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1. Introduction 

 
Railway transportation is facing increasing challenges 

with the rapid development of high-speed transportation, 
heavy-haul freight, and large train densities (Esmaeili and 
Arbabi 2015, Li 2018, Lazorenko et al. 2019, Marjani and 
Younesian 2019, Kece et al. 2019, Sun et al. 2019, Wang et 
al. 2020). The increase in axle loads, length, and speed of 
trains greatly increases vertical dynamic loads, loading 
cycles, and loading frequency on railways (Tang et al. 2016, 
Xu et al. 2018b, Wang et al. 2019, Li et al. 2020). As a 
result, the requirements on quality of railway subgrades 
become increasing strict, and the greater dynamic and 
frequent loads lead to increasing degradation problems in 
railways such as large settlement, lateral deformation of 
embankment shoulder, slope collapse, and degradation of 
track geometry (Das and Bajpai 2018, Sayeed and Shahin 
2018, Khan and Dasaka 2019, Skrypnyk et al. 2019, Xu et 
al. 2020). 

In this regard, a number of treatment methods, e.g., jet-
grouting columns (Lazorenko et al. 2019), micro-piles 
(Dong et al. 2018), geogrids (Esmaeili et al. 2018), and 
grouting (Roghani et al. 2017), are employed for enhancing 
railway embankments/subgrades. When implementing the 
aforementioned methods, the interruption of traffic is 

 

∗Corresponding author, Ph.D., 
E-mail: yexinyu113@csu.edu.cn 

a Ph.D., E-mail: fangxu@csu.edu.cn 
b Ph.D., Professor, E-mail: wmleng@csu.edu.cn 
 

 
needed for the requirement of working space, and they 
generally need long construction period or lead to 
environment contamination or result in large disturbance of 
the embankment. To avoid the problems by using those 
enhancement methods, Xu et al. (2018a) developed a new 
prestressed reinforcement method and introduced its 
application in railway embankments; a diagram of a 
prestress-reinforced embankment (PRE) is shown in Fig. 1. 
The prestressed reinforcement device is composed of a steel 
reinforcement bar and two lateral pressure plates (LPPs). 
The steel bar is protected using a sleeve tube; therefore, 
there are no contact, friction, and bonding between the steel 
bar and surrounding soils. Once the steel bar is pulled, it 
then provides a pre-tension force between the two LPPs, 
which finally convert that pre-tension force into horizontal 
pressures acting on the embankment slopes. Therefore, the 
effect of the reinforcement device is that it can improve the 
stress state condition in the embankment by applying 
additional confining stress to the embankment soil, and then 
improve the performance of the embankment/subgrade (Xu 
et al. 2018a). As the components of the reinforcement 
device can be prefabricated in manufactory, conveniently 
assembled and installed in the field, it can reduce economic 
losses considerably by avoiding traffic interruption and 
shortening construction period; these merits are important 
to the normal operation of a railway. 

Prestressed reinforcing techniques such as prestressed 
anchors (Palop et al. 2013, Ozhan and Guler 2018), 
anchored cables (Castro-Fresno et al. 2009, Bi et al. 2019), 
anchored bolts (Fahimifar and Ranjbarnia 2009, Wu et al. 
2019), and anchored cable-frame system (Deng et al. 2017, 
Shi et al. 2019) have been widely adopted in stabilizing  
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Fig. 1 Schematic diagram of a PRE 
 
 

slopes, tunnels and deep pit excavations. The efficient and 
accurate determination of the addition stresses in a 
prestress-reinforced geotechnical structure is essential for 
exploring its reinforcement mechanism and potential 
applications, which plays a decisive role in determining the 
key design parameters such as the distribution of prestress, 
required pre-tension force, stability of the PRE, and the 
required spacing of the LPPs. Analytical methods are more 
efficient in analyzing the additional stress field in a 
prestress-reinforced soil/rock mass comparing with 
numerical methods and laboratory/field tests. 
Papanastassopoulou-Tsatsanifou (1983) proposed an 
analytical model to calculate the additional stresses induced 
by a prestressed rockbolt, in which a pair of line loads was 
used to simulate the anchoring effects. Wu et al. (2010) 
developed an analytical model for analyzing the stress filed 
of rock mass by simplifying the anchoring effects of an 
anchored-bolt as a pair of opposite point loads; similar 
simplifications were also adopted in the studies of 
Fahimifar and Ranjbarnia (2009), Guan et al. (2007), 
Carranza-Torres (2009) and Bobet and Einstein (2011). Guo 
et al. (2013) presented analytical solutions to compute the 
additional stresses surrounding a prestressed rockbolt, in 
which the anchor plate and anchor bond forces were 
replaced by using a uniform annular pressure and a point 
load, respectively. Showkati et al. (2015, 2016) proposed an 
analytical model to calculate the additional stresses 
subjected to a prestressed anchor while considering the 
nonlinear distribution of the mobilized interfacial shear 
stresses around the anchor bonded area. The above 
analytical methods mostly model the prestressed 
anchors/rockbolts as point/line loads, which are not in 
accordance with the reality of a PRE because the LPP loads 
cannot be simplified as point/line loads. Furthermore, as a 
newly developed reinforcement technique, the composition 
and structure of a PRE are different from the existing 
prestressed reinforcing techniques, therefore the existing 
analytical models are not applicable for PREs. 

