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1. Introduction 

 
Structural health monitoring (SHM) is of great 

significance to structural safety, maintenance of the 
infrastructures and has received high attention over the last 
years (Borlenghi et al. 2021, Kaloop et al. 2020, Chalioris 
et al. 2020, Lydon et al. 2019, Wu et al. 2019, Huang et al. 
2017). In SHM, a rational and effective arrangement of 
sensors plays an important role in ensuring the safety of the 
structure (AlSaleh and Clemente 2020). With the 
continuous development of structural engineering, an 
increasing number of large-scale complex structures have 
emerged, such as super high-rise buildings and long-span 
bridges. In theory, the amount of structural information 
obtained is proportional to the number of sensors placed 
(Altunisik et al. 2021); thus, the actual service condition of 
the structure can be more accurately evaluated. However, if 
the number of sensors installed on the structure is too large, 
it will lead to an overly high cost of system maintenance 
and waste. In addition, too many sensors may cause an 
excessive burden on data transmission and storage (Quqa et 
al. 2021). Therefore, in SHM, it is necessary to determine 
the optimal locations of the sensor arrangement with 
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a certain number of sensors. 

Sensor placement optimization is generally divided into 
two steps. In the first step, based on the requirement that 
important data information of the structural response should 
be effectively collected, we selected the appropriate sensor 
placement criterion and define the objective function. 
Subsequently, effective optimization algorithms are 
employed to determine the best solution for the objective 
function; that is, the optimal placement of the sensors. Shah 
and Udwadia (1978) first studied the problem of optimal 
sensor placement, and time-domain data were used to 
optimize sensor placement by minimizing the norm of the 
covariance matrix of the estimation parameters. Kammer 
(1991) proposed an effective independent method that 
determines the position of sensors by deleting the sensor 
position that contributes the least to the modal linear 
independence to obtain the best modal parameter 
estimation. Carne and Dohrmann (1994) investigated the 
utilization of the modal assurance criterion (MAC) for the 
selection of sensor placement locations, which aims to 
measure modal shapes as independently as possible. Yin et 
al. (2017) studied the optimal sensor placement of periodic 
structures ending with bolted joints based on information 
entropy. Liu et al. (2020) developed a sensor placement 
framework based on the Fisher information matrix to 
improve damage detection accuracy. Hosseini-Toudeshky 
and Amjad (2021) studied the sensor placement 
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optimization for guided wave-based structural health 
monitoring by using the detection theory and Bayesian risk 
framework. 

Several optimization algorithms have been applied to 
obtain a satisfactory sensor placement scheme. Zhao and 
Nehorai (2007) employ the Gauss-Newton method to 
optimize the wireless sensor networks in a statistical 
measurement model. Akbarzadeh et al. (2014) proposed an 
adaptation of the gradient descent method to optimize the 
position and orientation of the sensors. Recently, with the 
development of bionics, swarm intelligence optimization 
algorithms have been proposed. Liu et al. (2008) used a 
genetic algorithm (GA) to optimize the sensor placement of 
a spatial lattice structure. He et al. (2015) improved particle 
swarm optimization (PSO) to efficiently optimize the sensor 
placement of a two-dimensional truss structure. Sun and 
Büyüköztürk (2015) applied an artificial bee colony 
algorithm to an integer optimization problem for sensor 
placement. Yi et al. (2015) introduced a biological immune 
mechanism, and developed an improved monkey group 
algorithm. 

Optimal sensor placement is a discrete combinatorial 
optimization problem. Although different solutions have 
been proposed (Qin et al. 2021, Hou et al. 2019), it remains 
challenging to determine a global optimal solution for large-
scale and complex structures (Yang and Lu 2017). Wang et 
al. (2019) applied reinforcement learning (RL) to an 
optimal sensor placement problem and verified the 
effectiveness of RL. However, the computer will be out of 
memory when the dimensions of the sensor placement 
optimization are high. In recent years, deep learning has 
been widely used in structural health monitoring (Wang et 
al. 2021, Huang et al. 2021, Ding et al. 2020, Rosafalco et 
al. 2020) because of its powerful capability to recognize 
patterns and to build regression and classification models 
for high-dimensional complex problem or system. In this 
study, a deep reinforcement learning (DRL)-based sensor 
optimal placement algorithm was presented. DRL is a 
combination of deep neural networks and RL with 
perceptual and decision-making abilities (Mnih et al. 2013). 
The algorithm has been successfully applied in various 
fields, including machine vision (Oh et al. 2015), drone 
control (Chang et al. 2020, Lin et al. 2020, Clegg et al. 
2020), medical treatment (Xu et al. 2021, Krishna et al. 
2021), path planning (Singh et al. 2017, Yurtsever et al. 
2020), and the solving of partial differential equations (Wei 
et al. 2019). In the DRL algorithm, a neural network is 
employed instead of the original Q-table in RL to fit the 
mapping relationship between the action and value of the 
action (Mnih et al. 2013), which breaks the limitation that 
RL cannot be applied to high-dimensional problems (Oh et 
al. 2015). Minh et al. (2015) proposed a deep Q network 
(DQN). During the training procedure, two neural networks 
were used to improve the fitting accuracy of the functional 
relationship between the input and the output. The DQN 
optimization algorithm can realize discrete representation 
and determine a satisfactory solution through the 
optimization process of reward feedback, which can 
suitably solve the problem of high-dimensional sensor 
optimal placement. We employ DRL method in this study 

