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1. Introduction 

 
Parameter identification plays an important role in the 

field of structural health monitoring (SHM). The identified 
parameters can be used for damage detection, condition 
assessment and remaining service-life prediction. To date, 
there are a number of methods performed in frequency 
domain, time domain or time-frequency domain for 
parameter identification (Xu and He 2017, Das and Saha 
2018, Hannan et al. 2018). The Kalman filter (KF) provides 
an effective way for the estimation of structural states (Xu 
et al. 2016, Lai et al. 2016, Zhang et al. 2021, Saleem and 
Jo 2021). However, the structural parameters in KF 
algorithms should be assumed to be known. The extended 
Kalman filter (EKF) methods treat the parameters to be 
identified as a part of structural states and directly identify 
them in a recursive manner. The structural damage 
including its existence, location and severity can be then 
estimated on the basis of these identified quantities. 

The research on the development of EKF technique for 
the purpose of SHM has been conducted for many years. In 
the classic EKF methods, the external excitation should be 
assumed to be known. The earlier contribution to the 
identification of structural parameters using EKF can be 
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traced back to the work by Yun and Shinozuka (1980). A 
weighted global iteration EKF (WGI-EKF) procedure was 
then presented by Hoshiya and Saito (1984) to ensure the 
convergence and stability of the EKF algorithm. In the last 
century, computational efficiency may be the greatest 
obstacle for the application of EKF technique due to the 
complexity of calculating Jacobian matrix. In the past two 
decades, as the rapid advances of computer technologies, 
EKF algorithm has been actively investigated and widely 
used for parameter identification. For example, an improved 
EKF approach was proposed by Lei et al. (2014) for 
impact-induced damage detection. Mu and Yuen (2015) 
proposed an outlier-resistant EKF approach for the online 
identification of structural parameters. With the 
combination of EKF and UKF, Liu et al. (2016) proposed a 
two-stage approach to identify the nonlinear structural 
parameters. A discontinuous EKF method was presented by 
Chatzis et al. (2017) for state estimation and parameters 
identification. Based on EKF and l1-norm regularization, 
Zhang et al. (2017) proposed an algorithm for detecting 
local damage of complex structures. More recently, Lei et 
al. (2018) proposed an EKF-based approach for damage 
detection under ambient excitation. Ginsberg et al. (2018) 
proposed a sparsity-constrained EKF approach for damage 
localization and identification. An adaptive EKF with two 
computational modes was proposed by Yang et al. (2020) 
for system identification under seismic inputs. Based on 
WGI-EKF procedure, Xu et al. (2020) proposed a 
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In this approach, to ensure the influence matrix be of full column rank, the sensors have to be deployed at all the degrees-of-
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to guarantee that the sensors can be installed at all these locations. To circumvent this limitation, based on the idea of first-order-
holder discretization (FOHD), an improved EKF with unknown input (IEKF-UI) approach is proposed in this study for the 
simultaneous identification of structural parameters and unknown excitation. By using projection matrix, an improved 
observation equation is obtained. Few displacement measurements are fused into the observation equation to avoid the so-called 
low-frequency drift. To avoid the ill-conditioning problem for force identification without collocated measurements, the idea of 
FOHD is employed. The recursive solution of the structural states and unknown loads is then analytically derived. The 
effectiveness of the proposed approach is validated via several numerical examples. Results show that the proposed approach is 
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nonparametric approach for the identification of nonlinear 
hysteretic behavior. Li and Wang (2020) proposed a 
constraint EKF approach for parameter identification of a 
differentiable Bouc-Wen model. Based on unscented KF, 
Naranjo-Perez et al. (2020) proposed a multi-objective 
harmony search algorithm for parameter identification of 
the dynamic Winkler soil-structure interaction model. Xiao 
et al. (2021) proposed an adaptive EKF approach for 
identifying the frequencies and track irregularities of high-
speed railway bridges. 

In the EKF-based approaches mentioned above, the 
external loads are required for the estimation. Without the 
prior knowledge of input information, these methods are 
unable to track the evolution of the estimates. However, 
some loads may not be measured in practice due to 
inaccessibility of sensor locations or other practical 
limitations. Therefore, much effort has been made on the 
development of EKF under unknown input (EKF-UI) 
methods. For example, Yang et al. (2007) proposed an 
adaptive EKF-UI approach for the identification of time-
varying parameters. By using least-squares estimation 
(LSE) and EKF in sequence, Lei et al. (2012) proposed an 
EKF-UI approach for damage detection. Based on WGI-
EKF and an adaptive iteration procedure, Xu and He (2015) 
proposed an approach for the identification of substructural 
parameters and unknown loads. Pan et al. (2016) proposed 
a general EKF-UI approach to reduce the restrictions of the 
sensor location. Liu et al. (2018) proposed a modal EKF-UI 
approach for identifying large-scale structures in real time. 
With the combination of augmented Kalman filter and 
genetic algorithm, Saleem and Jo (2019, 2021) proposed an 
approach for impact force identification and sensor 
placement. Based on LSE and EKF, He et al. (2020) 
proposed a two-stage approach for parameters identification 
with unknown inputs. Lei et al. (2021) proposed an EKF-UI 
approach for the identification of nonlinear restoring force 
in a model-free manner. 

