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1. Introduction 

 
In engineering practice, troublesome vibrations are 

inevitable, and vibration suppression is necessary. Among 
various vibration suppression methods, the passive 
vibration control methods were found to be promising 
solutions in engineering practice. The essence of the 
“passive vibration control” is similar to various seismic 
protection measures, and the structural nonlinear dynamic 
responsese can be controlled by modulating the nonlinear 
structural static and dynamic features (Du et al. 2020, Ke 
and Chen 2014, Ke and Yam 2016, Zhou et al. 2022a, b, c, 
Bian et al. 2022, Ren et al. 2023, Ke et al. 2023b, Zhang et 
al. 2023). Among various passive vibration control 
methods, the isolation platform is widely used due to its 
encouraging structural performance and practical 
attractiveness. For a linear stiffness isolation system, to 
achieve a wide isolation frequency range, the natural 
frequency of the isolation platform should be reduced, 
which leads to a decrease in the static loading capacity 
(Ibrahim 2008, Liu et al. 2015). To solve the above 
problem, nonlinear stiffness is planted in the isolation 
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platforms. Quasi-zero stiffness (QZS) is a nonlinear 
stiffness that can achieve low stiffness near the equilibrium 
point without sacrificing the static loading capacity. 
Therefore, the design and the applications of QZS attracted 
much attention in recent years. Realizing that the composite 
action of composite members (Lai and Ho 2017, Ho et al. 
2020, Lai et al. 2020, Ho et al. 2021, Yi et al. 2023) will 
affect the nonlinear dynamic behavior of the members, the 
QZS can be achieved by using composite material 
technologies (Liu et al. 2021, Zhong et al. 2019, Valeev et 
al. 2021, Mao and Saharabudhe 2006). By explicitly 
designing the configurations of novel composite materials 
(Guan et al. 2019, Wang et al. 2020b, c, 2022), the negative 
stiffness or QZS can be developed (Zhong et al. 2019, Liu 
et al. 2021). 

Besides composite-material-based methods, the negative 
stiffness or QZS can be realized by structural-based 
technologies such as oblique springs (Gatti 2020, Hao and 
Cao 2015, Shaw et al. 2021, Wang et al. 2020a, Zhao et al. 
2020, Kovacic et al. 2008, Carrella et al. 2012, Hao et al. 
2017), buckled beams (Chen et al. 2021, Ding and Chen 
2019, Duan et al. 2020, Liu et al. 2021), magnet springs (Li 
et al. 2021, Liu et al. 2021, Oyelade 2020, Wang et al. 
2021, Xu et al. 2013, Zheng et al. 2018, Yang et al. 2021, 
Wu et al. 2014), cam-roller structures (Yao et al. 2020, Zou 
et al. 2021, Ye et al. 2020), bio-inspired structures (Wu et 
al. 2015, Bian and Jing 2019, 2020, 2021, Jing et al. 2021, 
Feng et al. 2019, Jing et al. 2019, Wang and Jing 2019, Yan 
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Abstract.  A passive prismatic-shaped isolation platform (PIP) is proposed to realize enhanced quasi-zero stiffness (QZS) 
effect. The design concept uses a horizontal spring to produce a tunable negative stiffness and installs oblique springs inside the 
cells of the prismatic structure to provide a tunable positive stiffness. Therefore, the QZS effect can be achieved by combining 
the negative stiffness and the positive stiffness. To this aim, firstly, the mathematical modeling and the static analysis are 
conducted to demonstrate this idea and provide the design basis. Further, with the parametric study and the optimal design of the 
PIP, the enhanced QZS effect is achieved with widened QZS range and stable property. Moreover, the dynamic analysis is 
conducted to investigate the vibration isolation performance of the proposed PIP. The analysis results show that the widened 
QZS property can be achieved with the optimal designed structural parameters, and the proposed PIP has an excellent vibration 
isolation performance in the ultra-low frequency due to the enlarged QZS range. Compared with the traditional QZS isolator, the 
PIP shows better performance with a broader isolation frequency range and stable property under the large excitation amplitude. 
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et al. 2022), and tower structures (Orlando and Goncalves 
2013). 

Recognizing the effectiveness of the QZS for vibration 
mitigations, researchers are actively pursuing novel 
isolation platforms with improved QZS characteristics such 
as enlarged QZS range,adjustable QZS property and 
multiple QZS, and stable QZS. For example, Gatti (2020) 
designed four oblique springs to achieve the QZS at large 
deflections. Hao and Cao (2015) developed a stable QZS 
with three springs and a flexible geometric arrangement. 
Shaw et al. (2021) used a combination of horizontal and 
vertical springs to realize the desirable QZS, and they 
examined the effectiveness of the novel platform in 
vibration suppression of a multi-mode-sensitive structure. 
Wang et al. (2020a) and Wang et al. (2021) developed a 
dual QZS mechanism to enhance the vibration suppression 
effect. Zhao et al. (2020) increased the QZS range by using 
two pairs of oblique springs. In these designs, oblique or 
horizontal springs were used to provide negative stiffness or 
QZS owing to the geometric nonlinearity of the isolation 
platform. In addition, the negative stiffness or QZS can be 
realized by buckling mechanisms of beams. For instance, 
Chen et al. (2021) designed vibration isolation joint with 
combined positive and negative stiffness by using buckling 
Euler beams. Ding and Chen (2019) studied the dynamic 
behavior of a slightly curved beam with a three-spring QZS 
isolator. Duan et al. (2020) reported the QZS property of a 
microgravity accelerometer with curved beams. Liu et al. 
(2021) installed buckled beams in horizontal direction to 
achieve the QZS for vibration isolation and energy 
harvesting. The magnet component can also be used to 
realize the QZS property. The magnetic forces in the 
opposite directions can offset the beam bending force (Li et 
al. 2021), the cable force (Liu et al. 2021), or the spring 
force (Oyelade 2020, Wang et al. 2021, Wang et al. (2020a), 
Xu et al. 2013, Zheng et al. 2018, Yang et al. 2021, Wu et 
al. 2014) to achieve the QZS effect. Moreover, the Cam-
roller mechanism can be used to achieve the QZS (Yao et 
al. 2020, Zou et al. 2021) and the multiple QZS regions (Ye 
et al. 2020). 

Recently, bio-inspired vibration isolation structures 
attracted much research attention owing to the tunable 
geometric nonlinearity and the beneficial QZS property. For 
instance, Jing and his co-workers (Wu et al. 2015, Bian and 
Jing 2019, 2021, Jing et al. 2021, Feng et al. 2019, Jing et 
al. 2019, Wang and Jing 2019) proposed a X-shaped 
structure or limb-like structure with nonlinear high-static-
low-dynamic-stiffness and QZS. Yan et al. (2022) designed 
a toe-like structure to achieve enhanced vibration 
suppression in low frequency range. Deng et al. (2020) 
mimicked the multi-layer neck of a bird to achieve 
improved vibration isolation performance. Zhou and 
colleagues (Zhou et al. 2022a) proposed a bio-inspired X-
shaped vibration isolation structure with the consideration 
of muscle contractile functions, joint friction and 
connecting rod mass simultaneously. Ling et al. (2022) 
designed a bio-inspired structure by mimicking the body 
structure of cockroaches for vibration isolation in low 
frequencies. Further, a group of enhanced QZS isolation 
platforms by utilizing the bio-inspired X-shaped mechanism 
were investigated by Chai et al. (2022). In summary, the 

bio-inspired structures show great potential in the flexible 
design of the nonlinear stiffness, including the negative 
stiffness and the QZS. 

