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1. Introduction 

 

In fact, modern achievements in engineering sciences 

are defined by getting closer to human needs. Nano-

technology and nanoscience are attractive research topics 

that have been taken into considerations in the past decades 

for this purpose (Kong and Ohadi 2010, Vellingiri et al. 

2013, Li et al. 2013, Amanullah et al. 2011, Elkhatib et al. 

2019, Han et al. 2019, Zhang et al. 2013, Asmatulu et al. 

2013, Hanus and Harris 2013, Al-Nemrawi et al. 2019). 

Nowadays, the importance of nanostructures in the 
development of various industries is well known. In this 

article, as the first step in reviewing the literature, we 

present a review on the study of nanobeams, or beam 

models for nanotubes, then we focus on nanoplates. After 

that, nanocomposites are investigated. Bedia et al. (2019) 

developed a novel two variable shear deformation beam 

theory and applied it to investigate the combined effects of 

nonlocal stress and strain gradient on the bending and 

buckling behaviors of nanobeams by using the nonlocal 

strain gradient theory. Equations of motion were obtained 

via Hamilton’s principle. It was seen that the proposed 

theory was not only accurate and simple in solving the 
bending and buckling behaviour of nanobeams, but also 

comparable with the other shear deformation theories which 

contain more number of unknowns. Matouk et al. (2020)  
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investigated the nonlocal integral Timoshenko beam theory 

for the free vibration analysis of P-FG and symmetric S-FG 

nanobeams seated on Winkler Pasternak foundation 

subjected to the thermal and hygrothermal loading. They 

used the nonlocal theory of Eringen to capture the size 

effect and studied the effects of the various parameters 

influencing the vibrational responses of the P-FG and SS-

FG nanobeams. Reddy (2007) corrected local beam theory 

by using the nonlocal differential fundamental relations of 

Eringen to study bending, vibration, and buckling behaviors 

of nanobeams. It was seen that the inclusion of the nonlocal 
effect increases the magnitudes of deflections and decreases 

buckling loads and natural frequencies. Pradhan and Murmu 

(2010) developed a single nonlocal beam model to study the 

static and vibration specification of a nanocantilever beam. 

It was shown that the small-scale effect on the frequency 

response was increased for first mode of vibration while it 

was decreased for higher modes of vibration. Demir et al. 

(2010) proposed discrete singular convolution procedure to 

study free vibration of carbon nanotubes modeled by 

Timoshenko beam. Lu et al. (2017) researched static 

bending and buckling behaviors of nanobeams based on an 

integrated size-dependent high-order beam model who 
contains different higher order shear deformation beam 

models as well as Euler-Bernoulli and Timoshenko beam 

models and the nonlocal strain gradient theory. It was 

shown that the nanobeam could exhibit either stiffness-

softening effect or stiffness-hardening effect, which 

depends on the relative magnitude of the nonlocal 

parameter and the material length scale parameter. 

Peddieson et al. (2003) used the nonlocal continuum theory 
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to develop the nonlocal Euler-Bernoulli beam model for the 

static analysis of beam. They concluded that the nonlocal 

effect could be beneficial and considerable for 

nanostructures. In their work, the nonlocal effect was 

disappearing for a cantilever beam subjected to any mixture 
of concentrated loads. 

Nanoplate is a typical structure of nanoscale systems, 

which can be deformed into the nanotube and made as the 

MEMS/NEMS component. Li (2014) used the variation 

method to extract the governing equations to determine the 

buckling behavior of the magnetoelectroelastic (MEE) 

nanoplate based on the Mindlin theory. These results may 

be useful in the analysis and design of smart structures 

constructed from magnetoelectroelastic materials. Balubaid 

et al. (2019) investigated the free vibrational behavior of 

simply supported FG nanoplate by using the nonlocal two 
variables integral refined plate theory. The equations of 

motion of the system were determined and resolved via 

Hamilton's principle and Navier method, respectively.  

Farajpour et al. (2016) studied size dependent free 

vibrations of MEE nanoplate using a nonlocal continuum 

elastic model. In this research, the nanoplate was supposed 

to be under magnetic and electric potentials. The governing 

equations and boundary conditions were extracted using the 

Hamilton principle and the use of nonlocal elasticity theory. 

Arani et al. (2016) investigated the linear free vibration of 

rectangular nanoplate created of magnetostrictive materials. 

Considering orthotropy angle, they concentrated on the 
elastic medium as an efficient stability factor. Nami and 

Janghorban (2015a) studied dynamic analysis of rectangular 

nanoplates subjected to moving load with constant velocity. 

In order to derive the governing equations of motion, 

second order plate theory was used. To solve the governing 

equations, state-space method was used to find the 

deflections of rectangular nanoplate under moving load. 

The obtained results revealed that the nonlocality has 

significant effect on the deflection of rectangular nanoplate 

subjected to moving load. The dynamics of the interaction 

between a Kirchhoff nanoplate and the surrounding fluid 
was investigated by Hosseini et al. (2019). Using nonlocal 

elasticity theory, the influence of small-scale parameter was 

considered in the governing equation of motion. The 

vibration behavior of nanoplate submerged in different 

viscous fluids with various aspect ratios were simulated in 

order to analyze the effects of fluid viscosity and density on 

the free vibration natural frequencies of the nanoplate. The 

results shown that, for smaller size parameter, the fluid 

existence has a remarkable decreasing effect on the 

nanoplate natural frequencies. Nami and Janghorban 

(2015b) studied the free vibration of simply supported 

rectangular nanoplates based on two-variable refined plate 
theory using strain gradient elasticity theory. Strain gradient 

elasticity theory with two gradient constants was used. 

Karami et al. (2019a) investigated buckling behavior of 

functionally graded nanoplates made of anisotropic material 

(beryllium crystal as a hexagonal material) including the 

influences of different boundary conditions, small-scale 

parameters, geometry parameters and exponential factor in 

detail. Karami et al. (2019b) studied the resonance behavior 

of Kirchhoff nanoplates. To capture the small-scale effects 

on the resonance deflections of nanoplates, the bi-

Helmholtz nonlocal strain gradient theory incorporating 

three small-scale parameters was adopted. The effects of 

some parameters such as constant material parameters, 

aspect ratio and small-scale parameters were investigated in 
detail. A nonlocal second-order shear deformation 

formulation was also presented by Karami et al. (2019c) to 

study the size-dependent thermal buckling of embedded 

sandwich piezoelectric nanoplates with functionally graded 

core. Based on the developed nonlocal second-order shear 

deformation theory, the size-dependent equations of motion 

were derived. The nonlocal thermal buckling responses of 

simply supported nanoplates were solved via Navier 

method. The influences of nonlocal parameter, gradient 

index, electric voltage, and Winkler-Pasternak parameters 

on the thermal buckling characteristics of functionally 
graded nanoplates were examined, too. 

In general, nanocomposites have been shown to be able 

to exhibit excellent mechanical, thermal, electrical, and 

physical properties. Besides, since the discovery in 1991, 

carbon nanotubes are widely used as the reinforcing 

nanofillers to develop high-strength nanocomposites owing 

to their exceptional mechanical properties and chemical 

stability (Shariati et al. 2020, Zhu et al. 2012a, Kim et al. 

2009, Balubaid et al. 2019, Li et al. 2007, Esawi et al. 

2010, Moghadam et al. 2015). On the other hand, a new 

type of material is Functional Graded Material (FGM) 

which is a type of finite composite material that its 
properties changes from one surface to another with smooth 

and continuous variations. These functional gradients have 

advantages such as eliminating material discontinuities and 

avoiding delamination, reducing pressure levels and 

flexural deformation (Chikr et al. 2020, Rad 2018, Karami 

et al. 2019d, Refrafi et al. 2020, Karami and Janghorban 

2019, Li et al. 2015, Li and Hu 2017, Nami and Janghorban 

2014a, She et al. 2019). Srividhya et al. (2018a) 

investigated the effect of the material homogenization 

scheme on the flexural response of a thin to moderately 

thick FGM plate by using the first-order shear deformation 
theory. Also, they examined a parametric study bringing out 

the effect of boundary conditions, loads and power-law 

index. Khiloun et al. (2020) presented a new quasi-3D 

hyperbolic shear deformation theory for bending and free 

vibration of FG plates and used the Hamilton’s principle to 

derive the equations of motion. In 2009, a new type of 

materials has been introduced, called functionally graded 

carbon nanotube-reinforced composite, which is combined 

the idea of FGMs and nanocomposites. A study on 

Functionally Graded Carbon Nanotube-Reinforced 

Composite (FG-CNTRC) structures has been conducted 

intensively in the recent years, in vibration, static, dynamic, 
buckling and post-buckling analyses. Here, we present a 

brief review on micro-nanocomposites and FG nano-

composites. Alimirzaei et al. (2019) researched the 

nonlinear bending, buckling and vibration analysis of 

viscoelastic micro-composite beam reinforced by various 

distributions of BNNT with initial geometrical imperfection 

on elastic foundation. They considered the various 

distributions of BNNT as UD, FG-V and FG-X and also, 

used the extended rule of mixture to estimate the properties 

194



 
Several models for bending and buckling behaviors of FG-CNTRCs with piezoelectric layers including size effects 

of micro-composite beam. Finally, the governing equations 

of motion for micro-composite beam were obtained using 

energy method and Hamilton’s principle. She et al. (2019) 

studied the novel carbon nanotubes reinforced nano-

composite coatings through two-step strategy using both 
Physical Vapour Deposition (PVD) approach and Chemical 

Vapour Deposition (CVD) approach. The results indicated 

that well-composited DLC-CNT nanocomposite coating can 

be achieved which exhibited better electrical conductivity 

compare to that of the pristine DLC coating. Amraei et al. 

(2019) presented a closed-form micro-mechanical 

interphase model considering the diameter of nanotube, the 

thickness of interphase, and mechanical properties of 

nanotube and polymer to estimate the overall mechanical 

properties of nanotube-reinforced polymer nanocomposites. 