The authors have also been conducted the research on 
EKF-UI methods in the recent year. By using projection 
matrix to derive a modified observation equation, an EKF-
UI approach was proposed for the simultaneous 
identification of structural parameters and unknown 
loadings (He et al. 2019a). It was then extended for 
substructural identification (He et al. 2021). This approach 
is novel and not presented in the previous literature. 
However, in order to ensure the influence matrix be of full 
column rank and to obtain the modified observation 
equation, sensors should be placed at all of the DOFs where 
the unknown inputs are applied, i.e., collocated acceleration 
measurements at the locations of unknown inputs are 
required. This limitation is also mentioned in some other 
literatures (Lei et al. 2012, Xu and He 2015, Pan et al. 
2016, Liu et al. 2018). As known, it is not always possible 
to deploy the sensors at all these desired locations. 
Therefore, to circumvent this limitation, based on the idea 
of first-order-holder discretization (FOHD), an improved 
EKF with unknown input (IEKF-UI) approach is proposed 
in this study. Data fusion technique is employed to avoid 
the so-called low-frequency drift, and an improved version 
of observation equation is obtained. The recursive solution 
of the proposed approach is analytically derived. Several 

numerical examples including linear and nonlinear 
structures are used for the validation of its effectiveness. 

 
 

2. Formulas of the proposed IEKF-UI approach 
 
In general, the equation of motion of an n-DOFs 

structure with unknown loads can be written as 
 𝑴𝒙ሷ ሺ𝑡ሻ ൅ 𝑭ሾ𝒙ሺ𝑡ሻ, 𝒙ሶ ሺ𝑡ሻ, 𝜽ሿ ൌ 𝝋𝒇ሺ𝑡ሻ ൅ 𝝋௨𝒇௨ሺ𝑡ሻ (1)
 

in which M is mass matrix; x(t), 𝒙ሶ ሺ𝑡ሻ and 𝒙ሷ ሺ𝑡ሻ are time 
series of displacement, velocity and acceleration, 
respectively; 𝑭ሾ𝒙ሺ𝑡ሻ, 𝒙ሶ ሺ𝑡ሻ, 𝜽ሿ is restoring force vector; 𝜽 
represents the unknown parameters; f(t) and fu(t) are the 
known and unknown inputs, respectively; φ and φu are the 
influence matrices associated with the known and unknown 
inputs, respectively. 

In this study, the parameters to be identified are assumed 
to be time-invariant. Thus, with the definition of the 
extended state vector 𝒁ሺ𝑡ሻ ൌ ሾ𝒙ሺ𝑡ሻ், 𝒙ሶ ሺ𝑡ሻ், 𝜽்ሿ் , the 
following state equation can be obtained 

 𝒁ሶ ሺ𝑡ሻ ൌ ൥ 𝒙ሶ ሺ𝑡ሻ𝑴ିଵሾെ𝑭ሾ𝒙ሺ𝑡ሻ, 𝒙ሶ ሺ𝑡ሻ, 𝜽ሿ ൅ 𝝋𝒇ሺ𝑡ሻ ൅ 𝝋௨𝒇௨ሺ𝑡ሻሿ𝟎 ൩்
ൌ 𝒈ሺ𝒁ሺ𝑡ሻ, 𝒇ሺ𝑡ሻ, 𝒇௨ሺ𝑡ሻ, 𝑡ሻ ൅ 𝒘ሺ𝑡ሻ 

(2)

 
where w(t) is the process noise vector with zero mean and a 
covariance matrix Q(t). 

The state equation mentioned above can be linearized as 
 𝒈൫𝒁௞, 𝒇௞, 𝒇௨,௞, 𝑘𝛥𝑡൯ൎ 𝒈൫𝒁෡௞|௞, 𝒇௞, 𝒇෠௨,௞, 𝑘𝛥𝑡൯ ൅ 𝑼௞|௞൫𝒁௞ െ 𝒁෡௞|௞൯൅𝑾௞|௞൫𝒇௨,௞ െ 𝒇෠௨,௞൯ 

(3)

 
where 𝒁෡௞|௞ and 𝒇෠௨,௞ are the estimates of Zk and fu,k at the 
k-th time step, respectively; Δt is the time interval; Uk|k and 
Wk|k can be calculated as follows 

 𝑼௞|௞ ൌ 𝜕𝒈൫𝒁௞, 𝒇௞, 𝒇௨,௞, 𝑘𝛥𝑡൯𝜕𝒁௞ ቤ𝒁௞ ൌ 𝒁෡௞|௞𝒇௨, ௞ ൌ 𝒇෠௨, ௞ , 
𝑾௞|௞ ൌ 𝜕𝒈൫𝒁௞, 𝒇௞, 𝒇௨,௞, 𝑘𝛥𝑡൯𝜕𝒇௨, ௞ ቤ𝒁௞ ൌ 𝒁෡௞|௞𝒇௨, ௞ ൌ 𝒇෠௨, ௞ ൌ ൥ 𝟎𝑴ିଵ𝝋௨𝟎 ൩(4)