However, in previous studies (Wang and Jing 2019, Yao 
et al. 2020, Yan et al. 2022), the QZS range was limited or 
even unstable (followed by the negative stiffness), which 
could limit the moving range and the load-bearing. 
Therefore, there is still considerable space for the further 
improvement of the QZS property of the bio-inspired 
structures. In light of the above, this paper aimed to 
developing a prismatic-shaped isolation platform (PIP) to 
realize vibration isolation performance advances with 
tunable negative stiffness, enlarged QZS range, and 
improved stability. A tunable negative stiffness can be 
achieved by the installed horizontal spring. This negative 
stiffness mechanism mainly depends on the geometric 
nonlinearity in the motion process in the horizontal and 
vertical directions. The oblique springs are installed inside 
the prismatic structures, which can provide the positive 
stiffness. By combining and optimal designing these two 
kinds of stiffness, an enhanced QZS effect (stable with 
widen range) can be achieved. The concept of the platform 
is schematically shown in Fig. 1. A stable and widen QZS 
range can be obtained by combining the negative and 
positive stiffness rationally to achieve the enhanced 
vibration isolation performance (i.e., lower natural 
frequency, lower resonant peak and wider frequency range 
of vibration isolation). The novelty and main contributions 
of this paper is the proposed passive method which 
combines the negative stiffness and the positive stiffness in 
one compact isolation platform. The combined stiffness can 
be optimal designed to achieve the widen QZS range and 
stable loading-bearing capacity. 

Note that the proposition is essentially a passive method 
to achieve the enhanced QZS effect based on structural 
geometric nonlinearity, which has great potential in 
practical engineering including the suspension system for 
the vehicle, vibration isolation for the civil structures, 
vibration isolation for precision instruments, vibration 
control of robot arms, etc. 

The rest of this paper is organized as follows. In Section 
2, the design concept of the PIP is discussed in detail, and 
its mathematical model is established. Then, the negative 
stiffness, the positive stiffness, the combined QZS effect, 
and the parameter influence are studied in Section 3. In 
Section 4, the dynamic analysis of the PIP is conducted, 
including the natural frequency, the displacement 
transmissibility, and the vibration isolation performance 
with the QZS effect. Finally, a conclusion is presented in 
Section 5. 

 
 

2. Mathematical modeling 
 
2.1 Notion of the prismatic-shaped structure 
 
The negative stiffness effect due to the tension of the 

horizontal spring was studied in (Wu et al. 2015, Bian and 
Jing 2020, Jing et al. 2021), which might make the isolation 
platform unstable. Therefore, the negative stiffness is 
usually not used alone in the vibration isolation, as the 
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structure should be supplemented by the positive stiffness to 
form the QZS and a stable isolation effect. Based on the 
above reasons, a prismatic-shaped isolation platform (PIP) 
with tunable negative stiffness and the positive stiffness is 
proposed in this paper. As shown in Fig. 1, a spring is 
horizontally installed in a prismatic structure, producing 
tunable negative stiffness at large deformations. The oblique 
springs installed inside the cell of the prismatic structure 
can produce a tunable positive stiffness. Therefore, by 
combining the negative stiffness and the positive stiffness, 
the tunable nonlinear quasi-zero stiffness (QZS) property 
can be achieved. Furthermore, the damper installed in the 
horizontal direction can achieve a geometrical nonlinear 
damping effect, which is displacement-dependent. The 
advantages of the geometrical nonlinear damping in the 
vibration isolation mainly are suppressing the amplitude 
peak in the resonance and maintaining low transmissibility 
in the higher frequencies. Thus, the horizontal damper can 
produce beneficially nonlinear displacement-dependent 
damping for the vibration isolation (Bian and Jing 2019). 
The main components of the PIP are labelled in Fig. 1(a). 
The rotational rods connect the top plate and the base plate 
by the bearings. In practical engineering, lightweight steel 
with advanced performance (Hua et al. 2022, Shi et al. 
2022, 2023) that may survive hostile environment can be 
used to produce the rods. The excitation is transferred from 
the base plate. The mass (protected objective) is placed on 
the top plate. A spring and a damper are installed 
horizontally. The oblique spring is installed inside the cell 
of the PIP. 

The concept of the combined QZS effect is displayed in 
Fig. 2. The combined effect of the negative stiffness from 
the horizontal spring and the positive stiffness from the 
oblique springs contributes to the QZS effect. The negative 
stiffness can be achieved by the horizontal spring when the 
whole platform is gradually compressed. The similar 
phenomenon is discovered in the previous studied (Wu et 
al. 2015, Bian and Jing 2020, Jing et al. 2021) with the 

 
 

Fig. 2 Conceptual behavior of the PIP with tunable stiffness 
and the QZS effect

 
 

theoretical and experimental analysis. The force of the 
horizontal spring in the horizontal direction is positive, but 
the mapping of the spring force in the vertical direction 
could be positive, zero and negative as the compression 
process continues. In particular, the horizontal spring starts 
to show a negative stiffness when the PIP is deformed 
significantly under compression. By adding an additional 
positive stiffness, the stiffness of the entire structure can be 
modulated. As shown in Fig. 2, an increasing compression 
displacement results in increasing applied force in the 
horizontal spring as a clear indication of positive stiffness at 
the initial loading stage. With further displacement, the 
negative stiffness appears, which would lead to the collapse 
of the isolation platform. In contrast, the oblique springs 
always contribute to a positive stiffness of the platform. By 
combining the two kinds of springs, the overall force versus 
compression displacement response of the platform with an 
evident ascending branch in the equilibrium path can be 
characterized. Unlike the scenarios of seismic resistant 
structures that pursue a significant nonlinear stiffness ratio 
(Ke et al. 2023a, Chen and Ke 2019, Zhou et al. 2022c, 
Zhang et al. 2022), an enlarged QZS range is desirable 
toward an enhanced vibration isolation performance for the 
damper. 

 
 

(a)
 

 
(b) (c) 

Fig. 1 The PIP: (a) notion of the PIP, (b) the front view and (c) the side view 
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Fig. 4 Geometric deformation of one-layer of the prismatic-

shaped structure 
 
 
2.2 Deformation compatibility of the PIP 
 
The simplified mechanical model of the PIP is displayed 

in Fig. 3. M is the loading mass, ℎ଴ is the initial height of 
the PIP, 𝑘௛ is the stiffness of the horizontal spring and kଵ 
is the stiffness of the oblique spring, c is the damping 
coefficient of the horizontal damper, ∆h  is the total 
displacement in the vertical direction, hୡ is the height in the 
compression. Compression refers to the whole PIP in the 
compressing process. The geometric deformation of a one-
layer of the PIP is shown in Fig. 4. Note that the PIP can 
have multiple layers for different applications, and a two-
layer prismatic structure is chosen as an application 
example in the current study. In the compression, the 
horizontal spring and the damper are in the tension. The 
prismatic structure can keep the motion vertically and 
compress the oblique spring in the compression process. 