The constituent material of the structure was made of an 
epoxy matrix which was reinforced by both macro- and 

nano-size reinforcements, namely Carbon Fiber (CF) and 

carbon nanotube was studied by Ebrahimi and Dabbagh 

(2019). Then, on the basis of an energy-based Hamiltonian 

approach, the equations of motion were derived using the 

classical theory of plates. Numerical results shown that 

plates fabricated from the hybrid nanocomposites can 

endure higher frequencies compared with those consisted of 

conventional composites. The effect of loading frequency 

on the dynamic behavior of nanocomposite sandwich plates 

under periodic thermo-mechanical loadings had been 

investigated by Safaei et al. (2019). The utilized sandwich 
plates were made of an isotropic polymer material and two 

symmetric face sheets reinforced by functionally graded 

distributions of the carbon nanotube agglomerations. 

Karami et al. (2019e) investigated the size-dependent 

buckling response of FG-CNTRC curved beams based on a 

higher-order shear deformation beam theory in conjunction 

with the Eringen's Nonlocal Differential Model (ENDM). 

Arefi et al. (2019) studied a large parametric on the bending 

response of the functionally graded polymer composite 

curved beams reinforced by graphene nanoplatelets resting 

on a Pasternak foundation. The theoretical framework was 
based on the first order shear deformation theory and the 

nonlocal elasticity theory. The numerical results were 

presented in terms of some significant parameters, such as 

the weight fraction and geometrical features of the graphene 

nanoplatelets, the total number of layers, the foundation 

properties and the nonlocal parameter. Duc et al. (2019) 

introduced analytical solutions for the nonlinear vibration of 

imperfect functionally graded nanocomposite double curved 

shallow shells on elastic foundations subjected to 

mechanical load in thermal environments. The influences of 

geometrical parameters, elastic foundations, initial 

imperfection, temperature increment, mechanical loads and 
nanotube volume fraction on the nonlinear thermal 

vibration of the nanocomposite double curved shallow 

shells were discussed in numerical results. Wu et al. (2019) 

formulated, based upon the nonlocal strain gradient theory 

of elasticity, an inhomogeneous size-dependent beam model 

within the framework of a refined hyperbolic shear 

deformation beam theory. Thereafter, via the constructed 

nonlocal strain gradient refined beam model, the nonlinear 

primary resonance of laminated Functionally Graded 

 

Fig. 1 Functionally graded carbon nanotube-reinforced 

composite plates 

 

 

Graphene Platelet-Reinforced Composite (FG-GPLRC) 

microbeams under external harmonic excitation was studied 
in the presence of the both hardening-stiffness and 

softening-stiffness size effects. It was found that the 

nonlocality size effect leads to an increase in the peak of the 

jump phenomenon and the associated excitation frequency, 

while the strain gradient size dependency results in a 

reduction in both of them. 

In present article, based upon the nonlocal theory of 

elasticity, FG-CNTRC within the framework of a higher 

order shear deformation plate theory with eight different 

displacement fields is investigated. This FG sandwich 

nanocomposite has a FG core with nanotubes as 
reinforcements and two piezoelectric layers at the top and 

bottom. Deflections and buckling loads are extracted from 

governing equations of motion using Navier method. It is 

mentioned that one of the objective of this article is using a 

higher order theory with eight different displacement fields 

and comparing their results with each other. Also, in this 

research, the influences of aspect ratio, piezoelectric layer 

and nonlocal parameter on the results are presented in the 

numerical results section. 

 

 

2. Material properties 
 

Fig. 1(a) shows the four types of FG-CNTRC 

rectangular plates considered in this paper with length a, 

width b and thickness h. The CNTRC plates considered in 

this investigation are assumed to be reinforced patterns of 

carbon nanotube distribution across the plate thickness, 

which can be seen in Fig. 1(b). Here, three types of FG 

along with the uniformly distributed case are considered. 

UD represents the uniform distribution of CNT through the 

thickness of the matrix and FG-V, FG-O and FG-X denote 

the functionally graded distributions of CNT through the 
thickness. 

In this research, the modified rule of mixtures approach 

which contains the efficiency parameters are used 

extensively to extract the elastic properties of FG-CNTRC 

plate as Shen (2009). 

 

𝐸11 = 𝜂1𝑉𝐶𝑁𝑇𝐸11
𝐶𝑁𝑇 + 𝐸𝑚𝑉𝑚 (1) 
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𝜂2
𝐸22

=
𝑉𝐶𝑁𝑇
𝐸22
𝐶𝑁𝑇 +

𝑉𝑚
𝐸𝑚

 (2) 

 
𝜂3
𝐺12

=
𝑉𝐶𝑁𝑇
𝐺12
𝐶𝑁𝑇 +

𝑉𝑚
𝐺𝑚

 (3) 

 

where 𝐸11
𝐶𝑁𝑇 ,  𝐸22

𝐶𝑁𝑇 ,  𝐸𝐺12
𝐶𝑁𝑇 are the Young’s and shear 

modulus of CNT, respectively. 𝐺𝑚 , 𝑉𝑚  are the Young’s 

modulus and shear modulus of the polymeric matrix. 

ƞ1, ƞ2, ƞ3 are the CNT efficiency parameters. The volume 

fraction of CNTs and matrix are denoted by  𝑉𝐶𝑁𝑇  and 𝑉𝑚, 

respectively, which can be given by Shen (2009). 
 

𝑉𝐶𝑁𝑇 + 𝑉𝑚 = 1 (4) 

 

The effective Poisson’s ratio υ and the density 𝜌 of 

the nanocomposite plates can be determined in the same 

way as 

 

𝜐12 = 𝑉𝐶𝑁𝑇𝜐12
𝐶𝑁𝑇 + 𝜐12

𝐶𝑁𝑇𝑉𝑚 (5) 

 

𝜌 = 𝑉𝐶𝑁𝑇𝜌
𝐶𝑁𝑇 + 𝜌𝑚𝑉𝑚 (6) 

 

𝜐12 = 𝜐13,          𝜐31 = 𝜐21,          𝜐23 = 𝜐𝑚 (7) 

 

where 𝑉12
𝐶𝑁𝑇  and υ𝑚  are the Poisson’s ratio and mass 

density of CNT. As shown in Fig. 1, four types of 

nanocomposites are investigated in this paper. Therefore, 
these nanocomposites have unique distribution for the 

carbon nanotubes which are defined as follow 

 

𝑉𝐶𝑁𝑇 =

{
 
 
 

 
 
 (1 +

2𝑍

ℎ
)𝑉𝐶𝑁𝑇

∗                      (FG-V)

2 (1 −
2|𝑍|

ℎ
)𝑉𝐶𝑁𝑇

∗                (FG-O)

2 (
2𝑍

ℎ
)𝑉𝐶𝑁𝑇

∗                         (FG-X)

𝑉𝐶𝑁𝑇
∗                                     (UD)

 (8) 

 

where 

 

𝑉𝐶𝑁𝑇
∗ =

𝑊𝐶𝑁𝑇

𝑊𝐶𝑁𝑇 + (
𝜌𝐶𝑁𝑇

𝜌𝑚
)− (

𝜌𝐶𝑁𝑇

𝜌𝑚
)𝑊𝐶𝑁𝑇

 (9) 

 

It should be mentioned that in this paper 𝐺23 = 𝐺12 , 

 

 

 

Table 1 The material properties used in this article 

𝜌𝑚 5.6466e12 𝐸11
𝐶𝑁𝑇  0.34 

𝜌𝐶𝑁𝑇  7.98e12 𝐸22
𝐶𝑁𝑇  1400 

𝜐𝑚 1.9445e12 G12
𝐶𝑁𝑇 1150 

𝐸𝑚 0.175 υ12
𝐶𝑁𝑇 2.5e9 

 

 
 

𝐺13 = 𝐺12 . According to Shen (2009), a set of material 

properties as shown in Table 1. 
 

Remark 1: 

The important question that can be asked here is that 

whether converting nanocomposites with uniformly 
distributed nanoparticles to functionally graded type has 

any advantages or not. Experimental tests may answer this 

question. Nardi et al. (2014) studied nanocomposites with 

polymer matrix and Fe3O4-SiO2 core-shell nanoparticles as 

reinforcements. In order to synthesis functionally graded 

nanocomposites, they filled the matrix with core-shell 

nanoparticles comprising a magnetic core and a silica shell 

with tailored surface. The magnetic responsive filler is 

concentrated in specific regions of the composite upon 

application of magnetic field gradients, ending up with 

functionally graded distribution in the thickness direction, 
as shown in Fig. 2. After stating their strategy for synthesis 

of functionally graded nanocomposites briefly, the results of 

their work are expressed here. They found that the as-

synthesized materials exhibit continuous gradations in 

mechanical properties and show remarkable increments in 

elastic modulus (up to 70%) and hardness (up to 150%) 

when going from particle-depleted to particle-enriched 

regions. It is mentioned that other research of this team can 

be found here Nardi et al. (2015). 

 

Remark 2: 

In this paper, similar to many other papers, modified 
rule of mixtures method is used for modeling nano-

composites. As it has been shown in the literature, classical 

rule of mixtures method does not predict the mechanical 

behaviors of nanocomposites accurately and its results has 

differences with experimental tests especially for high 

values of volume fractions of CNTs. Same problem can be 

seen in Halpin-Tsai method, too. So, to overcome this 

problem, modified rule of mixtures method has been used 

by many authors. In this modification, some parameters are 

added to the relations. Then, by calibrating the results 

 
 

 
 

 

 

Fig. 2 Cross-sectional SEM-EDX spectral images showing Nardi et al. (2014) copyright ©  (2014) RSC advances   
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this relations with experimental data or some other methods 

such as molecular dynamic simulation, these parameters 

will be found. The disadvantage of this method may be that 
it requires the results of experimental tests or other 

simulation methods. In 2016, Shokrieh and Moshrefzadeh-

Sani (2016) presented a modified Halpin-Tsai technique 

which has not the above disadvantage. In calculating the 

elastic modulus of randomly oriented composites using 

Halpin-Tsai method, a constant coefficient exits in the 

relation. They showed that this coefficient is not constant 

and depends on the volume fraction and the stiffness ratio 

of the matrix to reinforcement. According to this point, they 

derived equations which were able to compute the elastic 

modulus of both platelet and fibrous randomly oriented 
composites more accurately as follow with 3-D dispersion 

of the fibrous reinforcements 

 

𝑆 = 0.13 + 0.085𝑉𝑓 − 1.669 (
𝐸𝑚

𝐸𝑓
) (10) 

 

and with 3-D dispersion of the platelet reinforcements. 