based on the consideration that DRL provides a novel 
approach to model an optimization problem into a state-
action-transition-reward framework without any additive 
assumption. It is powerful to form a general framework for 
a bunch of optimization problems including sensor 
placements, compared with the specifically designed 
algorithms. DRL methods also have been proved to be 
effective and efficient in optimization problems with 
complex state and/or solution spaces, and with complex 
objective functions. Sensor placement is non-convex, high-
dimensional, and discrete combinatorial optimization 
problem and it is appropriate to employ this method. 

The contribution of the paper is twofold. From the 
theory aspect, the MAC for quantifying the independence 
among different modal shapes was selected as the criterion 
to optimize vibration sensor placement. We then 
transformed the sensor optimal placement process into a 
Markov decision process and employed a DRL-based 
optimization algorithm to maximize the objective function 
for optimal sensor placement. In the DRL-based 
optimization algorithm, the sensor placement vector, 
objective function, and position change of the sensor are 
assigned as the state, reward, and action, respectively. 
Moreover, a Double Deep Q-network model was introduced 
to address the overestimation problem. From the application 
aspects, a braced frame structural model and a sea-crossing 
bridge model were employed to verify the effectiveness of 
the algorithm. The corresponding two optimal sensor 
placement problems of vibration sensors were solved, and a 
comparison study with the traditional genetic algorithm and 
particle swarm optimization algorithm was performed. Our 
proposed DRL-based optimization algorithm enables to 
produce a superior sensor configuration, which generates 
measured modal shapes that have good linear independence 
from each other. Moreover, the algorithm can directly 
realize zero or one discrete representation of the result, 
providing clear support for sensor placement decisions. 

The remainder of this paper is organized as follows. In 
Section 2, a DRL-based optimization algorithm for optimal 
sensor placement is proposed, including the selection of the 
objective function, introduction of an improved DRL 
algorithm, and algorithmic design of the DRL-based sensor 
placement optimization. We then present two illustrative 
examples and compare the proposed algorithm with two 
traditional methods in Section 3, followed by conclusions 
and future work in Section 4. 

 
 

2. DRL-Based algorithm for optimal sensor 
placement 
 
2.1 Objective function 
 
Modal information is vital to understanding the 

structural dynamic behavior, as the identified structural 
modal parameters are functions of structural physical 
parameters; that is, stiffness, mass, and damping. However, 
in practice, the measured degree of freedom (DOF) is much 
less than that of the full DOFs of the structure model, which 
makes it difficult for the obtained modal vectors to 
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guarantee modal orthogonality. In some cases, the important 
modal information may be lost owing to the small space 
angle of the modal vectors (Carne and Dohrmann 1994). To 
study this issue, the MAC matrix is introduced with the 
element MACi,j in the i-th row and j-th column, defined as 
follows 

 𝑀𝐴𝐶௜,௝ = (𝜙௜𝜙௝் )ଶ(𝜙௜𝜙௜் )(𝜙௝𝜙௝் )       (𝑖, 𝑗 = 1,2,3. . . 𝑁௠) (1)

 
where 𝜙௜  refers to the i-th modal shape in the modal 
matrix corresponding to the measured DoFs with sensors 
placed, and Nm is the total number of investigated modes. 

MACi,j can be considered the cosine value of the angle 
between the i-th and j-th modal vectors. The smaller the 
value, the larger the angle between the two vector spaces, 
and vice versa. Therefore, the non-diagonal element MACi,j 
(i ≠ j) in the MAC matrix can reflect the angle of 
intersection between the i-th and j-th modal vectors. 
Generally, when MACi,j is greater than 0.9, the i-th and j-th 
modes are similar, and the two modes are indistinguishable; 
when the value is less than 0.05, the two modes are 
considered orthogonal to each other, and the two modes can 
be clearly distinguished (Ewins 1986). Therefore, vibration 
sensor placement can be realized by minimizing the 
maximum value of the non-diagonal elements of the MAC 
matrix. We define the objective function 𝑓(𝛅)  of the 
sensor placement criterion based on the modal confidence 
theory 

 𝑓(𝛅) = 1 − max௜ஷ௝ ൛𝑀𝐴𝐶௜,௝ൟ     (𝑖, 𝑗 = 1,2, . . . 𝑁௠) (2)
 

where 𝛅 ∈ ℝே೏  represents the sensor placement vector, 
which is composed of 1 and 0, implying one and no sensors 
arranged at a certain position, respectively; Nd refers to the 
number of candidate sensor placement points, which is 
usually identical to the number of DoFs of the structural 
model. 