Since the stress distribution plays an important role in 
the performance of the PRE, the study of the propagation of 
the additional confining stress (σH) (i.e., the additional 
horizontal stress) derived from applying the prestressed 
reinforcement device is conducted. An analytical model for 
a PRE was first proposed to calculate the σH at any point in 
a PRE, where the validity and feasibility in application of 
the model were verified and identified using finite element 
simulations. The propagation of σH in a PRE was then 

described and discussed based on the analytical model. 
Finally, calculation charts were developed in terms of three 
dimensionless parameters for accurately and efficiently 
predicting the σH in a PRE, and the potential applications of 
the proposed analytical model were finally discussed. 

 
 

2. Analytical model 
 
2.1 Basic assumptions 
 
An analytical model for calculating the additional 

stresses in a PRE subjected to the application of the 
prestressed reinforcement device was developed based on 
the following assumptions. 

 

(1) The embankment soil matrix is elastic, isotropic, 
and homogeneous. Soils, in most cases, are not fully 
elastic, isotropic, or homogeneous materials; 
however, previous studies have demonstrated that 
calculations for evaluating additional stresses yield 
fairly good results for practical work (Das and 
Sobhan 2014, Budhu 2011, Terzaghi et al. 1996). 

(2) The pressure between the LPP and the embankment 
slope is uniform. The distribution of contact 
pressures between structures and soils is closely 
related to the magnitude of pressure, the rigidity of 
the structure, and the modulus of the soil. The LPP 
is made of reinforced concrete which generally has 
a rigidity much greater than that of the soil, and it 
has been proved that simplifying the contact 
pressure as a uniform loading can yield acceptable 
predictions of additional stresses in a soil matrix, 
especially for the regions that are not close to the 
loading boundary (e.g., the core zones below the 
rails and sleepers of a PRE) (Das and Sobhan 2014, 
Budhu 2011, Terzaghi et al. 1996). 

(3) There is no interaction between the steel bar and 
embankment soil. The steel reinforcement bar is 
separated from the embankment soil using a sleeve 
protection tube as presented in Fig. 1; therefore, the 
interaction between the steel bar and embankment 
soil is negligible. 

 
2.2 Solutions for additional stress components 
 
Fig. 2 is a schematic diagram of the analytical model for 

a PRE, where the x-, y-, and z-axes parallel to the 
embankment slope, the longitudinal direction, and the 
direction perpendicular to the slope surface, respectively. 
The LPP transforms the pre-tension force (F) of the steel 
reinforcement bar into an equivalent horizontal pressure (q) 
acting on the embankment slope; q can be further 
decomposed into a uniform normal pressure (qN) and a 
uniform tangential pressure (qT), as shown in Fig. 2. The 
side lengths of the LPP in the x and y directions and the 
embankment slope angle are identified as w, l, and θ in Fig. 
2, respectively. Using these variables, q, qN, and qT can then 
be calculated using Eqs. (1)-(3) as shown below. 

 𝑞 = 𝐹𝑤𝑙 (1)
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An analytical model of the additional confining stress in a prestress-reinforced embankment 𝑞் = 𝑞 𝑐𝑜𝑠 𝜃 (2)

 𝑞் = 𝑞 𝑠𝑖𝑛 𝜃 (3)
 
The normal and tangential loads applied on an arbitrary 

microelement loading area (dA = dxdy) of the LPP can be 
expressed as dN = qNdxdy and dT = qTdxdy, respectively. 
When dA is concentrated to a point, dN and dT can be 
regarded as point loads; then the components of the 
additional stress below a corner point of an LPP under the 
action of qN and qT can be calculated by integrating the 
solutions of Boussinesq (1885) and Cerruti (1882). The 
detailed expressions of the derived stress components are 
Eqs. (4)-(9), where compression normal stresses and shear 
stresses that counterclockwise around the LPP are positive 
(+). Specifically, the result using Eq. (6) is positive when 
the calculation point is below the lower corner points of the 
LPP, and the results are also positive using Eqs. (7) and (8) 
when the calculation point is below the upper corner points 
of the LPP, and vice versa. 

 

 

 

 

 

 

 
where R = (x2 + y2 + z2)1/2 is the distance between the 
calculation point P and the coordinate origin O (see Fig. 2); 
μ is Poisson’s ratio; σxN, σzN, and τxzN are additional stresses 
along the x and z directions and the shear stress in the xz 
plane subjected to qN, respectively; and σxT, σzT, and τxzT are 
the corresponding additional stress components subjected to 
qT. 
 

Fig. 2 Schematic diagram of the analytical model for a PRE
 
 

2.3 Calculation of the additional confining stress 
 
Based on the stress state analysis theory, the additional 

confining stress (σH) in the horizontal direction can be 
formulated as 

 𝜎ு = 𝑟ଶ𝜎௫ + 𝑛ଶ𝜎௭ + 2𝑛𝑟𝜏௭௫ (10)
 

 

 

 

 

 

 
where σx, σz, and τxz are the additional stresses along the x 
and z directions and the shear stress in the xz plane 
subjected to q; r (= cos(H, x) = cosθ) and n (= cos(H, z) = 
sinθ) are direction cosines. 