Due to the symmetry, a single cell can be used to 
characterize half of a two-layer prismatic-shaped structure. 
Therefore, the displacement and the deformation 
compatibility of a single cell of the prismatic-shaped 
structure are displayed in Fig. 5. As shown in the figure, the 
motion can be in the negative direction and the positive 
direction along the y coordinate axis. L is the length of the 
rotational rod, 𝑙଴ is the initial length of the oblique spring 
and 𝑙ଵ is the length of the oblique spring in the motion, ∆𝑥 
is the total displacement in the horizontal direction, 𝜃 is 
the initial angle and 𝜑 is the rotational angle in the motion. 𝜑 and ∆ℎ are positive when the rod rotates clockwise, 
whereas they are negative when the rod rotates counter- 

 
 

 
 

clockwise. The relationships of the motions in different 
directions are shown in Eqs. (1)-(3). Notably, 𝜑 and ∆𝑥 
have the nonlinear relationships with ∆ℎ  which is the 
displacement in the vertical direction. Therefore, the 
relationship between horizontal and vertical motion is 
nonlinear. This mechanism achieves the geometric 
nonlinearity. All the structural parameters of the PIP used in 
the modeling are listed in Table 1. It is worth noting that the 
nonlinear behavior of the PIP would be entirely dependent 
on the geometric nonlinearity, and hence no hysteretic 
energy dissipation mechanisms (Chen and Bai 2021, Bai et 
al. 2022, He et al. 2022, Ke et al. 2023a, 2019a, Zhang et 
al. 2020, Zhou et al. 2021a, Li et al. 2022b, Lu et al. 2023) 
will be needed. 

 𝜑 = 𝜃 − 𝑎𝑟𝑐𝑐𝑜𝑠 ൬𝑐𝑜𝑠(𝜃) + ∆ℎ𝑛𝐿൰ (1)

 𝑥ଵ = 𝐿(𝑠𝑖𝑛(𝜃 − 𝜑) − 𝑠𝑖𝑛(𝜃)) (2)
 ∆𝑥 = 2𝑥ଵ (3)
 
The geometric relationships of the prismatic-shaped 

structure can be written as 
 𝑙଴ = 𝐿 ቀඥ(cos(𝜃))ଶ + (1 − sin(𝜃))ଶቁ (4)
 𝑙ଵ = 𝐿 ቀඥ(𝑐𝑜𝑠(𝜃 − 𝜑))ଶ + (1 − 𝑠𝑖𝑛(𝜃 − 𝜑))ଶቁ (5)
 ∆𝑙 = 𝑙ଵ − 𝑙଴ (6)
 
2.3 Mathemat c model of the PIP 
 
The Lagrange principle is used herein for the dynamic 

modeling of the PIP. y denotes the coordinate of the mass 
M. The kinetic energy 𝑇 of the isolation platform can be 
written as 𝑇 = 12 𝑀𝑦ሶ ଶ (7)

 
 

 
Fig. 3 Simplified model of the PIP

  
Fig. 5 The displacement of a single cell of the prismatic shaped structure 
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where (∙)ሶ = 𝑑(∙) 𝑑𝑡⁄ . 
The velocity of the relative displacement (∆𝑥ሶ ) can be 

expressed as 
 ∆𝑥ሶ = (𝜕∆𝑥 𝜕𝑦ଵ⁄ )(𝜕𝑦ଵ 𝜕𝑡⁄ ) (8)
 ∆𝑙ሶ = (𝜕∆𝑙 𝜕𝑦ଵ⁄ )(𝜕𝑦ଵ 𝜕𝑡⁄ ) (9)
 
The potential energy 𝑉 of the isolation platform can be 

written as 
 𝑉 = 12 𝑘௛(∆𝑥)ଶ + 4 ൈ 12 𝑘ଵ(∆𝑙)ଶ (10)

 
Considering the damping effect, a generalized force 𝑄 

of the PIP with the non-constraint forces 𝐹௜ along with the 
virtual displacements 𝑟௜ can now be expressed as 

 𝑄 = ෍ 𝐹௜ 𝜕𝑟௜𝜕𝑦ଵ = −𝑐∆𝑥ሶ 𝜕∆𝑥𝜕𝑦ଵ − 𝑐ଵ𝑦ሶଵ     = −𝑐𝑦ሶଵ ൬𝜕∆𝑥𝜕𝑦ଵ ൰ଶ − 𝑐ଵ𝑦ሶଵ 
(11)

 
where 𝑐  is the damping coefficient of the horizontal 
damper and 𝑐ଵ is the linear air damping coefficient. 

The Lagrange’s equation is presented here as 
 𝑑𝑑𝑡 ൬ 𝜕𝑇𝜕𝑦ሶଵ൰ − 𝜕𝑇𝜕𝑦ଵ + 𝜕𝑉𝜕𝑦ଵ = 𝑄 (12)

 
The term డ௏డ௬భ in Eq. (12) can be obtained as 
 𝜕𝑉𝜕𝑦ଵ = 𝜕𝑉𝜕∆𝑥 𝜕∆𝑥𝜕𝑦ଵ + 𝜕𝑉𝜕∆𝑙 𝜕∆𝑙𝜕𝑦ଵ (13)

 
 
Therefore, based on the Lagrange principle, the dynamic 

equation under the base excitation (𝑧଴ = 𝐴଴𝑐𝑜𝑠𝜔𝑡) can be 
obtained as 

 𝑀𝑦ሷଵ + 𝑐ଵ𝑦ሶଵ + 𝑐 ൬𝜕∆𝑥𝜕𝑦ଵ ൰ଶ 𝑦ሶଵ + 𝑘௛ 𝜕∆𝑥𝜕𝑦ଵ ∆𝑥 + 4𝑘ଵ 𝜕∆𝑙𝜕𝑦ଵ ∆𝑙= −𝑀𝑧ሷ଴ (14)

 
 

3. QZS effect 
 
In this section, the QZS effect is examined. The 

horizontal spring force and the oblique spring force are 
obtained firstly. Based on the further parametric study, the 
desirable load carrying behavior of the PIP can be 
confirmed. 