 

𝑆 = 0.443 − 0.07𝑉𝑓 − 1.468 (
𝐸𝑚

𝐸𝑓
) (11) 

 

In above relations S can be found here 

 

𝐸𝑐 = 𝑆𝐸11 + (1 − 𝑆)𝐸22 (12) 

 

They made several different comparisons with 

experimental results on nanocomposites reinforced with 

CNTs or Graphene Sheets (GSs) and showed that their new 

relations were accurate. It is noted that although their results 

are also in a great agreement with experiments but this fact 
should be considered that all studied cases were performed 

for nanocomposites with low values of volume fractions of 

CNTs/GSs. Thus, in Table 2, we make a comparison for a 

higher value of volume fraction of CNTs, too (wt% = 4%). 

It can be seen that although the result is more accurate 

compared to classical Halpin-Tsai but still it has its error. It 

seems that increasing the volume faction of CNTs leads to 

unacceptable errors in predicting the modulus of elasticity 

of nanocomposites based on this method. 

 

 
3. Constitutive equations 

 

3.1 Review of nonlocal elasticity theory 
 

Eringen (1983) proposed a non-classical model in which  

 

 

the stress at a reference point x depends on strain at in a 

region near that point in other words, the stress tensor at one 

point is an integral function of the strain tensor at all points 
in the same area. Accordingly, the structural stress-strain 

relation for a linear homogeneous elastic material can be 

expressed as follows 

 

𝜎𝑖𝑗 = ∫𝛼
𝑣

𝐶𝑖𝑗𝑘𝑙(𝑥
′)𝜀𝑘𝑙(𝑥

′)𝑑𝑣(𝑥′) (13) 

 
wherein 

 

𝛼 = 𝛼(|𝑥′ − 𝑥|, 𝜇) (14) 
 

And the Eringen length parameter ratio is as follows 

 

𝜇 =
𝑒0𝑎

𝑙
 (15) 

 

herein 𝜎𝑖𝑗 and 𝜀𝑘𝑙 are local stress tensors and strain tensor 

at the point 𝑥́, respectively; 𝐶𝑖𝑗𝑘𝑙 is the elastic modulus 

tensor; and 𝛼 = 𝛼(|𝑥 − 𝑥́ |‚µ)  is the attenuation kernel 

function whose argument is the Euclidean distance |𝑥 − 𝑥́ | 
in which 𝜇 = 𝑒0𝑎 represents nonlocal parameter, a is an 

internal characteristic length, 𝑒0  is the nonlocal scaling 

parameter which can be determined such as atomistic 

simulations or experiments. According to Eringen’s 

nonlocal theory (Eringen 1983), the structural stress-strain 

relation is defined as follows 
 

(1 − 𝜇2𝛻2)𝜎̃𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙 (16) 
 

It is important to note that the main disadvantage of this 

theory and similar theories is that the exact value of 

nonlocal parameter for different cases is unknown although 
several efforts have been done on it. Thus, for industrial 

usages, we encounter a big problem. Eringen's nonlocal 

theory has been used in many articles up to now (Raghu et 

al. 2016, Bellal et al. 2020, Shiva et al. 2019, Asghar et al. 

2020, Berghouti et al. 2019, Taj et al. 2020, Hussain et al. 

2019, Srividhya et al. 2018b). 

 

 

4. Governing equations 
 
Various theories can be used to study nanocomposites 

(Tounsi et al. 2020, Rabhi et al. 2020, Bourada et al. 2020, 

Rahmani et al. 2020, Bousahla et al. 2020, Kaddari et al. 

2020). In this section, we are going to drive the governing 

questions for bending and buckling analysis of FG-CNTRC 

Table 2 The elastic modulus of CNT/epoxy nanocomposites using the Halpin-Tsai equation with different values of the 

coefficient S (𝜌𝑚 = 1100, 𝜌𝑓 = 1400, AR = 1500, 𝐸𝑓 = 700 (Gpa)) 

Epoxy composites 
formulation 

Matrix modulus 

 𝐸𝑚 (GPa) 

Volume fraction 

 𝑉𝑓 (%) 

Composites modulus 

(experimental), 𝐸𝑐 (GPa) 
Zhu et al. (2004)  

Composites modulus 
(Halpin-Tsai, S = 3/8) 

𝐸𝑐 (GPa) 

Composites modulus 
(Halpin-Tsai, S = Eq. (10)) 

𝐸𝑐 (GPa) 

1% SWNTs-R-NH2 2.026 0.787 2.65 3.733 2.630 

4% SWNTs-R-NH2 2.026 3.17 3.400 8.937 4.510 
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plates in Cartesian coordinate based on several different 

higher order theories. The displacement field based on a 

material point located at (x, y, z) in CNTRC plates is given 

below (Grover et al. 2013) 
 

u=u0(𝑥, 𝑦) − 𝑧
𝛿𝑤0
𝛿𝑥

+ 𝑓(𝑧)𝜃𝑥 

v=v0(𝑥, 𝑦) − 𝑧
𝛿𝑤0
𝛿𝑦

+ 𝑓(𝑧)𝜃𝑦 

𝑤 = 𝑤0(𝑥, 𝑦) 

(17) 

 

where  𝑢0, 𝑣0, 𝑤0 are the mid plane displacements, 𝜃𝑥, 

𝜃𝑦  are the shear deformations at the mid plane. By 

introducing a function 𝑓(𝑧) = 𝑔(𝑧) + 𝛺𝑍  such that 

𝑔(𝑧) = 𝑠𝑖𝑛ℎ−1(𝑟𝑧/ℎ) and 𝛺 = −2𝑟/(ℎ√𝑟2 + 4)  also 

suggest the development of new theories depending upon 

the accurate choice of shear strain function. The parameter r 

is the transverse shear stress parameter and its value is 

ascertained by the inverse method in post processing step 

by comparing the results of the proposed theory and three 

dimensional elasticity solutions for a wide range of 

problems and an optimized value is chosen. The parameter 

Ω is a constant and is evaluated by implementing the 

transverse shear stress boundary conditions so that the 

transverse shear stresses at the boundary vanish. 

The linear strain-displacement relationship for the in 
plane and transverse strains can be expressed as 

 

 𝜀𝑥 =
𝛿𝑢0
𝛿𝑥

− 𝑧
𝜕2𝑤0
𝜕𝑥2

+ 𝑓(𝑧)
𝛿𝜃𝑥
𝛿𝑥

 (18a) 

 

𝜀𝑦 =
𝛿𝑣0
𝛿𝑥

− 𝑧
𝜕2𝑤0
𝜕𝑦2

+ 𝑓(𝑧)
𝛿𝜃𝑦
𝛿𝑦

 (18b) 

 

𝛾𝑥𝑦 = (
𝛿𝑢0
𝛿𝑦

+
𝛿𝑣0
𝛿𝑥
) − 𝑧

2𝛿2𝑤0
𝛿𝑥𝛿𝑦

+ [𝑔(𝑧) + 𝛺𝑧](
𝛿𝜃𝑥
𝛿𝑦

+
𝛿𝜃𝑦
𝛿𝑥
) (18c) 

 

𝛾𝑥𝑧 =
−𝛿𝑤0
𝛿𝑥

+ 𝑓′(𝑧)𝜃𝑥 +
𝛿𝑤0
𝛿𝑥

= 𝑓′(𝑧)𝜃𝑥 (18d) 

 

𝛾𝑦𝑧 =
−𝛿𝑤0
𝛿𝑦

+ 𝑓′(𝑧)𝜃𝑦 +
𝛿𝑤0
𝛿𝑦

= 𝑓′(𝑧)𝜃𝑦 (18e) 

 

where 𝑓(𝑧)́ = 𝑔́(𝑧) + 𝛺𝑍 . Since our analysis is on a 

sandwich nanocomposite plate, we replace the Hook’s law 

with the nonlocal elasticity theory including piezoelectric 

effects which is defined as follows 
 

{
 
 

 
 
𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦
𝜏𝑦𝑧
𝜏𝑥𝑧}

 
 

 
 

− 𝜇𝛻2

{
 
 

 
 
𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦
𝜏𝑦𝑧
𝜏𝑥𝑧}

 
 

 
 

=

[
 
 
 
 
𝑄
11

𝑄
12

0 0 0

𝑄
21

𝑄
22

0 0 0

0 0 𝑄
44

0 0

0 0 0 𝑄
55

0

0 0 0 0 𝑄
66]
 
 
 
 

 

                                           =

{
 
 

 
 
𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧}

 
 

 
 

−

[
 
 
 
 
0 0 𝑒31
0 0 𝑒32
0 0 0
0 𝑒24 0
𝑒15 0 0 ]

 
 
 
 

{

𝐸𝑥
𝐸𝑦
𝐸𝑧

} 

(19) 

 

where 𝜇 = (𝑒0𝑎)
2 that is nonlocal parameter, and 𝑄𝑖𝑗 (1, 

2, 3, 4, 5, 6) are the elastic constants given by (Mirzavand 

and Eslami 2011, Nami et al. 2015) 

 

𝑄11 =
𝐸11

(1 − 𝜐12𝜐21)
, 𝑄12 =

𝐸11𝜐21
(1 − 𝜐12𝜐21)

 

𝑄22 =
𝐸22

(1 − 𝜐12𝜐21)
, 𝑄21= Q

12
 

𝑄44= Q
55
= 𝑄66= G12 

(20) 

 

Piezoelectric stiffness 𝑒31 , 𝑒32 , 𝑒24 , 𝑒25  can be 

considered as the following forms with respect to dielectric 

constants 𝑑31, 𝑑32, 𝑑24, 𝑑15 and elastic stiffness 𝑐𝑖𝑗
𝑎  (i, j 

= 1, 2, 3, 4, 5, 6) of piezoelectric actuator layers Mirzavand 

and Eslami (2011). 