As σxN and σzN are symmetrically distributed and τxzN is 
anti-symmetrically distributed under the action of qN, and 
σxN and σzN are anti-symmetrically distributed and τxzN is 
symmetrically distributed under the action of qT, the 
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𝜎௭ே = ඵ 3𝑞ே𝑧ଷ2𝜋𝑅ହௌ 𝑑𝑥𝑑𝑦 = 𝑞ே2𝜋 ቈ 𝑤𝑙𝑧ሺ𝑤ଶ + 𝑙ଶ + 2𝑧ଶሻሺ𝑤ଶ + 𝑧ଶሻሺ𝑙ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ + 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰቉ (4)

𝜎௫ே = ඵ 3𝑞ே2𝜋 ቈ𝑥ଶ𝑧𝑅ହ + 1 − 2𝜇3 ቆ 1𝑅ሺ𝑅 + 𝑧ሻ − ሺ2𝑅 + 𝑧ሻ𝑦ଶ𝑅ଷሺ𝑅 + 𝑧ሻଶ − 𝑧𝑅ଷቇ቉ௌ 𝑑𝑥𝑑𝑦 = 𝑞ே2𝜋 ሺ2𝜇 − 1ሻarctan ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰            + 𝑞ே2𝜋 ቈ− 𝑤𝑙𝑧ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ + arctan ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰቉             − 𝑞ேሺ2𝜇 − 1ሻ2𝜋 ൤arctan ൬ 𝑙𝑤൰ − arctan ൬ 𝑙𝑧𝑤√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰൨ 

(5)

𝜏௫௭ே = ± ඵ 3𝑞ே𝑥𝑧ଶ2𝜋𝑅ହ 𝑑𝑥𝑑𝑦 =ௌ ± 𝑞ே𝑧ଶ2𝜋 ቈ 𝑙𝑧ଶ√𝑙ଶ + 𝑧ଶ − 𝑙ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ቉ (6)

𝜎௭் = ± ඵ 3𝑞்𝑥𝑧ଶ2𝜋𝑅ହ 𝑑𝑥𝑑𝑦 =ௌ ± 𝑞்𝑧ଶ2𝜋 ቈ 𝑙𝑧ଶ√𝑙ଶ + 𝑧ଶ − 𝑙ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ቉ (7)

𝜎௫் = ± ඵ 𝑞்𝑥2𝜋𝑅ଷ ቈ 1 − 2𝜇ሺ𝑅 + 𝑧ሻଶ ቆ𝑅ଶ − 𝑦ଶ − 2𝑅𝑦ଶ𝑅 + 𝑧ቇ − 3𝑥ଶ𝑅ଶ ቉ௌ 𝑑𝑥𝑑𝑦
= ±

⎩⎪⎨
⎪⎧ 𝑞்ሺ1 − 2𝜇ሻ2𝜋𝑙ሺ𝑤ଶ + 𝑙ଶሻ ቂ𝑤ଶ ቀ−𝑧 + ඥ𝑙ଶ + 𝑧ଶቁ + 𝑙ଶ ቀඥ𝑙ଶ + 𝑧ଶ − ඥ𝑤ଶ + 𝑙ଶ + 𝑧ଶቁቃ

+ 𝑞்2𝜋 ൦ 𝑤ଶ𝑙ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ + 𝑙𝑛 ൬1 − 𝑙√𝑙ଶ + 𝑧ଶ൰ − 𝑙𝑛 ൬1 + 𝑙√𝑙ଶ + 𝑧ଶ൰+2 𝑙𝑛 ቀ𝑙 + ඥ𝑤ଶ + 𝑙ଶ + 𝑧ଶቁ − 2 𝑙𝑛 ቀඥ𝑤ଶ + 𝑧ଶቁ ൪⎭⎪⎬
⎪⎫

 
(8)

𝜏௫௭் = ඵ 3𝑞்𝑥ଶ𝑧2𝜋𝑅ହௌ 𝑑𝑥𝑑𝑦 = 𝑞்2𝜋 ቈ− 𝑤𝑙𝑧ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ + arctan ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰቉ (9)
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additional confining stresses (σHU and σHD) at a distance z 
(in the z direction) from the upper and lower corner points 
of an LPP can be calculated using Eqs. (11) and (12). 

 

 

 
where KzU and KzD are coefficients of additional confining 
stress at a distance z (along the z direction) from the upper 
and lower corner points of an LPP, respectively. The 
detailed expressions for KzU and KzD are Eqs. (13) and (14). 

 

 

 
The additional confining stress on the horizontal path H 

behind the upper corner point C can be calculated using the 
block method, as shown in Fig. 3. The variable h denotes 
the horizontal distance of a calculation point to the slope 
surface along the horizontal path H; point D is the 
projection of P on the embankment slope. The side lengths 

of subdivided loading regions DOAE and DCBE along the 
x direction are (w + hcosθ) and hcosθ, respectively, and the 
calculation depth in the z direction is hsinθ. The additional 

 

 
confining stress (σHU) on the horizontal path H behind the 
upper corner point C is calculated as the superimposed 
confining stress imposed by loading regions DOAE and 
DCBE, and the equation is 
 

 