The stiffness force of the horizontal spring is obtained as 
 𝐹௛ = 𝑘௛ 𝜕∆𝑥𝜕𝑦ଵ ∆𝑥 (15)

 
The force of the oblique springs inside the prismatic 

structure is written as 
 𝐹௣ = 4𝑘ଵ 𝜕∆𝑙𝜕𝑦ଵ ∆𝑙 (16)

 
The combined nonlinear stiffness force is defined as 
 𝐹௞ = 𝐹௛ + 𝐹௣ (17)
 
The critical displacement of the PIP in the vertical 

direction should be defined herein. When the PIP is 
compressed or stretched, the maximum values can be 
written as 𝑦௠ଵ  (maximum compression) and 𝑦௠ଶ 

Table 1 The PIP structural parameters used in the modeling 
Symbol Structural parameters Unit 

M Mass kg      𝑘௛ Horizontal spring stiffness N m-1      𝑘ଵ Oblique spring stiffness N m-1 
c Damping coefficient of the horizontal damper N s m-1      𝑐ூ Damping coefficient of the air N s m-1 
n Number of layers v -      𝐿 Length of rod m      𝑙଴ Initial length of the oblique spring m      𝑙ଵ Length of the oblique spring in the motion m      ∆ℎ Total displacement in the vertical direction m      ℎ଴ Initial height of the PIP m      ℎ௖ Height in the compression m    𝜃 Initial angle of rod rad    𝜑 Rotational angle rad    ∆𝑥 Relative displacement between the two joints 

connecting the horizontal spring in horizontal direction m    𝑦ଵ Relative displacement between the Mass and the foundation in vertical direction m 
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(maximum tension), respectively. 
 𝑦௠ଵ = 𝑛𝐿 cos(𝜃) (18)
 𝑦௠ଶ = 𝑛𝐿(1 − cos(𝜃)) (19)
 
3.1 Feasibility study of PIP with QZS 
 
Fig. 6 displays the feasibility of the tunable, stable, and 

enlarged QZS of the proposed PIP in this study. The 
parameters are set as: 𝜃 = 𝜋 3⁄ , 𝐿 = 0.1, 𝑘௛ = 20000. By 
utilizing the negative stiffness due to the horizontal spring 
and a suitable positive stiffness contributed by the oblique 
springs, the expected QZS can be seen, as shown in Fig. 6. 
The compression means the PIP is in the compression 
status, which means 𝑦ଵ is negative. The value of the 
compression is measured from the initial position (𝜃) to the 
position (𝜃 + 𝜑). When 𝑘ଵ = 0, there is no oblique springs. 
In this case, the negative stiffness appears when 𝑦ଵ is 
negative and its absolute value exceeds a certain value as 
shown in Fig. 6. When the absolute value of 𝑦ଵ exceeds 
0.014m, the negative stiffness appears ( డ|ி|డ|௬భ| ൑ 0). By 
adding the positive stiffness produced by the oblique 
springs, the combined stiffness becomes tunable. For 
instance,  in the case of 𝑘ଵ = 200 ,  in the whole 
compression process, the combined stiffness shows 
positive, negative, QZS and positive properties sequentially. 
In the case of 𝑘ଵ = 650, an enlarged QZS range without 
the negative stiffness at large deformations can be achieved. 
As 𝑘ଵ  continues to increase (e.g., 𝑘ଵ = 900), the 
combined stiffness only shows positive property without 
QZS in the whole compression process, which might not be 
ideal for vibration isolation. Therefore, the combination of 𝑘௛ = 2000 and 𝑘ଵ = 650 achieves the desired stiffness 
for the purpose of the vibration isolation. This result 

 
 

 
Fig. 6 Combined nonlinear stiffnesses with different kଵ

 
 

confirms the feasibility of the tunable, stable, and enlarged 
QZS by adding and designing the positive stiffness to offset 
the negative stiffness. It is also worth noting that the 
mechanical model of the PIP was developed based on the 
premise that the connections between the rods may be 
simplified by the pin idealization, which can be realized by 
minimizing the connection element size in the connections, 
e.g., end plates (Yam et al. 2019) or using hinges releasing 
moment (Yam et al. 2022). In addition, even though 
nonlinear behavior may be realized by the PIP, no inelastic 
damages will be sustained by the system owing to the 
elastic behavior of all elements. Thus, the platform is also 
self-centering (Hu et al. 2, 2022a, b, Hu and Wang 2021, 
Huang et al. 2020, 2022, Jin et al. 2022), which will deform 
to the original position upon unloading, and no additional 
re-centering force mechanism is required. 

 
3.2 Parametric study 
 
3.2.1 Optimal stiffness with different initial angle (𝜃) 
By tuning the system parameters, the behavior of the 

PIP can be optimized with widened QZS range. Two 
parameters, i.e., the initial angle (𝜃) and the rod length (L), 
affecting the QZS effect are further studied in this 
subsection. Based on the prototype platform discussed in 
the previous section, Figs. 7(a) and 7(b) shows the static 
response of the PIP with 𝜃 = 𝜋 4⁄  and 𝜃 = 𝜋 5⁄ , 
respectively. As shown in Fig. 7(a), with an increase in 𝑘ଵ 
(from 0 to 6000), the combined stiffness shows the negative 
stiffness, QZS, and positive stiffness sequentially. Notably, 
when 𝑘ଵ = 4500 , the widened QZS is achieved and 
followed by the positive stiffness, which means the stable 
QZS property. In this case, the width of the QZS (𝑑ଵ) is 
0.025 m. As shown in Fig. 7(b), the QZS can be achieved 
by tuning 𝑘ଵ to 14000 when 𝜃 = 𝜋 5⁄  and 𝑑ଵ = 0.03 m 
in this case. By comparing the results in Fig. 6 (𝜃 = 𝜋 3⁄ ) 
and Fig. 7 (𝜃 = 𝜋 4⁄  and 𝜃 = 𝜋 5⁄ ), decreasing the initial 
angel (𝜃) results in the increase in the width of the QZS. 

 
3.2.2 Optimal stiffness with different rod length L 
The optimal combined stiffness and the enlarged QZS 

can also be achieved with different L. Fig. 8(a) shows the 
combined stiffness by changing 𝑘ଵ when 𝜃 = 𝜋 5⁄ , L = 
0.15 and 𝑘௛ = 20000. The optimal combined stiffness is 
achieved with large range of QZS when 𝑘ଵ = 4500. 
Moreover, with an increased L (e.g., L = 0.2), the optimal 
stiffness can be achieved by tuning 𝑘ଵ to 4500 as shown in 

 
 

 

(a) (b) 

Fig. 7 Combined stiffness force when: (a) θ = π 4⁄ and (b) θ = π 5⁄  
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Fig. 9 QZS range with different L 
 
 

Fig. 8(b). The same result can be seen in Fig. 7(a) when L = 
0.1. Therefore, with different L, the optimal stiffness 𝑘௛ 
and 𝑘ଵ  remain unchanged. The optimal stiffness 𝑘௛ =20000 and 𝑘ଵ = 4500 when L = 0.10, L = 0.15 and L = 
0.20. However, the range of the QZS is different with 
different L. The comparison result of the range of the QZS 
can be seen in Fig. 9. It is observed that an increasing L 
produces an increasing width of the QZS (𝑑ଵ). Define 𝛿 =0.025  m, then 𝑑ଵ  increases from 𝛿  to 2 𝛿  when L 
increases from 0.1 to 0.2. Therefore, we can increase the L 
to enlarge the width of the QZS. 

 
 

4. Dynamic analysis 
 
In this section, the dynamic performance of the PIP is 

analyzed. In addition, the parametric influence on the 
natural frequency of the PIP and the displacement 
transmissibility is explored. 

 
4.1 Taylor expansion 
 
Toward further solution of the second-order differential 

equation, the Taylor expansions are used to transfer the 
fractional functions ( 𝐹௛ , 𝐹௣ , 𝐹௞ and 𝐹௖ ) into the 
polynomial functions (𝑓௛, 𝑓௣, 𝑓௞ and 𝑓௖). 

