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1. Introduction 

 
The functional integrity of train wheels is critical for the 

safe operation of contact-type railway system. Troublesome 
events or even serious accidents can be caused by wheel 
defects, such as annoying noise (Petersson 2000, Wu and 
Thompson 2002, Kouroussis et al. 2014), abnormal 
vibration patterns (Morys 1999, Wu and Chi 2016), 
degradation of vehicle components (Dukkipati and Dong 
1999, Barke and Chiu 2005), and even derailment 
(Johansson and Nielsen 2003, Jin et al. 2012). A variety of 
wheel defect detection strategies have been investigated in 
the past decades. Technically, these approaches can be 
divided into two branches: offline inspection and online 
monitoring. As a mature procedure of offline maintenance, 
the regular wheel re-profiling strategy is widely used due to 
its reliability and effectiveness (Pohl et al. 2004). With the 
development of novel techniques such as ultrasonic wave 
technique (Pau 2005, Wu et al. 2017), offline wheel 
condition assessment becomes more targeted and efficient, 
which can avoid the service-life reduction of wheelsets 
made by simply mileage-based re-profiling of all wheels in 
the overhauled train, eventually reducing the maintenance 
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costs. Nevertheless, offline detection cannot reflect the 
health status of wheels in a real-time manner. Benefiting 
from the development of sensing technology, various kinds 
of sensors have come to the fore over the last two decades, 
such as laser sensors (Asplund et al. 2014), fiber Bragg 
grating (FBG) sensors (Wei et al. 2011, Filograno et al. 
2013), acoustic emission sensors (Bollas et al. 2013), and 
piezoelectric strain gauges (Stratman et al. 2007, Milković 
et al. 2013, Krummenacher et al. 2017), which make real-
time monitoring feasible. Online monitoring techniques 
have been extensively studied ever since. A comparison of 
wheel condition assessment techniques (Liu et al. 2018, 
2019) shows that online methods have better monitoring 
efficiency than offline inspection strategies. 

The diagnostic algorithms for online wheel health 
assessment can be generally grouped into two categories: 
deterministic ones and probabilistic ones. For deterministic 
algorithms, in most cases, a threshold needs to be 
empirically determined to distinguish the intact and 
deteriorated wheels. Using acceleration data, Belotti et al. 
(2006) developed a wavelet-based method to detect the 
bogie with damaged wheels. With the FBG technique, Wei 
et al. (2011) proposed a condition index (CI) for 
quantitative evaluation of wheel conditions. The structural 
health monitoring trends (SHMT) explored by Stratman et 
al. (2007) were used to represent the change of dynamic 
impact load with respect to time. A noticeable increase in 
the SHMT within a limited period indicates the presence of 
failed wheels. Filograno et al. (2013) designed a high-pass 
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filter to extract the wheel condition-related information. A 
considerable increase in the energy of the high-pass signal 
compared to the baseline indicates notable out-of-roundness 
of a wheel. 

However, uncertainties inherent in the monitoring data, 
which can be caused by the environmental conditions or the 
stochastic interaction between wheels and rails, cannot be 
considered in the deterministic algorithms. In this 
connection, probabilistic algorithms have been increasingly 
investigated in the past decade, which are expected to yield 
more robust results (Jamshidi et al. 2016). For example, two 
techniques for wheel defect detection based on machine 
learning were developed by Krummenacher et al. (2017): 
the first one uses the wavelet transform to extract the 
features of vertical force measurements, and these features 
are further used to train a classifier using support vector 
machine; the second one realizes the automatic 
classification of different types of wheel defects through 
convolutional neural networks in the context of deep 
learning. Liu and Ni (2018) developed an FBG-based 
monitoring system to detect wheel tread defects. This 
approach introduced a 5-point quadratic polynomial to 
smooth every measured data segment of each wheel and 
Chauvet’s criterion was used for anomaly detection of all 
processed segments individually. A Bayesian forecasting 
method was employed to identify outliers of acceleration-
monitoring data captured from sensors equipped on the car 
body of a high-speed train (Zhang et al. 2018, Wang et al. 
2020). The deterioration of wheels was indirectly reflected 
through the anomaly vibration of the car body, thereby the 
exact faulty wheel cannot be identified by this method. A 
fully Bayesian inference framework was exploited for 
online wheel condition monitoring by Ni and Zhang (2020). 
Enhanced by Bayesian sparse representation, a probabilistic 
regression model was formulated which achieved robust 
performance and successfully detected degraded wheels. 
However, the aforementioned methods fail to take the effect 
of train running-speed into account. 

