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1. Introduction 

 
During the construction and operation stages, 

infrastructure and civil structures suffer from irreversible 
deterioration due to various factors such as overloading, 
concrete cracking, concrete carbonation and reinforcement 
corrosion (Zhang et al. 2020). Consequently, these 
structures might fail to meet the public requirements 
regarding the normal use and safe operation. To avoid such 
undesirable situation, it is of primary importance to obtain 
their current condition to support the decision-making basis 
for the follow-up treatment. During the past decades, 
Structural System Identification (SSI) has emerged as a 
powerful tool to serve this purpose. The basic principle of 
SSI is that the change of the structural condition is reflected 
by the change of the structural parameters; and this can be 
revealed by the change in the structural response. 

Regarding the types of external excitation, SSI can be 
categorized as dynamic (Brownjohn et al .  2008, 
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Papadopoulos and Garcia 1998, Wang et al. 2001) and 
static (Abdo 2012, Bakhtiari-Nejad et al. 2005, Banan et al. 
1994a, b, Ma and Solís 2018, Sanayei and Scampoli 1991, 
Sheena et al. 1982). As shown by their long history in civil 
engineering, static load tests provide important information 
on displacements, rotations and strains, serving as an 
appropriate alternative and an amendment to visual 
inspections and dynamic methods as deflections or strains 
are relatively easy to obtain (Nguyen et al. 2016). However, 
the majority of SSI research focuses on dynamic SSI. In 
dynamic SSI, it is common to assume no damping in the 
system and that the damage of the structure does not lead to 
the loss of mass (Papadopoulos and Garcia 1998, Wang et 
al. 2001). Effects of moisture and temperature conditions on 
the water content of concrete structures and, hence, on its 
mass, are usually neglected. These assumptions might 
introduce modelling errors in the parameter estimation (Lei 
et al. 2019). In addition, modal shapes are sensitive to 
structural damage but are hard to obtain accurately, 
especially in stiff structures. On the contrary, the acquisition 
of accurate frequency is less challenging but frequency is 
not very sensitive to structural damage (Farrar et al. 1994, 
Kim et al. 2003). Static response might be more sensitive to 
local damage while dynamic response provides a more 
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Abstract.  Evaluating the current condition of existing structures is of primary importance for economic and safety reasons. 
This can be addressed by Structural System Identification (SSI). A reliable static SSI depends on well-designed sensor 
configuration and loading cases, as well as efficient parameter estimation algorithms. Static SSI by the Measurement Error-
Minimizing Observability Method (MEMOM) is a model-based deterministic static SSI method that could estimate structural 
parameters from static responses. In the current state of the art, this method is only applicable when structures are subjected to 
one loading case. This might lead to lack of information in some local regions of the structure (such as the null curvatures 
zones). To address this issue, the SSI by MEMOM using multiple loading cases is proposed in this work. Observability 
equations obtained from different loading cases are concatenated simultaneously and an optimization procedure is introduced to 
obtain the estimations by minimizing the discrepancy between the predicted response and the measured one. In addition, a 
Genetic-Algorithm (GA)-based Optimal Sensor Placement (OSP) method is proposed to tackle the OSP problem under multiple 
static loading cases for the very first time. In this approach, the Fisher Information Matrix (FIM)’s determinant is used as the 
metric of the goodness of sensor configurations. The numerical examples of a 3-span continuous bridge and a 13-story frame, 
are analyzed to validate the applicability of the extended SSI by MEMOM and the GA-based OSP method. 
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accurate overall and distributed information about the 
structure (Brownjohn et al. 2008). In the static SSI, the 
basic equations are established on the equilibrium of nodal 
forces. Neither damping nor mass is involved (Wang et al. 
2001), which allows static SSI to focus on identifying less 
unknown structural parameters. Also, current measurement 
devices for static tests are cheaper and more accurate than 
those for dynamic testing (Kourehli 2017). 

Static SSI has been widely investigated for the purpose 
of condition assessment. Sheena et al. (1982) presented a 
method for improving the analytical stiffness matrix. After 
measuring a set of Degrees of Freedom (DOFs), spline 
functions were used to predict the remaining unmeasured 
DOFs. Then, the difference between the theoretical stiffness 
matrix and the real one was minimized by adjusting the 
element properties. Hajela and Soeiro (1990) classified the 
SSI into three types: equation error approach, output error 
approach and minimum deviation approach. Both static and 
eigenmodes of the structure were combined in the damage 
detection. Banan et al. (1994a, b) used an iterative 
optimization method to estimate the element properties 
based on two indices of discrepancy including the force and 
the displacement error estimation. Hjelmstad and Shin 
(1997) assumed that the baseline values of structural 
parameters were known and proposed adaptive parameter 
grouping algorithm to detect and evaluate structural 
damage. Abdo (2012) studied the relation between the 
change in static displacement curvature and the damage 
characteristics (location and severity). This method 
successfully detected and located damages in beam-like 
structures. However, in this method, a comparison with the 
structural response of the intact structure was required. 

Static SSI is essentially the application of parameter 
estimation in structural systems. In parameter estimation, 
the classical observability problem is involved with the 
observability (existence and uniqueness) of the estimated 
parameters. The Observability Method (OM) has been 
applied in static SSI to determine the observability of the 
structural parameters by checking the null space of the 
coefficient matrix of observability equations (Lozano-
Galant et al. 2013). These equations are obtained by 
reconstructing the static equilibrium equations via a series 
of algebraic operations. Nogal et al. (2015) proposed the 
Numerical Observability Method (NOM) that incorporated 
a numerical evaluation procedure in the original SSI by 
OM. The effect of measurement errors and simulation errors 
on the accuracy of the estimated parameters using SSI by 
NOM with minimum measurement sets were investigated. 
Lozano-Galant et al. (2015) proposed the observability tree 
method according to the mechanical connection between 
structural parameters and measurements. With this method, 
the measurement set with the minimum number of 
necessary measurements to ensure observability of all 
parameters is determined, which is referred as minimum 
measurement set. Lei et al. (2018) revealed the lacking 
nonlinear constraints in the observability equations in SSI 
by NOM and reintroduced these constraints by an 
optimization procedure. This method has also been applied 
in the SSI of structures where shear deformation cannot be 
neglected (Emadi et al. 2019, Tomàs et al. 2018) and in 
dynamic SSI using modal analysis (Peng et al. 2020). In 

order to improve the estimation by using redundant 
measurements, the SSI by Measurement Error Minimizing 
Observability Method (MEMOM) was proposed by Lei et 
al. (2019). 

