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Nonlinear and nonclassical vibration analysis of double walled
piezoelectric cylindrical nanoshell
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Abstract. In current paper, nonlocal (NLT), nonlocal strain gradient (NSGT) and Gurtin-Murdoch surface/interface (GMSIT)
theories with classical theory (CT) are utilized to investigate vibration and stability analysis of Double Walled Piezoelectric
Nanosensor (DWPENS) based on cylindrical nanoshell. DWPENS simultaneously subjected to direct electrostatic voltage DC
and harmonic excitations, structural damping, two piezoelectric layers and also nonlinear van der Waals force. For this purpose,
Hamilton’s principle, Galerkin technique, complex averaging and with arc-length continuation methods are used to analyze
nonlinear behavior of DWPENS. For this work, three nonclassical theories compared with classical theory CT to investigate
Dimensionless Natural Frequency (DNF), pull-in voltage, nonlinear frequency response and stability analysis of the DWPENS
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considering the nonlocal, material length scale, surface/interface (S/1) effects, electrostatic and harmonic excitation.
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1. Introduction

Nanotechnology is a multidisciplinary branch of science
which encompasses numerous diverse fields of science and
technology, pharmaceutical, agricultural, environmental,
advanced materials, chemical science, physics, electronics,
information technology and specially biomedical fields such
as imaging agents, drug delivery vehicle, diagnostic tools,
etc., to save human life along with other areas by
application of engineering skills in surgical diagnosis,
monitoring, treatment and therapy etc. (Chatterjee et al.
2014, Duan et al. 2010, Kosaka et al. 2014, Melancon et al.
2011, Mousavi et al. 2018). Nano structures, especially
piezoelectric nano sensors/resonators, due to small size and
mass, are widely used in modern technology and have
received considerable attention from researchers around the
world, due to their unique features and widespread
applications (Tzou 2019, Rupitsch 2019, Manbachi and
Cobbold 2011). Nowadays for the dynamics analysis and
the mathematical modeling of these nano-structures, the
size-dependent parameters should be contained in
theoretical models. For this purpose, nonclassical theories
such as nonlocal (Eringen 1972, 1983, 2002), strain
gradient (Lim et al. 2015) and Gurtin-Murdoch
surface/interface (Gurtin and Murdoch 1975, 1978) theories
are presented to investigate nonlinear vibration and
dynamic analysis of nanostructures. Corresponding to
nonlocal theory, Ebrahimi et al. (20194, b, c) used nonlocal
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theory to investigate wave propagation analysis of
nanotubes and heterogeneous nanobeams and also static
stability of nanoplates. For solving electromagnetic
waveguide problem, Rabczuk et al. (2019) introduced a
nonlocal operator method for partial differential equations.
Also, Samaniego et al. (2020) explored Deep Neural
Networks (DNNs) as an option for approximation to solve
partial differential equations in computational mechanics.
Sensitivity analysis has been studied by Hamdia et al.
(2018) to identify the key input parameters influencing the
Energy Conversion Factor (ECF) of flexoelectric materials
by using a NURBS-based IGA formulation exploiting their
higher order continuity and hence avoiding a complex
mixed formulation and the Latin Hypercube Sampling
(LHS) method in the probability space. Also, Sensitivity
Analysis (SA) approach is used by Vu-Bac et al. (2016) to
quantify the effects of correlated input parameters on model
outputs. Alizada and Sofiyev (2011) and Alizada et al.
(2012) investigated the modified Young’s moduli of nano-
materials taking into account the scale effects and vacancies
and the stress analysis of the substrate coated by
nanomaterials with vacancies subjected to the uniform
extension load. Also, Sofiyev et al. (2020a, b) studied the
buckling behavior and vibration analysis of functionally
graded carbon nanotube reinforced composite conical
shells. Zhang et al. (2018) employed lattice, finite
difference and Eringen’s nonlocal models for Modelling
vibrating nano-strings. Chen et al. (2017) used nonlocal
effect to analyze propagation of time-harmonic waves in the
three-dimensional, transversely isotropic, magneto-
electroelastic and multilayered plates. Arefi (2018) has been
shown that increasing of nonlocal parameter leads to
increasing of the rotations, in-plane displacements and
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Piezoelectric layer (2h,)

Fig. 1 A DW piezoelectric nanosensor subjected to
electrostatic and harmonic excitation

