝑜 = 𝑀̄𝑚𝛿̄𝑚𝑖𝑀𝑚 = ∏ 𝑒𝑥𝑝(
𝐺̄𝑏𝑘ℎ𝑚
𝑁𝑡

)

1

𝑘=𝑁𝑡

 (31d) 

 

𝛿̄𝑡2𝑜 = 𝑀̄𝑡2𝛿̄𝑡2𝑖𝑀𝑡2 = ∏ 𝑒𝑥𝑝(
𝐺̄𝑏𝑘ℎ𝑡2
𝑁𝑡

)

1

𝑘=𝑁𝑡

 (31e) 

 

𝛿̄𝑡1𝑜 = 𝑀̄𝑡1𝛿̄𝑡1𝑖𝑀𝑡1 = ∏ 𝑒𝑥𝑝(
𝐺̄𝑏𝑘ℎ𝑡1
𝑁𝑡

)

1

𝑘=𝑁𝑡

 (31f) 

 

𝛿̄𝑡𝑜 = 𝑀̄𝑡𝛿̄𝑡𝑖𝑀𝑡 = ∏ 𝑒𝑥𝑝(
𝐺̄𝑏𝑘ℎ𝑡
𝑁𝑡

)

1

𝑘=𝑁𝑡

 (31g) 

 

By assuming continuity of displacements and 

equilibrium equation at each fictitious layers, have 

 

𝛿̄𝑡𝑜 = 𝐴𝛿̄𝑏𝑖 (32) 

 

where 𝐴 = 𝑀𝑡𝑀𝑡1𝑀𝑡2𝑀𝑚𝑀𝑏2𝑀𝑏1𝑀𝑏. 

 

 

4. Free vibration analysis 
 
For the free vibration behavior, the surface traction 

boundary condition in 𝑧̄ = 1/2  and 𝑧̄ = −1/2  are as 

follows 

 

𝜎𝑧 = 𝜏𝑟𝑧 = 𝜏𝜃𝑧 = 0       

at        𝑧 = −
ℎ

2
   and   

ℎ

2
 

(33) 

 

Applying Eq. (33) to Eqs. (23), (26), (29) and (32) leads 

to the following homogenous equation. 

 

[

𝐴12
𝐴52
𝐴62

𝐴13
𝐴53
𝐴63

𝐴14
𝐴54
𝐴64

] {
𝑢̄𝑟
𝑢̄𝜃
𝑢̄𝑧

} = {
0
0
0
} (34) 

 

Non-trivial solution to Eq. (43) results in 
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Table 1 The properties of MHLNC (Karimiasl et al. 2019) 

Carbon (fiber) Epoxy (matrix) Carbon nanotube 

𝐸11
𝑓
(𝐺𝑃𝑎) = 233.05 𝑣𝑚 = 0.34 𝐸𝑐𝑛𝑡 (𝐺𝑝𝑎) = 640 

𝐸22
𝑓
(𝐺𝑃𝑎) = 23.1 𝜌𝑚 (

𝑘𝑔

𝑚3
) = 1200 

𝑑𝑐𝑛𝑡 (𝑚)
= 0.14 × 10−9 

𝐺11
𝑓
(𝐺𝑃𝑎) = 8.96 𝐸𝑚 (𝐺𝑝𝑎) = 3.51 

𝑡𝑐𝑛𝑡 (𝑚)
= 0.034 × 10−9 

𝜐𝑓 = 0.2  
𝑙𝑐𝑛𝑡 (𝑚)
= 0.25 × 10−9 

𝜌𝑓(
𝑘𝑔

𝑚3
) = 1750  𝜗12 = 0.33 

  
𝜌𝑐𝑛𝑡 (𝑘𝑔/𝑚3)
= 1350 

 

 

 

Table 2 Convergence number of grid points for all 

boundary conditions under various stacking 

sequence with Ro = 1, Ri = 0, h = 0.001Ro, 𝜎̅0 = 0, 

VF = 0.8, WCNT = 0.02, circular plate, dimensionless 

fundamental natural frequency 

Hinged-Simply 

Sequence 

layup 
N = 5 N = 7 N = 9 N = 11 N = 13 N = 15 N = 17 

[900/00/…]7 0.0035 0.0029 0.0030 0.0029 0.0029 0.0029 0.0029 

[00/900/…] 0.0032 0.0032 0.0033 0.0034 0.0034 0.0034 0.0034 

Hinged-Clamped 

[900/00/…]7 0.0032 0.0032 0.0033 0.0034 0.0034 0.0034 0.0034 

[00/900/…]7 0.0035 0.0036 0.0037 0.0037 0.0038 0.0038 0.0038 
 

 