 

𝑒31 = (𝑑31𝐶11
𝑎 + 𝑑32𝐶12

𝑎 ) 
𝑒32 = (𝑑31𝐶12

𝑎 + 𝑑32𝐶22
𝑎 ),     

𝑒24 = 𝑑24𝐶44
𝑎  

𝑒15 = 𝑑15𝐶55
𝑎   

(21) 

 

As transverse electric field component 𝐸𝑧 is dominant 
in the plate type piezoelectric material, it is supposed that 

 

𝐸𝑧 =
𝑉𝑎
ℎ𝑎

 ,    𝐸𝑥 = 𝐸𝑦 = 0 (22) 

 

where ℎ𝑎  thickness of piezoelectric layer and 𝑉𝑎  is the 

voltage applied to the actuators in the thickness direction. 

Equilibrium equations for functionally graded nano-

composites based on the theory of nonlocal elasticity are 

expressed as follows (Grover et al. 2013). 

 
𝜕𝑁𝑥
𝜕𝑥

+
𝜕𝑁𝑥𝑦
𝜕𝑦

= 0 (23a) 

 
𝜕𝑁𝑥𝑦
𝜕𝑥

+
𝜕𝑁𝑦
𝜕𝑦

= 0 (23b) 

 

𝜕2𝑀𝑥

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝜕𝑦2
+ 𝑞 + 𝑁̄𝑥

𝜕2𝑤0
𝜕𝑥2

 

+ 2𝑁̄𝑥𝑦
𝜕2𝑤0
𝜕𝑥𝜕𝑦

+ 𝑁̄𝑦
𝜕2𝑤0
𝜕𝑦2

= 0 

(23c) 

 

𝛺
𝜕𝑀𝑥

𝜕𝑥
+
𝜕𝑃𝑥
𝜕𝑥

+ 𝛺
𝜕𝑀𝑥𝑦

𝜕𝑦
+
𝜕𝑃𝑥𝑦
𝜕𝑦

− 𝛺𝑄1 −𝐾1 = 0 (23d) 

 
𝜕𝑀𝑥𝑦

𝜕𝑥
+
𝜕𝑃𝑥𝑦
𝜕𝑥

+ 𝛺
𝜕𝑀𝑦

𝜕𝑦
+
𝜕𝑃𝑦
𝜕𝑦

− 𝛺𝑄2 − 𝐾2 = 0 (23e) 

 

Here, resultant stresses, moments are defined as (Grover 
et al. 2013) 

 

[

𝑁𝑥
𝑁𝑥
𝑁𝑥𝑦

] = ∫ [

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

]

ℎ

2
+ℎ𝑎

−
ℎ

2
−ℎ𝑎

dz     

[

𝑀𝑥

𝑀𝑦

𝑀𝑥𝑦

] = ∫ [

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

]

ℎ

2
+ℎ𝑎

−
ℎ

2
−ℎ𝑎

zdz     

(24) 
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[

𝑃𝑥
𝑃𝑦
𝑃𝑥𝑦

] = ∫ [

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

]
ℎ/2+ℎ𝑎

−ℎ/2−ℎ𝑎

𝑔(𝑧)dz 

[
𝑄1
𝑄2
] = ∫ [

𝜏𝑥𝑧
𝜏𝑦𝑧
]

ℎ

2
+ℎ𝑎

−
ℎ

2
−ℎ𝑎

dz  

[
𝐾1
𝐾2
] = ∫ [

𝜏𝑥𝑧
𝜏𝑦𝑧
]

ℎ/2+ℎ𝑎

−ℎ/2−ℎ𝑎

𝑔′(𝑧)dz  

 

At this step, to derive the governing equations, the 

strain-displacement relations are inserted to the constitutive 

equation to have the stress-displacement relations. Then 

according to the definitions of stress resultants, the stress 
resultants will be found in terms of the displacements 

including a nonlocal parameter. At this step, by combining 

these relations with the equilibrium equations, the 

governing equations can be derived. According to this 

procedure and by defining following integrals 
 

∫ 𝑐𝑖𝑗

ℎ

2
+ℎ𝑎

−ℎ

2
−ℎ𝑎

𝑑𝑧 = A𝑖𝑗 , ∫ 𝑐𝑖𝑗𝑧

ℎ

2
+ℎ𝑎

−ℎ

2
−ℎ𝑎

𝑑𝑧=B𝑖𝑗    

∫ 𝑐𝑖𝑗𝑔(𝑧)

ℎ

2
+ℎ𝑎

−ℎ

2
−ℎ𝑎

𝑑𝑧 = 𝐷𝑖𝑗 , ∫ 𝑐𝑖𝑗𝑧
2

ℎ

2
+ℎ𝑎

−ℎ

2
−ℎ𝑎

𝑑𝑧=F𝑖𝑗   

∫ 𝑐𝑖𝑗𝑧𝑔(𝑧)

ℎ

2
+ℎ𝑎

−ℎ

2
−ℎ𝑎

𝑑𝑧= G𝑖𝑗 , ∫ 𝑐𝑖𝑗𝑔
2(𝑧)

ℎ

2
+ℎ𝑎

−ℎ

2
−ℎ𝑎

𝑑𝑧 = I𝑖𝑗 

∫ 𝑐𝑖𝑗𝑓
′(𝑧)

ℎ

2
+ℎ𝑎

−ℎ

2
−ℎ𝑎

𝑑𝑧 = 𝐾𝑖𝑗 ,   ∫ 𝑐𝑖𝑗𝑓
′(𝑧)𝑔′(𝑧)

ℎ

2
+ℎ𝑎

−ℎ

2
−ℎ𝑎

𝑑𝑧=L𝑖𝑗 

(25) 

 

The governing differential equations are expressed 

under the action of transverse load q, axial compression 𝑁𝑥 

and 𝑁𝑦 and in-plane shear 𝑁𝑥𝑦 in Eqs. (26)-(30). 
 

𝐴11
𝜕2𝑢0
𝜕𝑥2

−𝐵11
𝜕3𝑤0
𝜕𝑥3

+𝐷11
𝜕2𝜃𝑥
𝜕𝑥2

+𝛺𝐵11
𝜕2𝜃𝑥
𝜕𝑥2

 

+ 𝐴12
𝜕2𝑣0
𝜕𝑦𝜕𝑥

− 𝐵12
𝜕3𝑤0
𝜕𝑦2𝜕𝑥

+ 𝐷12
𝜕2𝜃𝑦
𝜕𝑦𝜕𝑥

+ 𝛺𝐵12
𝜕2𝜃𝑦
𝜕𝑦𝜕𝑥

 

+ 𝐴44(
𝜕2𝑢0
𝜕𝑦2

+
𝜕2𝑣0
𝜕𝑥𝜕𝑦

) − 𝐵44
2𝜕3𝑤0
𝜕𝑥𝜕𝑦2

+𝐷44(
𝜕2𝜃𝑥
𝜕𝑦2

+
𝜕2𝜃𝑦
𝜕𝑥𝜕𝑦

) + 𝛺𝐵44(
𝜕2𝜃𝑥
𝜕𝑦2

+
𝜕2𝜃𝑦
𝜕𝑥𝜕𝑦

) = 0 

(26) 

 

𝐴44(
𝜕2𝑢0
𝜕𝑦𝜕𝑥

+
𝜕2𝑣0
𝜕𝑥2

) − 𝐵44
2𝜕3𝑤0
𝜕𝑥2𝜕𝑦

+ 𝐷44(
𝜕2𝜃𝑥
𝜕𝑦𝜕𝑥

+
𝜕2𝜃𝑦
𝜕𝑥2

)

+ 𝛺𝐵44 (
𝜕2𝜃𝑥
𝜕𝑦𝜕𝑥

+
𝜕2𝜃𝑦
𝜕𝑥2

) + 𝐴21
𝜕2𝑢0
𝜕𝑥𝜕𝑦

− 𝐵21
𝜕3𝑤0
𝜕𝑥2𝜕𝑦

 

+ 𝐷21
𝜕2𝜃𝑥
𝜕𝑥𝜕𝑦

+ 𝛺𝐵21
𝜕2𝜃𝑥
𝜕𝑥𝜕𝑦

+ 𝐴22
𝜕2𝑣0
𝜕𝑦2

−𝐵22
𝜕3𝑤0
𝜕𝑦3

 

+ 𝐷22
𝜕2𝜃𝑦
𝜕𝑦2

+𝛺𝐵22
𝜕2𝜃𝑦
𝜕𝑦2

= 0 

(27) 

 

−𝑞 − 𝑁̄𝑥
𝜕2𝑤0
𝜕𝑥2

− 2𝑁̄𝑥𝑦
𝜕2𝑤0
𝜕𝑥𝜕𝑦

− 𝑁̄𝑦
𝜕2𝑤0
𝜕𝑦2

− 𝜇𝛻2(−𝑞 

−𝑁̄𝑥
𝜕2𝑤0
𝜕𝑥2

− 2𝑁̄𝑥𝑦
𝜕2𝑤0
𝜕𝑥𝜕𝑦

− 𝑁̄𝑦
𝜕2𝑤0
𝜕𝑦2

) = 𝐵11
𝜕3𝑢0
𝜕𝑥3

 

(28) 

−𝐹11
𝜕4𝑤0
𝜕𝑥4

+𝐺11
𝜕3𝜃𝑥
𝜕𝑥3

+ 𝛺𝐹11
𝜕3𝜃𝑥
𝜕𝑥3

+ 𝐵12
𝜕3𝑣0
𝜕𝑦𝜕𝑥2

 