transverse deflection of a piezoelectric nano shell with
double curves. Because in the strain gradient theory, stress
of small-scale materials appears in both nonlocal stress field
(Eringen 1972, 1983, 2002) and pure strain gradient stress
field (Aifantis 1992), as a result, this theory has a better
prediction to nonlocal one. Buckling and postbuckling of
nanobeams were studied by Li and Hu (2015) using the
nonlocal stain gradient theory. In another work, Li et al.
(2016) studied a vibration analysis of rods considering the
nonlocal strain gradient theory. Ebrahimi et al. (2019d, e)
used nonlocal strain gradient theory to investigate vibration
analysis of porous rotary nanobeams and dispersion of
waves in porous nanoscale plates in thermal environment.
Energy harvesting from a Timoshenko beam is studied by
Managheb et al. (2018) considering the flexoelectric and
strain gradient effects. According to Gurtin-Murdoch
approach of surface/interface elasticity theory, recently,
Hashemi Kachapi et al. (2019a, b, ¢, d, 2020a, b) and
Hashemi Kachapi (2020) presented surface/interface effects
to investigate linear and nonlinear vibration analysis of
multi-walled piezoelectric nanostructures. The active
vibration control of a viscoelastic orthotropic piezoelectric
doubly-curved nanoshell is studied by Zhu et al. (2020)
within the framework of surface piezoelectricity theory and
Kelvin-Voigt viscoelastic model. In another work by Zhu et
al. (2017), nonlinear free vibration behavior of orthotropic
piezoelectric cylindrical nano-shells is investigated using
surface energy effect. In the work done by Sun et al. (2018),
analytical buckling solutions of piezoelectric cylindrical
nanoshells under the combined compressive loads and
external voltages are investigated with the coupled nonlocal
and surface effects. In the work done by Ghorbani et al.
(2019), material length scale parameter and nonlocal
parameter increases and decreases the natural frequency
respectively. Also, Ghorbanpour Arani et al. (2014)
investigated nonlinear vibration of single and double-walled
boron nitride nano sheet with small scale and surface effects
using nonlocal and surface piezoelasticity theories. In
analysis of nonlinear dynamics of a double-layer
piezoelectric and Kelvin-Voigt viscoelastic nanobeams,
Rahmanian and Hosseini-Hashemi (2019) concluded that
with surface energy effect, the softening behavior of the
lower nanobeam is slightly weakened, whereas the
softening-type behavior of the upper nanobeam becomes
more intense in the presence of the surface effect. In

literature there are a few works on vibration and stability
analysis of DW piezoelectric nanosensor considering
simultaneously nonlocal, nonlocal strain gradient and
Gurtin-Murdoch surface/interface effects. In this work,
mentioned effects are presented to investigate nonlinear
vibration and stability analysis of DW piezoelectric
nanosensor compared to classical theory. For this analysis,
Hamilton’s principle, Galerkin technique, Complex
averaging method combined with arc-length continuation is
used to compare three nonclassical theories of NLT, NSGT
and GMSIT with classical theory to achieve the influences
of the nonlocal, material length scale, surface/interface
effects, electrostatic and harmonic excitation on
dimensionless natural frequency DNF, pull-in voltage,
nonlinear frequency response and stability analysis of the
DWPENS.

2. Mathematical formulation

A double walled cylindrical piezoelectric nanosensor
subjected to the combined electrostatic force with direct
electric voltage (Vpc) and harmonic excitation with
amplitude f and angular frequency w is shown in Fig. 1.

All of the physical and geometrical properties of the
mentioned nanostructures can be seen in reference Hashemi
Kachapi et al. (2019c, d).

2.1 Nonlocal strain gradient and surface/interface
theories

Based on the Nonlocal Strain Gradient Theory (NSGT),
the constitutive equation can be written as (Lim et al. 2015)

1 —uV)ol¢ = (1 =V (Cijre — €ijeEr) (1)
1- HVZ)DIQVSG =1- nvz)(ekliekl - WijEj) 2

where ;%" and DF¢" respectively are the nonlocal strain
gradient stress tensor and components of the nonlocal strain
gradient electric displacement. The u = (e,a)? and 1 =
1? respectively denote the influence of nonlocal scale
parameter and material length scale parameter that e,
denotes a constant appropriate to each material, and a is an

2
internal characteristic length of the material. V2 = :7+

1 9% . . . .
3597 19 the Laplacian operator. In mentioned equations

and in Nonlocal Theory (NLT), n is zero, i.e., n = 0.

The modified nonlocal strain gradient stress and electric
displacement considering of the surface/interface effects for
the piezoelectric materials may be represented as (Lim et al.
2015)

(1 - ur»e ¢ = (1 = qv?)(Cijuen — eijxEr) ()
(1 — 7D = (1 = V) (e —nyyE) - (4)

The terms o °°“/" and DY*°“/" are the nonlocal

surface/interface stress tensor and electric displacement,
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respectively.

2.2 Nonlocal strain gradient surface/interface and
small-scale stress- strain relationships

Based on the Gurtin-Murdoch surface/interface
elasticity theory, the normal and shear stresses, Oyxypyn:
Ogovpyn aNd Tyxgvpyn Can be written as (Gurtin and

Murdoch 1975, 1978, Hashemi Kachapi 2020a, Hashemi
Kachapi et al. 2019d)

Oxx(Np)n — Cll(N,p)ngxxn + ClZ(N,p)nSGBn
U(N,p)nOzzn (5)

— e31p2Eypn +
R Sl Ot

O99(N,p)n = CZl(N,p)ngxxn + sz(N,p)nEBGn

= U(Np)ynOzzn 6

— e32p2E0p2 1w ©)
Vv, pyn

Oxg(N,p)n = C66(N,p)nyx9n (7

where based on nonclassical continuum model, o,,, is
expressed as following

1 2%w,
TRz 902

)

Ozzn =

| (o + 0 )( =
hNn+hp2<

8)
— (oh +pih atzn)

Also, all coefficients and phrases of Egs. (5)-(8) such as
displacement fields, nonlinear deflection and curvatures,
relations of Gurtin-Murdoch surface/interface elasticity
theory and etc., can be seen in full detail in references
Amabili (2008), Donnell (1976), Hashemi Kachapi (2020a)
and Hashemi Kachapi et al. (2019d).