The quality of static SSI results depends on the 
following factors: (1) loading cases that activate the 
mechanical behavior of the structures to be identified; (2) 
the number and the spatial location of sensors that ensure 
the quality of the measurement raw data; and (3) efficient 
parameter estimation algorithms that exploit the essential 
information of structures from the loading cases and the 
measured response. In static SSI, the damage of structures 
might be concealed due to the limitation of the load paths 
(Chen et al. 2005), especially when only one loading case is 
used. This agrees with the observation that accurate 
estimation of bending structural parameters in null 
curvature zones is intractable (Emadi et al. 2019). These 
zones include those adjacent to the supports or near the 
inflection points of the bending moment diagram. 
Unfortunately, it is inevitable to have null curvature zones 
in the structure when only one static load test is applied. 
Alternatively, test data from multiple loading cases can be 
used in the static SSI (Bakhtiari-Nejad et al. 2005, Wang et 
al. 2012). In the case of bridges, static tests with multiple 
loading cases can be carried out by changing the location of 
truck loads. Apart from the importance of loading cases in 
the static SSI, the Optimal Sensor Placement (OSP) is also a 
vital issue. OSP has the potential to reduce life cycle costs 
of the structure considerably from an economic perspective 
(Liu et al. 2020). Also, good sensor configuration is the 
basis of accurate SSI result (Li et al. 2017). The OSP 
problem can be formulated as a combinatorial optimization 
problem aiming at minimizing or maximizing some 
objective functions with the sensor location vector being the 
design variable. Usually, these objective functions include 
some norms of the Fisher Information Matrix (FIM) (Li et 
al. 2012). Regarding the formidable dimension of real 
structures, seeking the OSP is an intractable task by 
ordinary global search methods because the size of the 
solution space is huge and the searching efficiency is low. 
For example, there are 𝐶௡ே೘ possible sensor placement 
configurations for a model with 𝑛 DOFs and 𝑁௠ sensors. 
For instance, the case of 70 DOFs and 20 sensors means 𝐶଻଴ଶ଴ = 1.6188 × 10ଵ଻ possible sensor placement 
configurations. Typically, the combinatorial optimization 
problem is a non-convex optimization problem. Existing 
static OSP methods (Sanayei et al. 2015, Sanayei and Chitra 
2002) adopt the strategy of greedy algorithms to find a sub-
optimal solution. During this process, a subset of sensors is 
either added or removed to improve some criteria regarding 
the OSP. The strategy of greedy algorithms has the problem 
of making these choices (adding or removing sensors) too 
early, preventing them from finding the best overall solution 
later. This is a typical problem for OSP method using 
greedy algorithm (Bertola et al. 2017). Another limitation is 
that these methods cannot specify the number of different 
types of sensors to be used while different types of sensors 
are adopted in real SSI applications. These methods only 
consider the total number of sensors but cannot control the 
number of inclinometers or deflection gauges. 

To deal with these limitations, the objective of this 
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research includes (1) developing a static SSI method using 
multiple loading cases under the framework of MEMOM; 
(2) proposing a systematic method to determine the OSP 
configuration for static SSI under multiple loading cases. 
The organization of the paper is as follows: firstly, the 
procedure to implement SSI by MEMOM under multiple 
loading cases is presented. This starts with the previous 
method aimed for single loading case. Then, the procedure 
to combine the equations for different loading cases is 
described. In section 3, the property of the FIM is presented 
first. Then, the formulation of Genetic Algorithm based 
OSP using the FIM under multiple loading cases are 
illustrated. Section 4 provides two numerical examples to 
illustrate and validate the proposed methods in different 
typologies of structures. Finally, in section 5, some 
conclusions are drawn. 

 
 

2. Methodology 
 
2.1 SSI by MEMOM under single loading case 
 
In SSI by MEMOM under single loading case (Lei et al. 

2019), a finite element model (FEM) of the analyzed 
structure is required and its static equilibrium equations 
should be established as follows 

 [𝐾]{𝛿} = {𝑓} (1)
 
For 2D analysis, the stiffness matrix [𝐾] includes the 

element length 𝐿௝, elastic modulus 𝐸௝, area 𝐴௝, inertia 𝐼௝ 
of element j (j = 1, 2, …, 𝑁௘, where 𝑁௘ is the number of 
elements). The displacement vector {𝛿}  includes the 
horizontal deflection 𝑢௜, vertical deflection 𝑣௜ and rotation 𝑤௜ of node i (i = 1, 2, …, 𝑁௡, where 𝑁௡ is the number of 
nodes), while the force vector {𝑓} includes the horizontal 
force 𝐻௜ , vertical force 𝑉௜  and bending moment 𝑀௜ 
applied on the nodes. 

Since the main objective of SSI is to assess the structure 
condition, the estimations of axial stiffnesses and bending 
stiffnesses are of primary importance. Hence, this paper will 
focus on the structural mechanism involved with axial 
stiffnesses and bending stiffnesses. Different unknown 
stiffnesses may appear in the same column in the matrix 
[ 𝐾 ]. In addition, in controlled static load tests, the 
magnitudes of the external force and the measured 
responses are known to engineers. To differentiate the 
knowns from the unknowns, those known elements are 
indicated by subscript 1 while those unknown elements are 
indicated by subscript 0. As unknown variables appear in 
the coefficient matrix in Eq. (1), a series of algebraic 
operations have to be applied on the equilibrium equations 
to formulate the observability equations (Lei et al. 2019), as 
shown in Eq. (2). 

 [𝐵] ⋅ {𝑧} = ൤𝐾ଵ଴∗ 0𝐾଴଴∗ −𝐼൨ ൜𝛿଴∗𝑓଴  ൠ = ൜𝑓ଵ − 𝐾ଵଵ∗ 𝛿ଵ∗−𝐾଴ଵ∗ 𝛿ଵ∗ ൠ = {𝐷} (2)

 
In the observability equations, the coefficient matrix [𝐵] contains the measured displacements δ෨ and the known 

element lengths (note that [B] is not equal to ൤𝐾ଵ଴∗ 0𝐾଴଴∗ −𝐼൨, 

refer to Lozano-Galant et al. (2013)). The unknown vector 

{z} (not equal to is ൜𝛿଴∗𝑓଴  ൠ , refer to Lozano-Galant et al. 

(2013)), composed of three types of unknowns, including 
(1) single unknowns, such as bending stiffnesses 𝐸𝐼௝ and 
axial stiffnesses 𝐸𝐴௝; (2) coupled unknowns, such as 𝐸𝐼௝𝑤௜ 
or 𝐸𝐼௝𝑣௜; (3) reactions (𝐻௜ , 𝑉௜ , 𝑀௜). The right-hand-side 
vector {D} is composed of external nodal forces 𝑓ଵ and 
internal nodal forces (𝐾ଵଵ∗ 𝛿ଵ∗ , 𝐾଴ଵ∗ 𝛿ଵ∗). The superscript * 
indicates algebraic operations (e.g., multiplication, division) 
that have been applied on the matrices or vectors, and for 
the details, please refer to Lozano-Galant et al. (2013). 

Based on the observability equations, the observability 
(existence and uniqueness) of any unknown variables in the 
vector {𝑧} can be determined symbolically from the null 
space of the coefficient matrix [𝐵]. In addition, a particular 
solution of the observability equation might be obtained 
numerically by least-square methods. This particular 
solution for those observable unknowns is regarded as the 
final estimation. 