−𝐹12
𝜕4𝑤0
𝜕𝑦2𝜕𝑥2

+𝐺12
𝜕3𝜃𝑦
𝜕𝑦𝜕𝑥2

+𝛺𝐹12
𝜕3𝜃𝑦
𝜕𝑦𝜕𝑥2

+𝐵44 

(
2𝜕3𝑢0
𝜕𝑦2𝜕𝑥

+
2𝜕3𝑣0
𝜕𝑥2𝜕𝑦

) − 𝐹44
4𝜕4𝑤0
𝜕𝑥2𝜕𝑦2

+𝐺44(
2𝜕3𝜃𝑥
𝜕𝑦2𝜕𝑥

+
2𝜕3𝜃𝑦
𝜕𝑥2𝜕𝑦

) + 𝛺𝐹44(
2𝜕3𝜃𝑥
𝜕𝑦2𝜕𝑥

+
2𝜕3𝜃𝑦
𝜕𝑥2𝜕𝑦

) + 𝐵21
𝜕2𝑢0
𝜕𝑥𝜕𝑦2

 

−𝐹21
𝜕4𝑤0
𝜕𝑥2𝜕𝑦2

+𝐺21
𝜕3𝜃𝑥
𝜕𝑥𝜕𝑦2

+ 𝛺𝐹21
𝜕3𝜃𝑥
𝜕𝑥𝜕𝑦2

+𝐵22
𝜕3𝑣0
𝜕𝑦3

− 𝐹22
𝜕4𝑤0
𝜕𝑦4

+𝐺22
𝜕3𝜃𝑦
𝜕𝑦3

+𝛺𝐹22
𝜕3𝜃𝑦
𝜕𝑦3

 

 

(𝐵11𝛺 +𝐷11)
𝜕2𝑢0
𝜕𝑥2

− (𝐹11𝛺 + 𝐺11)
𝜕3𝑤0
𝜕𝑥3

+ (𝐺11𝛺

+ 𝐼11)
𝜕2𝜃𝑥
𝜕𝑥2

+ (𝛺2𝐹11 + 𝛺𝐺11)
𝜕2𝜃𝑥
𝜕𝑥2

+ (𝐵12𝛺 +𝐷12) 

𝜕2𝑣0
𝜕𝑦𝜕𝑥

− (𝐹12𝛺 + 𝐺12)
𝜕3𝑤0
𝜕𝑦2𝜕𝑥

+ (𝐺12𝛺 + 𝐼12)
𝜕2𝜃𝑦
𝜕𝑦𝜕𝑥

+ 

(𝛺2𝐹12 +𝛺𝐺12)
𝜕2𝜃𝑦
𝜕𝑦𝜕𝑥

+ (𝛺𝐵44 + 𝐷44)(
𝜕2𝑢0
𝜕𝑦2

+
𝜕2𝑣0
𝜕𝑥𝜕𝑦

) 

−(𝛺𝐹44 + 𝐺44)
2𝜕3𝑤0
𝜕𝑥𝜕𝑦2

+ (𝛺𝐺44 + 𝐼44)(
𝜕2𝜃𝑥
𝜕𝑦2

+
𝜕2𝜃𝑦
𝜕𝑥𝜕𝑦

) 

+(𝛺2𝐹44 + 𝛺𝐺44)(
𝜕2𝜃𝑥

𝜕𝑦2
+

𝜕2𝜃𝑦

𝜕𝑥𝜕𝑦
) − (𝛺𝐾66 + 𝐿66)𝜃𝑥 = 0  

(29) 

 

(𝛺𝐵44 + 𝐷44)(
𝜕2𝑢0
𝜕𝑦𝜕𝑥

+
𝜕𝑣0
𝜕𝑥2

) − (𝛺𝐹44 +𝐺44)
2𝜕3𝑤0
𝜕𝑥2𝜕𝑦

+ 

(𝛺𝐺44 + 𝐼44)(
𝜕2𝜃𝑥
𝜕𝑦𝜕𝑥

+
𝜕2𝜃𝑦
𝜕𝑥2

) + (𝛺2𝐹44 +𝛺𝐺44)(
𝜕2𝜃𝑥
𝜕𝑦𝜕𝑥

 

+
𝜕2𝜃𝑦
𝜕𝑥2

) + (𝛺𝐵21 + 𝐷21)
𝜕2𝑢0
𝜕𝑥𝜕𝑦

− (𝛺𝐹21+𝐺21)
𝜕3𝑤0
𝜕𝑥2𝜕𝑦

 

+ (𝛺𝐺21 + 𝐼21)
𝜕2𝜃𝑥
𝜕𝑥𝜕𝑦

+ (𝛺2𝐹21 + 𝛺𝐺21)
𝜕2𝜃𝑥
𝜕𝑥𝜕𝑦

+ (𝛺𝐵22 

+ 𝐷22)
𝜕2𝑣0
𝜕𝑦2

− (𝛺𝐹22 +𝐺22)
𝜕3𝑤0
𝜕𝑦3

+ (𝛺𝐺22 + 𝐼22)
𝜕2𝜃𝑦
𝜕𝑦2

 

+ (𝛺2𝐹22 +𝛺𝐺22)
𝜕2𝜃𝑦
𝜕𝑦2

− (𝛺𝐾55 + 𝐿55)𝜃𝑦 = 0 

(30) 

 

 

5. Solution methodology 
 
Since the simplicity of the method of solution is 

desirable in engineering applications, the obtained 

differential equations can be solved analytically with simple 

trigonometric terms. Here, the Navier method is employed 

to present the solutions for bending and buckling problems 

of simply supported CNTRC plates having length an and 

width b. trigonometric terms for approximating the dis-

placements can be expressed as follows 
 

𝑢0 = ∑∑𝑈𝑚𝑛

∞

𝑛=1

∞

𝑚=1

cos(𝛼𝑥) 𝑠𝑖𝑛( 𝛽𝑦) (31a) 

 

𝑢0 = ∑∑𝑉𝑚𝑛

∞

𝑛=1

∞

𝑚=1

cos(𝛼𝑥) 𝑠𝑖𝑛( 𝛽𝑦) (31b) 
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𝑤0 = ∑∑𝑊𝑚𝑛

∞

𝑛=1

∞

𝑚=1

sin(𝛼𝑥) 𝑠𝑖𝑛(𝛽𝑦) (31c) 

 

𝜃𝑥 = ∑∑𝑋𝑚𝑛

∞

𝑛=1

∞

𝑚=1

cos(𝛼𝑥) 𝑠𝑖𝑛( 𝛽𝑦) (31d) 

 

𝜃𝑦 = ∑∑𝑌𝑚𝑛

∞

𝑛=1

∞

𝑚=1

sin(𝛼𝑥) 𝑐𝑜𝑠(𝛽𝑦) (31e) 

 

 

where 𝛼 =
𝑚𝜋

𝑎
  and 𝛽 =

𝑛𝜋

𝑏
. For the mechanical load, q 

(x, y) is also expanded in double Fourier sine series as 

follows 

 

𝑞 = ∑∑𝑄0

∞

𝑛=1

𝑠𝑖𝑛(𝛼𝑥)

∞

𝑚=1

𝑠𝑖𝑛(𝛽𝑦) (32) 

 

where 𝑄0 =
16𝑞0

𝑚𝑛𝜋
. As the last step, by inserting Eqs. (28a)-

(28e) approximation in Eqs. (26)-(30), one can easily study 

the bending and buckling analysis of FG-CNTRC plate with 

simply supported edge condition. A closed-form solution for 

the buckling analysis of FG-CNTRC plate is also presented 

in the appendix. 

 
 

6. Numerical results and discussions 
 

The computer package MATLAB is used to code the 

expressions obtained above to calculate the deflections and 

buckling loads for functionally graded carbon nanotube-

reinforced rectangular composite plates. It is noted that 

although our study is on FG nanocomposite but to show the 

accuracy of our work, our results are compared for 

nanoplates. For this purpose, our results are compared with 

the numerical results available in literature, as shown in 
Table 3. In this table, the deflections of rectangular 

nanoplate are compared with the methodology presented by 

Nami and Janghorban (2014b) for different nonlocal 

parameters. It is seen that our results are in great agreement 

with them so we can assure that our formulation and the 

return code are correct. Another verification is done for 

critical buckling loads of simply supported rectangular 

nanoplate in Table 4. The buckling loads are compared with 

the methodology presented by Nami and Janghorban 

(2015b). From this table, it is understood that the results are 

verified well for several length scale parameters. In this 

Comparison it’s noted that E = 1060e9, b = 2, 𝜈 = 0.3, a = 1. 

It is also seen that with the increase of nonlocal parameter 

the critical buckling loads decrease.  

To verify the present formulation, several comparison 

studies are carried out in Table 5 for the simply supported 

FG-CNTRC plate subjected to a uniform load (𝑤̅ = −𝑤0/
ℎ) which shows the comparison of the non-dimensional 

central deflection (a = b, 𝑉𝐶𝑁𝑇
∗  = 11%). Three types of 

distributions of carbon nanotubes along the thickness 

direction are considered: UD, FG-O and FG-X. In this table,  

Table 3 Comparison the deflections of rectangular 

nanoplates 

  a/h 

µ Theory 10 20 50 

0 

Nami and Janghorban 
(2014a) 

1.097e-10 8.778e-10 1.371e-8 

Present 1.095e-10 8.775e-10 1.371e-8 

0.5 

Nami and Janghorban 

(2014a) 
7.865e-10 6.292e-9 9.832e-8 

Present 7.852e-10 6.290e-9 9.831e-8 

1 

Nami and Janghorban 
(2014a) 

1.463e-9 1.170e-8 1.829e-7 

Present 1.461e-9 1.170e-8 1.829e-7 

2 

Nami and Janghorban 
(2014a) 

2.817e-9 2.253e-8 3.521e-7 

Present 2.812e-9 2.252e-8 3.521e-7 
 

 

 

Table 4 Comparison the buckling loads of rectangular 

nanoplates 

  a/h 

µ Theory 10 20 50 

0 

Nami and Janghorban 
(2015a) 

1.499e9 1.854e8 1.195e7 

Present 1.446e9 1.871e8 1.197e7 

0.5 

Nami and Janghorban 
(2015a) 

2.017e8 2.587e7 1.668e6 

Present 2.091e8 2.611e7 1.670e6 

1 

Nami and Janghorban 
(2015a) 

1.084e8 1.390e7 896655 

Present 1.124e8 1.403e7 897966 

2 

Nami and Janghorban 
(2015a) 

5.632e7 7.224e6 465799 

Present 5.840e7 7.290e6 466477 
 

 
 

Table 5 Comparison the central deflection for the simply 

supported FG-CNTRC plate 

h/a Types Present 
Duc et al. 