 
Here, partial displacement and acceleration responses 

are fused together and used for the identification. The 
discretized observation equation can be then expressed as 

 𝒚̄௞ ൌ ቂ𝒚௔,௞𝒚௦,௞ ቃ ൌ ൤𝑳௔𝒙ሷ ௞ ൅ 𝒗௔,௞𝑳௦𝒙௞ ൅ 𝒗௦,௞ ൨ ൌ ቈ𝑳௔൫𝒉ሺ𝒁௞ሻ ൅ 𝑴ିଵ𝝋௨𝒇௨,௞൯ ൅ 𝒗௔,௞𝑳௦𝒙௞ ൅ 𝒗௦,௞ ቉ 
(5)

 
where 𝒉ሺ𝒁௞ሻ ൌ 𝑴ିଵሾെ𝑭ሾ𝒙௞, 𝒙ሶ ௞, 𝜽ሿ ൅ 𝝋𝒇௞ሿ; La and Ls are 
the matrices associated with the locations of accelerometers 
and displacement transducers, respectively; ya,k and ys,k are 
the acceleration and displacement measurements at the k-th 
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time step, respectively; va,k and vs,k are measurement noise 
assumed to be Gaussian white-noise vector with zero mean 
and covariance matrices Ra,k and Rs,k, respectively. 

Focusing on the first part of the observation equation 
where the unknown inputs are explicitly included, the 
following equation regarding acceleration measurements 
can be obtained 

 𝒚௔,௞ ൌ 𝑳௔൫𝒉ሺ𝒁௞ሻ ൅ 𝑴ିଵ𝝋௨𝒇௨,௞൯ ൅ 𝒗௔,௞ (6)
 
In this study, to investigate a general case, the unknown 

inputs fu,k are considered to be composed of two parts, 
namely 𝒇௨,௞∗  and 𝒇௨,௞′ . The former represents the unknown 
input vector associated with the collocated acceleration 
responses being measured, whereas the latter represents the 
unknown input vector without the collocated acceleration 
measurements. Then, Eq. (6) can be expressed as 

 𝒚௔,௞ ൌ 𝑳௔𝒉ሺ𝒁௞ሻ െ ሾ𝑫∗ 𝑫′ሿ ቈ𝒇௨,௞∗𝒇௨,௞′ ቉ ൅ 𝑣௔,௞ (7)

 
where 𝑫∗ ൌ െ𝑳௔𝑴ିଵ𝝋௨∗ ;  𝑫ᇱ ൌ െ𝑳௔𝑴ିଵ𝝋௨ᇱ ; 𝝋௨∗  and𝝋௨ᇱ  
are the influence matrices associated with unknown input 
vector 𝒇௨,௞∗  and 𝒇௨,௞ᇱ , respectively. Since the matrix La is 
not related to the influence matrix 𝝋௨ᇱ , it can be found that 𝑫′ matrix is always equal to zero. Then, Eq. (7) can be 
rearranged as follows 

 𝒚௔,௞ ൌ 𝑳௔𝒉ሺ𝒁௞ሻ െ 𝑫∗𝒇௨,௞∗ ൅ 𝒗௔,௞ (8)
 
Obviously, only the unknown input vector 𝒇௨,௞∗  is 

explicitly presented in the observation equation. For ease of 
expression, 𝒇௨,௞∗  is named as explicit unknown input at the 
k-th time step whereas 𝒇௨,௞′  is called as implicit unknown 
input hereafter. 

Notably, the matrix D* is always of full column rank. 
Moreover, the measurement noise is assumed to be much 
smaller than the measured signal. Thus, the explicit 
unknown input 𝒇௨,௞∗  can be estimated by LSE as follows 

 𝒇෠௨,௞∗ ൌ ൫𝑫∗೅𝑫∗൯ିଵ𝑫∗೅ൣ𝑳௔𝒉ሺ𝒁௞ሻ െ 𝒚௔,௞൧ (9)
 
Then, according to the similar procedure conducted in 

the previous literature (He et al. 2019), Eq. (8) can be re-
written as 

 𝜱𝒚௔,௞ ൌ 𝜱𝑳௔𝒉ሺ𝒁௞ሻ ൅ 𝜱𝒗௔,௞ (10)
 

where 𝜱 ൌ 𝑰 െ 𝑫∗൫𝑫∗೅𝑫∗൯ିଵ𝑫∗೅. Here, 𝑫∗൫𝑫∗೅𝑫∗൯ିଵ𝑫∗೅ 
is known as projection matrix. 