Despite its efficiency in determining the observability of 
the target parameters, the overall accuracy of this method is 
far from satisfactory when measurement errors exist. 
However, measurement errors are issues that must be 
addressed in any practical SSI application. Some 
improvements can be made to alleviate the adverse effect of 
measurement errors. For instance, the compatibility 
conditions (geometrical relations among nodal displace-
ments) in beam-like structures can be obtained from the 
observability equations and can be used to smooth away the 
incompatibility induced by this kind of errors (Lei et al. 
2018). Also, averaging the estimations from different 
combinations of rotation measurements might enable robust 
estimations of the target parameters. However, both 
methods suffer from the limitation in either the structure 
type or the measurement type. To have a more general 
method, the SSI by MEMOM is proposed. In the 
observability equations, the measured displacement 𝛿ሚ 
contained in the coefficient matrix [𝐵] are separated into 
an error-free term 𝛿መ and an error term ϵஔ. Then, the error 
terms ϵஔ for all measured displacements are transferred to 
a new unknown vector { 𝑧௘ }. In this way, a new 
observability equation with measurement errors included in 
the unknowns {𝑧௘} is formulated, as shown in Eq. (3) (For 
the details of [Be] and [Ze], please refer to Lei et al. 2019). 

 [𝐵௘] ⋅ {𝑧௘} = {𝐷} (3)
 
In this new observability equation, the measured 

displacements 𝛿ሚ are included in the coefficient matrix 
[𝐵௘]. Compared to the unknown vector {𝑧} in Eq. (2), the 
new unknown vector {𝑧௘} also contains the error terms ϵஔ. 
The Eq. (3) always has more unknowns than the number of 
equations. To solve this underdetermined system, other 
conditions have to be imposed. The discrepancy between 
the measured response and the predicted response can be 
minimized by numerical optimization. The objective 
function is the square sum of the ratios between the error 
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Fig. 1 Formulation of observability equations under 
multiple loading cases by stacking (mLC stands for 
multiple loading cases; NLC is the number of loading 
cases) 

 
 

terms and the measured displacements, as shown in Eq. (4) 
 𝑓(𝑧௘) = ෍ ቆ𝜖ఋ೔𝛿ሚ௜ ቇଶே೘

௜ୀଵ  (4)

 
where 𝛿ሚ௜ is the value of the ith measurement; 𝜖ఋ೔ is the 
error term for 𝛿௜. A step by step example of the whole 
process can be found in Lei et al. (2019). 

 
2.2 SSI by MEMOM under multiple loading cases 
 
To make use of multiple loading cases, the observability 

equations for different loading cases are obtained first and 
then assembled. The procedure to combine observability 
equations for different loading cases is illustrated in Fig. 1. 

The superscript k in [𝐵௘௞], {𝑧௘௞} and {𝐷௘௞} indicates the 
equation is formulated from the 𝑘௧௛  loading case. To obtain 
the final equation, all unknown vectors are concatenated 
together first. Then, the coefficient matrices are rearranged 
and assembled according the appearing order of variables in 
the concatenated unknown vector. It is assumed that the 
structure behaves linearly and structural parameters do not 
change during the static tests. This is to say, the unknown 
structural parameters appearing duplicately for different 
loading cases are the same. Hence, this system of equations 
can be simplified by merging the columns that are related to 
the same structural parameters. 

In the final observability equations, the unknowns are 
composed of three types: (1) single unknowns, including 
structural parameters (bending/axial stiffnesses, 𝐸𝐴୧, 𝐸𝐼௜), 
reactions (𝐻௜௞, 𝑉௜௞ 𝑜𝑟 𝑀௜௞) from different loading cases, (2) 
coupled unknowns, products of structural parameters with 
unknown displacements from different loading cases 
(𝐸𝐴௜𝑢௜௞, 𝐸𝐼௜𝑣௜௞) or products of structural parameters with 
error terms from different loading cases (𝐸𝐼௜𝜖௨೔ೖ, 𝐸𝐼௜𝜖௩೔ೖ); 
(3) additional single unknowns that are obtained by the 
decoupling of the coupled unknowns and that are not 
included in the first type, such as the unmeasured 
displacements (𝑢௜௞) and the error terms (𝜖௩೔ೖ). 

After obtaining the final observability equations, the 
structural parameters are estimated by minimizing the 
square sum of the ratios between the error terms and the 
measured displacements in all loading cases, as shown in 
Eq. (5). 𝑓(𝑧௘௠௅஼) = ෍ ෍ ቆ𝜖ఋೕೖ𝛿ሚ௝௞ ቇଶே೘

௝ୀଵ
ேಽ಴
௞ୀଵ  (5)

 

Fig. 2 Flowchart of the structural system identification by 
measurement-error minimizing observability method 
under multiple loading cases 

 
 

where 𝛿ሚ௝௞ is the value of the 𝑗௧௛ measurement in the 𝑘௧௛
 

loading case; 𝜖ఋೕೖ is the error term for 𝛿ሚ௝௞. 
The flowchart of the procedure to carry out SSI by 

MEMOM under multiple loading cases is summarized in 
Fig. 2. 

 
 

3. Genetic algorithm based optimal sensor 
placement 
 
The genetic algorithm (GA) based optimal sensor 

placement (OSP) relies on the maximization of the norm of 
the Fisher Information Matrix (FIM). In section 3.1, the 
property of the FIM regarding its application in OSP is 
discussed. Existing research on the OSP for static SSI is 
reviewed and some limitations are pointed out. 
Subsequently, the formulations of the FIM for both single 
loading case and multiple loading cases are presented. The 
advantage of the GA-based OSP method and its 
implementation as well as a flowchart of the proposed 
procedure is presented at the end of this section. 

 
3.1 Existing research on OSP for static SSI 
 
The objective of OSP is to find the best sensor 

configuration to extract as much information from the 
structural response as possible when the number and type of 
sensors are assumed. The OSP for static SSI can be stated as 
maximizing or minimizing an objective function, where the 
design variable is the sensor location vector {𝛩} and the 
constraint is the number of available sensors and type 
(inclinometers and deflectometers). Current research 
dealing with sensor placement mainly focuses on the OSP 
for dynamic SSI (Li et al. 2017, Meo and Zumpano 2005, 
Tong et al. 2014). In fact, little attention has been paid to 
the static case. Existing research on the OSP for static SSI is 
mainly based on the FIM [𝐹] (Sanayei et al. 2015, Sanayei 
and Chitra 2002). The rationale of this sensor placement 
method is based on the Cramér-Rao lower bound, which is 
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presented as follows 
 E ቂ൫𝜃෠(𝐷) − 𝜃൯൫𝜃෠(𝐷) − 𝜃൯்ቃ ൒ [𝐹ିଵ] (6)
 
Here, the superscript -1 indicate the inverse of a matrix. 