Thus, the stiffness force due to the horizontal spring 
(𝐹௛) can be expanded as 

 𝑓௛ = 𝑘௛(𝜖ଵ𝑦 + 𝜖ଶ𝑦ଶ + 𝜖ଷ𝑦ଷ + 𝜖ସ𝑦ସ) (20)
 

where the coefficients of the Taylor expansion are given as 
 𝜖ଵ = 4𝑛ଶ 𝑡𝑎𝑛(𝜃)ଶ (21)

 
 𝜖ଶ = 6 𝑐𝑜𝑠(𝜃)𝑛ଷ𝐿 𝑠𝑖𝑛(𝜃)ସ (22)

 𝜖ଷ = 2(4 𝑐𝑜𝑠(𝜃)ଶ + 1)𝑛ସ𝐿ଶ(1 − 𝑐𝑜𝑠(𝜃))ଷ(1 + 𝑐𝑜𝑠(𝜃))ଷ (23)

 𝜖ସ = 5 𝑐𝑜𝑠(𝜃) (4 𝑐𝑜𝑠(𝜃)ଶ + 3)2𝑛ହ𝐿ଷ 𝑠𝑖𝑛(𝜃)଼  (24)

 
The Taylor expansion of the stiffness force due to the 

oblique spring (𝐹௣) can be obtained as 
 𝑓௣ = 𝑘ଵ(𝜂ଵ𝑦 + 𝜂ଶ𝑦ଶ + 𝜂ଷ𝑦ଷ + 𝜂ସ𝑦ସ) (25)
 

where the coefficients of the Taylor expansion are given as 
 𝜂ଵ = 2(1 + 𝑠𝑖𝑛(𝜃))𝑛ଶ 𝑠𝑖𝑛(𝜃)ଶ  (26)

 𝜂ଶ = 3 𝑐𝑜𝑠(𝜃) (2 + 𝑠𝑖𝑛(𝜃))2𝑛ଷ𝐿(1 − 𝑐𝑜𝑠(𝜃))ଶ(1 + 𝑐𝑜𝑠(𝜃))ଶ (27)

 𝜂ଷ = 5(3 + 𝑠𝑖𝑛(𝜃)) 𝑐𝑜𝑠(𝜃)ଶ + 3 𝑠𝑖𝑛(𝜃) + 54𝑛ସ𝐿ଶ(1 − 𝑐𝑜𝑠(𝜃))ଷ(1 + 𝑐𝑜𝑠(𝜃))ଷ  (28)

 𝜂ସ= 𝑐𝑜𝑠(𝜃) (35(4 + 𝑠𝑖𝑛(𝜃)) 𝑐𝑜𝑠(𝜃)ଶ + 65 𝑠𝑖𝑛(𝜃) + 14032𝑛ହ𝐿ଷ(1 − 𝑐𝑜𝑠(𝜃))ସ(1 + 𝑐𝑜𝑠(𝜃))ସ (29
)

 
Thus, the total equivalent spring force (𝐹௞ ) can be 

expanded as 
 𝑓௞ = (𝑘௛𝜖ଵ + 𝑘ଵ𝜂ଵ)𝑦 + (𝑘௛𝜖ଶ + 𝑘ଵ𝜂ଶ)𝑦ଶ+(𝑘௛𝜖ଷ + 𝑘ଵ𝜂ଷ)𝑦ଷ + (𝑘௛𝜖ସ + 𝑘ଵ𝜂ସ)𝑦ସ (30)

 
To demonstrate the accuracy of the Taylor expansion, 

representative comparison of the original expressions and 
the relative Taylor expansions in a broad spectrum of 𝑦ଵ is 
displayed in Fig. 10. In this demonstration, the structural 
parameters are set as follows: 𝜃 = 𝜋 3⁄ , 𝐿 = 0.15, 𝑛 = 2, 𝑘௛ = 20000, 𝑘ଵ = 6500 and c = 20. 𝐹௛ is the original 
stiffness force of the horizontal spring and 𝐹௣  is the 
original stiffness force of the oblique springs. 𝐹௞ is the 
original total stiffness force. 𝑓௛, 𝑓௣ and 𝑓௞ are the Taylor 
expansions of the stiffness forces (Eq. (20), Eq. (25) and 

(a) (b) 

Fig. 8 Combined stiffness force when: (a) 𝐿 = 0.15 and (b) 𝐿 = 0.20 
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Fig. 11 Comparison of the original term and the Taylor 
expansion of the damping force 

 
 

Eq. (30)). Fig. 10 compares the original stiffness forces and 
the Taylor expansions. In each figure, the curves match 
well, confirming the adequacy of the Taylor expansion in 
the given displacement range. 

In addition, the damping force also needs the treatment 
for the further analysis. 𝑓௖ is the Taylor expansion of the 
original damping force (𝐹௖), which can be seen in Eq. (31). 
The coefficients of the Taylor expansion (𝑓௖) is displayed in 
Eqs. (32)-(36). The comparison of the original damping 
force (𝐹௖) and the Taylor expansion (𝑓௖) is shown in Fig. 11. 
As shown in the figure, the accuracy of the Taylor 
expansion is verified. 

 𝑓௖ = 𝑐(𝜁௢ + 𝜁ଵ𝑦 + 𝜁ଶ𝑦ଶ + 𝜁ଷ𝑦ଷ + 𝜁ସ𝑦ସ) (31)
 𝜁଴ = 4𝑛ଶ 𝑡𝑎𝑛(𝜃)ଶ (32)

 𝜁ଵ = 8 𝑐𝑜𝑠(𝜃)𝑛ଷ𝐿 𝑠𝑖𝑛(𝜃)ସ (33)

 𝜁ଶ = 4(3 𝑐𝑜𝑠(𝜃)ଶ + 1)𝑛ସ𝐿ଶ(1 − 𝑐𝑜𝑠(𝜃))ଷ(1 + 𝑐𝑜𝑠(𝜃))ଷ (34)

 𝜁ଷ = 16 𝑐𝑜𝑠(𝜃) (𝑐𝑜𝑠(𝜃)ଶ + 1)𝑛ହ𝐿ଷ 𝑠𝑖𝑛(𝜃)଼  (35)

 𝜁ସ = 4(5 𝑐𝑜𝑠(𝜃)ସ + 10 𝑐𝑜𝑠(𝜃)ଶ + 1)𝑛଺𝐿ସ(1 − 𝑐𝑜𝑠(𝜃))ହ(1 + 𝑐𝑜𝑠(𝜃))ହ (36)

 
4.2 Dimensionless dynamic equation 
 
With the Taylor expansion, the dynamic equation of the 

 
 

PIP can be written as 
 𝑀𝑦ሷଵ + 𝑐ଵ𝑦ሶଵ + 𝑐(𝜁௢ + 𝜁ଵ𝑦 + 𝜁ଶ𝑦ଶ + 𝜁ଷ𝑦ଷ + 𝜁ସ𝑦ସ)𝑦ሶଵ+(𝑘௛𝜖ଵ + 𝑘௣𝜂ଵ)𝑦 + (𝑘௛𝜖ଶ + 𝑘௣𝜂ଶ)𝑦ଶ + (𝑘௛𝜖ଷ+𝑘௣𝜂ଷ)𝑦ଷ + (𝑘௛𝜖ସ + 𝑘௣𝜂ସ)𝑦ସ = −𝑀𝑧ሷ଴ 