(2017) 
Phung-Van 
et al. (2015) 

Zhu et al. 
(2012a) 

0.02 

UD 1.2669 1.2853 1.1630 1.1550 

FG-O 2.3157 2.3403 2.2001 2.1570 

FG-X 0.87833 0.8947 0.7877 0.7900 

0.05 

UD 3.684e-02 3.907e-02 3.564e-02 3.628e-02 

FG-O 6.423e-02 6.569e-02 6.170e-02 6.155e-02 

FG-X 2.684e-02 2.917e-02 2.591e-02 2.701e-02 
 

 

 

the present formulation method is compared with those 
reported by Duc et al. (2017), Phung-Van et al. (2015), Zhu 

et al. (2012b) and the material properties at room 

temperature (𝑇0 = 300 K) are (Duc et al. 2017): 𝜈𝑚 = 
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(a) UD (b) FG-V 

  

(c) FG-O (d) FG-X 

Fig. 3 Effects of variations of aspect ratio and nonlocal parameter on the deflections of functionally graded 

nanocomposite plates (a/h = 10; b = 1, 2, …) 

  
(a) UD (b) FG-V 

  
(c) FG-O (d) FG-X 

Fig. 4 Effect of change the size on buckling of functionally graded nanocomposite plates (a/h = 10; b = 1, 2,…, 6; h = 0.2) 
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(a) a/h = 5 

 

(b) a/h = 10 

 

(c) a/h = 20 

Fig. 5 The effects of nonlocal parameter and length to 

thickness ratio on the deflections (h = 0.2; b = 1) 

 

 

0.34 , 𝜌𝑚 = 1150 𝐾𝑔/𝑚3 , 𝐸𝑚 =  2.1 GPa, 𝐸11
𝐶𝑁𝑇 = 

5.6466 (TPa),  𝐸22
𝐶𝑁𝑇 = 7.08 (TPa) and 𝐺12

𝐶𝑁𝑇 = 31.9445 

(TPa). The CNT efficiency parameters are 𝜂1 = 0.149, 

𝜂2 = 0.934 for the case 𝑉𝐶𝑁𝑇
∗  = 11% and note that 𝜂2 =

𝜂3, 𝐺23 = 𝐺13 = 𝐺12  . 
In Fig. 3, the deflections of both types of nano-

composites with uniform and non-uniform nanotube 

distributions are considered. As can be seen in this figure 

for uniformly distributed and all types of functionally 

graded nanocomposites, in almost all cases, the deflections 

increase and then decrease by converging to a certain value 

with the increase of aspect ratio. It is worth noting that in all 

four studied cases, for high aspect ratios, no further changes 

can be seen in the deflections of nanocomposites. Above 

conclusions occur for almost all nonlocal values. It is also  

 

 

(a) a/h = 5 

 

(b) a/h = 10 

 

(c) a/h = 20 

Fig. 6 The effects of nonlocal parameter and length to 

thickness ratio on the buckling  

(𝜇 = 0, 0.5, 1, …, 4; h = 0.2; b = 1) 
 

 

seen from the results that with increasing nonlocal 

parameter, the deflections of nanocomposites rise in all 

cases. The reason for this phenomena is that increasing the 

nonlocal parameter decreases the stiffness of the 

nanocomposite and consequently, increases the plate 

deflection. 

In Fig. 4, both nanocomposites with uniformly and non- 

uniformly distributed nanotubes are considered. As can be 

seen in the figure, for UD, FG-V, FG-O and FG-X 
nanocomposites, the critical buckling force decrease and 

then stays constant with increasing the aspect ratio of the of 

the nanocomposite and then it converges to a certain value. 

It is worth noting that in all four studied cases, for high 

values of aspect ratios, we no longer see any changes in the  
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Table 6 Equivalence of various shear deformation theories 

Theory g(z) Ω 

Model 1  
Grover et al. (2013) 

𝑠𝑖𝑛ℎ−1 (
𝑟𝑧

ℎ
) 

−2

r√𝑟2+ 4
 

𝑟 = 3.0 

Model 2  
Reddy (1984) 

(𝑧 −
4𝑧3

3ℎ2
) 0 

Model 3  
Touratier (1991) 

ℎ

𝜋
𝑠𝑖𝑛(

𝜋𝑧

ℎ
) 0 

Model 4  
Mantari et al. (2012) 

𝑠𝑖𝑛 (
𝜋𝑧

ℎ
) 

𝜋

2ℎ
 

Model 5  
Singh and Sigh (2017) 

𝑠𝑖𝑛 (
2𝜋𝑟

ℎ
)𝑧 

𝑟𝜋

ℎ
 

𝑟 = 0.5 

Model 6  
Ambartsumian (1958) 

𝑧

2
[
ℎ2

4
−
𝑧2

3
] 0 

Model 7  
Mantari et al. (2011) 

𝑧2 ∙ 85−2(𝑧/ℎ)
2
+ 𝑟𝑧 𝑟 = 0.028 

Model 8  

Kaczkowski (1968),  
Panc (1975), Reissner (1975) 

5𝑧

4
[1−

4𝑧2

3ℎ2
] 0 

 

 
 

Table 7 Comparing the results of eight different models for 

the bending analysis of thick FG-CNTRC 

a/h = 5  UD FG-V FG-O FG-X 

µ  = 0.5 

Model 1 0.000402 0.000430 0.000541 0.000364 

Model 2 0.000405 0.000439 0.000477 0.000377 

Model 3 0.000443 0.000478 0.000575 0.000408 

Model 4 0.000445 0.000480 0.000575 0.000410 

Model 5 0.000414 0.000452 0.000488 0.000386 

Model 6 0.000448 0.000483 0.000573 0.000414 

Model 7 0.000436 0.000471 0.000575 0.000399 

Model 8 0.000448 0.000483 0.000573 0.000414 

µ  = 1.0 

Model 1 0.000737 0.000789 0.000992 0.000668 

Model 2 0.000743 0.000806 0.000875 0.000693 

Model 3 0.000813 0.000878 0.00105 0.000748 

Model 4 0.000816 0.000881 0.00105 0.000752 

Model 5 0.000759 0.000829 0.000895 0.000708 

Model 6 0.000823 0.000887 0.00105 0.000760 

Model 7 0.000800 0.000865 0.00105 0.000732 

Model 8 0.000823 0.000887 0.00105 0.000760 

µ  = 2.0 

Model 1 0.00140 0.00150 0.00189 0.00127 

Model 2 0.00142 0.00154 0.00167 0.00132 

Model 3 0.00155 0.00167 0.00201 0.00142 

Model 4 0.00155 0.00168 0.00201 0.00143 

Model 5 0.00145 0.00158 0.00171 0.00135 

Model 6 0.00157 0.00169 0.00200 0.00145 

Model 7 0.00152 0.00165 0.00201 0.00139 

Model 8 0.00157 0.00169 0.00200 0.00145 
 

 
 

critical buckling force of the nanocomposites. The above  

Table 8 Comparing the results of eight different models for 

the bending analysis of moderately thick FG-

CNTRC 

a/h = 5  UD FG-V FG-O FG-X 

µ  = 0.5 

Model 1 0.000977 0.00114 0.00144 0.000823 

Model 2 0.000990 0.00120 0.00144 0.000829 

Model 3 0.00107 0.00129 0.00160 0.000912 

Model 4 0.00108 0.00130 0.00160 0.000914 

Model 5 0.00102 0.00127 0.00152 0.000858 

Model 6 0.00108 0.00130 0.00159 0.000916 

Model 7 0.00108 0.00129 0.00161 0.000906 

Model 8 0.00108 0.00130 0.00159 0.000916 

µ  = 1.0 

Model 1 0.00153 0.00180 0.00226 0.00129 

Model 2 0.00155 0.00190 0.00226 0.00130 

Model 3 0.00169 0.00204 0.00252 0.00143 

Model 4 0.00169 0.00204 0.00252 0.00143 

Model 5 0.00161 0.00200 0.00239 0.00134 

Model 6 0.00170 0.00204 0.00251 0.00144 

Model 7 0.00169 0.00203 0.00253 0.00142 

Model 8 0.00170 0.00204 0.00251 0.00144 

µ  = 2.0 

Model 1 0.00265 0.00311 0.00391 0.00223 

Model 2 0.00268 0.00328 0.00391 0.00225 

Model 3 0.00292 0.00352 0.00435 0.00247 

Model 4 0.00293 0.00353 0.00436 0.00248 

Model 5 0.00274 0.00346 0.00412 0.00233 

Model 6 0.00293 0.00353 0.00434 0.00248 

Model 7 0.00291 0.00352 0.00438 0.00246 

Model 8 0.00293 0.00353 0.00434 0.00248 
 

 

 

results are true for all nonlocal values. It is also seen from 
the results that with increasing the nonlocal parameter, a 

decreasing trend can be seen in critical buckling force of 

nanocomposites in all cases because of a reduction in the 

stiffness of the nanocomposite plates. It is mentioned that 

same behaviors can be seen in Fig. 4 of Lei et al. (2013). 

In Fig. 5, the effects of nonlocal parameter and thickness 

ratio are studied on the bending behavior of different types 

of functionally graded rectangular nanocomposites 

reinforced with nanotubes. It is seen that with the increase 

of nonlocal parameter the deflections also increase for all 

types of FG nanocomposites. The reason of this pheno-
menon is that the stiffness of FG nanocomposites decreases 

with the increase of nonlocal parameter. It is noted that the 

results of UD and FG-V are very close to each other in this 

figure. So, only three lines can be seen in the figure. It is 

also shown that FG-O type has the highest deflections in 

studied cases. Therefore, it has the lowest stiffness. This 

result is not dependent on the values of nonlocal parameter. 