The Cramér-Rao lower bound shows that the inverse [𝐹ିଵ] 
of the FIM lower bounds the error covariance matrix for 
any unbiased estimator 𝜃෠(𝐷) of the parameter vector 𝜃 
using data D. Hence, maximization of the norms of the 
matrix [𝐹] would yield a possible minimum lower bound 
of the covariance of the estimation 𝜃. Common norms of 
the matrix [𝐹] include trace, determinant and minimum 
singular values. Li et al. (2012) pointed out that different 
matrix norms were equivalent in the sense that one norm 
can be always bounded in a range by another norm with 
appropriate constant scaling factors. Hence, in this work, 
the determinant of the FIM, 𝑑𝑒𝑡([𝐹]) is adopted as the 
objective function to judge the goodness of a sensor 
placement configuration. This is the most common criterion 
in current static OSP methods (Bakhtiari-Nejad et al. 2005, 
Sanayei et al. 2015, Sanayei and Chitra 2002). 

In (Sanayei et al. 2015, Sanayei and Chitra 2002), the 
OSP was determined by gradually removing the sensors of 
low contribution to the determinant of the FIM from the 
initial sensor candidate set until the remaining number of 
sensors in the sensor candidate set is the same as the 
predefined number. Specifically, the determinant of the FIM 
using all remaining sensors was denoted by 𝑑𝑒𝑡([𝐹଴]). The 
determinant of the FIM using all remaining sensor 
candidates excluding the 𝑖௧௛  DOF was denoted by 𝑑𝑒𝑡([𝐹 ௜]). Then, the contribution of the 𝑖௧௛  DOF was 
evaluated by the ratio 𝑅஽௜ = 𝑑𝑒𝑡([𝐹 ௜]) / 𝑑𝑒𝑡([𝐹଴]). The 
higher 𝑅஽௜, the less important the measurement of the 𝑖௧௛ 
DOF. Then, the DOF with the highest 𝑅஽௜  (lowest 
importance) was removed from the initial sensor set. In this 
approach, one bad sensor was removed each time. In 
(Bakhtiari-Nejad et al. 2005), the importance of DOFs was 
also determined by the ratio 𝑅஽௜. However, the 𝑅஽௜ was 
calculated only once using the initial sensor candidates. 
Then, all DOFs were sorted according to their importance 
index 𝑅஽௜ . The batch of sensors with low 𝑅஽௜  (high 
contribution) were selected for the OSP. Both methods 
evaluate the importance of potential sensor locations by 
checking the decrease in the determinant of the FIM after 
removing one DOF. The problem of this approach is that the 
non-linear and dependent nature of the interaction between 
sensor locations on the determinant of the FIM cannot be 
addressed due to the limitation of evaluating the importance 
of different DOFs separately. Furthermore, the sensor 
configurations for different loading cases were selected 
independently in Bakhtiari-Nejad et al. (2005). 
Consequently, the sensor locations vary in different loading 
cases. This leads to additional costs in the disassembly and 
the installation of sensors. Also, the number of 
deflectometers and inclinometers cannot be specified in 
these methods, only the sum of them. This means that these 
methods cannot well consider the available number and 
type of sensors. 

 

3.2 Formulation of FIM under multiple loading 
cases 

 
Firstly, the computation of FIM under single loading 

case [𝐹௦] (Lei et al. 2019) is given below. 
 [𝐹௦(𝛩)] = [𝑆(𝛩)்][𝛹଴ଶ]ିଵ[𝑆(𝛩)] (7)
 
The FIM [ 𝐹௦ ] is composed of a sensitivity matrix [𝑆(𝛩)] and a noise variance matrix [𝛹଴ଶ]. The sensitivity 

matrix [𝑆(𝛩)]  describes the effects of the variation of 
structural parameters on the selected measurements. This 
matrix has 𝑁௠ rows and 𝑁௣ columns, where 𝑁௠ is the 
number of measurements (such as deflections or rotations) 
and 𝑁௣  is the number of parameters (such as axial 
stiffnesses or bending stiffnesses). The noise variance 
matrix [𝛹଴ଶ] of the measurements are typically available to 
engineers through instrument calibration, sensor-supplier 
information and engineering judgement (Bertola et al. 
2017, Sanayei et al. 2015). The sensor location vector {𝛩} 
is a binary vector with the length of 𝑁ௗ, where 𝑁ௗ is the 
number of DOFs in the model. Each element of the sensor 
location vector {𝛩} is associated with one DOF. When the 𝑖௧௛ DOF is measured, then 𝛩௜  = 1. Otherwise, 𝛩௜  = 0. 

To obtain the sensitivity matrix [𝑆(𝛩)]  for the 
measured DOF, the sensitivity matrix [𝑆௔] for all DOFs is 
obtained in terms of partial derivatives, as shown below 

 [𝑆௔] = 𝜕𝛿𝜕𝜃 = 𝜕ൣ[𝐾(𝜃)ିଵ]{𝑓}൧𝜕𝜃  (8)

 
where {𝑓} is the load vector for the single loading case. 
Note that the product of the matrix [𝐾] and its inverse 
[ 𝐾ିଵ ] is an identity matrix. In addition, the partial 
derivative of any constant matrix with respect to any 
variable is zero. Hence, the following equation holds 

 0 = 𝜕[𝐾 ⋅ 𝐾ିଵ]𝜕𝜃 = [𝐾] ⋅ 𝜕[𝐾(𝜃)ିଵ]𝜕𝜃 + 𝜕[𝐾(𝜃)]𝜕𝜃 ⋅ [𝐾ିଵ] (9)

 
Combining Eq. (8) and Eq. (9), [𝑆௔] is given by 
 [𝑆௔] = −[𝐾(𝜃)ିଵ] 𝜕[𝐾(𝜃)]𝜕𝜃 [𝐾(𝜃)ିଵ]{𝑓} (10)

 
The sensitivity matrix [S(Θ)]  for the selected 

measurements is obtained by extracting the associated rows 
of the matrix [Sୟ] where the elements of {Θ} are equal to 
1. Sanayei et al. (2015) pointed out that the noise variance 
matrix [Ψ଴ଶ] was semi-definite and thus could be expressed 
in terms of a lower triangular matrix [L] and its conjugate 
transpose [L୘] using the Cholesky decomposition 

 [𝛹଴ଶ] = [𝐿] ⋅ [𝐿்] (11)
 
Substituting Eq. (11) into Eq. (7), then 
 [𝐹௦(𝛩)] = [𝑆(𝛩)்]([𝐿] ⋅ [𝐿்])ିଵ[𝑆(𝛩)]= ൣ𝑆ሚ(𝛩)்൧[𝑆ሚ(𝛩)] (12)
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and ൣ𝑆ሚ(𝛩)൧ = [𝐿ିଵ𝑆(𝛩)] (13)
 
By this way, the modified sensitivity matrix [𝑆ሚ(𝛩)] 

incorporates measurement uncertainty into the sensitivity 
matrix. With the formulation of FIM under one loading 
case, the procedure to obtain the FIM for a static load test 
comprised of 𝑁௅஼ loading cases is presented below. 