When the maximum value of the objective function 𝑓(𝛅) is obtained, optimal sensor placement is achieved. 
The optimal solution 𝛅∗ is computed as 

 𝛅∗ = 𝑎𝑟𝑔𝑚𝑎𝑥ఋ 𝑓(𝛅) (3)
 
2.2 Improved deep reinforcement learning 

algorithm 
 
2.2.1 Decision and update using Q-learning 
Q-learning is a widely used algorithm in RL and was 

developed to address the nonlinear optimization problem. 
Particularly, it can be applied for discrete combinatorial 
optimization and is suitable for the optimization of sensor 
placement (Wang et al. 2019). The Q-learning decision 
process is a Markov decision process (Kalnoor and 
Subrahmanyam 2020). The main components of RL include 
agents, actions, states, and reward (Sutton and Barto 1998). 
In the sensor placement problem, the current sensor 
placement configuration, change in the position of the 
sensor, and objective function can be regarded as the state 
st, action at, and reward rt, respectively. The value of action 
at based on the state st can be expressed as Q(st,at), and the 

Table 1 Q-table (given the evaluation values of the state st 
and action at) 

State 
Action 𝑎ଵ    𝑎ଶ … 𝑠ଵ 𝑄(𝑠ଵ, 𝑎ଵ)    𝑄(𝑠ଵ, 𝑎ଶ) … 𝑠ଶ 𝑄(𝑠ଶ, 𝑎ଵ)    𝑄(𝑠ଶ, 𝑎ଶ) … 𝑠ଷ 𝑄(𝑠ଷ, 𝑎ଵ)    𝑄(𝑠ଷ, 𝑎ଶ) … 

… … … … 
 
 

relationship between Q(st,at) and state st and at is 
represented using the Q-table, which is shown in Table 1. 
Different from the reward rt which is a single step reward, 
the Q-value Q(st,at) here is intended to represent the 
expectation of cumulative reward from the current state st to 
the final sensor placement configuration within a finite 
number of steps, when the current action at is selected. This 
is helpful to avoid local optimization when selecting an 
action. 

Generally, an agent is inclined to choose an action that 
obtains the best sensor placement solution, that is, the 
action at with the highest Q(st,at) valve; the new sensor 
placement st+1 and the corresponding reward rt are then 
produced. During the exploration of the agent, Q(st,at) can 
be updated according to the following formula 

 𝑄௞ାଵ(𝑠௧, 𝑎௧) ← 𝑄௞(𝑠௧, 𝑎௧) +𝛼 ൤𝑟௧ + 𝛾𝑚𝑎𝑥௔೟శభ 𝑄௞(𝑠௧ାଵ, 𝑎௧ାଵ) − 𝑄௞(𝑠௧, 𝑎௧)൨ (4)

 
where 𝛼 ∈ (0,1] is the learning rate, 𝛾  is the discount 
factor, and k is the execution time of the action. 

When the number of updates is sufficiently large, 
Q(st,at) converges to a stable value. Thus, the agent can 
maximize the cumulative reward when at state st, and we 
choose at with the highest Q(st,at) (Sutton and Barto 1998). 

When facing a low-dimensional problem, the Q-table of 
the RL algorithm can sufficiently store Q(st,at) 
corresponding to state st and action at. 

 
2.2.2 Deep Q-network and double deep Q-network 

for deep reinforcement learning 
For high-dimensional problems, the use of a Q-table in 

the RL optimizer is typically faced with the difficulties of 
insufficient computer storage space and the intractability of 
the algorithm. To address this problem, a deep neural 
network is introduced to replace the Q-table, and a DRL 
algorithm is formed (Zhao et al. 2019). To realize this, 
DQN is employed to approximate the real mapping 
relationship Q*(s,a) between state s and action a as the 
neural network output by continuously updating the neural 
network parameters θ as follows 

 𝑄∗(𝑠, 𝑎) ൎ 𝑄(𝑠, 𝑎; 𝛉) (5)
 

where Q(s,a;θ) is the neural network function of state s and 
action a and parameters θ. 

Theoretically, continuous training of the network model 
can accurately fit the mapping between the Q* value and the 
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Fig. 1 Replay buffer to access the memory sequence 
obtained during the training process 

 
 

state-action pair {s,a} in RL. Therefore, DQN provides an 
effective tool to solve the high-dimensional sensor 
placement optimization problem. The algorithm mainly 
comprises two improvements to the Q-learning. 