(37)

 
Introduce a dimensionless parameter 𝛼 to define the 

stiffness ratio between the oblique spring and the horizontal 
spring. 𝛼 = 𝑘ଵ𝑘௛ (38)

 
The natural frequency of the linear mass-spring system 

is defined as 𝜔ଵ = ඨ(1 + 4𝛼)𝑘௛𝑀  (39)

 
Dimensionless time is introduced as 
 𝜏 = 𝜔ଵ𝑡 (40)
 
The dimensionless excitation frequency (𝛺) and the 

nonlinear equivalent damping ratio (𝜉௖) are defined as 
 𝛺 = 𝜔𝜔ଵ (41)

 𝜉௖ = 𝑓௖2𝑀𝜔ଵ (42)

 
Therefore, the dimensionless dynamic equation of the 

PIP under the base excitation ( 𝑧଴ = 𝐴଴𝑐𝑜𝑠𝜔𝑡 ) can be 
obtained as 

 𝑦ଵᇱᇱ + 2𝜉ଵ𝑦ଵᇱ + 2𝜉௖𝑦ଵᇱ+ 1(1 + 4𝛼) (𝜖ଵ𝑦 + 𝜖ଶ𝑦ଶ + 𝜖ଷ𝑦ଷ + 𝜖ସ𝑦ସ)+ 𝛼(1 + 4𝛼) (𝜂ଵ𝑦 + 𝜂ଶ𝑦ଶ + 𝜂ଷ𝑦ଷ + 𝜂ସ𝑦ସ)−𝛺ଶ𝐴଴ 𝑐𝑜𝑠 𝛺𝜏 = 0 

(43)

 
where (∙)ᇱ = 𝑑(∙) 𝑑𝜏⁄ , 𝐴଴ is the excitation amplitude and 𝜉ଵ = 𝑐ଵ 2𝑀𝜔ଵ⁄  is the linear damping ratio. The symbols 
used in the dimensionless dynamic equation are listed in 
Table 2. 

 

(a) (b) 

Fig. 10 Comparison of the original term and the Taylor expansion: (a) horizontal spring stiffness force 
and (b) oblique spring stiffness force
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Table 2 The system parameters and variables in dynamic 
analysis 

Symbol System parameters Unit    𝜔 Frequency of base excitation rad s-1   𝜔ଵ Natural frequency of Mass-spring system rad s-1   𝑧଴ Basement excitation in vertical direction m    𝐴଴ Amplitude of basement excitation m   𝛼 Stiffness ratio of 𝑘ଵ and 𝑘௛ -    𝑇ௗ Displacement transmissibility 
in vertical direction -   Ω Dimensionless excitation frequency -   𝜏 Dimensionless time -    Ω௡ Dimensionless natural frequency -    𝜉௖ Equivalent nonlinear damping ratio -    𝜉ଵ Linear damping ratio - 

 

 
 
4.3 Natural frequency 
 
The dimensionless natural frequency of the PIP can be 

obtained as 
 

𝛺௡ = ඨ𝜖ଵ + 𝛼𝜂ଵ1 + 4𝛼 = ඨ ସ௡మ௧௔௡ (ఏ)మ + ଶఈ(ଵା௦௜௡ (ఏ))௡మ௦௜௡ (ఏ)మ1 + 4𝛼  (44)

 
In Eq. (44), 𝜖ଵ and 𝜂ଵ are the coefficients of the linear 

component of the horizontal spring and the oblique spring, 
 
 

 
 

respectively. The dimensionless natural frequency ( Ω௡ ) 
depends on the initial angle (𝜃) and the stiffness ratio (𝛼). 
In this paper, the prismatic structure has two layers, which 
means n = 2. Therefore, only two parameters (𝜃 and 𝛼) 
can affect Ω௡. 

The influence of 𝜃 and 𝛼 on 𝛺௡ can be seen in Fig. 
12(a). The parameters range are set as: 𝛼 ∈ [0, 10], 𝜃 ∈[0.5, 1.5]. 𝛼 is the stiffness ratio of 𝑘ଵ  and 𝑘௛ . 𝛼 = 0 
means no oblique spring stiffness. When 𝛼 = 10, the total 
oblique spring stiffness is forty times as much as the 
horizontal spring stiffness, which leads to a positive 
stiffness in the whole compression process. The range initial 
angle (𝜃) is [0.5, 1.5] (approximately from 𝜋 6⁄  to 𝜋 2⁄ ) 
which are the critical angles of the prismatic structure in 
practice. Thus, the parameters range is chosen based on the 
feasibility of the QZS property and the structure property. In 
the figure, it is observed that a decreasing 𝜃 results in the 
increase in Ω௡. A decreasing 𝛼 leads to an increasing Ω௡. 
Recalling that a smaller Ω௡ is beneficial to the vibration 
isolation performance, this figure provides a design 
reference for the natural frequency of the isolation platform. 
The details of the contour lines of Ω௡ is shown in Fig. 
12(b). The value of Ω௡ is labeled in each contour line. 

In Fig. 13, several cases from the 3D figure in Fig. 12(a) 
are chosen to display the detailed influence of 𝜃 and 𝛼. It 
is worth noting that a trend reversal exists, which can be 
seen clearly in Fig. 13(a). A decreasing 𝛼 results in the 
increase in Ω௡ with small 𝜃 (𝜃 < 1.05), as 𝜃 increases 
to around 1.05, the trend reversal point appears. After this 
reversal point, a decreasing 𝛼 results in the decrease in Ω௡. As shown in Fig. 13(b), an increasing 𝜃 leads to 

 
 

 
 

 
(a) (b) 

Fig. 12 The dimensionless natural frequency Ω௡: (a) Ω௡ with different 𝜃 and 𝛼 and (b) the 
corresponding contour line of Ω௡ 

 
(a) (b) 

Fig. 13 Dimensionless natural frequency Ω୬ with: (a) different α and (b) different θ 
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a decreasing Ω௡ . An increasing 𝛼  also leads to the 
decrease in Ω௡ without the trend reversal point. 

 
4.4 Displacement transmissibility 
 
By utilizing harmonic balance method (HBM), the first-

order response of the system dynamic equation Eq. (43) can 
be assumed as 

 𝑦ଵ = 𝐴𝑐𝑜𝑠(𝛺𝜏 + 𝜙) (45)
 

where A is the assumed amplitude of the motion, and 𝜙 is 
the assumed phase angle. By substituting Eq. (45) into Eq. 
(43), the unknown parameters can be obtained by solving a 
set of nonlinear algebraic equations for each excitation 
frequency (Ω) with the standard HBM procedure. The HBM 
transfers the differential equation into a set of algebraic 
equations. Therefore, the relationship between the system 
response and the input can be explored. Further theoretical 
or numerical analysis can be conducted based on the HBM. 
Substituting Eq. (45) into Eq (43), two algebraic equations 
are obtained 
 

 

 
The displacement transmissibility (Tୢ ) of the PIP can be 

expressed as 
 
 

 
 

 

𝑇ௗ = |𝐴 𝑐𝑜𝑠(𝛺𝜏 + 𝜙) + 𝐴଴ 𝑐𝑜𝑠(𝛺𝜏)||𝐴଴ 𝑐𝑜𝑠(𝛺𝜏)|= ඥ𝐴ଶ + 𝐴଴ଶ + 2𝐴𝐴଴ 𝑐𝑜𝑠(𝜙)|𝐴଴|  
(47)

 
where |∙| denotes to take the norm. 