Step 1: For the 𝑖௧௛ loading case, obtain the sensitivity 
matrix [𝑆௜௔] for all DOFs using Eq. (10) and the lower 
triangular matrix [𝐿௜]  from the noise variance matrix ൣ𝛹଴,௜ଶ ൧. Then, the modified sensitivity matrix [𝑆ሚ௜௔] for the 𝑖௧௛ 
loading case is given by 

 ൣ𝑆ሚ௜௔൧ = [𝐿௜ି ଵ][𝑆௜௔] (14)
 
Step 2: Formulate the modified sensitivity matrix ൣ𝑆ሚ௠௔ ൧ 

for all DOFs under multiple loading cases by combining the 
modified sensitivity matrices [𝑆ሚ௜௔] from different loading 
cases. ൣ𝑆ሚ௠௔ ൧ = ቎ 𝑆ሚଵ௔⋮𝑆ሚேಽ಴௔ ቏ (15)

 
Note that the modified sensitivity matrix [𝑆ሚ௠௔ ]  for 

multiple loading cases has 𝑁௅஼ × 𝑁ௗ  rows and 𝑁௣ 
columns. 

Step 3: Extracting the rows of the matrix ൣ𝑆ሚ௠௔ ൧ where 
the corresponding DOFs are measured to formulate the 
modified sensitivity matrix [𝑆ሚ௠(𝛩௠)]  for the selected 
DOFs under multiple loading cases. 

The sensor placement vector {𝛩௠} for multiple loading 
cases has 𝑁௅஼ × 𝑁ௗ  elements. From a practical point of 
view, it is rational to keep the same sensor configuration in 
each loading case so that the cumbersome disassembly and 
installation of sensors due to the difference of sensor 
configurations can be avoided. Hence, the sensor placement 
vector {𝛩௠} under multiple loading cases can be reduced 
to the case of the sensor placement vector {𝛩} under one 
loading case while the information from multiple loading 
cases can be considered at the same time. This is also 
beneficial due to the reduction of the search space in the 
optimization regarding the computation aspect. 

Step 4: Calculate the FIM for multiple loading cases, as 
shown in Eq. (16). 

 𝐹௠(𝛩) = 𝑆ሚ௠(𝛩)்𝑆ሚ୫(𝛩) (16)
 
The modified sensitivity matrix [𝑆ሚ୫(𝛩)]  for the 

measured DOFs is obtained by extracting the associated 
rows of the matrix [𝑆ሚ௠௔ ]  (Eq. (15)) where the 
corresponding DOFs are measured. The matrix [𝑆ሚ୫(𝛩)] 
has 𝑁௅஼ × 𝑁௠  rows and 𝑁௣  columns. The FIM 𝐹௠(𝛩) 
for multiple loading cases is a square matrix with 𝑁௣ rows. 

 
3.3 Optimal sensor placement using genetic 

algorithm 
 
The mathematical formulation of the OSP problem for 

multiple loading cases is given below. 
 𝛩௢௣௧ = max஀ 𝑑𝑒𝑡 (𝐹௠(𝛩)) (17)
 
Subjected to the following constraints 
 𝑁௅஼ ⋅ ෍ 𝛩௜௜∈௩ = 𝑁௩ 𝛩௜ ∈ {0,1} (18)

 𝑁௅஼ ⋅ ෍ 𝛩௝௝∈௪ = 𝑁௪ 𝛩௝ ∈ {0,1} (19)

 
where 𝐹௠(𝛩) is the FIM determined by Eq. (16). 𝑁௩ is 
the number of deflection measurements. 𝑁௪ is the number 
of rotation measurements. Note that the imposition of 
constraints (18) and (19) enables the engineer to consider 
the factual situation about the available amount as well as 
the available types of sensors. 

Current OSP methods for static SSI (Bakhtiari-Nejad et 
al. 2005, Sanayei et al. 2015, Sanayei and Chitra 2002) 
cannot address the nonlinear and dependent nature of the 
interaction between different sensor locations. This issue 
can be alleviated by heuristic and metaheuristic algorithms 
(Zhou et al. 2015), such as Genetic Algorithm (GA), 
particle swarm optimization (Tan and Zhang 2019) or 
microhabitat frog-leaping algorithm. In this paper, the GA 
proposed by Deep et al. (2009) is used to solve the 
combinatorial optimization problem for the OSP. In this 
algorithm, the optimization process includes (1) 
initialization stage; (2) evaluation stage; (3) selection stage; 
(4) crossover stage; (5) mutation stage; (6) truncation stage. 
In stages (1) and (2), random feasible solutions will be 
generated and evaluated using the fitness functions, which 
are the same as the objective function. Then, the selection, 
crossover, mutation and truncation stages are carried out 
repeatedly. This first three stages aim at updating and 
diversifying the solutions while the truncation stage aims at 
satisfying the applied constraints (e.g., Eqs. (19) and (20)) 
and the integer restriction on 𝛩௜ . By this mean, many 
groups of solutions are obtained and evaluated using the 
fitness function. The best solution among the current group 
and its fitness value are recorded and compared with the 
best ones from the previous groups. If the desired 
convergence accuracy is met or the predefined iteration 
number is reached, the algorithm will terminate and the 
recorded best solution is determined as the final solution. 
For more details, please refer to Deep et al. (2009). 

The procedure for the GA-based OSP is summarized as 
the 8 steps described below and its flowchart is depicted in 
Fig. 3. The FIM for the structure subjected multiple static 
loading cases is formed in steps 1-6 while the OSP is solved 
using the GA in steps 7 and 8. 

 
Step 1: Define the FEM and the loading cases of the 

concerned structure. 
Step 2: Update the 𝑖௧௛ loading case information. 
Step 3: Calculate the sensitivity matrix [𝑆௜௔] for the 𝑖௧௛ 

loading case with Eq. (10). 
Step 4: Form the modified sensitivity matrix [𝑆ሚ௜௔] for the 𝑖௧௛ loading case with Eq. (14). 
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Fig. 3 Flowchart of the genetic algorithm based optimal 
sensor placement method

 
 
Step 5: Check whether this is the last loading case. If 

yes, go to step 6; otherwise, repeat steps 2-4. 
Step 6: Form the modified sensitivity matrix [𝑆ሚ௠௔ ] for 

all DOFs using Eq. (15). 
Step 7: Prepare the constraints according to available 

number and type of sensors; 
Step 8: Solve the OSP problem using the GA. 
 
 

4. Numerical examples 
 
To verify the effectiveness of the proposed method, two 

structures subjected to static loading are studied 
numerically. The first one relates to a 3-span continuous 
bridge and the second one relates to a floor beam in a high-
rise frame. For these examples, the interested parameters 
are identified using one loading case and two loading cases, 
respectively. The total number of different types of sensors 
for these two cases are kept the same. First, the sensor 
locations in two examples are determined by the GA-based 
OSP method. Note that the loading position is also an 
important factor to affect the accuracy of the identification. 
In this work, the loading positions were designed based on 
the bending curve of the structure and the target stiffness 
parameters to be identified. Then, the problem of 
identifying all parameters using single loading case is 
illustrated. Finally, the advantage of using multiple loading 
cases is presented and more useful information could be 
provided. In real case, it is difficult to carry out impose the 
static loads of all cases at the same time. Furthermore, there 
may be not so much loading tools (e.g., loading trucks). 