This study aims to formulate a data-driven, speed-
tolerant, and response-only Bayesian-based wheel condition 
evaluation model in the context of relevance vector machine 
(RVM) (Tipping 2001). The frequency content of the 
obtained dynamic strain measurements and train running-
speed are configured as the two-dimensional inputs to 
formulate a multiple probabilistic regression model 
(MPRM). Due to the time and cost constraints in field 
experiments, the training data are always sparse and 
discrete in containing diverse speed information compared 
to those under actual train operating conditions. However, 
the explanatory variable of speed in MPRM is still intended 
to be functionally continuous. In light of this, the MPRM 
should have satisfactory interpolation and extrapolation 
performance on the range of speed variables without 
support training data, which is in accord with the superiority 
of sparse representation embedded in the RVM algorithm. 
Considering that the radial basis function (RBF) is widely 
used in approximate high-precision solutions of various 
functions or models (Wong et al. 2002, Flyer and Wright 
2009, Flyer et al. 2016), the Gaussian RBF is selected for 
kernel design of the RVM baseline, which facilitates the 
data fitting ability. However, the kernel width of RBF 

determines its range of action, which means the efficiency 
of an RBF will decrease with the increase of the Euclidean 
distance between its center and the prediction region. In 
other words, this property may weaken the prediction 
capacity of the MPRM. It was observed that the polynomial 
models with power function terms (PFTs) are adept at data 
prediction and generalization (Wei et al. 2018). Therefore, 
RBFs in conjunction with PFTs are adopted cooperatively 
as the kernel functions of the MPRM in this study to 
ameliorate the naive MPRM that employs RBFs only. A 
comparative study reveals that the optimized multi-kernel 
MPRM performs satisfactorily in both accuracy and 
generalization. Such a property endows the MPRM with 
favorable interpolation and extrapolation capabilities, which 
lays the foundation for the wheel defect detection task 
under various train running-speed conditions. 

 
 

2. Basis of relevance vector machine and defect 
detection algorithm 
 
2.1 RVM modeling 
 
To account for the uncertainty and enhance the 

prediction/generalization capability of the formulated 
probabilistic regression model, sparse Bayesian learning 
and RVM (Tipping 2001) are cast in the modeling process. 
Marin and Robert (2007) have proved the advantage of 
Bayesian approaches in interpreting uncertainty. The RVM 
approach in the framework of sparse Bayesian regression is 
able to prevent overtraining/overfitting and obtain a sparse 
regression solution, thus avoiding a complex expression of 
the formulated model and greatly enhancing its prediction 
capability. 

In the existence of noise, the nonlinear mapping 
between model input 𝒙 ∈ 𝕽𝑴ൈ𝑫  and output 𝒚 ∈𝕽𝑴ൈ𝟏 can be expressed as 

 𝒕 ൌ 𝒚 ൅ 𝝐 ൌ 𝜳𝒘 ൅ 𝝐 (1)
 

where 𝒕 ∈ 𝕽𝑴ൈ𝟏 stands for target vector (measurements of 
the output), 𝒘 ൌ ሾ𝑤ଵ, 𝑤ଶ, … , 𝑤ேሿ்  represents the weight 
parameters; and 𝝐 ∈ 𝕽𝑴 is the additive noise vector with 
zero mean and variance of 𝜎ଶ. In this study, the design 
matrix 𝜳 ൌ ሾ𝜱; 𝝆ሿ  contains two matrices consisting of 
various kernel functions. The matrix  𝜱 ൌሾ𝝓ଵሺ𝒙ሻ, 𝝓ଶሺ𝒙ሻ, … , 𝝓ெሺ𝒙ሻሿ consists of 𝑀 vectors and each 
vector includes 𝑀  elements, that is, 𝝓௜ሺ𝒙ሻ ൌሾ𝜙ሺ𝑥ଵ, 𝑥௜ሻ, 𝜙ሺ𝑥ଶ, 𝑥௜ሻ, … , 𝜙ሺ𝑥ெ, 𝑥௜ሻሿ். The matrix 𝝆 is made 
up of several PFTs, and the detailed setting of 𝝆  is 
illustrated in Section 4. 