In Fig. 6, the influences of length scale parameter and 

thickness ratio are studied on the buckling behavior of 

different types of functionally graded rectangular 

nanocomposites. From this figure, it is seen that with 

increasing the nonlocality, the critical buckling force 
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Table 9 Comparing the results of eight different models for 

the critical buckling loads analysis of thick FG-

CNTRC 

a/h = 5  UD FG-V FG-O FG-X 

µ  = 0.5 

Model 1 20425.627 19141.337 15179.267 22523.028 

Model 2 20251.488 18727.168 17199.204 21737.302 

Model 3 18515.758 17199.937 14281.659 20125.519 

Model 4 18444.164 17135.609 14282.637 20017.364 

Model 5 19834.010 18216.497 16821.768 21252.152 

Model 6 18299.741 16931.127 14326.074 19808.850 

Model 7 18821.764 17451.373 14263.741 20557.175 

Model 8 18299.741 16983.697 14326.074 19808.850 

µ  = 1.0 

Model 1 11135.295 10435.147 8278.173 12278.720 

Model 2 11040.360 10209.358 9376.368 11850.371 

Model 3 10094.105 9376.768 7785.831 10971.687 

Model 4 10055.075 9341.699 7786.364 10912.725 

Model 5 10812.767 9930.959 9170.604 11585.885 

Model 6 9976.340 9230.223 7810.045 10799.050 

Model 7 10260.928 9513.842 7776.062 11207.010 

Model 8 9976.340 9258.882 7810.045 10799.050 

µ  = 2.0 

Model 1 5830.992 5464.360 4333.291 6429.746 

Model 2 5781.279 5346.125 4909.931 6205.441 

Model 3 5285.773 4910.140 4077.047 5745.319 

Model 4 5265.335 4891.776 4077.326 5714.443 

Model 5 5662.100 5200.342 4802.183 6066.943 

Model 6 5224.106 4833.402 4089.726 5654.918 

Model 7 5373.130 4981.919 4071.931 5868.545 

Model 8 5224.106 4848.409 4089.726 5654.918 
 

 

 

decreases and then converges to a certain value for all types 
of FG nanocomposites. The reason of this phenomenon can 

be also related to the stiffness of nanocomposites. It is 

mentioned that the critical buckling loads of UD and FG-V 

are very close to each other in this figure so only three lines 

can be seen. In this figure it is also shown that FG-X type 

has the highest buckling loads so it has the lowest stiffness. 

This result is independent of the values of length scale 

parameter. 

In last decade, several different plate theories be having 

been derived up to now. Some of them have some novelties 

although unfortunately several others have nothing new. In 
present paper we are going to compare the results of some 

of these theories for static and buckling analysis of FG-

nanocomposites. The differences of these theories can be 

seen in a function f(z). This function is defined in Table 6. 

In this article, we will examine 8 different higher order 

shear deformation theories for studying bending and 

buckling behavior of FG-CNTRC including size effects. 

In Tables 7 and 8, we study the bending behaviors of 

FG-CNTRC nanocomposites versus the variations of 

nonlocal parameter and length to thickness ratio. Different 

types of FG nanocomposites and displacement fields are 

considered for this purpose. It can be seen from these tables 

Table 10 Comparing the results of eight different models 

for the critical buckling loads analysis of 

moderately thick FG-CNTRC 

a/h = 5  UD FG-V FG-O FG-X 

µ  = 0.5 

Model 1 33596.592 28673.638 22766.233 39915.659 

Model 2 33170.563 27181.246 22804.479 39616.775 

Model 3 30444.095 25298.628 20466.265 36008.703 

Model 4 30383.768 25241.025 20451.227 35914.908 

Model 5 31921.264 25740.728 21598.000 38256.816 

Model 6 30363.844 25227.151 20544.803 35833.938 

Model 7 30363.844 25343.276 20359.868 36245.404 

Model 8 30363.844 25238.669 20544.803 35833.938 

µ  = 1.0 

Model 1 21376.959 18244.564 14485.779 25397.677 

Model 2 21105.883 17294.980 14510.115 25207.502 

Model 3 19371.076 16097.100 13022.348 22911.745 

Model 4 19332.691 16060.449 13012.779 22852.065 

Model 5 20310.975 16378.401 13743.039 24342.182 

Model 6 19320.014 16051.621 13072.320 22800.545 

Model 7 19438.068 16125.509 12954.648 23062.354 

Model 8 19320.014 16058.949 13072.320 22800.545 

µ  = 2.0 

Model 1 12374.986 10561.662 8385.726 14702.554 

Model 2 12218.062 10011.954 8399.813 14592.463 

Model 3 11213.793 9318.509 7538.555 13263.464 

Model 4 11191.573 9297.292 7533.015 13228.916 

Model 5 11754.895 9481.353 7955.758 14091.535 

Model 6 11184.234 9292.182 7567.483 13199.091 

Model 7 11252.575 9334.955 7499.364 13350.651 

Model 8 11184.234 9296.424 7567.483 13199.091 
 

 

 

that for thick and moderately thick nanocomposites, FG-O 
presents the highest and FG-X presents the lowest value for 

deflection. This conclusion is not related to the values of 

nonlocal parameter. It is mention that the results of models 

6 and 8 are almost the same in all cases. By comparing the 

models with each other, one can see that for all types of FG-

CNTRC nanocomposites, the values of deflection in models 

3, 4, 6, 7 and 8 are very close to each other. From these 

tables one can find that model 1 and then model 2 predicts 

the lowest value for deflection in all cases. It is also shown 

that with increasing the nonlocal parameter and length to 

thickness ratio, the bending value also increases in all 
models. 

In Tables 9 and 10, the influences of nonlocal parameter 

and length to thickness ratio on the critical buckling load of 

FG-CNTRC nanocomposites are investigated. Various types 

of FG nanocomposites and plate models are adopted in this 

study. From these tables one can understand that for thick 

and moderately thin nanocomposites, FG-X has the highest 

critical buckling load and it occurs in Model 1. Also, FG-O 

has the lowest value for buckling loads and it occurs in 

Model 7. These results are not dependent nonlocality. It is 

found from these tables that by increasing the nonlocal 

parameter and length to thickness ratio, the critical buckling  
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Table 11 The influences of piezoelectric layers on the bending behavior of FG-CNTRC 

 (
𝑎

ℎ
= 10, b = 1, 2,…,6, h = 0.2, ℎ𝑎  = 0.002) 

µ UD FG-V FG-O FG-X 

 ℎ𝑎 = 0 ℎ𝑎 ≠ 0 ℎ𝑎 = 0 ℎ𝑎 ≠ 0 ℎ𝑎 = 0 ℎ𝑎 ≠ 0 ℎ𝑎 = 0 ℎ𝑎 ≠ 0 

µ = 0 

0.0000720 0.0000687 0.0000725 0.0000690 0.000128 0.000123 0.0000451 0.000427 

0.000308 0.000300 0.000347 0.000337 0.000465 0.000452 0.000246 0.000239 

0.000390 0.000381 0.000456 0.000445 0.000585 0.000570 0.000322 0.000315 

0.000414 0.000405 0.000489 0.000477 0.000620 0.000605 0.000345 0.000338 

0.000421 0.000412 0.000498 0.000486 0.000628 0.000614 0.000352 0.000346 

0.000421 0.000412 0.000497 0.000485 0.000626 0.000611 0.000354 0.000347 

µ = 0.5 

0.000516 0.000492 0.000520 0.000495 0.000923 0.00887 0.000323 0.00306 

0.00107 0.00104 0.00120 0.00116 0.00161 0.00157 0.000852 0.000830 

0.00108 0.00106 0.00126 0.00123 0.00162 0.00158 0.000897 0.000878 

0.00105 0.00103 0.00124 0.00121 0.00157 0.00153 0.000878 0.000861 

0.00102 0.00100 0.00121 0.00118 0.00152 0.00149 0.000857 0.000841 

0.000999 0.000978 0.00117 0.00115 0.00148 0.00145 0.000839 0.000823 

µ = 1 

0.000961 0.000916 0.000967 0.000921 0.00171 0.00165 0.000602 0.000570 

0.00183 0.00178 0.00206 0.00200 0.00276 0.00268 0.00146 0.00142 

0.00178 0.00174 0.00208 0.00203 0.00267 0.00260 0.00147 0.00144 

0.00169 0.00165 0.00199 0.00195 0.00253 0.00247 0.00141 0.00138 

0.00162 0.00159 0.00192 0.00187 0.00242 0.00237 0.00136 0.00133 

0.00157 0.00154 0.00186 0.00181 0.00234 0.00228 0.00132 0.00129 
 

Table 12 The influences of piezoelectric layers on the critical buckling loads behavior of FG-CNTRC  

(
𝑎

ℎ
= 10, b = 1, 2,…,6, h = 0.2, ℎ𝑎  = 0.002) 

µ UD FG-V FG-O FG-X 

 ℎ𝑎 = 0 ℎ𝑎 ≠ 0 ℎ𝑎 = 0 ℎ𝑎 ≠ 0 ℎ𝑎 = 0 ℎ𝑎 ≠ 0 ℎ𝑎 = 0 ℎ𝑎 ≠ 0 

µ = 0 

455791.658 478037.016 453105.501 475972.948 254924.489 265398.751 727772.156 768641.655 

106324.317 109188.061 94708.376 97488.699 70592.645 72551.435 133539.181 137183.260 

84142.636 86046.170 72078.047 73873.110 56150.799 57537.510 101799.197 103995.992 

79308.148 81016.559 67217.782 68815.635 52905.772 54235.241 95064.059 96975.984 

77983.760 79643.750 65999.566 67553.551 52240.994 53490.055 93108.188 94942.899 

77897.662 79559.998 66112.307 67677.531 52445.384 53710.854 92761.224 94586.451 

µ = 0.5 

63582.546 66685.754 63207.829 66397.818 35561.748 37022.898 101523.593 107224.853 

30663.979 31489.884 27313.937 28115.783 20358.950 20923.865 38512.758 39563.712 

30245.246 30929.476 25908.604 26553.843 20183.522 20681.978 36591.934 37381.576 

31197.571 31869.612 26441.565 27070.115 20835.229 21334.602 37395.499 38147.596 

32077.658 32760.475 27148.108 27787.321 21488.689 22002.475 38298.905 39053.591 

32857.420 33558.597 27886.329 28546.544 22121.588 22655.367 39126.906 39896.791 

µ = 1 

34174.962 35842.904 33973.555 35688.142 19114.072 19899.425 54567.883 57632.251 

17915.393 18397.927 15958.135 16426.613 11894.692 12224.473 22501.033 23115.051 

18436.064 18853.138 15792.653 16185.960 12302.915 12606.750 22304.703 22786.031 

19418.037 19836.330 16457.797 16849.020 12968.294 13279.114 23275.761 23743.882 

20191.615 20621.421 17088.658 17491.017 13526.278 13849.686 24107.644 24582.689 

20819.585 21263.875 17669.732 18088.067 14016.995 14355.215 24792.146 25279.972 
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load decrease in all predicted models. Moreover, one can 

understand that in UD, FG-V, FG-O and FG-X, the 

predicted values of buckling load are very close to each 

other in models 3, 4, 6, 7 and 8. 