 
(1) Replay buffer utilization 
The neural network training process includes a fixed-

capacity experience pool that can store the memory 
samples. The access process for the memory sample 
sequence is illustrated in Fig. 1. Each memory sample is 
denoted by et = {st, at, rt, st+1} and t = 1, 2, …, Tmax, where 
Tmax is the total number of exploration steps. In the 
exploration process, new memory samples interacting with 
the environment are stored in the experience pool, and old 
memory samples are overwritten. During training, a small 
batch of memory samples is always extracted from the 
experience pool to update the network parameters via θ. 
Utilization of the replay buffer reduces the correlation 
between data sequences (Mnih et al. 2015). 

 
(2) Double deep neural networks 
In DQN, double deep neural networks are adopted, 

named evaluate net and target net, and their network 
parameters are θ and θʹ, respectively. At the beginning of 
the training, the two neural networks employed unified 
network parameters. When the agent is exploring, the 

 

 
 

 

Fig. 2 Double deep neural networks in DRL
 
 

evaluate net interacts with the environment and obtains 
memory samples, whereas the target net saves the network 
parameters to provide the training target. To update the 
neural network parameters θ of evaluate net, the index of 
the temporal difference error (TD-error) is defined as 

 𝑇𝐷 − 𝑒𝑟𝑟𝑜𝑟= [𝑟௧ + 𝛾𝑚𝑎𝑥(𝑄(𝑠௧ାଵ, 𝑎௧ାଵ; 𝛉’)) − 𝑄(𝑠௧,𝑎௧; 𝛉)]ଶ (6)
 

where 𝑟௧ + 𝛾𝑚𝑎𝑥(𝑄(𝑠௧ାଵ, 𝑎௧ାଵ; 𝛉’)) is used as the fitting 
target and 𝛾 represents the reward discount factor. 

During the training procedure, the evaluate net 
parameters θ are updated using TD-error; where the target 
net parameters θʹ are set the same as θ for each q step. This 
strategy can improve the stability of the algorithm (Mnih et 
al. 2013). A schematic of the double deep neural networks 
is shown in Fig. 2. 

Note that TD-error obtained using Eq. (6) will lead to 
the problem of overestimation, and double deep Q-network 
(DDQN) is introduced to address this problem (Van Hasselt 
et al. 2016). DDQN differs from DQN in the method in 
which TD-error is calculated. TD-error in DDQN is defined 
as follows 

 

 
 

TD-error = ቈ𝑟௧ + 𝛾𝑄 ቆ𝑠௧ାଵ, 𝑎𝑟𝑔𝑚𝑎𝑥௔೟శభ ൫𝑄(𝑠௧ାଵ, 𝑎௧ାଵ; 𝛉)൯, 𝛉′ቇ − Q(𝑠௧, 𝑎௧; 𝛉)቉ଶ
 (7)

 
Fig. 3 DDQN optimization algorithm flowchart
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In the DDQN, the TD-error calculated using Eq. (7) can 
realize a better mapping between the Q-value and state-
action pair{s,a}. The comparison study in later examples 
verifies the superiority of the DDQN compared with the 
DQN. Therefore, the DDQN will be used in the sensor 
placement optimization, and the algorithm flowchart of the 
DDQN is demonstrated in Fig. 3. 

Sensor placement is a discrete combinatorial 
optimization problem. When the structure is large-scale and 
complex, that is, many DoFs exist in the structural model, 
there is an explosion of alternatives to sensor placements, 
and the problem becomes NP-hard. Such problems are 
generally high-dimensional, discontinuous, and non-
convex. The DDQN possesses strong generalization ability 
and can effectively solve high-dimensional problems. 
Markov decision process can be applied to discrete 
problems. Moreover, with the help of RL to learn the 
relationship between different states, the algorithm can 
solve non-convex and optimization problems. Based on the 
above characteristics of RL, even in the case of a limited 
number of explorations, the approximation mapping 
between the Q values and state-action pair {s,a} established 
by DDQN is sufficient to support the agent in exploring a 
satisfactory sensor-placement solution. 

 
2.3 DRL-based sensor placement optimization 

algorithm 
 
To address the problem of optimal sensor placement, the 
 
 

DDQN model is built, including the state space, action 
space, and reward function. 

 
2.3.1 State space 
As mentioned after Eq. (2), binary coding is performed 

at each position to characterize the discrete sensor 
placement, where 0 and 1 imply no and one sensor is placed 
at a certain position. For example, a sensor placement 
vector 𝛅 = [𝛿ଵ, 𝛿ଶ, . . . 𝛿௜. . . , 𝛿ே೏]் , where 𝛿௜ (𝑖 = 1, 2, . . .,𝑁ௗ) ∈ ሼ0, 1ሽ, and only No of them are 1, corresponds to a 
structural model with Nd DoFs and No number of sensors. In 
this algorithm, all possible sensor placement vectors are 
adopted as the state space of DDQN. 