The resulting in-plane loads for piezoelectric
nanostructures lead to surface/interface stresses and electric
displacement which can be defined using surface/interface
effects as follows

(- pur?o. () _

2
x(N,p)n —T]V ) x

= U(N,p)no-zzn (9)
(Cll(N,p)nExxn + ClZ(N,p)ngeen - eBlpZEpo )

1=vwpm
NSG(3
- wr2one) — 1 -y
66 (N,p)n 10
= U(N,p)nazzn ( )
<C21(N,p)n€xxn + Coovpyn€oon — €32p2Eap2 T—o )
U p)n

(1 - u2v?)g NSG(s/I) _ 1

xG(N p)n

- lzvz)(CGG(N,p)nyxen) (11)
2.3 Governing equations

In this section, the governing equations of motion and
corresponding boundary conditions of the piezoelectric
shell are obtained by applying the following Hamilton
principle

t
f (8T, — 67y + SWyay + Wy + 6w, + W, )dt = 0 (12)
0

where 8T, 8m, 6Wyqy, 6w, and Swy respectively are
the first variation of strain energy, kinetic energy, nonlinear
van der Waals force, viscoelastic foundation, nonlinear
electrostatic force and harmonic excitation.

The first variation of strain energy can be obtained as

L p2m hnn
T, = J‘ J‘ {j (Jian(SEijTL) dz
0 7o —hyn

—hne _
+ f E;p26D4p2)

hNZ—hpz

(0ijp20eij2 =

Rz +hy, _
+J‘ (Uijp26£ij2 - Esz(SDZpZ) dz + (O'ib}z(sgijz
hn2
_EZPZ(S‘DL%)(RZ + th + hpZ) + (0'5'265”2 - EzpzaDiSé)
(0/126€1j2) (R, —hy2) + (08 jn)(Rn+hNn)}Rnd9dx (13)
B fL IZ" {N (65un N ow, 66Wn> N ( (aévn
Ty )y UPmUax T ax ox f6n a6

1 /dw, 06w, 1 d6u, ddv,
( ) x9n(

+own) + 22( 59 ag R, 36 | ox
1 06w, 0w, 1 ow, 66wn) 9%6wy,
R, 0x 00 'R, ox 06 T\ 0x2

y 1 026w, y 2 925wy, R dod
60n\ RZ 992 on\ R "axa9 )| U

In Eq. (13), the forces (N) and moment (M) resultants
are defined in reference Hashemi Kachapi et al. (2019c, d).
Also, the first variation of kinetic energy can be written as

—n (( ) s+ (et

2w (14)
+< pTE )5Wn>R dodx
where
hnn —hnn
L, = f Pnn dz +f Pp2 dz

—hyn —hnn—hp2

hnnthp2 (15)
+ f Pp2dz + py”
hnn

= sznhNn + 2Pp2hp2 + ngs + ZprI:”

and first variation of the work done by the nonlinear van der
Waals force, viscoelastic foundation and nonlinear
electrostatic force and the external harmonic excitation,
respectively, can be written as (Hashemi Kachapi et al.
2019c, d, Farokhi et al. 2016)

L p2m rwq
Wyaw = f f J. (Cvlfiw(wz —wy)
0 Yo 0
CV%IW(WZ - W1)3)R1d9dx

L p2m rwy
- f f (Cvl&wn (Wz - Wl)
w;)3)8w, R,dOdx

(16)

C dwn (WZ
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6w2R2d49dx a7

o=

awy, 1 1
20 = or R_ RZ Mgnng =0 (29)
n

MxGnnx

TYVZ,

5W2R2d9dx (18)

L p2m rwy
=] [
o Co o \/(bz —wy)(2R; + b, —

2T Wy
SWy =f f f (fcoswt) Sw,R,dOdx (19)
0 J0 0

where all coefficients and phrases of Egs. (16)-(19) can be
seen in references Hashemi Kachapi et al. (2019c, d).

By substituting Egs. (13)-(19) into Eg. (12), the
governing equations of motion and boundary conditions for
PENS respectively are obtained as follows

Equations of motion

ON,, 10Ny,  0%u,

SuU,: — =1 20
Ui o YR a8 T " ar (20)
angn 1 aNgn aZUn
oV, : — =1 21
Y oy TR, 98 " ar 1)
0°M 2 0*M 1 0°M, N
xn x6n on on

Wn' 52 YR Toxa6 TR 907 R,

N, 02wy, ONyn Owy N hazwn N 1 ONgn 0wy,
dx? dx dx Rz 06% RZ 00 00
02 Wn 1 ON,gn, 0w, 1 ON,g, 0w,

"3x00 'R, ox 00 'R, 90 ox 22)