 

Table 3 Comparison of the first five dimensionless 

frequencies of an isotropic circular plate with 

simply boundary condition and convergence and 

accuracy of the DQ method is shown respect to the 

number of grid points. Dimensionless frequency  

ω* = ωr2√𝜌ℎ/𝐷 where D is flexural rigidity  

D = Eh3/12(1 − ν2) 

 𝜔1
∗ 𝜔2

∗  𝜔3
∗  𝜔4

∗ 𝜔5
∗  

Azimi (1988) 4.935 29.720 74.156 - - 

Wu et al. (2002) 4.935 29.720 74.156 138.318 222.215 

Wang et al. 

(2001) 
4.9351 29.7200 74.1561 - - 

Arshid and 

Khorshidv (2018) 
4.9371 29.7350 74.1942 138.3896 222.3303 

P.S 4.4588 28.5439 72.4414 136.4673 - 
 

 

 

|

𝐴12 𝐴13 𝐴14
𝐴52 𝐴53 𝐴54
𝐴62 𝐴63 𝐴64

| = 0 (35) 

 

By solving the Eq. (35), the normalized natural 

frequencies of the plate can be determined. To reduce 

computational complexity, the frequency and initially 

residual stress of the MHLNRAP/MHLNRCP is non- 

 

Fig. 3 Frequency of the laminated annular plate  

versus 𝜎̅0 for various 𝑅𝑜 𝑅𝑖⁄  with  

h = 0.01Ri, Ri = 1, [900/00/900],  

VF = 0.8, WCNT = 0.02 

 

 

dimensional as follows 

 

𝜔̄𝑛 = 100𝜔𝑛ℎ√
𝜌𝑚
𝐸𝑚

,           𝜎̄0 =
𝜎0
𝐸𝑚

 (36) 

 

 

5. Numerical results and discussion 
 

Subsequently, we present a comprehensive parameter 

study to quantify the effects of various parameters on the 

bending response of MHLNRAP/MHLNRCP. The 

geometrical and material characteristics of constituent 

materials can be found in Table 1. 

 

5.1 Convergence and validation study 
 

Table 2 is presented to predict the convergence number 

of grid points for a circular plate with different boundary 

conditions.  

According to Table 2, when the number of grid points 

changes from 11 to 12, we cannot see any change in the 

value of frequency of the circular plate, and the mentioned 

issue is as a fact for various boundary conditions, two kinds 

of layering ([900/00/…]7 and [00/900/…]7). Besides, 

according to Table 2, we can see two kinds of layering for 

the laminated structure that we called them vertical 

([900/00/…]n) and horizontal ([00/900/…]n) patterns. For the 

circular plate with both boundary conditions, when the 

horizontal patterns are employed for layering, there can be 

the highest frequency. Furthermore, when the tension initial 

or residual stress in the structure increases, the natural 

frequency of the laminated structure decreases but for the 

compressive initial or residual stress, the mentioned relation 

is reversed. 

Table 3 is presented to demonstrate the accuracy of the 

presented model in this paper to predict the dynamic 

responses of the laminated structures with mode number. 

According to this Table, there can be seen a good agreement 

between the results of our model with those in the presented 

work in the literature. Also, the difference between our 

results and the previous results is less than 2%. 
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(a) 

 

(b) 

Fig. 4 Frequency of the laminated annular plate  

versus ℎ 𝑅𝑖⁄  for [0 90 ...] of layering in the 

laminated disk with Ro/Ri = 2, Ri = 1,  

VF = 0.8, WCNT = 0.02, 𝜎̅0 = 0 

 

 

 

Fig. 5 Frequency of the laminated annular plate versus 

𝜎̅0 for various patterns of layering ([900/00/…]n 

and [00/900/…]n) with Ro/Ri = 2, h = 0.01Ri,  

Ri = 1, VF = 0.8,WCNT = 0.02 

 

 

5.2 Results 
 

In this section of the presented paper, we try to report an 

investigation in Fig. 3 about the impacts of initial or 

residual stress and outer to inner radius ratio of the MPC 

reinforced disk (𝑅𝑜 𝑅𝑖⁄ ) on the frequency of the structure. 

From Fig. 3, it can be concluded that for each value 

of  𝑅𝑜 𝑅𝑖⁄ , as the 𝜎̅0  increases the frequency of the 

laminated disk reduces till critical initial stress observes.  