 
2.3.2 Action space 
During the decision-making process for optimal sensor 

placement, the agent executes an action in the action space 
to change the sensor placement state. In our algorithm, the 
action refers to the change in the position of one sensor, that 
is, flipping the binary digit of the corresponding entry in the 
sensor placement vector 𝛅 . For example, the sensor 
placement vector is [1,1,0,0,1,0. . .0,1,0,0,1] , and one 
action may be [1,1,0,0,1,0. . .0,1,0,0,1] → [0,1,1,0,1,0. . .0,1,0,0,1] (this action moves the sensor from the first to the 
third position). It can be inferred that 𝑁௢ × (𝑁ௗ − 𝑁௢) 
actions exist for each state and the total number of actions 
in the state space is 𝐶ே೏ே೚ × 𝑁௢ × (𝑁ௗ − 𝑁௢), which is of 
significant value for large-scale and complex structures. 

 
 

Algorithm: DRL-based optimization algorithm 

Input: start learning steps 𝑡௦௧௔௥௧, memory size M, learn rate 𝜂, total exploration steps 𝑇௠௔௫, reward discount factor 𝛾, greedy degree 𝜉,
discrete-time parameter 𝑡max, and parameter replacement interval 𝑞. 
Output: optimal sensor placement solution 𝑆∗ and maximum objection function 𝑓(𝑆∗). 
1. Initialize experience pool 𝐷 with capacity M, and step number 𝑡 ← 0; 
2. Initialize record maximum reward 𝑟∗ ← 0, and optimal state 𝑠∗ arbitrarily; 

3. Initialize the evaluate net parameters 𝛉 with random values; 
4. Initialize the target net parameters 𝛉′: 𝛉′ ← 𝛉; 
5. while t ≤ 𝑇௠௔௫ do 
6.      Set n = 1, and initialize sensor placement 𝑠ଵ; 

7.      While n ≤ 𝑡max do 

8.         Choose action 𝑎௧ based on greedy degree 𝜉 using the greedy strategy in Mnih et al. (2015): 
9.         Execute action 𝑎௧, and produce obtain the new sensor placement state 𝑠௧ାଵ and reward 𝑟௧ by Eq. (8); 

11.        Store the memory sequence ሼ𝑠௧, 𝑎௧, 𝑟௧, 𝑠௧ାଵሽ in experience pool 𝐷; 
12.        if 𝒓𝒕 > 𝒓∗ 
13.            𝒓∗ ← 𝒓𝒕, 𝒔∗ ← 𝒔𝒕ା𝟏; 
14.        end 
15.        if 𝑡 ≥ 𝑡௦௧௔௥௧ 
16.            Randomly sample the minibatch of memory sequencesሼ𝑠௧, 𝑎௧, 𝑟௧, 𝑠௧ାଵሽfrom experience pool 𝐷; 
17.            Compute the temporal difference error 𝑇𝐷 − 𝑒𝑟𝑟𝑜𝑟 using Eq. (7) 
18.            Train evaluate net and update 𝛉 using 𝑇𝐷 − 𝑒𝑟𝑟𝑜𝑟 by RMSProp optimizer; 
19.        end 
20.        if t Mod 𝑞 = 0 
              Update parameters 𝛉′: 𝛉′ ← 𝛉; 
21.        end 
22.        𝑠௧ ← 𝑠௧ାଵ, 𝑡 ← 𝑡 + 1, 𝑛 ← 𝑛 + 1; 
23.     end 
24. end 
25. Obtain the optimal sensor placement solution 𝑆∗ ← 𝑠∗. 
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2.3.3 Reward function 
After performing an action, the sensor placement 

solution must be evaluated, and the corresponding 
evaluation value is regarded as the reward. In our algorithm, 
the MAC-based objective function 𝑓(𝛅) is used as the 
reward function, which is given by 

 𝑟௧ = 𝑓(𝛅௧) (8)
 

where 𝛅௧ is the sensor placement vector for the next state, 
st+1, which is obtained by the selected action at. 

 
2.3.4 The pseudocodes of the algorithm 
Aiming at the characteristics of the sensor optimal 

placement problem, we propose a sensor optimal placement 
algorithm based on the DRL. The pseudocode of the 
algorithm is shown on the previous page. 

In the algorithm, the parameters are first initialized in 
Lines 1-5. In Line 6, the initialization state of 𝑠ଵ  is 
performed with evenly distributed sensors. Subsequently, 
the process of exploration is implemented in Lines 7-11, in 
which the simple memory sequence related to the sensor 
placement is obtained and stored in the memory pool; Next, 
the current optimal sensor placement solution and the 
corresponding reward value are recorded in Lines 12-14. 
Finally, Lines 15-19 implement the parameter update 
process. 

 
 

3. Illustrative examples 
 
In this section, two illustrative examples are presented to 

verify the effectiveness of the proposed DRL-based 
optimization algorithm, in which a braced-framed and a 
bridge structural model are employed. 