 𝜎HU = 𝑞𝐾HU = 𝜎HU-DOAE − 𝜎HU-DCBE= 𝑞ሺ𝐾zU-DOAE − 𝐾zU-DCBEሻ (15)
 

where KHU is the coefficient of additional confining stress 
on the horizontal path H behind the upper corner point C; 
the subscripts of DOAE and DCBE correspond to the 

𝜎HU = 𝑞𝐾௭௎ = ሺ𝜎௫ே + 𝜎௫்ሻ 𝑐𝑜𝑠ଶ 𝜃 + ሺ𝜎௫ே + 𝜎௫்ሻ 𝑠𝑖𝑛ଶ 𝜃 + ሺ−|𝜏௫௭ே| + 𝜏xzTሻ 𝑠𝑖𝑛 2 𝜃 (11)𝜎HD = 𝑞𝐾௭஽ = ሺ𝜎௫ே − |𝜎௫்|ሻ 𝑐𝑜𝑠ଶ 𝜃 + ሺ𝜎௭ே − |𝜎௭்|ሻ 𝑠𝑖𝑛ଶ 𝜃 + ሺ𝜏௫௭ே + 𝜏௫௭்ሻ 𝑠𝑖𝑛 2 𝜃 (12)

𝐾௭௎ = ൝ቊ𝑞ሺ2𝜇 − 1ሻ2𝜋 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰ + 𝑞2𝜋 ቈ− 𝑤𝑙𝑧ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ + 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰቉
            − 𝑞ሺ2𝜇 − 1ሻ2𝜋 ൤𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑙𝑤൰ − 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑙𝑧𝑤√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰൨ቋ 𝑠𝑖𝑛 𝜃 
            − ቊ𝑞ሺ1 − 2𝜇ሻൣ𝑤ଶ൫−𝑧 + √𝑙ଶ + 𝑧ଶ൯ + 𝑙ଶ൫√𝑙ଶ + 𝑧ଶ − √𝑤ଶ + 𝑙ଶ + 𝑧ଶ൯൧2𝑙ሺ𝑤ଶ + 𝑙ଶሻ𝜋 + 𝑞2𝜋 ቈ 𝑤ଶ𝑙ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ             − 2 𝑙𝑛 ቀඥ𝑤ଶ + 𝑧ଶቁ + 𝑙𝑛 ൬1 − 𝑙√𝑙ଶ + 𝑧ଶ൰ − 𝑙𝑛 ൬1 + 𝑙√𝑙ଶ + 𝑧ଶ൰ + 2 𝑙𝑛 ቀ𝑙 + ඥ𝑤ଶ + 𝑙ଶ + 𝑧ଶቁ൨ൠ 𝑐𝑜𝑠 𝜃ൠ 𝑐𝑜𝑠ଶ 𝜃             + ቊ 𝑞2𝜋 ቈ 𝑤𝑙𝑧ሺ𝑤ଶ + 𝑙ଶ + 2𝑧ଶሻሺ𝑤ଶ + 𝑧ଶሻሺ𝑙ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ + 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰቉ 𝑠𝑖𝑛 𝜃             − 𝑞𝑧ଶ2𝜋 ቈ− 𝑙𝑧ଶ√𝑙ଶ + 𝑧ଶ + 𝑙ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ቉ 𝑐𝑜𝑠 𝜃ቋ 𝑠𝑖𝑛ଶ 𝜃             − ቊ− 𝑞𝑧ଶ2𝜋 ቈ 𝑙𝑧ଶ√𝑙ଶ + 𝑧ଶ − 𝑙ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ቉ 𝑠𝑖𝑛 𝜃             + 𝑞2𝜋 ቈ 𝑤𝑙𝑧ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ − 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰቉ 𝑐𝑜𝑠 𝜃ቋ 𝑠𝑖𝑛 2 𝜃 

(13)

𝐾௭஽ = ൝ቊ𝑞ሺ2𝜇 − 1ሻ2𝜋 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰ + 𝑞2𝜋 ቈ− 𝑤𝑙𝑧ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ + 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰቉
            − 𝑞ሺ2𝜇 − 1ሻ2𝜋 ൤𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑙𝑤൰ − 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑙𝑧𝑤√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰൨ቋ 𝑐𝑜𝑠 𝜃 
            + ቊ𝑞ሺ1 − 2𝜇ሻൣ𝑤ଶ൫−𝑧 + √𝑙ଶ + 𝑧ଶ൯ + 𝑙ଶ൫√𝑙ଶ + 𝑧ଶ − √𝑤ଶ + 𝑙ଶ + 𝑧ଶ൯൧2𝑙ሺ𝑤ଶ + 𝑙ଶሻ𝜋              + 𝑞2𝜋 ቈ 𝑤ଶ𝑙ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ − 2 𝑙𝑛 ቀඥ𝑤ଶ + 𝑧ଶቁ + 𝑙𝑛 ൬1 − 𝑙√𝑙ଶ + 𝑧ଶ൰ − 𝑙𝑛 ൬1 + 𝑙√𝑙ଶ + 𝑧ଶ൰             +2 𝑙𝑛 ቀ𝑙 + ඥ𝑤ଶ + 𝑙ଶ + 𝑧ଶቁቃቅ 𝑐𝑜𝑠 𝜃ቅ 𝑐𝑜𝑠ଶ 𝜃             + ቊ 𝑞2𝜋 ቈ 𝑤𝑙𝑧ሺ𝑤ଶ + 𝑙ଶ + 2𝑧ଶሻሺ𝑤ଶ + 𝑧ଶሻሺ𝑙ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ + 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰቉ 𝑠𝑖𝑛 𝜃             + 𝑞𝑧ଶ2𝜋 ቆ− 𝑙𝑧ଶ√𝑙ଶ + 𝑧ଶ + 𝑙ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶቇ 𝑐𝑜𝑠 𝜃ቋ 𝑠𝑖𝑛ଶ 𝜃             − ቊ𝑞𝑧ଶ2𝜋 ቈ 𝑙𝑧ଶ√𝑙ଶ + 𝑧ଶ − 𝑙ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ቉ 𝑐𝑜𝑠 ቀ𝜋2 − 𝜃ቁ             +  𝑞2𝜋 ቈ 𝑤𝑙𝑧ሺ𝑤ଶ + 𝑧ଶሻ√𝑤ଶ + 𝑙ଶ + 𝑧ଶ − 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑤𝑙𝑧√𝑤ଶ + 𝑙ଶ + 𝑧ଶ൰቉ 𝑐𝑜𝑠 𝜃ቋ sin2𝜃 