On the basis of Eq. (5) and Eq. (10), an improved 
observation equation can be derived as 

 𝜱ሜ 𝒚̄௞ ൌ 𝜱ሜ 𝒉ሜ ሺ𝒁௞ሻ ൅ 𝜱ሜ 𝒗̄௞ (11)
 

where 𝜱ሜ ൌ ቂ𝜱 𝟎𝟎 𝑰ቃ; 𝒉ሜ ሺ𝒁௞ሻ ൌ ൤𝑳௔𝒉ሺ𝒁௞ሻ𝑳௦𝒙௞ ൨; 𝒗̄௞ ൌ ቂ𝒗௔,௞𝒗௦,௞ ቃ. 
According to the principle of EKF, the priori state 

estimate 𝒁෡௞ାଵ|௞ can be obtained as 

𝒁෡௞ାଵ|௞ ൌ 𝒁෡௞|௞ ൅ න 𝒈ሺ𝒁෡௞|௞, 𝒇௞, 𝒇෠௨,௞, 𝑘𝛥𝑡ሻ𝑑𝑡ሺ௞ାଵሻ௱௧
௞௱௧  (12)

 
The priori estimate error covariance matrix Pk+1|k can be 

calculated as 
 𝑷௞൅1|௞ ൌ 𝑨ଵ𝑷௞|௞𝑨ଵ ൅ 𝑨ଶ𝑹௔,௞𝑨ଶ ൅ 𝛥𝑡ଶ𝑸௞ (13)
 

where 𝑨ଵ ൌ 𝑰 ൅ 𝛥𝑡 ൭𝑼௞|௞ ൅ ൥ 0െ𝑯௞|௞0 ൩൱; 

𝑨ଶ ൌ 𝛥𝑡 ൥ 0െሺ𝑳௔்𝑳௔ሻିଵ𝑳௔்0 ൩;𝑯௞|௞ ൌ డ𝒉ሺ𝒁ೖሻడ𝒁ೖ ห𝒁௞ ൌ 𝒁෡௞|௞. 

Then, the posteriori state estimate 𝒁෡௞ାଵ|௞ାଵ  is 
determined as 

 𝒁෡௞ାଵ|௞ାଵ ൌ 𝒁෡௞ାଵ|௞ ൅ 𝑮௞ାଵൣ𝜱ሜ 𝒚̄௞ାଵ െ 𝜱ሜ 𝒉ሜ ൫𝒁෡௞ାଵ|௞൯൧ (14)
 

where Gk+1 represents gain matrix and can be computed as 
 𝑮௞ାଵ ൌ 𝑷௞ାଵ|௞𝑯ሜ ௞ାଵ் 𝜱ሜ ்ൣ𝜱ሜ ൫𝑯ሜ ௞ାଵ|௞𝑷௞ାଵ|௞𝑯ሜ ௞ାଵ்൅ 𝑹ሜ ௞ାଵ൯𝜱ሜ ்൧ିଵ 

(15)

 

in which 𝑹ሜ ௞ ൌ 𝐸ሺ𝒗̄௞𝒗̄௞்ሻ; 𝑯ሜ ௞ାଵ|௞ ൌ డ𝒉ሜ ሺ𝒁ೖశభሻడ𝒁ೖశభ ห𝒁௞ାଵ𝒁෡௞ାଵ |௞ 
The posteriori estimate error covariance matrix Pk+1|k+1 is 

calculated as 
 𝑷௞ାଵ|௞ାଵ ൌ ൫𝑰 െ 𝑮௞ାଵ𝜱ሜ 𝑯ሜ ௞ାଵ|௞൯𝑷௞൅1|௞൫𝑰െ 𝑮௞ାଵ𝜱ሜ 𝑯ሜ ௞ାଵ|௞൯்൅ 𝑮௞ାଵ𝜱ሜ 𝑹ሜ ௞ାଵሺ𝑮௞ାଵ𝜱ሜ ሻ் (16)

 
The recursive solution of the state estimation seems to 

be given by Eqs. (12)-(16). However, it should be noted that 
the unknown input in Eq. (6) is not completely determined. 
Only part of this input, saying the explicit unknown input 𝒇෠௨,௞ାଵ∗ , can be obtained according to Eq. (9) and shown as 
follows. 

 𝒇෠௨,௞ାଵ∗ ൌ ൫𝑫∗்𝑫∗൯ିଵ𝑫∗்ൣ𝑳௔𝒉ሺ𝒁෡௞ାଵ|௞ାଵሻ െ 𝒚௔,௞ାଵ൧ (17)
 
The remaining part, i.e., the implicit unknown input 𝒇௨,௞′  is still unknown, which means the procedure described 

by Eqs. (12)-(16) can’t be directly implemented. In order to 
identify this implicit unknown input, the idea of first-order-
holder discretization (FOHD) (Ding et al. 2013, Lei et al. 
2020) is employed. 