 
3.1 Example 1: three-dimensional ten-story 

braced frame 
 
In this example, a finite element model (FEM) of a ten-

story three-dimensional braced frame is first established. 
Four columns are placed at four corners on each floor, and 
the mass of each floor is 10 metric tons. The plan for each 
floor is a square with a side length of 4 m. The interstory 
stiffnesses of each column are 10 MN/m and 15 MN/m in 
the x and y directions, respectively. Moreover, the face of 
each floor is reinforced by a brace with a stiffness of 20 
MN/m. Therefore, the interstory stiffnesses are 80 and 100 
MN/m in the x and y directions, respectively. Consequently, 
the first eight natural frequencies of the structural model are 
2.02 Hz, 2.13 Hz, 3.69 Hz, 6.02 Hz, 6.34 Hz, 9.88 Hz, 
10.40 Hz, 10.98 Hz, respectively. According to the 
structural information, the modal shapes can be readily 
computed (Yuen et al. 2006). 

In Fig. 4, the structural model is demonstrated, where 𝑂௟ is the center of the plan of each floor. The torsion of the 
structure can be calculated by measuring three positions on 
each floor (Yuen et al. 2006). Therefore, 30 candidate 
measuring points exist on this ten-story structure. 

For this structure, the first eight modal shapes are 
employed to calculate the objective function 𝑓(𝛅) in Eq. 
(2). Subsequently, the DRL-based optimization algorithm is 

Fig. 4 Floor plan of the frame structure
 
 

used to optimize the placement of the vibration sensors of 
this frame structure by maximizing the objective function 𝑓(𝛅). 

 
3.1.1 Optimization of the vibration sensor 

configuration 
In this application, the number of vibration sensors to be 

arranged is assumed to be 10. In this case, the number of 
possible vibration sensor arrangement solutions can be 
computed as 𝐶ଷ଴ଵ଴ = 3.0045 × 10଻. According to the design 
of the action and state spaces in Subsection 2.3, the number 
of state spaces of the DRL is equal to the total number of 
vibration sensor placement solutions, and the number of 
actions of the DRL is 𝐶ଷ଴ଵ଴ × 10 × (30 − 10) = 6.0090 ×10ଽ. The introduction of a neural network to replace the Q-
table in RL is necessary to address such numerous actions. 

For the design of the DRL-based optimization 
algorithm, the hyperparameters are selected as follows: start 
learning steps 𝑡௦௧௔௥௧ = 3000, memory size M=2000, total 
training steps N = 80000, learning rate 𝜂 = 0.001 and 𝜂 =0.0001 for the first 20000 steps and the next 60000 steps, 
the reward discount factor 𝛾 = 0.5, greedy degree 𝜉 =0.97, and 𝜉 = 1.0 for the first 20000 steps and the last 
60000 steps, respectively, discrete-time parameter tmax = 1, 
network parameter replacement interval q = 1000, and 𝑏𝑎𝑡𝑐ℎ 𝑠𝑖𝑧𝑒 = 128. 

Using the selected hyperparameters of the algorithm, 
two deep neural networks, evaluate net and target net, are 
built, which have the same 3-layer network structure with 
64 neurons in the hidden layer, and the numbers of input 
and output nodes are equal to 30 and 200, respectively. The 

 
 

Fig. 5 𝑄௘௩௔௟ of DQN and DDQN in the training process
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sigmoid function is selected as the activation function, and 
the RMSProp optimizer is employed to train the neural 
network. 

Initially, we run the DQN optimization algorithm; 
however, it is difficult to find a satisfactory solution for 
sensor placement because of the overestimation problem 
(Van Hasselt et al. 2016), which makes 𝑄௘௩௔௟ larger than 𝑄∗. The 𝑄௘௩௔௟ of the two algorithms is shown in Fig. 5, 
and it can be observed that the 𝑄௘௩௔௟ value of the DDQN is 

 
 

Fig. 6 Visualization of the optimization process
 
 

 
(a) DRL

 

 

(b) PSO
 

 

(c) GA
Fig. 7 Histogram of MAC matrix corresponding to the 

optimization results of three algorithms (braced 
frame structure) 

lower than that of the DQN. Therefore, the overestimation 
problem in DQN can be solved using DDQN for optimal 
sensor placement. 

In Fig. 6, the optimization process of the DRL-based 
optimization algorithm is demonstrated, where the green 
dots and red dashed curve indicate the objective function 𝑓(𝛅) in different states and the trend generated from least-
squares fitting, respectively. As observed, the proposed 
DRL-based optimization algorithm has a relatively small 
coefficient of variation of the objective function value in the 
later stage of training, and the mean value of the objective 
function 𝑓(𝛅) can reach a value of 0.8. After 80000 steps 
of exploration, we finally obtain the optimized objective 
function value, 𝑓(𝛅∗) = 0.9649379 . The corresponding 
optimized sensor placement vector is 𝛅∗ = [0, 0, 0, 0, 1, 0, 
1, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 1, 0, 1, 1, 1, 0, 
0]T, that is, the optimal sensor indices are 5, 7, 12, 15, 17, 
19, 24, 26, 27 and 28. 