(14)
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loading regions. 
A procedure similar to the one used to calculate σHU is 

used for the additional confining stress (σHD) on the 
horizontal path behind the lower corner point O. The σHD 
can be calculated as the superimposed confining stress 
imposed by loading regions DOAE and DEBC, as shown in 
Fig. 4, where the side lengths of loaded region DEBC along 
the x direction is (w − hcosθ) and the calculation depth in 
the z direction is hsinθ. The equation for σHD is 

 𝜎HD = 𝑞𝐾HD = 𝜎HU-DOAE + 𝜎HD-DEBC= 𝑞ሺ𝐾௭U-DOAE + 𝐾௭D-DEBCሻ (16)

 
where KHD is the coefficient of additional confining stress 
on the horizontal path H behind the lower corner point O. 

Eqs. (15) and (16) convert the calculation path from the 
z direction to the H direction, which enables the direct 
computation of σH behind an LPP corner point along the 
horizontal path H and can intuitively reflect the distribution 
of σH in a PRE. Eqs (15) and (16) can be abbreviated as 

 𝜎ு = 𝑞𝐾ு (17)
 

where KH is the coefficient of additional confining stress 
described by Eqs. (15) and (16), and the value of KH is 
determined by w, l, and h (as shown in Figs. 3 and 4). 

The block method can also be used to calculate σH at 
points that are not on horizontal paths behind the LPP 
corner points, by dividing the loading area of the LPP into 

 
 

 
 

a few rectangular loading regions with the point as a 
common corner. The σH at an arbitrary horizontal distance 
can then be calculated as the superimposed confining stress 
imposed by the subdivided loading regions. The solutions 
published by Boussinesq (1885) and Cerruti (1882) were 
derived on the basis of an elastic semi-infinite space. 
Previous studies (Lv and Wang 2004, Chen et al. 2014) and 
multinational design codes (German Railway Standard Rail 
836 2008, National Railway Administration of the People’s 
Republic of China 2014) have demonstrated that analytical 
solutions based on semi-infinite space can predict the 
additional stress in a soil embankment with satisfactory 
accuracy when the net spacing between the loading 
boundary and the embankment boundary (e.g., the 
embankment shoulder line) reaches a certain value. The 
initial stress field around the embankment shoulder 
approximates a zero-stress state, hence local shear failure 
readily occurs when the prestress is applied close to the 
embankment shoulder line. Therefore, the prestressed 
reinforcement devices are normally not applied near this 
line, which is in accordance with the net spacing 
requirement between the reinforcement devices and 
embankment shoulder when using the proposed analytical 
model. However, there is a requirement to identify the 
required net spacing value to demonstrate the validity and 
feasibility in application of the proposed model, which is 
specifically discussed in the next section by comparing with 
numerical simulations. 

 

(a) Subdivided regions of the LPP (b) Conversion of the calculation path 

Fig. 3 Schematic diagram for calculating σHU or KHU behind an upper corner of the LPP 

(a) Subdivided regions of the LPP (b) Conversion of the calculation path 

Fig. 4 Schematic diagram for calculating σHD or KHD behind a lower corner of the LPP 
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3. Numerical verification 
 
3.1 Finite element model 
 
The PRE was analyzed using the ABAQUS software 

(Dassault Systèmes Simulia Corp., Version 6.14). The 
embankment has a height of 7.0 m, a half width of 4.15 m, a 
slope ratio of 1:1, and a length of 15.0 m. The bottom 
boundary is 15.0 m below the top surface of embankment 
and the left boundary is 10.0 m away from the embankment 
toe as presented in Fig. 5, where s denotes the net spacing 
between the LPP and the embankment shoulder line. The 
LPP has a plan dimension of 1.0 m × 1.0 m. In the three-
dimensional (3D) finite element analyses (FEA), cases with 
s values of one and two times of the LPP width (i.e., 1 m 
and 2 m) were simulated to determine which placement was 
more appropriate. 