 

(a) 

 

(b) 

Fig. 6 Buckled mode shape of the laminated annular 

plate by having attention to the effect of  

compressive initial or residual stress with  

Ro/Ri = 4, h = 0.01Ri, Ri = 0.5, VF = 0.8,  

WCNT = 0.02, [00/900/…]7, Clamped-Clamped 

 

 

Also, as the outer radius of the laminated disk increases, 

the critical initial or residual stress decreases. Fig. 4 studies 

the impacts of thickness to inner radius ratio (ℎ 𝑅𝑖⁄ ), three 

kinds of boundary conditions, and various patterns of 

layering ([900/00/…]n and [00/900/…]n) on the dynamics of 

the structure.  

By having attention to Fig. 4, we can report that when 

the thickness of the laminated disk increases, the frequency 

of the structure improves, exponentially and the mentioned 

issue is a fact for both patterns of layering in the MPC 

reinforced disk. As the most impressive result, it is true that 

increasing the number of layers is a reason for improving 

the dynamic behavior of the laminated disk, but the impact 

of the number of the layer on the frequency is more 

considerable when we use the vertical patterns of layering 

([900/00/…]n). In other words, the impact of increasing the 

number of layers on the frequency of the disk hardly 

depends on the patterns of layering, and the mentioned 

impact is more remarkable, when the pattern of layering is 

[900/00/…]n. 

We try to report an investigation in Fig. 5 about the 

impacts of initial or residual stress, the number of layers in 

the laminated disk, and various patterns of layering 

([900/00/…]n and [00/900/…]n) on the frequency of the  
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(a) 

 

(b) 

Fig. 7 Different buckled mode shape of the  

laminated circular plate by having attention  

to the effect of compressive initial or  

residual stress with Ro = 1, h = 0.001R0,  

Ri = 0, VF = 0.8, [00/900/…]7 and  

Hinged-Clamped 

 

 

current structure. 

From Fig. 5 it can be concluded that for each boundary 

conditions and vertical patterns of layering ([900/00/…]n), 

when the number of the layer increases, the critical initial or 

residual stress increases but for horizontal patterns of 

layering ([00/900/…]n), with each increase in the number of 

layers the critical value of 𝜎̅0 decreases. in other words, 

the impact of the number of layers on the critical residual 

stress hardly depends on the patterns of layering, and the 

mentioned impact has a direct and indirect effect when the 

patterns of layering are [900/00/…]n and [00/900/…]n, 

respectively.  

In Fig. 6, different buckled mode shape of the MPC 

reinforced annular plate is presented with clamped-clamped 

boundary conditions and by having attention to the effect of 

compressive initial or residual stress. If we pay attention to 

Fig. 6, we can find that as the initial stress increases, the 

maximum deflection in the laminated disk increases. Also, 

with more exactitude, it can be concluded that when the 

value of initial stress increases, the concentration of 

deformation in the composite disk reduces along the radial 

direction and intensifies along the circumferential direction. 

The mode shape of the MPC reinforced circular plate is 

presented in Fig. 7 with clamped boundary conditions and 

by having attention to the effect of compressive initial or 

residual stress. If we pay attention to Fig. 7, we can find 

that as the initial stress increases, the maximum deflection 

in the MPC reinforced circular plate increases. When the 

value of initial stress increases, the deformation in the 

composite circular plate occurs at the outer radius of the 

annular plate. In other words, as the initial stress increases, 

the concentration of deformation in the composite circular 

plate intensifies along the circumferential direction. 

 

 

6. Conclusions 
 

Three-elasticity approach for frequency and mode shape 

information of the MPC reinforced annular/circular plate 

under initially stress for various sets of boundary conditions 

were presented. The SS-DQM is presented to examine the 

frequency behavior of MPC reinforced annular/circular 

plate. Rule of the mixture and modified Halpin-Tsai model 

are engaged to provide the effective material constant of the 

presented structure. Finally, the most bolded results of this 

paper are as follows: 

• When the tension initial or residual stress in the 

structure increases, the natural frequency of the MPC 

reinforced annular/circular plate decreases, but for the 

compressive initial or residual stress, the mentioned relation 

is reversed. 

• For each value of  𝑅𝑜 𝑅𝑖⁄ , as the 𝜎̅0  increases the 

frequency of the MPC reinforced annular/circular plate 

reduces till critical initial stress observes. 

• The impact of increasing the number of layers on the 

frequency of the MPC reinforced annular/circular plate is 

hardly depending on the patterns of layering, and the 

mentioned impact is more remarkable when the pattern of 

layering is [900/00/…]n. 

• As the initial stress increases, the maximum deflection 

in the MPC reinforced annular/circular plate increases, and 

this issue is more remarkable in the higher mode numbers. 
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