6 Wy,

=l — 32 + S,

2
+ Nx

TYVEc
_ b,—w 2
Jb; = w;) @R, + by —wy) [cosh1 (1 +2222)]

2

— fecoswt
where S, for the inner and outer layer, respectively, are
e (W = wy)? (23)

Sy = =(Cogww, —wy) +C

_ (R L _ NL 3 owy
S, = <R2) (Cvdw(WZ wq) + Cpgy (W, —wy)° + C,, ot ) (24)

and boundary conditions

1
_Nxenne =0 (25)

Su, =0 or  Nygun,+
Ry
1
6v,=0 or Nen,+ R_Ngnng =0 (26)
n
éw, =0 or
OMyxn 1 0Mypn 0wy, | Nyg 0wy
( o + Nygn—>—+ __)
Ox R, 06 ox R, 06 27)
1 angn 1 aMgn ngn aWn NGn Own
+| = — ——t—5 >, |me=0
R, Ox RZ 06 R, 0x R;i 06
owy, 1
Fae 0 or My,n, + EMxennB =0 (28)

w,) [cosh 1 (1 + 2= Wz)]

Corresponding to reference Hashemi Kachapi et al.
(2019d) and considering of nonlocal and material length
scale effects and so nonlocal strain gradient surface/
interface effects, we have

(1 = uV*)Nyy, = (1 = V?)
Allnga(c)xn +A12n€39K99n (T + TO )(

+2(e0s + ) = Nypn

2

=)\ @0

(1 — uV*)Nggy = (1 —nV?)
AZlnsxxn + A22n£99n + Z(T + 70 I) NBIm

2w ow,
—(PS Ly (=2
(zon + 76 <Rn +R,21<60> )
1- ,UVZ)NxQn =1- nvz)(Aﬁﬁnyy(c)Bn) (32)

1- MVZ)Mxxn =(1- 77‘72)
Dlanxxn + DlZnKGSn - Mxpn

(31)

. 62Wn 1 82Wn X 62Wn (33)
+E11n axz R2 892 11n atz
(1 = uV*)Mgg, = (1 —nV?)
D3 1nKxn + DaznKgon — Mepn
. aZWn 1 62Wn aZWn , (34)
+E11n —axz + R_Tzl_aez — Ulin atz
1- ,MVZ)ngn =(1- UVZ)(D66nKx9n) (35)

By substituting Egs. (30)-(35) into the Eq. (20)-(22) and
(25)-(29) and using dimensionless parameters Appendix 1,
the dimensionless governing equations can be expressed as

02 Uy aZﬁ a* Un
/alun 052 +a2un 692 +a3un afae\

_ ow ow, 0%w
1-77? +a —ta z_1
4un af s5un" 53¢ af 652 (36)
N ow,, 0w, N 02w, 0w,
%eun 52 99z T “Tun G50 90
_ o, 07Ty,
(1-77?) x
9%a, 927, %7, ow,, 02w,

®1vn 3749 6{69 + Qon 55 6{2 + A3vn 3,57 062 + Qain ?W

ra 0%, 0w, ta ow, N ow, 0%w, (37)
Svn 6{2 69 6vn 69 a71m 69 692
_ . 0°D
_ _ =72 n
- (1 M V ) a_[z
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o1, N o, 0%w, N o1, 0%w, N 0%u, 0w,
Aiwn 6{ Oa2wn 6{' 0{'2 A3wn a"; 902 Aawn 6{2 6{
N 0%u, 0w, N o0%u, ow, N o, 0*w
Fswn 3¢90 90 T Yo" 9g060 a0 | 7™ 39 9€00
N 0%, ow, N 0w, 0%w, N d0%v, ow,
Tewn 992 ag T YwnTae gEge T “1owngE2 3g
0%, oW, 9w, 09, 02w,
+a11wn 9200 9 + X1own 30 + Qi3wn 90 087
9w, 02w, 0%, 0w, 3 _ 9%w,
+q14wn 30 902 + A15wn 302 99 + AiewnWn + a17wana_€2
)
A=V 02w, 02w, oW, 9%, Iw,
+a1gwnWn 002 +a19wna—%—2+ a20wn¥a§-ae 96
02, (OW,\° 02w, (OW,\° d*w,
+“21wna_€z<¥) +a22wn6_52(%> +a23wna_f4
oW, \° oW\ > 02w, 02w, *w
+qzawn (6_;> + Az6wn (0_;) Wzn + Az7wn Wzn + azswn#
02w, (OW,\° OW,\2 9w,
+20un G2 ( 26 ) *+ @30wn (W) T 31w Gra5,2
94w,
+a32\;/nm + A33wn
2w, . o =
) 5o7 +_5n _— FcosQt \‘
=1-aP?) x B FeaVie:
— _ — — - Bo— W, \12
\/(mlzbz - Wz)(2m42R2 + m12b2 - Wz) [COSh_l (1 + %)]

S, 02 5 82 = . _ dau,, ow, ou,, 0w,
where V2 = a_§2+m0ﬁ and S, for the inner and outer Sw, = 0: (+af‘§ma_; a; + a%’"a_en 89"
layer, respectively, are 7. Ow 0T, Ow ow