 
4.4.1 Parametric influence 
The parametric influence on the displacement 

transmissibility of the PIP is displayed in Figs. 14 and 15. 
Without further explanation, the parameters are set as: 𝜃 =𝜋 4⁄ ,  𝐿 = 0.2 ,  𝑘௛ = 20000 ,  𝛼 = 1.5 ,  𝑐 = 80 ,  𝑐ଵ = 0 
and 𝐴଴ = 0.03. Fig. 14 studies the structural parametric 
influence on the displacement transmissibility (e.g., the 
initial angle (𝜃) and the rod length (L)). As shown in Fig. 
14(a), an increasing 𝜃 results in a decreasing natural 
frequency, thus the resonant peak shifts to the left. 
Moreover, increasing 𝜃 leads to a decreasing damping 
effect, which increases the resonant amplitude. Therefore, 
more damping is needed to suppress the resonant amplitude 
as 𝜃 increases. In Fig. 14(b), the influence of rod length is 

 

 

 
displayed. An increasing L leads to increasing resonant 
amplitude due to the decreasing damping effect as L 
 

 
 

[4(𝛾𝜖ଵ + 𝛼𝛾𝜂ଵ − 𝛺ଶ) 𝑐𝑜𝑠(𝜙) + 8𝛺𝜁଴ 𝑠𝑖𝑛(𝜙)]𝐴+[2𝛺𝜁ଶ 𝑠𝑖𝑛(𝜙)ଷ + 3𝛾(𝛼𝜂ଷ + 𝜖ଷ) 𝑠𝑖𝑛(𝜙)ଶ 𝑐𝑜𝑠(𝜙) + 2𝛺𝜁ଶ 𝑠𝑖𝑛(𝜙) 𝑐𝑜𝑠(𝜙)ଶ + 3𝛾(𝛼𝜂ଷ + 𝜖ଷ) 𝑐𝑜𝑠(𝜙)ଷ]𝐴ଷ+[𝛺𝜁ସ 𝑠𝑖𝑛(𝜙)ହ + 2𝛺𝜁ସ 𝑠𝑖𝑛(𝜙)ଷ 𝑐𝑜𝑠(𝜙)ଶ + 𝛺𝜁ସ 𝑠𝑖𝑛(𝜙) 𝑐𝑜𝑠(𝜙)ସ]𝐴ହ = 0 (46a)

[4(𝛾𝜖ଵ + 𝛼𝛾𝜂ଵ − 𝛺ଶ) 𝑠𝑖𝑛(𝜙) − 8𝛺𝜁଴ 𝑐𝑜𝑠(𝜙)]𝐴+[3𝛾(𝛼𝜂ଷ + 𝜖ଷ) 𝑠𝑖𝑛(𝜙)ଷ − 2𝛺𝜁ଶ 𝑠𝑖𝑛(𝜙)ଶ 𝑐𝑜𝑠(𝜙) + 3𝛾(𝛼𝜂ଷ + 𝜖ଷ) 𝑠𝑖𝑛(𝜙) 𝑐𝑜𝑠(𝜙)ଶ − 2𝛺𝜁ଶ 𝑐𝑜𝑠(𝜙)ଷ]𝐴ଷ−[𝛺𝜁ସ 𝑠𝑖𝑛(𝜙)ସ 𝑐𝑜𝑠(𝜙) + 2𝛺𝜁ସ 𝑠𝑖𝑛(𝜙)ଶ 𝑐𝑜𝑠(𝜙)ଷ + +𝛺𝜁ସ 𝑐𝑜𝑠(𝜙)ହ]𝐴ହ − 4𝛺ଶ𝐴଴ = 0 (46b)

(a) (b) 

Fig. 14 Displacement transmissibility with: (a) different θ and (b) different L 

  
(a) (b) 

Fig. 15 Displacement transmissibility with: (a) different α and (b) different c 
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increases. From Eq. (44), the natural frequency is 
independent on L, therefore, changing L has no influence on 
the resonant frequency. 

Fig. 15 studies the influence of the stiffness ratio (𝛼) 
and the horizontal damping coefficient (c). As shown in Fig. 
15(a), an increasing 𝛼  results in a decreasing resonant 
frequency, which is consistent with the result shown in Fig. 
13(b). Meanwhile, an increasing 𝛼 leads to an increasing 
resonant amplitude, showing a slightly decreased damping 
effect. Fig. 15(b) displays the influence of the horizontal 
damping coefficient (c). Increasing c results in a decrease in 
the resonant amplitude, showing an increasing damping 
effect. 

 
4.4.2 Isolation performance with the QZS effect 
In the previous subsection, the structural parameters 

influence on the displacement transmissibility is studied. 
Further, the displacement transmissibility can be optimized 
with the QZS effect. From the static analysis result in 
Section 3, the enlarged QZS range can be achieved with the 
optimized combined spring stiffness. Thus, in this 
subsection, the isolation performance of the PIP with the 
enhanced QZS effect is studied. 

Fig. 16(a) shows the optimized static force curve with a 
stable and enlarged QZS. The working position of the PIP 
can be optimally designed for the excellent vibration 
isolation performance based on the static force curve. For 
instance, the optimal working position is near డிడ௬భ = 0 
(QZS range). Mark four points in this force curve as A, B, 
C, and D, respectively. Notably, C and D locate in the QZS 
range. The information of the working position A, B, C and 
D is listed in Table 3. The specific working position 
demonstrated in in Fig. 16(a) can be achieved by tuning the 
angle (𝜃). In the design and assembly stage, the optimal 
working position can be decided based on the static force 
curve. Then by tuning the angle (𝜃), the specific working 
positions (e.g., A, B, C, D) can be achieved gradually. 

To display the QZS effect for the dynamic property, the 
isolation performances in the four points are compared in 
Fig. 16(b) with the parameters setting as follows: 𝐿 = 0.2, 𝑘௛ = 20000, 𝑘ଵ = 650 , c = 100, 𝑐ଵ = 200 and 𝐴଴ =0.02. Fig. 16(b) shows the displacement transmissibility of 
the four working positions (A, B, C and D). The 
transmissibility peak gradually moves to the left with the 
reducing peak amplitude as the working position changes 
from A to D, which indicates the overall improvement of 

 
 

Table 3 Parameter of different working positions 

Working 
position 

Working angle 
(rad) 

Compression 
length (m) 

A 𝜃 = 1.047 0 
B 𝜃 = 1.104 0.02 
C 𝜃 = 1.200 0.055 
D 𝜃 = 1.253 0.075 

 
 

the vibration isolation performance. C and D locate in the 
QZS range as shown in Fig. 16(a), therefore, the isolation 
performance of the two points is improved compared with 
the performance of A and B. Notably, the PIP has the best 
vibration isolation performance at the working position D: 
lowest resonant frequency (widest isolation frequency 
range) and lowest resonant peak. The phenomenon verifies 
the excellent vibration isolation performance due to the 
QZS effect and the necessity of the enlarged QZS range. 
Without the oblique spring and the optimized stiffness, the 
QZS of the PIP is very limited (the point D doesn’t exist) 
and the platform will collapse in significant amplitude 
movement due to the negative stiffness effect (unstable 
problem). Therefore, it is necessary to enlarge the QZS 
range for the excellent vibration isolation performance and 
the stability. 