In the conventional EKF-based approach, the zero-
order-holder discretization (ZOHD) method is used to 
discretize the continuous function. The unknown force in a 
sampling period is assumed to be constant by using ZOHD 
method, and thus Eq. (12) can be expressed as 

 𝒁෡௞ାଵ|௞ ൌ 𝒁෡௞|௞ ൅ න 𝒈൫𝒁෡௞|௞, 𝒇௞, 𝑘𝛥𝑡൯𝑑𝑡ሺ௞ାଵሻ௱௧
௞௱௧൅ ൥ 𝟎𝑴ିଵ𝝋௨′ 𝛥𝑡𝟎 ൩ 𝒇෠௨,௞′ ൅ ൥ 𝟎𝑴ିଵ𝝋௨∗ 𝛥𝑡𝟎 ൩ 𝒇෠௨,௞∗  

(18)
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Different from ZOHD method, FOHD method treats the 
unknown input as a linear variable in a sampling period. For 
ease of distinction, the priori state estimate is called as 𝒁ሜ ௞ାଵ|௞ in this case, and Eq. (12) can be arranged as 

 𝒁ሜ ௞ାଵ|௞ ൌ 𝒁෡௞|௞ ൅ න 𝒈൫𝒁෡௞|௞, 𝒇௞, 𝑘Δ𝑡൯𝑑𝑡ሺ௞ାଵሻ௱௧
௞௱௧  

                 ൅ 12 Δ𝑡 ቌ൥ 𝟎𝑴ିଵ𝝋௨′𝟎 ൩ ൫𝒇෠௨,௞′ ൅ 𝒇෠௨,௞ାଵ′ ൯
൅ ൥ 𝟎𝑴ିଵ𝝋௨∗𝟎 ൩ ൫𝒇෠௨,௞∗ ൅ 𝒇෠௨,௞ାଵ∗ ൯ቍ 

(19)

 
By using Eqs. (18)-(19), the following relationship 

exists 
 𝒁ሜ ௞ାଵ|௞ െ 𝒁෡௞ାଵ|௞ ൌ 12 Δ𝑡ൣ𝑩′൫𝒇෠௨,௞ାଵ′ െ 𝒇෠௨,௞′ ൯ ൅ 𝑩∗൫𝒇෠௨,௞ାଵ∗ െ 𝒇෠௨,௞∗ ൯൧ (20)

 

where 𝑩ᇱ ൌ ൥ 𝟎𝑴ିଵ𝝋௨ᇱ𝟎 ൩;𝑩∗ ൌ ൥ 𝟎𝑴ିଵ𝝋௨∗𝟎 ൩. 

Based on the Taylor series, Eq. (8) can be linearized as 
follows 

 𝒚௔,௞ାଵ െ 𝑳௔𝒉ሺ𝒁௞ାଵሻ ൅ 𝑫∗𝒇௨,௞ାଵ∗ ൌ 𝒚௔,௞ାଵ െൣ𝑳௔𝒉൫𝒁෡௞ାଵ|௞൯ ൅ 𝑳௔𝑯௞ାଵ|௞൫𝒁ሜ ௞ାଵ|௞ െ 𝒁෡௞ାଵ|௞൯൧൅𝑫∗𝒇௨,௞ାଵ∗ ൎ 0 
(21)

 
Substituting Eq. (20) into Eq. (21) leads to 
 𝒚௔,௞ାଵ െ 𝑳௔𝒉൫𝒁෡௞ାଵ|௞൯ െ 12 𝑳௔𝑯௞ାଵ|௞Δ𝑡ൣ𝑩′൫𝒇෠௨,௞ାଵ′ െ 𝒇෠௨,௞′ ൯ ൅  𝑩∗൫𝒇෠௨,௞ାଵ∗ െ 𝒇෠௨,௞∗ ൯൧൅𝑫∗𝒇෠௨,௞ାଵ∗ ൌ 0 

(22)

 
Then, with proper transformation, the implicit unknown 

input can be obtained as 
 𝒇෠௨,௞ାଵ′ ൌ ሺ𝑺௞൅1் 𝑺௞൅1ሻିଵ𝑺௞൅1் ൤𝒚௔,௞ାଵ െ 𝑳௔𝒉ሺ𝒁෡௞ାଵ|௞ሻെ 12 𝑳௔𝑯௞ାଵ|௞Δ𝑡൫𝑩∗൫𝒇෠௨,௞ାଵ∗ െ 𝒇෠௨,௞∗ ൯െ 𝑩′𝒇෠௨,௞′  ൯ ൅ 𝑫∗𝒇෠௨,௞ାଵ∗ ൨ 

(23)

 
where 𝑺௞൅1 ൌ ଵଶ 𝑳௔𝑯௞ାଵ|௞𝑩′𝛥𝑡. It can be found that the 
matrix Sk+1 is always of full column rank. 

In summary, the equations for the proposed IEKF-UI 
approach fall into three groups: time update equations, 
measurement update equations, and force identification 
equations. The time update equations including Eqs. (12)-
(13) are responsible for the determination of a priori 
estimate using the information of previous time step. The 
measurement update equations including Eqs. (14)-(16) are 
responsible for incorporating a new measurement into the 
priori estimate to obtain an improved posteriori estimate. 
These two update equations are similar to those in the 

Fig. 1 The flowchart of the proposed IEKF-UI approach
 
 

conventional EKF algorithm. Moreover, the unknown 
inputs can be identified by Eq. (17) and Eq. (23) at the same 
time. It can be seen that the collocated acceleration 
measurements are not necessarily required for the 
identification indicating the restriction on the sensor 
locations is removed. For ease of understanding, the 
flowchart of the proposed IEKF-UI approach is plotted in 
Fig. 1. 