The adopted soil properties are E = 120 MPa and μ = 
0.30 which are within the value ranges of 80-250 MPa and 
0.25-0.32 for an embankment filler reported by Gong and 
Zhou (2007) and Mei et al. (2019), where E is Young’s 
modulus and μ is Poisson’s ratio. It is worth noting that the 
absolute values of the involved soil parameters may have an 
impact on the embankment deformation, but the effect on 
the distributions of the additional confining stress is limited 
when the E and μ are within the aforementioned value 
ranges. The left, right, front, and back boundaries are fixed 
but vertical displacement is allowed. At the bottom of the 
model, both vertical and horizontal displacements are fixed. 
Because the PRE are symmetrical, only one-half of the 
embankment was analyzed. Fig. 5 shows the established 
finite element model where 238, 464 reduced integrated 
hexahedral elements (C3D8R) are generated to mesh the 
embankment. To ensure the accuracy of the simulations, the 
mesh in the local regions around the loading area has a 
smaller size. The applied horizontal pressure (p) was 
100 kPa. It should be noted that the degradation of the 
embankment due to the additional uplift stress may occur 
once too much pressure is applied on the embankment, so 

 
 
 
 

Fig. 5 Numerical model of the PRE 

the condition that once the soils under the center of the LPP 
reach the failure point is identified as the critical state. It is 
found that the soil under the LPP does not appear a shear 
failure when the additional stress is under 150 kPa (Wang 
2019). 

 
3.2 Validation of the analytical model 
 
The KH versus h curves at different external distances 

(dU, see Fig. 5) from the upper border of the LPP are 
compared with that using the analytical model, as shown in 
Figs. 6 and 7. The KH in the FEAs is calculated as KH = 
S11/p, where S11 is the additional confining stress, and the 
KH in the analytical model is evaluated using the 
superimposed confining stress imposed by a pair of LPPs 
that are on opposite slopes of the PRE. As shown in Fig. 6, 
the difference of the KH versus h curves between the FEAs 
and analytical curves is large when the net spacing is one 
time of the LPP width (i.e., 1.0 m). However, this difference 
is quite small when the net spacing is two times of the LPP 
width (i.e., 2.0 m) (see Fig. 7), indicating that a net spacing 
of 2.0 m is sufficient to satisfactorily predict the additional 
confining stress in the PRE. In addition, the reason that 
there are some differences between the FEAs and analytical 
curves may account for the following reason: the soil stress 
redistribution is occurred for the soil with an elastic-plastic 
behavior in numerical model, this phenomenon is more 
obvious for the position that closer to the slope surface of 
the embankment (e.g., the h is smaller than 0.4 m). The soil 
in the analytical model is assumed to be elastic matrix, so 
the difference appears. Nevertheless, as a preliminary 
guidance, the proposed analytical model is appropriate for 
analyzing the additional stress field in a PRE when the net 
spacing is greater than two times of the LPP width (i.e., 2 m 
in this study). Compared with the finite element method, the 
proposed analytical model has advantages of strong 
reliability, high computational efficiency, clear in concept, 
simple in operation, and ease for engineers to use. 

 
 
 
 
 

Fig. 6 KH–h curves outside the LPP for s = 1 m
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Fig. 7 KH–h curves outside the LPP for s = 2 m
 
 
 

 
Fig. 8 Diagram showing the positions of analyzed regions in

the PRE 
 
 
 

4. Distribution of the additional confining stress 
 
Tentative calculations show that the distribution pattern 

of σH in a PRE is similar under different LPP sizes and 
embankment slope ratios. In this study, the σH distribution 
subjected to single LPP is discussed with a 1.0 m × 1.0 m 
LPP and a 1:1 embankment slope ratio by using the 
proposed analytical model and the Mathematica software 
(Wolfram Research, Inc., version 11.3). 

 
4.1 Additional confining stress behind the LPP 
 
The additional confining stress on four inclined planes, 

which are 0.2 m, 0.8 m, 1.6 m, and 2.4 m from the LPP (see 
Fig. 8), are analyzed. Fig. 9 shows 3D color contours of the 
KH (or σH) on the four projected inclined planes. The 
contours show that KH is attenuated with increasing h. 

On the nearest plane to the LPP (Fig. 9(a)), the 
additional confining stress near the lower border is low 
because the tangential pressure qT results in tension stress 
near the LPP’s lower border and this tension partially 
offsets the compression stress induced by the normal 
pressure qN. Overall, the KH contours exhibits a “bulging 
abdomen” shape on close planes; however, KH gradually 
decreases and displays in a much more uniform distribution 
pattern (“flat abdomen”), as shown in Fig. 9(d). The arrow 
lines in Fig. 9 indicate the traces of KH growth; the high 
stress region moves gradually from the upper part to the 
lower border of the loading area as h increases. The 
variation ranges of the KH are 0.185–1.170, 0.196–0.503, 
0.094–0.197, and 0.053–0.095 for the h values of 0.2 m, 
0.8 m, 1.6 m, and 2.4 m, respectively. The maximum and 
minimum values in the shallow regions exhibit a difference 
of an order of magnitude. However, the difference in KH 
then minimized and gradually become uniformly distributed 
with increasing h. 
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Fig. 9 Distribution contours of KH on the four inclined planes at different h values 
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4.2 Additional confining stress in regions adjacent 
to the LPP 

 
The additional confining stress in a PRE is continuously 

propagated to the regions beyond the LPPs. The 
propagation of σH to the external regions on the symmetry 
planes of the LPP, that are regions U, D, and L in Fig. 8, are 
analyzed in detail, where dU, dD, and dL are the external 
distance away from the LPP border in regions U, D, and L, 
respectively (see Fig. 8). 