In Fig. 7(a), the histogram of the MAC matrix elements 
calculated from the optimal sensor placement vector 𝛅∗ is 
shown. It is obvious that all non-diagonal elements of the 
MAC matrix are minor (the maximum value is 0.0350621, 
which is less than 0.05). Therefore, it can be concluded that 
the modal shapes identified by these optimally placed 
sensors have good linear independence among the various 
modal shapes (Carne and Dohrmann 1994). 

To further verify the performance of the proposed 
algorithm, a comparison study with the traditional genetic 
algorithm (GA) and particle swarm optimization (PSO) 
algorithm is performed. In this study, the number of 
vibration sensors is 10 and the objective function 𝑓(𝛅) is 
set as the fitness function of the two algorithms. In the GA, 
the number of genomes is 𝑁ௗ = 30, and linear conditions 
are used to realize that the number of sensors is selected as 
10. The bound of each variable is set as [0,1]. The mating 
probability and the mutation probability are selected as 0.8 
and 0.09, respectively. In the particle swarm algorithm, the 
parameters of population dimension, population numbers, 
and iteration numbers are taken as 30, 40, and 100, 
respectively. In addition, the factor and the inertia factor are 
taken as 0.2 and 0.8, respectively. In Figs. 7(b) and (c), the 
MAC matrices obtained by the optimized sensor placement 
results are shown for the two algorithms. The non-diagonal 
elements of the MAC matrix obtained using the two 
optimization algorithms are obviously larger than the DRL-
based algori thm among the three,  meaning the 
independence of the measured modal information among 
the different modes obtained by the sensor placement 
solutions of the two algorithms is not high. Table 2 shows 

 
 

Table 2 The optimization results of GA, PSO, and DRL-
based algorithms when the number of vibration 
sensors is 10 

Algorithms Maximum value of off-
diagonal elements 

Objective function 
values 𝑓(𝛅) 

DRL 0.035063 0.964937 
GA 0.249993 0.750007 
PSO 0.102067 0.897933 
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Fig. 8 Curve of max௜ஷ௝ ൛𝑀𝐴𝐶௜,௝ൟ, 𝑖, 𝑗 = 1,2. . .8 versus the 
number of measuring sensors (frame structure)

 
 

the sensor optimization results of the three algorithms, and 
it can be observed that the objective function optimized 
using the DRL-based optimization algorithm is the largest, 
which is consistent with the results in Fig. 7. 

 
 
 

 
 

In Fig. 8, the MAC criterion-based objective function 𝑓(𝛅)  is optimized by the DRL-based optimization 
algorithm, and the results with different numbers of 
vibration sensors are shown, where the abscissa and 
ordinate denote the number of sensors and index of max௜ஷ௝ ൛𝑀𝐴𝐶௜,௝ൟ, 𝑖, 𝑗 = 1,2. . .8 , respectively. It can be 
observed that with an increase in the number of sensors, max௜ஷ௝ ൛𝑀𝐴𝐶௜,௝ൟ, 𝑖, 𝑗 = 1,2. . .8  decreases continuously. 
However, when the number of sensors reaches 10, the 
decreasing trend stabilizes, implying that any newly added 
sensors contribute little to reducing the independence of the 
measured modal information among different modes. 

In addition, our proposed DRL-based optimization 
algorithm can directly realize a binary representation in 
which a single variable 𝛿 ∈ ሼ0,1ሽ exists, such that 𝛿 = 1 
and 0 represent a sensor that should or should not be placed 
at a certain location. This is suitable for sensor placement 

 
 

 
 

(a) (b) 

Fig. 9 (a) Haicang Bridge; (b) The corresponding FEM

  
(a) (b) 

 

  
(c) (d) 

 

  
(e) (f) 

 

  
(g) (h) 

Fig. 10 First eight vertical modal shapes of the main girder and (a)-(h) are the vertical modes of orders 1-8, respectively 
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(a) DRL

 

 

(b) PSO
 

 

(c) GA
Fig. 11 Histogram of the MAC matrix corresponding to 

the optimization results of three algorithms 
(Haicang Bridge model)

 
 

decisions. Moreover, our proposed algorithm can overcome 
the problems of weak local optimization and premature 
convergence, which usually occur in GA and PSO 
algorithms. 

 
3.2 Illustrative Example 2: a sea-crossing bridge 

model 
 
In this example, the proposed algorithm is applied to a 

more complicated bridge structural model to verify its 
effectiveness. The prototype of this model is the Haicang 
Bridge in China, as shown in Fig. 9(a). Midas Civil 
software is employed to construct this structural model, as 
shown in Fig. 9(b), which contains 702 elements and 705 
nodes. 