 
 

3. Numerical validation 
 
In order to validate the effectiveness of the proposed 

approach, several numerical examples including a shear 
building structure, a planar truss structure and a building 
structure with a nonlinear hysteretic model are considered 
in this section. 

 
3.1 Eight-story shear building structure 
 
A numerical study of an 8-story shear building structure 

subject to two unknown inputs is first conducted herein. 
The parameters of mass and stiffness are given as mi = 180 
kg and ki = 550 kN/m (i = 1, …, 8). The Rayleigh damping 
model (i.e., C = α·M + β·K) is employed, and the 
proportional coefficients of α and β are assumed to be 0.457 
and 1.5 × 10-3, respectively. The first two damping ratios are 
3%, and the first three natural frequencies are 1.62 Hz, 4.82 
Hz and 7.84 Hz, respectively. The random external forces 
are applied on 2nd floor and 8th floor of the building. The 
corresponding structural responses are obtained by state-
space method with the time interval of 0.001 s. After the 
calculation of structural responses, these two external forces 
are considered as the unknown inputs to be identified. The 
system error covariance matrix Q in this study is set to be 
10-6·I. 

The acceleration responses of the 1st, 2nd, 3rd, 6th and 7th 
are assumed to be known for the identification. Since the 
acceleration response of the 2nd floor are available, the 
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external force applied to this floor can be viewed as the 
explicit unknown input. Accordingly, the external force on 
the 8th floor can be treated as the implicit unknown input. 
Moreover, the displacement responses of the 1st and 6th 
floor are fused in the observation equation. The noise effect 
is considered by adding white noise with 5% in root mean 
square (RMS) to these measurements. 

The extended state vector is  defined as 𝒁 ൌሾ𝑥ଵ, . . . ,  𝑥଼, 𝑥ሶଵ, . . . ,  𝑥ሶ଼, 𝑘ଵ, . . . ,  𝑘଼,  𝛼,  𝛽ሿ் , where xi, 𝑥ሶ௜ 
and ki (i = 1, …, 8) represent the displacement, velocity and 
stiffness of the i-th floor, respectively. The initial values of 
structural parameters are assumed to be 50% of the actual 
ones. By using the proposed approach, the structural 
parameters can be identified and shown in Table 1. It can be 
seen that the identified values are close to the actual ones. 
Notably, since the value of β is several orders of magnitude 
smaller than other variables, it is not easy to obtain the 
accurate identification result of such a small coefficient. 
Sever strategies may be helpful for improving the accuracy 
of the identified result, such as reducing the noise level, 
using more sensors, and changing the locations of sensors. 
Figs. 2(a)-(b) gives the convergence details of the identified 

 
 

 
 

 
 

parameters. It is obvious that the identified parameters are 
able to stably converge to the actual ones after few seconds. 
Only the stiffness coefficients of the 1st and 6th floor are 
plotted in Figs. 2(a)-(b) as examples. Similar results can be 
found for the remaining parameters. 

In addition to the identification of structural parameters, 
the unknown inputs can be also estimated by the proposed 
approach. The comparison of the identified external forces 
with their real ones is plotted in Figs. 3(a)-(b). Obviously, 
the identified results have a good agreement with the actual 
ones. Moreover, a normalized root-mean-square-error 
(NRMSE) (He et al. 2019b) is used as a measure of 
deviation between the actual inputs and the identified ones. 

 

𝑁𝑅𝑀𝑆𝐸 ൌ 1𝐴 ඩ 1𝑛𝑝 ෍൫𝑓መ௨,௞ െ 𝑓௨,௞൯ଶ௡௣
௞ୀଵ  (24)

 
where A is the amplitude of force; np is the number of 
sampling points, 𝑓መ௨,௞ and fu,k denote the identified input 
and actual input at the k-th time step, respectively. In this 

Table 1 The identified structural parameters of shear building 

Parameters 
(kN/m) Actual Identified Error 

(%) 
Parameters

(kN/m) Actual Identified Error 
(%) 

k1 550 546.05 -0.72 k6 550 554.64 0.84 
k2 550 551.71 0.31 k7 550 544.62 -0.98 
k3 550 544.71 -0.96 k8 550 555.56 1.01 
k4 550 546.62 -0.61 α 0.4577 0.4650 1.59 
k5 550 543.44 -1.19 β 0.0015 0.0012 - 

 

 
(a) The 1st floor (b) The 6th floor 

Fig. 2 The identified stiffness of shear building structure

 
(a) On the 2nd floor (b) On the 8th floor 

Fig. 3 The comparison of the identified excitation applied to shear structure 
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example, the values of NRMSE of the unknown inputs 
applied on the 2nd and 8th floor are 1.02% and 1.21%, 
receptively, indicating that the identified forces are close to 
the actual ones. 