 
4.4.3 The excitation amplitude influence 
For a linear isolator, the excitation amplitude has no 

influence on the displacement transmissibility. However, for 
a nonlinear system, the displacement transmissibility 
changes with different excitation amplitudes. The PIP is a 
nonlinear system with nonlinear stiffness and nonlinear 
damping. Therefore, the excitation amplitude can affect the 
transmissibility of the PIP and its influence on the 
transmissibility is studied in Fig. 17 with the excitation 
amplitude (𝐴଴) increased from 0.01 m to 0.1 m. The 
parameters are set as: 𝜃 = 1.2, 𝐿 = 0.2, 𝑘௛ = 20000, 𝛼 = 0.00325 ,  c = 500  a n d  𝑐ଵ = 50 .  T h e  d a m p e r 
installed in the horizontal direction can achieve a 
geometrically nonlinear damping effect, which is 
displacement-dependent. When the displacement increases, 
the nonlinear damping effect is increased as well. As a 
result, with an increase in 𝐴଴ shown in Fig. 17, the 
resonant peak shifts to the right slightly, showing an 
enhanced nonlinear stiffness effect, and the resonant peak 

 
(a) (b) 

Fig. 16 Isolation performance with the QZS effect: (a) optimal static force with enlarged QZS range and (b) the 
transmissibility curves with different working positions
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Fig. 17 Transmissibility with different excitation amplitude

 
 

 
Fig. 18 Three-spring QZS isolator 

 
 

decreases, showing an enhanced nonlinear damping effect. 
Therefore, the proposed PIP shows the stable performance 
with a large excitation amplitude. By contrast, the 
traditional three-spring QZS isolator may appear the strong 
nonlinear phenomena (e.g., bifurcation, instability, jump, 
and even chaos) as the excitation amplitude increases, 
which will be studied in the following subsection. 

 
4.5 Comparison with benchmark QZS isolator 
 
The configuration of the traditional QZS isolator with 

three-spring (Kovacic et al. 2008, Carrella et al. 2012, Hao 
and Cao 2015, Hao et al. 2017) and a linear damper is 
shown in Fig. 18. The general idea of the three-spring 
isolator becoming a QZS isolator is that using the horizontal 
springs to reduce the linear stiffness of the isolator 𝑘௩ and 
to add an additional cubic nonlinear stiffness. QZS can be 
achieved when linear stiffness term is zero. It should be 
noticed that, not all three-spring isolators can achieve the 
QZS property, only those satisfying the previous 
requirements can be approximated by Duffing’s equation 
with no linear stiffness term. 

The dynamic dimensionless equation of the benchmark 
three-spring QZS isolator under base excitation can be 
approximated as a Duffing’s equation 

 𝑧ଵᇱᇱ + 2𝜉௅𝑧ଵᇱ + 𝜇𝑧ଵଷ = 𝛺ଶ𝐴଴ 𝑐𝑜𝑠 𝛺𝜏 (48)
 

where 𝜉௅  is the damping ratio and 𝜇  is the nonlinear 
stiffness ratio, which is defined as 

 μ = 𝑘௛ 𝑘௩⁄ (49)
 
The parameters of the PIP are the same as these used in 

Fig. 17 when 𝐴଴ = 0.1. Two nonlinear stiffness terms are 
obtained as: ଵଵାସఈ 𝑓௛ = 0.1338𝑦ଵ + 1.5935𝑦ଵଶ +6.4342𝑦ଵଷ + 19.3853𝑦ଵସ  and ఈଵାସఈ 𝑓௞ = 0.0320𝑦ଵ +0.0380𝑦ଵଶ + 0.1779𝑦ଵଷ + 0.4987𝑦ଵସ. The nonlinear damping 

 
Fig. 19 Comparison of the PIP and the traditional QZS 

isolator
 
 

ratio is obtained as: 𝜉௖ = 0.0562 + 0.8928𝑦ଵ +4.9417𝑦ଵଶ + 16.7299𝑦ଵଷ + 70.4469𝑦ଵସ. The linear damping 
ratio is obtained as: 𝜉ଵ = 0.0372, which can be easily 
achieved by a system composed of steel components (Ke et 
al. 2019b, Zhou et al. 2021a). In the benchmark three-
spring QZS isolator, the linear damping ratio is set as: 𝜉௅ = 
0.093 which is same with the total linear damping of the 
PIP. The cubic stiffness ratio (𝜇) of the traditional QZS 
isolator is set as: 𝜇 = 6.61, which is the same as the cubic 
component of the nonlinear stiffness of the PIP. 

The comparison result is displayed in Fig. 19. The 
ordinate unit of this figure is linear dimensionless 
transmissibility. With the relatively large displacement 
excitation, the PIP can maintain stable vibration isolation 
performance with much lower resonant peak and wider 
isolation frequency range. By contrast, the traditional QZS 
isolator shows strong nonlinear properties, including the 
jump phenomenon and instability. The instability narrows 
down the isolation frequency range and leads to the safety 
problems, which needs to be avoided in the vibration 
isolation applications. Therefore, the proposed PIP shows 
enhanced vibration isolation performance with the insured 
stability, lower resonant peak, and wider isolation frequency 
range under the relatively large excitation amplitude. 

 
 

5. Conclusions 
 
In this paper, a novel isolation platform (PIP) is 

designed and analyzed. The proposed PIP shows beneficial 
nonlinearities, enlarged QZS range, adjustable resonant 
frequency, and stable property in a large vibration 
displacement. The enlarged QZS is achieved by combining 
the horizontal spring (negative stiffness) and the oblique 
spring (positive stiffness). With the optimal design, the PIP 
can achieve a stable and enlarged QZS effect. The main 
results and contributions are summarized as follows: 

 
1. The negative stiffness, positive stiffness, and QZS 

effect can be achieved by combining the horizontal 
spring and the oblique spring installed inside the 
prismatic structure. The QZS effect can be improved 
with wider range with the optimal design. 

2. With optimized stiffness ratio 𝛼, the QZS range can 
be enlarged with decreasing 𝜃 and increasing L. 

3. The natural frequency of the PIP is designable and 
controllable. By tuning the initial angle (𝜃) and the 
stiffness ratio (𝛼 ), the natural frequency can be 
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conveniently adjusted to achieve the ultra-low 
frequency isolation requirement. Specifically, by 
increasing the structural parameters 𝜃 and 𝛼, the 
natural frequency can be reduced. 

4. Compared with the traditional three-spring QZS 
isolator, the proposed PIP can achieve a more stable 
QZS effect which is helpful to eliminate the potential 
instability, bifurcation, and jump phenomenon in the 
large vibration displacement. 
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