The KH versus h curves at various external distances 
(dU) for region U are shown in Fig. 10. KH first increases to 
a maximum value followed by a gradually decrease with 
increasing h, with each curves showing a peak point. The 
distance h from the peak stress point to the slope surface 
increases with increasing dU, indicating that the prestress 
gradually expands outward with increasing h. Note that the 
KH versus h curves tend to become nearly horizontal when h 
is greater than 2.4 m, implying that a continuous and 
effectively reinforced zone can be formed if the pre-tension 
force and LPP spacing are properly designed. 

Fig. 11 shows KH versus h curves for different external 
distances (dL) in region L; there is a peak point on each 
curve and the KH expansion is similar to that in region U. 

 
 

Fig. 10 KH–h curves in region U 
 
 

Fig. 11 KH–h curves in region L 
 

Fig. 12 KH–h curves in region D
 
 

Fig. 12 presents the KH versus h curves at different external 
distances (dD) in region D, showing a peak point on each 
curve. The curves intersect the horizontal line of KH = 0, 
defining a critical distance (hc) where the additional 
confining stress changes from tension (–) to compression 
(+). Theoretically, the magnitude of tension stress and the 
size of tension region is capable to be offset to a low level 
by the compression effect of the LPP blow the lower border 
of the current LPP if the LPP spacing is properly designed. 
In addition, the KH versus h curves (Fig. 12) tend to be 
horizontal when h is greater than 2.4 m, indicating that an 
effective reinforced zone similar to the one in region U can 
also be formed in region D. 

 
 

5. Calculation charts for KH 
 
The above sections proposed an analytical model for 

calculating the additional confining stress in a PRE. 
However, the calculation process is complicated and would 
be inconvenient in engineering practice. Therefore, 
calculation charts were developed to enable the efficient 
prediction of σH in practical work. The charts use three 
dimensionless parameters, namely the embankment slope 
ratio (1:m), side length ratio of the LPP (l/w), and the ratio 
(h/w) of h to the width (w) of the LPP along the 
embankment slope direction. In particular, the coefficients 
of the additional confining stress (KHU and KHD) under six 
typical embankment slope ratios (i.e., 1:m = 1:0.50, 1:0.75, 
1:1.00, 1:1.25, 1:1.5, and 1:1.75) are calculated using Eqs. 
(1)-(16), and the calculation charts are presented in Figs. 13 
and 14. 

 
5.1 Charts for KHU 
 
Fig. 13 presents KHU versus h/w curves for the six 

embankment slope ratios, with lines corresponding to 
different l/w values. The shapes of the KHU versus h/w 
curves for different slope ratios are similar, that is KHU 
increases with decreasing slope ratio. Moreover, KHU 
increases with increasing l/w and the convergence of those 
curves indicates that the increase rate gradually decreases. 
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5.2 Charts for KHD 
 
Fig. 14 presents KHD versus h/w curves for the six 

embankment slope ratios. The shapes of the KHD versus h/w 
curves for different slope ratios are similar. However, there 

 
 

 
 

is a critical side length ratio ((l/w)c) for KHD below which 
KHD decreases with increasing h/w. When l/w is greater than 
(l/w)c, KHD initially increases to a peak value and then 
gradually decreases with increasing h/w, with each curve 
having a peak KHD. Similar to KHU, KHD increases with 

 
(a) 1:m = 1:0.5 (b) 1:m = 1:0.75 (c) 1:m = 1:1.0

 

 
(d) 1:m = 1:1.25 (e) 1:m = 1:1.5 (f) 1:m = 1:75

Fig. 13 KHU–h/w curves for six different PRE slope ratios 

 
(a) 1:m = 1:0.5 (b) 1:m = 1:0.75 (c) 1:m = 1:1.0

 

 
(d) 1:m = 1:1.25 (e) 1:m = 1:1.5 (f) 1:m = 1:75

Fig. 14 KHD–h/w curves for six different PRE slope ratios 
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increasing l/w and the increase rate gradually decreases. It is 
noted that the curves for KHD (and KHU) versus h/w do not 
change significantly when l/w is greater 4.0, implying that 
LPPs should not be designed as a narrow strip. 
Consequently, the side length ratio (l/w) of the LPP is 
suggested to be greater than the critical value (l/w)c but less 
than 4.0. 

The additional confining stress at any point in a PRE 
can be conveniently obtained using the calculation charts. 
The procedures and remarks in the prediction of σH in a 
PRE are as follows: (1) calculate the values of l/w and h/w 
based on the designed LPP dimensions and the position/ 
coordinate of the targeted calculation point; (2) predict the 
σH using l/w, h/w, and Fig. 13 or 14; (3) for cases where the 
slope ratio, LPP size, and the calculation position are not 
included in the charts, the interpolation method is 
suggested; (4) for the situations where σH is provided by 
multiple LPPs, total σH can be estimated by using the 
superposition principle. 