The vertical modes of the bridge play a dominant role in 
the dynamic behavior of the bridge structure, and the main 
structural component of the vertical vibration is the main 
girder. The main girder of this bridge is simulated using 
girder elements in the FEM model with 87 nodes; thus, the 
girder is discretized into 87 DoFs, which are candidate 
locations to place vibration sensors. The first eight vertical 
modes ሼ𝜙௜ሽ௜ୀଵ଼  of the main girder are calculated using 
Midas Civil software, as shown in Figs. 10(a)-(h). 

 

Table 3 Optimization results of three algorithms for 
vibration sensor placement of Haicang Bridge 

Algorithms Maximum value of off-
diagonal elements 

Objective function 
values 

DRL 0.018831 0.981169 
GA 0.073907 0.926093 
PSO 0.050186 0.949814 

 
 

Fig. 12 Variation curve of the largest non-diagonal element 
of MAC matrix versus the number of measuring 
sensors (Haicang Bridge model) 

 
 
Based on the first eight modes and candidate sensor 

placement scheme 𝛅 , the objective function 𝑓(𝛅)  to 
evaluate the sensor placement solution can be calculated. 
For the 20 sensors in 87 candidate locations, 𝐶଼଻ଶ଴ =2.375 × 10ଵଽ  possible sensor placement solutions exist, 
which is much larger than that in the previous example. 

The architecture of DDQN in this example is the same 
as before, except that the number of input and output nodes 
are Nd = 87 and No = 20, respectively. The selection of the 
hyperparameters is also the same, except for the start 
learning steps tstart = 2500, memory size M = 2500, and 
network parameter replacement interval q = 800. 

To verify the effectiveness of the algorithm for this 
high-dimensional sensor optimization problem, the GA and 
PSO algorithms are also introduced for comparison, and the 
results are presented in Fig. 11 and Table 3. The objective 
function value of our proposed algorithm is also the largest 
among the three algorithms. Correspondingly, max௜ஷ௝ ൛𝑀𝐴𝐶௜,௝ൟ, 𝑖, 𝑗 = 1,2. . .8  is smaller than that of the 
other two algorithms. That is, the position optimized by the 
proposed algorithm has better linear independence among 
different modal shapes. In conclusion, the DRL-based 
optimization algorithm produces the best optimization 
performance for sensor placement. In addition, it is 
observed that the non-diagonal elements of the three MAC 
matrices are relatively smaller than those in Subsection 3.1, 
presumably because of the more refined FEM of the 
Haicang Bridge compared to that in the previous example. 

In Fig. 12, the largest nondiagonal element of the MAC 
matrix versus the number of sensors is shown. Similar to 
the results in Fig. 8, max௜ஷ௝ ൛𝑀𝐴𝐶௜,௝ൟ, 𝑖, 𝑗 = 1,2. . .8 decreased 
with an increase in the number of sensors. It can be 
observed that the changing trend of the maximum values 
stabilized when the number of sensors is 20; that is, the 
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independence of the measured modal information among 
different modes is sufficiently high when the sensor number 
is 20. 

 
 

4. Conclusions 
 
An effective vibration sensor placement optimization 

algorithm based on deep reinforcement learning (DRL) is 
proposed in this study. The modal assurance criterion 
(MAC) for quantifying the independence among different 
modal shapes was selected as the criterion to optimize 
vibration sensor placement. We then transformed the sensor 
optimal placement process into a Markov decision process 
and employed a DRL-based optimization algorithm to 
maximize the objective function for optimal sensor 
placement. In the DRL-based optimization algorithm, the 
sensor placement vector, objective function, and position 
change of the sensor are considered as the state, reward, and 
action, respectively. A Double Deep Q-network was 
introduced to address the overestimation problem. Using the 
limited exploration steps of agents for DRL, the proposed 
algorithm can efficiently address high-dimensional, non-
convex, and discrete combinatorial sensor placement 
optimization problem. In addition, this algorithm directly 
provided a binary representation of sensor placement 
results, which is perfectly suitable for sensor placement 
decisions. 

To verify the effectiveness of the algorithm, a braced 
frame structural model and a sea-crossing bridge model 
were employed. We also performed a comparison study 
with the traditional genetic algorithm and particle swarm 
optimization algorithm. Our proposed DRL-based 
optimization algorithm obtained a superior sensor 
configuration, which obtained measured modal shapes that 
have good linear independence from each other. In addition, 
we observed that with an increase in the number of 
vibration sensors, the independence of different modal 
shapes corresponding to the optimal sensor placement 
increased gradually. However, the independence stabilized 
when the number of vibration sensors reached a certain 
value. 

In future studies, it would be useful to explore effective 
DRL algorithms for multi-type sensor placements to 
increase the applicability of sensor placement methods. 
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