As the purpose of the paper is to settle the theoretical 
basis and the benefits of the proposed method some 
engineering assumptions has been made at this stage: a) 

 
 

modelling error is not considered, as it is wanted to study 
the effects of measurement errors isolated; b) load tests, 
which are done with heavily loaded trucks, are not modeled 
with point loads acting on their axles but as uniformed 
loads; c) to improve accuracy, the number of measurements 
was higher than the number of unknown parameters to be 
identified. 

In these examples, FEMs are used to obtain 
displacements in the nodes for different loading cases. 
Proportional noise is added to these displacements to 
generate measurement sets, as shown by Eq. (20). 

 δ෨ = 𝛿௥ ⋅ (1 + 𝐸௟௘௩௘௟ ⋅ 𝜉) (20)
 

where 𝛿௥  are the displacements calculated from FEMs, E୪ୣ୴ୣ୪ is the value of the proportional error and 𝜉 is a 
random number following normal distribution with mean of 
0 and standard deviation of 0.5. 

 
4.1 Example 1: 3-span continuous bridge 
 
The first example is a 36 m + 54 m + 36 m continuous 

bridge. The FEM and its parameterization are depicted in 
Fig. 4. This FEM is composed of 43 nodes and 42 beam 
elements. As the continuous bridge is mainly excited by its 
bending behavior, the parameters to be estimated in this 
structure are the 14 bending stiffnesses. To identify these 
parameters, the candidate measurements are the 39 
deflections v and 43 rotations w in this structure. 

The theoretical values of the bending stiffnesses for the 
first span (𝐸𝐼ଵ − 𝐸𝐼ସ), those for the second span (𝐸𝐼ହ −𝐸𝐼ଵ଴) and those for the third span (𝐸𝐼ଵଵ − 𝐸𝐼ଵସ) are equal to 
1.5×107 𝑘𝑁 ∙ 𝑚ଶ , 2.5×107 𝑘𝑁 ∙ 𝑚ଶ  and 1.5×107 𝑘𝑁 ∙𝑚ଶ, respectively. Four loading cases are adopted. Uniform 
loads of q = 20 kN/m are applied over different regions of 
the continuous bridge. The ranges of the applied load for 
the four loading cases together with the bending moment 
diagram are shown in Fig. 5. 

In this example, five scenarios are studied. Their loading 
 
 

Fig. 4 Finite element model for the 36 m + 54 m + 36 m 
continuous bridge

 
 
 

 
Fig. 5 Loading cases and associated bending moment diagrams for: (a) LC1 (b) LC2 (3) LC3 (4) LC4
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cases and sensor configurations are depicted in Fig. 6. The 
14 bending stiffnesses are estimated using one loading case 
(LC1-LC3) in scenarios 1-3 while this is done by using two 
loading cases in scenarios 4 (LC1+LC2) and 5 (LC3+LC4). 
In scenarios 1-3, it is assumed that 28 deflections v and 14 
rotations w are measured to identify these 14 bending 
stiffnesses. In each loading case in scenarios 4 and 5, 14 
deflections and 7 rotations are used, summing up to 28 
deflections and 14 rotations for the associated scenario. The 
scenarios 1-3 are used to show that the bending stiffnesses 
of some local regions cannot be identified using single 
loading case. The last 2 scenarios are used to show the 
advantage and effectiveness of using multiple loading cases. 

Due to the existence of null curvature zones, some 
parameters cannot be identified using only one loading 
case. As indicated by Eq. (6), the terms in the diagonal of 
the inversed FIM [𝐹ିଵ] are lower bounds of the parameter 
variances (Sanayei et al. 2015). Large values in diagonal 
elements of [𝐹ିଵ] indicate unidentifiable parameters. The 
diagonal elements of the inversed FIM [𝐹ିଵ] associated 
with scenarios 1-3 are illustrated in Fig. 7(a). 

From this figure, it is anticipated that the bending 
stiffnesses 𝐸𝐼ଵ଴ and 𝐸𝐼ଵସ cannot be identified in scenario 
1, and the bending stiffnesses 𝐸𝐼ଵ and 𝐸𝐼ହ cannot be 
identified in scenario 2. Hence, an absolute bound of [0.5, 
1.5] is applied on the normalized estimation of these 
unidentifiable parameters in the optimization. In the case of 
scenario 3, the diagonal elements of the inversed FIM, 

 
 

 
 [𝐹ିଵ] , for the bending stiffnesses 𝐸𝐼ଵ − 𝐸𝐼ଵସ  are all 

smaller than 0.1 (Fig. 7(a)). However, the extent of 
variation of 𝐸𝐼ଷ, 𝐸𝐼଺, 𝐸𝐼ଽ and 𝐸𝐼ଵଶ is much higher than 
that of other parameters. In Fig. 7(b), the diagonal elements 
of the inversed FIM for all parameters in scenarios 4 and 5 
are always smaller than 0.05. This indicates a possible good 
estimation of all bending stiffnesses. Hence, no bound is 
applied on any parameter estimation in scenarios 4 and 5. 

For each OSP configuration of the associated scenario, 
200 measurement sets are simulated using Eq. (20) with the 
proportional error of 5%. The result of the estimations of 
the bending stiffnesses in each scenario is summarized by 
the boxplots in Fig. 8. 

The boxplot shows the first quartile Q1 and the third 
quartile Q3 of the estimations as the top and the bottom of 
the box and the median is shown by the red line inside the 
box. The red crosses are the estimates that deviates most 
from the rest of the estimates. The longer the box, the 
higher the dispersion in the estimations. From Fig. 8, a clear 
connection between the dispersion of the estimations and 
the extent of curvature is observed. In scenario 1 (Fig. 8(a)), 
large variations in the estimation of the parameters (𝐸𝐼ଵ଴ 
and 𝐸𝐼ଵସ) for null curvature zones are observed despite the 
applied absolute bound of [0.5, 1.5] on the normalized 
values of the estimations. Hence, the dispersion of these 
estimations cannot be reduced by imposing these bounds. 
Similar problem is observed for the bending stiffnesses 𝐸𝐼ଵ 
and 𝐸𝐼ହ in scenario 2 (Fig. 8(b)). 