+a§\i/n—n . af\fvn—n—n + agvcvnwn—n
ol AN s 98 96 00 0¢ PR
S1 = —(Coaw(Wy — wy) + Cygy, (W, — w1)°) (39) W 35 PE
bc n bc n bc n bc
Tewn 57 T A7wn + Agwn + Aown
RN e ow, P FTE 0£002
S =5 (Cvdw(WZ = W) + Cyayy (W, — Wy) +Cw_) (40) ow, /0w, \2 oW, (OW,\> 23w,
R, ot "( ") + b —— <—") + akf -
9 \ ¢ townag \ a6 Hwn 9Ear2
Also, all coefficients of a;,(i = 1..7),a;,(j = 1..7) _ pe OUnOWn o U OW,
_ H H : 6an| +A12wn 57 X13wn 37, A14wn
and ay,, (k =1,...,33) are introduced in Appendix 2. Also 0¢ 06 a0 0¢
V, is a reference voltage, set to 1 volt throughout this 0y 0Wy, ) OV OWy, 6v_vn+abc
17wn

study (Farokhi et al. 2016). The associated boundary
conditions can be obtained in the dimensionless form as

6_5 oz +a15wn%%+a16wnwnﬁ
93w, e (av_vn>2 awn+ be av_vn+ be
afzag a18wn af 69 a19WTL ae aZOWTL
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(38)

(43)

0 2 Wn (45)

ou, = 0:
"o v W\ 2 9% W + qpe OPn (OWn L
aflin a_n + a%n a_en + aglinwn + azll-)ﬁn (a_n) 003 %21wn 06 26 %22wn
w, w, w,
+a€fm (a—en) + agﬁn afn =0: (a%wn?zn + a’giwn Wzn + aé’gwn
ou a7, ow,, Ow, _ _ _ _
bc M 4 abc T abe ZTNMZ TR e | = 02w, %w, 0°w ow,
* (odin G+ ol 5+ b T 5 OTnd =0 +aliun 5 Bhun g+ CHhun arz”>5< a§">| (44)
. _
. ot a7 oW, OW,\ be O°Wn\ o OWon
57, = 0: (el g + bt GF + bt 5 5 ) 6%l +<azgwn agag>6( 52l =0
o1, v, _ W\ 2 _ _ _
N /‘lfﬁny + agin S g + AW + ATin (F) 5o | (42) OWn _ 0 (a%wn 62Wn> P (6W§n> |
_ on 00 ' 0¢00 00
ow,\°
bc (2 bc 2= 2
k +a8vn< a0 ) + Tovn ) + | abe m oy gbe 0wy +abe 4 gbe
=0 31lwn 652 32wn 092 33wn 34wn 6{2
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0w o%w 0wy
+a35wn agzn + aggwn#) 6( n) | =0

Coefficients of al(l =1, 9), ak(m=1, ...,9)
and aké(n=1, ...,36) are mtroduced in Appendlx 3. In
current study With expressing the electrostatic force Eg.
(18) as a polynomial form that as nonlinear curve-fitting
problem is solved by Isqcurvefit function in Matlab toolbox
using least-squares, the dimensionless work done by
electrostatic force can be express in following equation

2 wz
W, = f f f Fea (Vpea + Vaca cos(@7))?

C1 + C,w, + Cyw?
+ oo+ Gy

(46)
) 8w, R,508¢

which C; — C,, are constant.
2.4 Solution procedure

In order to solve the equations of motions, the Galerkin
method is employed to convert the governing equations to
ordinary differential equations, so displacements are written
in terms of generalized coordinate and mode function as
follows (Amabili 2008)

vp(x,0,t) | =
wy(x,6,t)
My N [um,j,c(‘[) COS(jH) + um,j,s(T) Sin(je)])(mj (E)
[Vm,c (1) SInGO) + Dy 5 (2) cos(iO) ] () | (47)
m=1J=1 [Wiy, ;. (1) €0S(j6) + Wiy, j 5 (7) SIn(j6) | B (€)

lun(x, 6,t)

M2 [umo (D) Xmo(§) Mzt MON [ g5 (T) X (§) 9 (0)
+ Um,0 @D Pmo ()| = Uy (1) Py (§) @ (0)
m=1|Wmo (T)ﬁmo (f) @irs)=1 |Wpg (T),an (f)lpns (9)

In the Galerkin method, the functions y;(¢), ¢, ()
and B,(§) must satisfy all the geometric and natural
boundary conditions. By substituting Eq. (47) into Egs.
(36)-(38) and (41)-(45) and applying the Galerkin
technique, the reduced-order equation of motion is written
to the following form

[(K)ﬁ + (Kbc)ﬁ]n{an} + [(K)Z + (KbC)Z]n{ﬁn}
+ [(K)Y + Ko Tn{Wn} + [(NL)Y + (NLp)i 1n{wi}(48)
= [(M)ﬁ]n{an} + Flfpcn

[(K)llzt + (Kbc)g]n{an} + [(K)Z + (Kbc)Z]n{ﬁn}
+ [(K)Y + (Kp)y Tn{Wn} + [(NL)Y + (NLpo)y 1n{wi 3 (49)
= [(M)Z]n{ﬁn} + FVI;)Cn