 
 

6. Potential applications of the analytical model 
 
The efficient and accurate determination of the addition 

stresses in a PRE is essential for studying its reinforcement 
mechanism and potential applications, which plays a 
decisive role in determining the stability of the PRE, the 
required spacing of the LPPs, and the required pre-tension 
force of the steel bar. Fig. 15 presents the distributions of 
additional normal and shear stresses on a potential sliding 
surface of the analyzed embankment in section 3 using the 
developed analytical model, where one row of LPPs (i.e., 
corresponding to a plain strain condition) is placed with a 
net spacing of 4 m away from the embankment toe. 

The additional normal and shear stresses on the potential 
sliding surface are calculated based on the proposed 

 
 

Fig. 16 Schematic diagram of LPP spacing to attain 
required σH

 
 

analytical model and stress state analysis theory. It can be 
seen that the additional stresses, predicted using the 
proposed model, continuously propagate to the entire 
sliding surface. Tension normal stress appears on the slices 
beyond the lower boundary of the LPP, resulting in negative 
effect on the stability of the PRE; however, the tension 
stress is much less compared with the compression stress. 
Similarly, the positive effect of the shear stress on the 
sliding surface is also much greater than the negative effect. 
Therefore, the stability improvement of the PRE is 
dominated by the positive effect of the additional normal 
and shear stresses, and the proposed analytical model could 
provide a theoretical base to develop a method for 
analyzing the stability of a PRE by incorporating the 
propagation effect of additional stresses in future studies. 

In recent decades, the increase in axle loads, length, and 
speed of trains leads to increasing degradation problems in 
railways such as large settlement, lateral deformation of 
embankment shoulder, slope collapse, and degradation of 

P
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track geometry. It has been proved that increasing the 
confining pressure of the embankment soil can effectively 
mitigate the degradation problems of the railway subgrade 
(Xu et al. 2018a). Therefore, how to design the LPP spacing 
to attain the required confining pressure of the embankment 
soil is worth of studying. 

The increase in axle loads of operation trains may lead 
to the induced dynamic stress becomes greater than the 
critical dynamic stress (σcri) of the embankment soil, thus 
resulting in excessive plastic deformation of the railway 
subgrade (Zhai et al. 2020, Wang et al. 2018, Kennedy et 
al. 2012). One alternative to control the accumulative 
plastic deformation is using the PRE technique to provide 
an additional confining stress for the embankment soil so as 
the σcri of the soil remains lager than the dynamic stress 
induced by the operation trains. The σcri is closely related to 
the confining pressure of the soil, and the correlation can be 
determined by performing dynamic triaxial tests under 
different confining pressures and dynamic deviator stresses 
(Zhai et al. 2020, Xiao et al. 2014, Dawson et al. 2000); the 
required σH of the embankment soil can therefore be 
determined. 

The proposed analytical model is capable to calculate 
the σH at any point in a PRE subjected to multiple 
reinforcement devices/LPPs. Theoretically, a relationship 
between the LPP spacing and the pre-tension force of the 
steel reinforcement bars can be obtained with knowing the 
required σH. Fig. 16 illustrates a potential application of the 
analytical model, where the net spacing of the square LPPs 
along the longitudinal (L1) and slope (L2) directions and the 
pretension force F of the steel reinforcement bars can be 
adjusted to attain the required σH at a prescribed depth 
under the rail (i.e., the train wheel) by using the proposed 
analytical model, e.g., with knowing the L1, L2, and σH, the 
required F can be evaluated using the proposed analytical 
model. However, the detailed relationship among L1, L2, F, 
and σH needs further study in further. 

 
 

7. Conclusions 
 
An analytical model for the newly developed PRE is 

proposed to calculate the additional confining stress (σH) at 
any point in a PRE. For the aim of convenience in 
application, calculation charts were then developed in terms 
of three dimensionless parameters, and can be used to 
accurately and efficiently predict the σH in a PRE regardless 
of the embankment slope ratio and LPP side length ratio. 
The following conclusions can be drawn from this study. 

 
(1) An analytical model was proposed to calculate the 

additional confining stress in the newly developed 
PRE; this model shows sufficient accuracy when 
the net spacing between the LPP and the line of 
embankment shoulder is greater than a certain 
value (e.g., two times of the LPP width (i.e., 2.0 m) 
in this study). 

(2) The distribution of σH in the horizontal projection 
area of an LPP is changed from a “bulging 
abdomen” pattern to a relatively uniform “flat 
abdomen” pattern with increasing the horizontal 

distance (h) to the slope surface. The σH in the 
external regions of an LPP quickly increases to the 
peak, which is followed by a decrease with the 
increase in h. The horizontal distance from the peak 
stress point to the slope surface increases with 
increasing external distance, indicating that the σH 
is gradually spreads outward as h increases. 
Moreover, an effective reinforced zone can 
probably be formed in deep embankment soil. 

(3) The trends of the coefficients of the additional 
confining stress (KHU or KHD) below the upper (or 
lower) corner points of an LPP versus h/w curves 
under different slope ratios are similar. The KHU 
and its attenuation rate decrease with increasing 
h/w. The KHD initially increases to the peak and 
then gradually decreases with increasing h/w when 
l/w is greater than (l/w)c. Moreover, the side length 
ratio l/w of the LPP is suggested to be greater than 
the critical value (l/w)c but less than 4.0. 
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