One of the goals of this paper is studying the effects of 
piezoelectric layers on the behavior of FG nanocomposites. 

In Tables 11 and 12, we investigate the behaviors of 

bending and buckling analysis in the presence of 

piezoelectric layers. As can be seen, for each of the four 

cases, with the addition of piezoelectric layers, for all 

values of the nonlocal parameters, the bending values are 

getting bigger and the critical buckling loads are getting 

smaller. It is also observed that by increasing the aspect 

ratio and nonlocal parameter, with or without piezoelectric 

layer and without piezoelectric layers, the deflections 

increase and the buckling loads decrease. 
 

 

7. Conclusions 
 

An analytical solution was obtained for the bending and 

buckling analysis of simply supported functionally graded 

rectangular nanocomposites reinforced with carbon 

nanotubes including piezoelectric layers and nonlocality 

using a higher order theory with eight different displace-

ment fields. In present paper, four kinds of functionally 

graded nanocomposites were investigated: (1) UD, (2) FG-

V, (3) FG-O, (4) FG-X. The effects of different parameters 
such as different displacement fields, nonlocal parameter 

and piezoelectric layers were also studied. The reliability of 

the present approach was verified by comparing the 

obtained results with those provided in literature. It is 

mentioned that one of the interesting points in this article 

was presenting real images of FG-CNTRCs and a brief 

review of the synthesis method of FG-CNTRCs. Relying on 

the numerical results section of the present research, the 

following considerations are seen: 

• With the increase of length to thickness ratio, the 

deflections of FG-CNTRC will increase and critical 
buckling load decrease. 

• Increasing the nonlocal parameter which causes the 

critical buckling force of the FG-CNTRC to decrease, will 

increase the deflections. 

• It seems that in our model for FG-CNTRCs with 

piezoelectric layers, length to thickness ratio has more 

effect in comparison with nonlocal parameter. 

• Effects of nonlocal parameter depend on aspect ratios. 

• The presence of piezoelectric layers in our model leads 

to an increase in the critical buckling force and a reduction 

in the bending of FG-CNTRC. 

• It seems that in our model for FG-CNTRC with 
piezoelectric layers, the nonlocal parameter has less effect 

in comparison with length to thickness ratio. 

• For the given material properties, the influences of 

distributions of CNTs on the results increase with 

decreasing the nonlocal parameter. 
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Appendix  
 

Here, a closed form solution for buckling analysis of 

FG-CNTRC is presented. 

 

 

where 

 

 

N0 = (-a1*g1*k(3,3)*s1*y1 + a1*g1*k(3,3)*x1*t1 + a1*g1*n1*r1*y1 - a1*g1*n1*w1*t1  
- a1*g1*o1*r1*x1 + a1*g1*o1*s1*w1 + a1*h1*l1*s1*y1 - a1*h1*l1*x1*t1 - a1*h1*n1*q1*y1 
+ a1*h1*n1*u1*t1 + a1*h1*o1*q1*x1 - a1*h1*o1*u1*s1 - a1*i1*l1*r1*y1 + a1*i1*l1*w1*t1 
+ a1*i1*k(3,3)*q1*y1 - a1*i1*k(3,3)*u1*t1 - a1*i1*o1*q1*w1 + a1*i1*o1*u1*r1 + a1*j1*l1*r1*x1 
- a1*j1*l1*w1*s1 - a1*j1*k(3,3)*q1*x1 + a1*j1*k(3,3)*u1*s1 + a1*j1*n1*q1*w1 - a1*j1*n1*u1*r1 
+ b1*f1*k(3,3)*s1*y1 - b1*f1*k(3,3)*x1*t1 - b1*f1*n1*r1*y1 + b1*f1*n1*w1*t1 + b1*f1*o1*r1*x1 
- b1*f1*o1*w1*s1 - b1*h1*k1*s1*y1 + b1*h1*k1*x1*t1 + b1*h1*n1*p1*y1 - b1*h1*n1*v1*t1 
- b1*h1*o1*p1*x1 + b1*h1*o1*s1*v1 + b1*i1*k1*r1*y1 - b1*i1*k1*w1*t1 - b1*i1*k(3,3)*p1*y1 
+ b1*i1*k(3,3)*v1*t1 + b1*i1*o1*p1*w1 - b1*i1*o1*v1*r1 - b1*j1*k1*r1*x1 + b1*j1*k1*w1*s1 
+ b1*j1*k(3,3)*p1*x1 - b1*j1*k(3,3)*s1*v1 - b1*j1*n1*p1*w1 + b1*j1*n1*v1*r1 - c1*f1*l1*s1*y1 
+ c1*f1*l1*x1*t1 + c1*f1*n1*q1*y1 - c1*f1*n1*u1*t1 - c1*f1*o1*q1*x1 + c1*f1*o1*s1*u1 
+ c1*g1*k1*s1*y1 - c1*g1*k1*x1*t1 - c1*g1*n1*p1*y1 + c1*g1*n1*v1*t1 + c1*g1*o1*p1*x1 
- c1*g1*o1*v1*s1 - c1*i1*k1*q1*y1 + c1*i1*k1*u1*t1 + c1*i1*l1*p1*y1 - c1*i1*l1*v1*t1 
- c1*i1*o1*p1*u1 + c1*i1*o1*v1*q1 + c1*j1*k1*q1*x1 - c1*j1*k1*u1*s1 - c1*j1*l1*p1*x1 
+ c1*j1*l1*v1*s1 + c1*j1*n1*p1*u1 - c1*j1*n1*v1*q1 + d1*f1*l1*r1*v1 - d1*f1*l1*w1*t1 
- d1*f1*k(3,3)*q1*y1 + d1*f1*k(3,3)*u1*t1 + d1*f1*o1*q1*w1 - d1*f1*o1*u1*r1 - d1*g1*k1*r1*y1 
+ d1*g1*k1*w1*t1 + d1*g1*k(3,3)*p1*y1 - d1*g1*k(3,3)*v1*t1 - d1*g1*o1*p1*w1 + d1*g1*o1*v1*r1 
+ d1*h1*k1*q1*y1 - d1*h1*k1*u1*t1 - d1*h1*l1*p1*y1 + d1*h1*l1*v1*t1 + d1*h1*o1*p1*u1 
- d1*h1*o1*v1*q1 - d1*j1*k1*q1*w1 + d1*j1*k1*u1*r1 + d1*j1*l1*p1*w1 - d1*j1*l1*v1*r1 
- d1*j1*k(3,3)*p1*u1 + d1*j1*k(3,3)*v1*q1 - e1*f1*l1*r1*x1 + e1*f1*l1*w1*s1 + e1*f1*k(3,3)*q1*x1 
- e1*f1*k(3,3)*u1*s1 - e1*f1*n1*q1*w1 + e1*f1*n1*u1*r1 + e1*g1*k1*r1*x1 - e1*g1*k1*w1*s1 
- e1*g1*k(3,3)*p1*x1 + e1*g1*k(3,3)*v1*s1 + e1*g1*n1*p1*w1 - e1*g1*n1*v1*r1 - e1*h1*k1*q1*x1 
+ e1*h1*k1*u1*s1 + e1*h1*l1*p1*x1 - e1*h1*l1*v1*s1 - e1*h1*n1*p1*u1 + e1*h1*n1*v1*q1 
+ e1*i1*k1*q1*w1 - e1*i1*k1*u1*r1 - e1*i1*l1*p1*w1 + e1*i1*l1*v1*r1 + e1*i1*k(3,3)*p1*u1 
- e1*i1*k(3,3)*v1*q1)/(𝑁(3,3) ∗ (a1*g1*s1*y1 - a1*g1*x1*t1 - a1*i1*q1*y1 + a1*i1*u1*t1 
+ a1*j1*q1*x1 - a1*j1*u1*s1 - b1*f1*s1*y1 + b1*f1*x1*t1 + b1*i1*p1*y1 - b1*i1*v1*t1 - b1*j1*p1*x1 
+ b1*j1*s1*v1 + d1*f1*q1*y1 - d1*f1*u1*t1 - d1*g1*p1*y1 + d1*g1*v1*t1 + d1*j1*p1*u1 - d1*j1*v1*q1 
- e1*f1*q1*x1 + e1*f1*u1*s1 + e1*g1*p1*x1 - e1*g1*v1*s1 - e1*i1*p1*u1 + e1*i1*v1*q1)) 

a1 = k(1,1); b1 = k(1,2); c1 = k(1,3); d1 = k(1,4); e1 = k(1,5); f1 = k(2,1); g1 = k(2,2); h1 = k(2,3); i1 = k(2,4); 
j1 = k(2,5); k1 = k(3,1); l1 = k(3,2); n1 = k(3,4); o1 = k(3,5); p1 = k(4,1); q1 = k(4,2); r1 = k(4,3); s1 = k(4,4); 
t1 = k(4,5); v1 = k(5,1); u1 = k(5,2); w1 = k(5,3); x1 = k(5,4); y1 = k(5,5) 
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