(K% Tn{itn} + [RGB} + [ + (Kpe)lh — (Kop)
_(Kez)m]n{wn} + [(NL)vuv + (NLbc)%]n{Wnﬁn} + [(NL)&

+(NLbc)w] {ann} + [(NL) + (NLbc) (NLZE)xZ]n
W2} + [(NL)ys + (NLyo)ws — (NLse)y 3] w3 (50)
[(CrIwln){wn})

= (005 + M) W) + (O] +
R _
+(=1)P (R—1> Coaw ([KDRER W} — (KRR 1w D)
2

_ _ _ R\?
+prn + thl;zgn - weZ [FCOSQT] + ( 1)1} < ) Cvdw

2
([(NL)24w w3 — 3[(NL)! W w2w, + 3[(NL)*% ] w,w2 (50)
—[(NL)”dW]w ) = Fpo{(Vpczcos@T)? + ZVACZVDczcosz)

(C4(NLYs + C3(NLY, + Co(K)Y + C1F1)}

where all coefficients and phrases of Egs. (48)-(50) are
defined in references Hashemi Kachapi et al. (2019d) and
Hashemi Kachapi (2020a) and are presented in Appendix 4
of current work. Also, [(K)¥9"],, is stiffness matrix for
van der Walls effect, for p =1:q =0 and for p = 2:q =
1. In order to solve nonlinear equations of a nonlinear
system Eqgs. (48)-(50), the complex averaging method
combined with the arc-length continuation method are used
(Hashemi Kachapi et al. 2019c, d, Manevitch and
Manevitch 2005).

3. Results and discussions

In this section, at first, the time response of DW
piezoelectric nanosensor with nonlocal, nonlocal strain
gradient and surface/interface effects at the steady state is
investigated for verification and accuracy the complex-
averaging and the arc-length continuation methods
compared with numerical Runge-kutta approach. Then the
effects of different material and geometrical parameters
with and without nonlocal, nonlocal strain gradient and
surface/interface  effects on dimensionless natural
frequency, frequency response and stability analysis using
numerical method based on arc-length continuation are
presented. For this purpose, different boundary condition
such as clamped edge (CC), simply supported edge (SS),
clamped-simply supported edge (CS) and, clamped-free
edge (CF) are presented. The surface and bulk material
properties of Aluminum (Al) nanoshell and PZT
piezoelectric layer are shown in Tables 1 and 2, respectively
(Hashemi Kachapi et al. 2019c, d).

The others geometrical parameters for bulk and surface
of DWPENS in all following results are shown in Table 3

Table 1 Surface and bulk properties of Al

Enn v Pnn Mn .u£1 T(I)n ll
(GPa) "M (kg/m®) (N/m)  (N/m)  (N/m) (kg/m?)
70 033 2700 3.786 1.95 09108 5.46 x 1078

Table 2 Surface and bulk properties of PZT-4

C11p2 C22p2 C12p2 C21p2 C66p2 Epz
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa)
139 139 77.8 77.8 30.5 95
v Pp2 N33p2 Afl #rsz Tgn

P2 (kgm?) (108 F/m)  (N/m) (N/m) (N/m)
0.3 7500 8.91 4.488 2.774 0.6048
€31p2 €32p2 e§1p2 e§92p2 Pvg
(C/m?) (C/m?)  (C/m) (C/m) (kg/m?)
-5.2 -5.2 -3x10% -3x10% 5.61x107
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Table 3 The material and geometrical parameters

Ry(m)  R,(m) L/R,  hw,/R  hy/R
1x10™° 15x10°° 10 0.01 0.005
b,/R, Vo, (V) Vo2 F(N) Vpe, V)
0.1 1x 1075 1 50 1.5
Cleiwz Cvlgl\:vz 7 2
S wmhy wymy P nemy
1x 1077 1‘210%6693 1'21%13?67 0.05  (0.01 x 1079)?

X 3000w |
. 3ee
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. ‘ . i
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Fig. 2 The nonlinear dynamic response of the SS
DWPENS

Fig. 3 The static (a, ¢) and dynamic (b, d) frequency

(Hashemi Kachapi et al. 2019c, d, Ghorbanpour Arani et al.

2014).
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Fig. 5 The surface/ interface effects on natural
frequency versus dimensionless material length
scale parameter 7 with @ = 0.1 for different
boundary conditions

3.1 Verification and comparison

In this subsection, considering all nonlocal and S/I
effects of GMSIT + NSGT, the verification and accuracy of
the solution by the complex-averaging and the arc-length
continuation methods is compared with Runge-kutta
method. Figs. 2(a)-(d) represent the nonlinear steady state
response and phase space of the DWPENS for fixed values
of the system parameters with m =3 and n =1 number
of modes.

By comparing the static (w;; = 0.0245, w,; =
0.0322) and dynamic (w;4 = 0.0142, w,,; = 0.0189)
displacements in the nonlinear dynamic response of Figs.
2(a) and (c) and the static and dynamic frequency response
of Figs. 3 (a)-(d) at the resonance frequency Q = 3.433, it
can be concluded that the result of this simulation suggests
a complete agreement between the numerical solutions and
the averaging method.