 
3.2 Planar truss structure 
 
A planar truss structure as shown in Fig. 4 is considered. 

In this example, the case of only implicit unknown input 
being involved is discussed. The truss structure consists of 

 
 

 
 

 
 

11 members with the same cross-sectional area of 2 × 10-3 
m2. The Young’s module is selected as 2 × 108 Pa, and mass 
density is 7850 kg/m3. The consistent mass distribution is 
employed for the construction of the mass matrix. The 
Rayleigh damping assumption is used, and the proportional 
coefficients are assumed as α = 0.949 and β = 8 × 10-4. The 
first two damping ratios are 3%, and the first three natural 
frequencies are 3.71 Hz, 7.83 Hz, 11.63 Hz, respectively. 

A random force is applied at the DOF6 as shown in Fig. 
4, and the corresponding structural responses are calculated 

 
 

 
 

 
Fig. 4 The planar truss structure

Table 2 The identified structural parameters of truss structure 

Parameters 
(kN/m) Actual Identified Error 

(%) 
Parameters

(kN/m) Actual Identified Error 
(%) 

k1 282.84 283.12 0.10 k8 200.00 199.28 -0.36 
k2 200.00 198.27 -0.86 k9 282.84 282.74 -0.04 
k3 282.84 282.42 -0.15 k10 200.00 199.80 -0.10 
k4 200.00 200.28 0.14 k11 282.84 282.64 -0.07 
k5 282.84 282.596 -0.09 α 0.949 0.9224 -2.80 
k6 200.00 201.45 0.72 β 0.0008 0.0008 - 
k7 282.84 283.08 0.08     

 

 
(a) k1 (b) k2 

 

(c) k3 (d) k4 

Fig. 5 The identified stiffness of truss structure
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by state-space method with the time interval of 0.001 s. The 
acceleration responses of the 1st, 2nd, 3rd, 4th, 8th, 9th, 10th and 
11th DOF and the displacement responses of the 5th and 7th 
DOF are used for the identification. The noise level is also 
assumed to be 5%. The unknown parameters include the 
stiffness of the 11 elements and two Rayleigh damping 
coefficients. By using the proposed approach, the structural 
parameters are identified and listed in Table 2. A good 
agreement between the identified values and the actual ones 
can be observed. Fig. 5 gives the convergence procedure of 
some identified parameters. Due to space limitation, only 
the identified stiffness of the 1st element to 4th element is 
plotted as examples. It can be seen that the identified values 
can promptly and stably converge to the actual ones. 
Similar results can be observed for the remaining 
parameters. 

The unknown external excitation can be also identified 
by the proposed approach. Notably, since the acceleration at 
the 6th DOF is not measured, the external force at node 3 
(i.e., f6 as shown in Fig. 4) can be viewed as an implicit 
unknown input. It can be also found that there is no explicit 
unknown input in this example. Thus, the implicit unknown 
input can be determined by using Eq. (23) with the 
consideration of 𝒇෠௨,௞ାଵ∗  and 𝒇෠௨,௞∗  being zero. The 
identified input is shown in Figs. 6(a)-(b) as solid line, 
whereas the real one is plotted as dashed line. The time 
segment from 4 s to 5 s is also given in Fig. 6 for clarity of 
comparison. The value of NRMSE defined in Eq. (23) is 
0.83% in this example. It can be seen the identified input is 
quite close to the real one. 

 
 
 
 
 

 
 

3.3 Shear building with a nonlinear hysteretic 
model 

 
In this section, the identification of structural parameters 

in the nonlinear system is discussed. The same shear 
building introduced in section 3.1 is employed herein. The 
structural parameters are set as mi = 180 kg, ki = 550 kN/m 
(i = 1, …, 8), α = 0.457 and β = 1.5 × 10-3. A hysteretic 
Dahl model is assumed to be installed on the 5th floor to 
mimic local nonlinearity. The nonlinear restoring force 
provided by Dahl model in this case can be expressed as 

 𝑭஽௔ℎ௟ ൌ 𝑘஽𝛥𝒙ହ ൅ 𝑐஽𝛥𝒙ሶ ହ ൅ 𝑓஽𝒛஽ ൅ 𝑓଴ (25)
 

where kD and cD are stiffness and damping coefficients of 
the Dahl model, respectively; fD and f0 are force 
coefficients; Δx5 and𝛥𝒙ሶ ହare the relative displacement and 
relative velocity of the 5th floor, respectively; zD is a 
dimensionless quantity used to describe Coulomb friction as 

 𝒛ሶ ஽ ൌ 𝜎஽ ⋅ Δ𝒙ሶ ହ ⋅ ሾ1 െ 𝒛஽ ⋅ signሺΔ𝒙ሶ ହሻሿ (26)
 

where σD is the parameter used to control the shape of 
hysteresis loop; sign(·) denotes signum function. In this 
study, the parameters of Dahl model are set as kD = 50 N/m, 
cD = 400 N‧s/m, fD = 300 N, f0 = 0N, and σD = 1000 s/m. 