 
Fig. 6 Locations of the measured deflections (v) and rotations (w) for different scenarios: (a) scenario 1; (b) scenario 2; 

(c) scenario 3; (d) scenario 4; (e) scenario 5

 
Fig. 7 Diagonal elements of the inversed Fisher information matrix for (a) scenarios 1-3; (b) scenarios 4 and 5
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Fig. 8 Boxplot of the 200 estimations for 𝐸𝐼ଵ-𝐸𝐼ଵସ in 
scenarios 1-3 

 
 
The extent of the dispersion in scenario 3 is less than 

those in scenarios 1 and 2. The averaged Coefficients of 
Variation (C.O.V.s) of the bending stiffnesses 𝐸𝐼ଵ − 𝐸𝐼ଵସ 
for the five scenarios are given in Table 1. It is seen that the 
averaged C.O.V.s of the parameters in scenario 3 is the half 
of those in scenarios 1 and 2. This is because the loading 
case in scenario 3 excites the bending behavior of the whole 
structure more than those in scenarios 1 and 2. However, 
the curvature of the zones adjacent to the inflection points 
in the bending moment diagram for LC3 (Fig. 8(c)) is still 
quite low. As a result, the dispersion in 𝐸𝐼ଷ, 𝐸𝐼଺, 𝐸𝐼ଽ and EIଵଶ is comparatively high. The corresponding C.O.V.s for 
these parameters in scenario 3 are 0.080, 0.074, 0.071, 
0.088, while the C.O.V.s for the remaining p 

arameters ranging between 0.017 and 0.031. 
The boxplot of the 200 estimations for 𝐸𝐼ଵ − 𝐸𝐼ଵସ in 

scenarios 4 and 5 is given in Fig. 9. The range of y-axis in 
Fig. 9 is set the same as that in Fig. 8 to ease the 
comparison between the dispersion of the estimations in 
different scenarios. From this figure, it is seen that when 
multiple loading cases are used, all flexural stiffnesses can 
be identified and the dispersion in the estimations are much 
less than that in scenarios 1-3 (Fig. 8). 

A comparison of the C.O.V.s for all parameters obtained 
from scenarios 3-5 is depicted in Fig. 10. As the objective 
function in Eq. (17) aims to reduce the overall variance in 
all parameters, the optimization algorithm mainly tries to 
reduce the large variance in estimations for bending 
stiffnesses with null curvatures (i.e., 𝐸𝐼ଷ, 𝐸𝐼଺, 𝐸𝐼ଽ and 𝐸𝐼ଵଶ 
in scenario 3) while keeping the slight increase of the sum 
of the variance in the estimations for other bending 

 
 

Table 1 The averaged Coefficients of Variation (C.O.V.s) 
of the estimations of 𝐸𝐼ଵ − 𝐸𝐼ଵସ in scenarios 1-5 

Scenario Loading case averaged C.O.V.s
1 1 0.082 
2 2 0.079 
3 3 0.040 
4 1+2 0.032 
5 3+4 0.031 

 

 

Fig. 9 Boxplot of the 200 estimations for 𝐸𝐼ଵ − 𝐸𝐼ଵସ in 
scenarios 4 and 5

 
 

Fig. 10 Comparison of the C.O.V.s for the estimations of 𝐸𝐼ଵ − 𝐸𝐼ଵସ in Scenarios 3, 4 and 5 
 
 

stiffnesses. 
The averaged C.O.V.s for all bending stiffnesses (Table 

1) is reduced from 0.040 in scenario 3 to 0.032 in scenario 
4. The decrease of the averaged C.O.V.s for all parameters 
is mainly due to the decrease of the C.O.V.s for 𝐸𝐼ଷ, 𝐸𝐼଺ 
and 𝐸𝐼ଵଶ. In Fig. 10, the C.O.V.s for 𝐸𝐼ଷ, 𝐸𝐼଺ and 𝐸𝐼ଵଶ 
are reduced from 0.080, 0.074, 0.088 in scenario 3 (LC3) to 
0.031, 0.052, 0.048 in scenario 4 (LC1+LC2), respectively, 
while the C.O.V.s for 𝐸𝐼ଽ in scenarios 3 (0.071) and 4 
(0.072) does not change much. For the remaining 
parameters, the C.O.V.s for 𝐸𝐼ଵ , 𝐸𝐼ଵଷ , 𝐸𝐼ଵସ  decrease 
drastically while the C.O.V.s in 𝐸𝐼ହ, 𝐸𝐼଻, 𝐸𝐼  and 𝐸𝐼ଵ଴ 
increase from 0.026, 0.017, 0.020, 0.031 to 0.038, 0.040, 
0.029, 0.038, respectively. 

In scenario 5, the averaged C.O.V.s for all bending 
stiffnesses is 0.031. The dispersion of all parameters is 
controlled to an acceptable level ranging between 0.013 and 
0.056. The C.O.V.s for the bending stiffnesses associated 
with null curvature zones, namely 𝐸𝐼ଷ, 𝐸𝐼଺, 𝐸𝐼ଽ and 𝐸𝐼ଵଶ 
decreased from 0.080, 0.074, 0.071, 0.088 to 0.025, 0.057, 
0.042, 0.022, corresponding with reductions of 68%, 23%, 
41% and 75%, respectively. Despite the increase of C.O.V.s 
in 𝐸𝐼ଵ(38%), 𝐸𝐼଻(29%) and 𝐸𝐼ଵସ(10%), the reductions of 
the C.O.V.s in the remaining parameters are at least 20%. 

Overall, it is seen that loading case 3 performs better 
than loading cases 1 and 2. This is because that in case 3, 
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more loadings was applied, which will provide more 
effective information for system identification, and makes 
the uncertainty also reduced as shown in Table 1. As 
mentioned, for case 1, case 2 and case 3, which correspond 
to scenario 1, scenario 2, and scenario 3, respectively, they 
are all single loading cases. The multiple loading cases can 
be seen in scenario 4 and scenario 5, and from these figures, 
it is found the extend of variation and the COV of the 
stiffness parameters reduce compared with the ones in 
signal load scenarios. This provides evidence that the 
multiple loading cases have better performance. 

In summary, from the analysis above, it is seen that after 
applying multiple loading cases: (a) the bending stiffnesses 
associated with null curvature zones in one loading case can 
be effectively identified; (b) the overall variance in the 
estimations of all bending stiffnesses can be significantly 
reduced by using multiple loading cases; (c) the 
combination of different loading cases has beneficial impact 
on the accuracy of the estimations. 

 
4.2 Example 2: A floor beam in a high-rise frame 
 
In this section, the proposed method will be illustrated 

by a floor beam in a high-rise frame structure. In a previous 
study on the identification of a floor beam in a 13-story 
frame (Lei et al. 2019), it was found that the bending 
stiffnesses of null curvature zones cannot be identified. In 
this example, those unidentifiable parameters are 
investigated by the proposed SSI by MEMOM using 
multiple loading cases. 

The FEM of this structure and its parameterization is 
depicted in Fig. 11(a). It has 111 nodes and 158 elements. 
The whole FEM is parameterized by 15 bending stiffnesses 
and 15 axial stiffnesses. The objective is to identify the 
bending stiffnesses of the selected floor beam depicted in 
Fig. 11(a). This floor beam is parameterized by seven 
bending stiffnesses, 𝐸𝐼ଵ௙ − 𝐸𝐼଻௙  and seven axial 
stiffnesses, 𝐸𝐴ଵ௙ − 𝐸𝐴଻௙ . The values of the areas and 
inertias of the remaining regions (Fig. 11(a)) are presented 
in Table 2. The values of 𝐸𝐴ଵ௙ − 𝐸𝐴଻௙ 𝐸𝐼ଶ௙, 𝐸𝐼ଷ௙ and EIହ୤ − EI଻୤ are assumed to be the same as type VIII in 
Table 2 while stiffness reductions of 40% and 30% are 
applied on 𝐸𝐼ଵ௙  and 𝐸𝐼ସ௙ , respectively, to simulate the 
effects of structural damages. The elastic modulus 𝐸 of all 
elements is 3.5 × 104 MPa. 