0.2

—cT
NLT

015 ——NSGT

— GMSIT

| o — GMSIT+NLT

3 —— GMSIT+NSGT

0.1}

0.05

i

0 5060 10600 15600 20600
VDC
Fig. 6 Comparison of nonclassical theories with
classical theory on dimensionless natural
frequency versus different direct pull in voltage

DC (Vpc) of SS DWPENS

3.2 Nonlinear frequency response and stability
analysis

The main purpose of this section is to compare three
nonclassical theories of NLT, NSGT and GMSIT with
classical theory CT. For this purpose, the effect of different
material and geometrical parameters with and without
nonlocal, nonlocal strain gradient and surface/interface
effects will be discussed on Dimensionless Natural
Frequency (DNF), nonlinear frequency response and
stability analysis using numerical method based on arc-
length continuation of the DW piezoelectric nanosensor
with specifications mentioned to Tables 1-3. It is noted that
in all following results, in NLT only consider g effect; in
NSGT consider both g and 7 effects; in GMSIT only
consider all S/I effects and CT not consider &, 7 and all
S/ effects.

In following, first dimensionless natural frequencies of
DW piezoelectric nanosensor versus dimensionless of
nonlocal scale parameter i and dimensionless material
length scale parameter 7 with and without surface/
interface respectively are presented in Figs. 4 and 5. It is
clear from the Fig. 4 that in all boundary conditions,
considering surface/interface effects leads to increasing of
DWPENS stiffness, as a result cause to increasing of the
dimensionless natural frequency compared to case of
without S/I effects. Also, in all cases, due to decreasing of
DWPENS stiffness, the DNF decreases with increasing
nonlocal scale parameter i with 7 = 0.01.

Also, from Fig. 5, in addition to mentioned results for
effect of surface/interface densities, it is clear that in all
boundary conditions, due to increasing of DWPENS
stiffness, the DNF increases with increasing dimensionless
material length scale parameter 77 with @ = 0.1. Results of
Figs. 4 and 5 indicate that nonlocal scale parameter g and
material length scale parameter 77 respectively lead to
increasing and decreasing of DWPENS stiffness and results
of lead to increasing and decreasing the DNF of DWPENS.
Furthermore, in both cases of nonlocal and material length
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scale parameters, the dimensionless natural frequency
related to CC boundary condition is higher than that related
to other boundary conditions. This is due to the fact that the
CC boundary condition is stiffer than other boundary
conditions.

The compare three nonclassical theories of NLT, NSGT
and GMSIT with classical theory CT on the natural
frequency versus direct pull in voltage DC of SS nanoshell
are presented in Fig. 6. As it is known, considering the
surface/interface effects causes rigidity of the system and
leads to more DC voltage to reach the pull in voltages. The
three theories of NLT, NSGT and CT, will soon reach the
pull in voltage. Also, for zero natural frequency, SS
DWPENS becomes unstable and this physically implies that
first the DWPENS losses its stability due to the divergence
via a pitchfork bifurcation.

The comparison of three nonclassical theories of NLT,
NSGT and GMSIT with classical theory CT on nonlinear
frequency response of SS DWPENS with V,, = 1.5 and
F =5x 1077 respectively are presented in Fig. 7. It can

be seen from Figure that considering the results of the
frequency analysis and the softness and rigidity of SS
DWPENS with regard to the type of theory, the
consideration of the S/l effects in the GMSIT + NSGT
theory leads to higher hardening behavior of the DWPENS,
and it reduces the resonance amplitude of DWPENS. And
also, in CT lower hardening type, maximum oscillation
amplitude and instability with saddle-node bifurcations and
nonlinear hardening behavior occurs in the system to all
theories.

Figs. 8 and 9 present frequency response and stability
analysis SS DWPENS for different values of direct
electrostatic voltage (V) with harmonic excitation F =
5x 1077 respectively in w; and w, directions based on
different theories of classical theory CT, nonlocal theory
NLT (@£ =0.1), nonlocal strain gradient theory NSGT
(g=10.1, 7=0.01), Gurtin-Murdoch surface/interface
theory GMSIT, GMSIT combined with NLT and NSGT. As
can be concluded from the Figures, the lowest resonance
frequency for the unstable amplitude is related to the NLT
theory and the most value is related to the GMSIT, which
has the highest resonance frequency for the unstable
amplitude.

According to Figs. 8 and 9, and since the nonlinear
electrostatic force is non-harmonic and applied only
statically, the resonance amplitude and instability does not
have much effect and in all cases, with increasing DC
voltage, the resonance amplitude is almost constant and the
range of system instability with a slight slop decrease.
When the S/I effects are not considered, i.e., for CT, NLT
and NSGT, with increasing DC voltage and due to reduced
system stiffness, the resonance frequency decreases and
when S/I is considered, i.e., in the case of GMSIT and its
combination with NLT and NSGT, the resonance amplitude
is increased and the system instability range is greater than
the first three cases (Figs. 8 and 9(a)-(c)), but there is no
significant change in the resonant frequency.