An external excitation is applied on the 3rd floor of the 
building, and the corresponding nonlinear responses are 
calculated by Runge-Kutta method with the time interval of 
0.001 s. The acceleration responses of the 1st, 2nd, 4th, 5th, 6th 
and 8th floor as well as displacement response of the 2nd are 
used for the identification. All the measurements are 
assumed to be contaminated by 5% noise. The extended 

 
 

 
 

 
(a) The entire time series (b) Time segment from 4 s to 5 s 

Fig. 6 The comparison of the identified force applied to truss structure 

Table 3 The identified parameters of nonlinear system 

Parameters 
(kN/m) Actual Identified Error 

(%) 
Parameters

(kN/m) Actual Identified Error 
(%) 

k1 (kN/m) 550 535.79 -2.58 k8 (kN/m) 550 534.42 -2.83 
k2 (kN/m) 550 552.82 0.51 kD (N/m) 50 49.54 -0.91 
k3 (kN/m) 550 541.83 -1.48 cD (N·s/m) 400 396.47 -0.88 
k4 (kN/m) 550 544.50 -1.00 fD (N) 300 294.26 -1.91 
k5 (kN/m) 550 531.00 -3.45 σD (s/m) 1000 989.80 -1.02 
k6 (kN/m) 550 541.24 -1.59 α 0.4577 0.4634 1.23 
k7 (kN/m) 550 557.24 1.31 β 0.0015 0.0015 - 
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Fig. 8 The nonlinear restoring force provided by Dahl model

 
 

state vector is defined a 𝒁 ൌሾ𝑥ଵ, . . . , 𝑥଼, 𝑥ሶଵ, . . . , 𝑥ሶ଼, 𝑘ଵ, . . . , 𝑘଼, 𝑘஽, 𝑐஽, 𝑓஽, 𝜎஽,  𝛼,  𝛽ሿ்.
The initial values of the unknown parameters are set to be 
50% of the corresponding actual ones. 

Based on the aforementioned information, the unknown 
parameters can be identified by the proposed approach as 
shown in Table 3. It can be seen that as compared with the 
linear case, the identification errors in the nonlinear system 
are relatively large. Even so, the results are still acceptable 
with the maximum error only being 3.45%. Fig. 7 gives the 
time histories of some parameters to show their convergence 

 
 

 
 

processes. It is clear that the identified parameters can 
converge to their actual ones after few seconds. Similar 
results can be found for the remaining parameters. Based on 
the identified parameters of Dahl model and the estimated 
structural states, the nonlinear restoring force provided by 
Dahl model can be also obtained. The hysteretic 
performance of Dahl model is shown in Fig. 8 for 
comparison. Obviously, the estimated nonlinear restoring 
force matches with the theoretical one very well. 

The unknown excitation can be estimated by the 
proposed approach as well. Notably, the force applied to the 
3rd flood should be treated as implicit unknown input due 
to the acceleration of this floor being unmeasured. Also, 
there is no explicit unknown input involved in this example. 
The comparison of the identified excitation with the real 
one is depicted in Fig. 9. The time segment from 7 s to 8 s 
is also given for clarity of comparison. The value of 
NRMSE in this case is 2.24%. Although the NRMSE value 
is relatively larger than that of linear case, it can be 
concluded that the proposed approach is still capable of 
identifying unknown loads even structural nonlinearity 
involved. 

 
 
 

 
(a) The 1st floor (b) The 2nd floor 

 

 

(c) cD (d) σD 

Fig. 7 The identified parameters of nonlinear system

 
(a) The entire time series (b) Time segment from 7 s to 8 s 

Fig. 9 The comparison of the identified force in nonlinear system 
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4. Conclusions 
 
According to whether the external forces are presented 

in observation equation or not, these unknown inputs can be 
divided into two parts in this study, namely explicit 
unknown inputs and implicit unknown inputs. Many 
available EKF-UI methods are basically performed on the 
premise that collocated acceleration measurements at the 
locations of unknown inputs are measured. Thus, these 
methods are not applicable if the implicit unknown inputs 
are involved. In this paper, an improved extended Kalman 
filter with unknown input (IEKF-UI) is proposed for 
identifying the structural parameters and unknown inputs at 
the same time. An improved observation equation is 
obtained with the aid of projection matrix and data fusion 
technique. By using FOHD method for discretizing 
continuous function and Taylor series for linearization 
procedure, the implicit inputs can be directly identified 
without the requirement of collocated acceleration response 
measurements. As compared with many existing EKF-UI 
methods, a merit of the proposed approach is that the 
restriction on the sensor locations is removed. Numerical 
examples show that the proposed approach is capable of 
simultaneously identifying the parameters of 
linear/nonlinear structures as well as the unknown inputs 
applied to them. It should be noted that in order to obtain 
the improved observation equation, the mass matrix should 
be known in the proposed approach. Further research can be 
conducted for the parameter and force identification without 
the prior knowledge of mass distribution. Moreover, 
dynamic tests can be carried out to verify the effectiveness 
of the approach for real structural model. 
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