 
 

Table 2 Values of the parameters for the high-rise frame 
(Note: A for area and I for inertia) 

Regions A (m2) I (m4) 
I 0.563 0.026 
I 0.360 0.011 

III 0.250 0.005 
IV 0.360 0.011 
V 0.250 0.011 
VI 0.160 0.002 
VII 1.800 5.400 
VIII 0.180 0.005 

 

 

Fig. 11 (a) Finite element model of the 13-story frame 
structure with the targeted beam to be identified 
(Unit: m); (b) loading case 1(LC1) and its bending 
moment diagram; (c) loading case 2(LC2) and its 
bending moment diagram; (d) loading case 3(LC3) 
and its bending moment diagram 

 
 
Three loading cases (LC1-LC3) are studied. Uniform 

loads of 20 kN/m are introduced into different parts of the 
floor beam in LC1-LC3. The range of these loading cases 
and the bending moment diagrams are shown in Figs. 11(b)-
(d). All the 15 axial and 15 bending stiffnesses are assumed 
as unknown. As deflections v and rotations w are only 
measured within the target floor beam, it is anticipated that 
only 𝐸𝐼ଵ௙ − 𝐸𝐼଻௙ can be estimated. However, this does not 
guarantee the accuracy of the parameter estimation when 
only one loading case is adopted, as shown below. 

To demonstrate the advantage and effectiveness of using 
multiple loading cases, scenarios 1-4 are considered, as 
depicted in Fig. 12. It is assumed that 34 deflections and 16 
rotations are used to identify 𝐸𝐼ଵ௙ − 𝐸𝐼଻௙. The first three 
scenarios aim to identify the bending stiffnesses under one 
loading case from LC1-LC3. Scenarios 4 aims to improve 
the estimations by using LC1 and LC2 together. In both 
loading cases, 17 deflections and 8 rotations are used, 
summing up to 34 deflections and 16 rotations for the 
associated scenario. It should be noted that these number of 

 
 

Fig. 12 Locations of the measured deflections (v) and 
rotations (w) for different scenarios: (a) scenario 
1; (b) scenario 2; (c) scenario 3; (d) scenario 4
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Fig. 13 Box plots of the estimations of different scenarios: 
(a) Scenario 1; (b) Scenario 2; (c) Scenario 3; (d) 
Scenario 4 

 
 

sensors are adopted here to improve the accuracy of the 
estimations. Minimum number of sensors is the number of 
parameters to identify. The final sensor configurations for 
these scenarios are depicted in Fig. 12. 

During the optimization, the absolute constraints of [0.5, 
1.5] are applied on the bending stiffnesses for the null 
curvature zones, namely, LC1 (𝐸𝐼ଶ௙ , 𝐸𝐼ହ௙ , 𝐸𝐼଺௙ ), LC2 
(𝐸𝐼ଶ௙, 𝐸𝐼ଷ௙ 𝐸𝐼଺௙) and LC3 (𝐸𝐼ଶ௙, 𝐸𝐼଺௙). When LC1 and 
LC2 are used together, all the diagonal entries of the 
inversed FIM are lower than 0.05. Hence, all bending 
stiffnesses can be identified and no constraint is applied on 
them in scenario 4. For each OSP configuration of the 
associated scenario, 200 measurement sets are simulated 
using Eq. (20) with an error level of 5%. The 200 
estimations of the 14 bending stiffnesses are summarized by 
the boxplots in Fig. 13. 

All the y axes are scaled to [0.4, 1.6] to ease the 
comparison between different scenarios. In scenario 1-3 
(Figs. 13(a)-(c)), single loading cases are used to obtain the 
estimations of the bending stiffnesses. The estimations of 
bending stiffnesses associated with null curvature zones 
have much larger dispersion (indicated by the length of the 
box) than other bending stiffnesses. In scenario 4 (Fig. 
13(d)), it is seen that the dispersion of all parameters is well 
controlled when compared with those for scenarios 1-3. In 
the meanwhile, the dispersion of the estimations of bending 
stiffnesses associated with zones of high curvatures is also 
reduced obviously. 

The averaged C.O.V.s for scenarios 1-4 are 0.122, 0.11, 
0.114 and 0.029, respectively. Drastic decrease is observed 
in scenario 4. For each of the bending stiffnesses 𝐸𝐼ଵ௙ −𝐸𝐼଻௙ , the lowest C.O.V.s from scenarios 1-3 are 0.031, 
0.098, 0.026, 0.022, 0.042, 0.201, 0.041 while the 
associated C.O.V.s in scenario 4 are 0.024, 0.031, 0.021, 
0.023, 0.031, 0.035, 0.039, respectively. This means 
decreases of 22.6%, 68.4%, 19.2%, -4.5%, 26.2%, 82.6%, 
4.9% for these parameters. Despite of the slight increase of 

C.O.V. for 𝐸𝐼ସ௙ , the overall results are significantly 
improved. 

It should be pointed out that the uniform loading was 
adopted in examples 1 and 2 to settle a theoretical basis for 
the proposed method. Concentrated loading and 
experimental study will be carried out in the future study. 

 
 

5. Conclusions 
 
This paper presents the static Structure System 

Identification (SSI) by Measurement Error-Minimizing 
Observability Method (MEMOM) under multiple loading 
cases for first time in the literature. The observability 
equations for different loading cases are concatenated 
together so that the information from multiple loading cases 
can be addressed simultaneously. The estimations of the 
parameters are determined by minimizing the square sum of 
the ratios between the error terms and the measured 
displacements. The method presented here is an 
improvement on the SSI by MEMOM under single loading 
case regarding its ability to identify those parameters in null 
curvature zones. 

In the meanwhile, the Optimal Sensor Placement (OSP) 
problem for the static SSI is formulated as a combinatorial 
optimization problem with the determinant of the Fisher 
Information Matrix as the objective function and the sensor 
location vector as the design variable. The location of the 
sensors in each loading case is kept as a constant to avoid 
the cumbersome work of the disassembly and the 
installation of sensors. Also, the number of measured 
deflections and rotations can be specified directly. 

To justify the effectiveness of the proposed methods on 
beam and frame like structures the numerical examples of a 
3-span continuous bridge and a 13-storey frame are 
investigated using noisy measurements with respect to the 
loading cases and measurement types. The numerical results 
show the capability of the proposed method to improve the 
estimations of unidentifiable parameters due to the 
limitations of using only single loading case. After using 
multiple loading cases, the overall estimation accuracy and 
dispersion can be improved significantly. In addition, the 
proposed GA-based OSP method could give reasonable 
results for the SSI and it provides a systematic way to 
design sensor configuration under multiple static loading 
cases. In the future work, the verification of the proposed 
GA-based OSP method based on multiple static loading 
cases and a single case with the same sensor locations will 
be studied to further illustrate the advantage of this method. 
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