Furthermore, the results show that in all cases, the
system displays hardening-type nonlinear behaviour with
two saddle-node bifurcations. Also, in most frequencies, the
amplitude of motion is almost constant, which indicates that
the nanoshell has a static deformation, and in these regions
dynamic behavior or amplitude of the dynamic response is
not significant. This is due to the high rigidity of the shell
and because of it has very small dimensions. Dynamic
effects are only noticeable in the resonance region, where
the amplitude of the system in these areas is significantly
jumped, which is consistent with the main concept of the
sensor.

Figs. 10 and 11 present frequency response and stability
analysis SS DWPENS for different values of harmonic
excitation (F) with direct electrostatic voltage V. = 1.5
respectively in w; and w, directions based on different
theories of classical theory CT, nonlocal theory NLT (i =
0.1), nonlocal strain gradient theory NSGT (g = 0.1,7 =
0.01), Gurtin-Murdoch surface/interface theory GMSIT,
GMSIT combined with NLT and NSGT.

The results of the resonant frequencies analysis are
similar to those of the previous Figs. 8 and 9 as you have
seen. In Figs. 10 and 11, as can be seen, the changes in the
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harmonic excitation amplitude, F, will not affect the
resonance frequency. As the F increases, in all the cases
shown in Figs. 10 and 11(a)-(f), the resonance amplitude
and system instability increase. Considering the S/I effects,
the resonance amplitude and range of instability of the SS
DWPENS are decreased compared to CT, NLT and NSGT.

4. Conclusions

In current study, surface/interface, nonlocal and
nonlocal strain gradient effects are presented to investigate
nonlinear vibration and stability analysis of DW
piezoelectric nanosensor subjected to electrostatic and
harmonic excitation. For this analysis, Hamilton’s principle,
Galerkin technique and also complex averaging method
combined with arc-length continuation are used. These
results shown that in all boundary conditions, considering
surface/interface effects leads to increasing of DWPENS
stiffness, as a result cause to increasing of the dimensionless
natural frequency compared to case of without S/I effects
and nonlocal scale parameter i and material length scale
parameter 77 respectively lead to increasing and decreasing
of DWPENS stiffness and results of lead to increasing and
decreasing the DNF of DWPENS. Also considering the
surface/interface effects leads to more DC voltage to reach
the pull in voltages. The three theories of NLT, NSGT and
CT, will soon reach the pull in voltage. In addition,
consideration of the S/I effects in the GMSIT + NSGT
theory, due to higher hardening behavior of the DWPENS,
reduces the resonance amplitude of DWPENS and in CT,
due to lower hardening behavior of the DWPENS,
maximum oscillation amplitude and instability with saddle-
node bifurcations and nonlinear hardening behavior occurs
in the system to all theories. The lowest resonance
frequency for the unstable amplitude is related to the NLT
theory and the most value is related to the GMSIT. Also,
since the nonlinear electrostatic force is non-harmonic and
applied only statically, the resonance amplitude and
instability does not have much effect. In all cases, with
increasing DC voltage, the resonance amplitude is almost
constant and the range of system instability with a slight
slop decrease. When the S/I is considered, the resonance
amplitude is increased and the system instability range is
greater than the first three cases, but there is no significant
change in the resonant frequency and as the F increases, in
all the cases, the resonance amplitude and system instability
increase.
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Nomenclatures
Symbol Description Symbol Description
h Thickness of Thickness of
N nanoshell (NS) 4 piezoelectric layer (PL)
L Length of PENS E, Young modulus of PL
R The mid-surface v, Poisson ratio of PL
radius
x Axial direction Pp Mass density of PL
Circumferential . .
0 direction es1p, €32p Piezoelectric constants
z Radius direction N33p Dielectric constant
E Young modulus Inner and outer
N of NS k surface of PL
. . Surface Lamé’s
S S
vy  Poisson ratio of NS = A5k, Sk constants of PL
py  Massdensity of NS E, Electric field
Inner and outer -
I, interface Dy, Electric displacement
M, ylk Interface Lamé’s Tk Residual stress of PL
constants
I Residual stress Sk oSk Surface piezoelectric
To of NS 31p’ "32p constants
Interface mass .
Iy Sk
p density of NS p Surface mass density of PL
Elastic constant .
Cijn of NS Cijp Elastic constant of PL
o;jn  Middle stress of NS 0yjp Middle stress of PL
Curvature . .
K(x,0) components A Piezoelectric voltage
0 R
S("be)’ Middle surface s Total strain energy
r2 strains
Displacement of I
u R T Total kinetic energy
x direction
v Dlspla_cem_ent of I Mass moments of inertia
6 direction
Displacement of . .
w 2 direction Cw Damping coefficient
4 Laplace operator Ky Winkler modulus
1) Natural frequency K, pasternak Shear modulus
M Total mass matrix w Total work
C Total d?"."p'”g K Total stiffness matrix
coefficient
= Piezoelectric b Gap width of
voltage loads the nanoshell
v Direct electric f Amplitude of
be voltage harmonic excitation
Material length
1 Nonlocal parameter n
scale parameter