Then the probability density function of the target vector 𝒕 can be expressed as 
 𝑃ሺ𝒕|𝑤, 𝜎ଶሻ ൌ ሺ2𝜋𝜎ଶሻିమಿ 𝑒𝑥𝑝 ൜െ 12𝜎ଶ ∥ 𝒕 െ 𝜳𝒘 ∥ଶൠ (2)

 
To constrain the complexity of the weight parameters 𝒘, the RVM utilizes a zero-mean Gaussian prior over 𝑤௜’s 

with the corresponding hyper-parameters 𝛼௜’s 
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𝑃ሺ𝒘|𝜶ሻ ൌ ෑ 𝑁ሺ0, 𝛼௜ି ଵሻே௜ୀଵ  (3)

 
The posterior probability 𝑃ሺ𝒘, 𝜶, 𝜎ଶ|𝒕ሻ  of all the 

parameters can be decomposed as (Tipping 2001) 
 𝑃ሺ𝒘, 𝜶, 𝜎ଶ|𝒕ሻ ൌ 𝑃ሺ𝒘|𝒕, 𝜶, 𝜎ଶሻ𝑃ሺ𝜶, 𝜎ଶ|𝒕ሻ (4)
 
For brevity, 𝜎ଶ is replaced by 𝛽ିଵ, and the first item on 

the right-hand side of Eq. (4) is rewritten as 
 𝑃ሺ𝒘|𝒕, 𝜶, 𝛽ሻ~𝑁ሺ𝒎, 𝜮ሻ (5)
 

where the mean 𝒎 and covariance 𝜮 are 
 𝒎 ൌ 𝛽𝜮𝜳𝑻𝒕 (6)
 𝜮 ൌ ሺ𝐀 ൅ 𝛽𝜳𝑻𝜳ሻିଵ (7)
 

where 𝑨 ൌ 𝑑𝑖𝑎𝑔ሺ𝜶ሻ. 
To figure out the mean and covariance of the target 

vector 𝒕, the values of the hyper-parameters α and β should 
be iterated to maximize the log marginal likelihood 
(Tipping 2001) 

 𝑙𝑛𝑃ሺ𝒕|𝜶, 𝛽ሻ 𝑁2 𝑙𝑛𝛽 െ 𝐸ሺ𝒕ሻ െ 12 𝑙𝑛|𝜮| െ 𝑁2 𝑙𝑛ሺ2𝜋ሻ ൅ 12 ෍ 𝑙𝑛𝛼௜ெ
௜ୀଵ  (8)

 
Taking partial derivatives of Eq. (8) with respect to 𝛼௜’s 

and 𝛽, we can obtain 
 𝛼௜ ൌ 𝛾௜𝑚௜ଶ (9)

 𝛽 ൌ 𝑁 െ 𝛴௜𝛾௜∥ 𝒕 െ 𝜳𝒘 ∥𝟐 (10)
 

where 𝛾௜ ൌ 1 െ 𝛼௜Σ௜௜. 
The initial mean 𝒎 and covariance 𝜮 in Eqs. (6)-(7) 

can be obtained by setting the hyper-parameters 𝜶 and 𝛽. 
Then, new 𝜶 and 𝛽 can be obtained by maximizing the 
log marginal likelihood of Eq. (8), and the updated mean 
and covariance are determined thereafter. After several 
iteration processes, the final values of 𝒎 and 𝜮 can be 
attained once the criterion of convergence is satisfied. 

The starting values of the hyper-parameters 𝜶  are 
extremely small, but with the process of iteration, most of 𝛼௜’s will tend to infinity, which will result in the weight 
parameters as follows 

 𝑙𝑖𝑚ఈ೔→ஶ 𝜮 ൌ 𝑙𝑖𝑚ఈ೔→ஶሺ𝑨 ൅ 𝛽𝜳𝑻𝜳ሻି𝟏 ൌ 0 (11)
 ⟹ limఈ೔→ஶ 𝒎 ൌ limఈ೔→ஶ𝛽𝜮𝜳𝑻𝒕 ൌ 0 (12)
 
Eqs. (11)-(12) illustrate that most weight parameters will 

reach the distribution 𝑤௜~𝑁ሺ0,0ሻ, and thus the sparsity of 
the regression model is obtained automatically. The non-
zero 𝑤௜ parameters along with their corresponding input 

data are defined as “the relevance vectors”. 
The predictive distribution over 𝒕∗ for new input 𝒙∗ 

with N points is 
 𝑃ሺ𝒕∗|𝒙∗, 𝜶, 𝛽ሻ ൌ න 𝑃ሺ𝒕∗|𝒘, 𝛽ሻ𝑃ሺ𝒘|𝒕, 𝜶, 𝛽ሻ𝑑𝒘ൌ 𝒩ሺ𝝁∗, 𝜮∗ሻ 

(13)

 

with 
 𝝁∗ ൌ 𝜳∗𝒎 (14)
 𝜮∗ ൌ 𝛽ିଵ𝑰ே ൅ 𝜳∗𝜮𝜳∗் (15)
 

where 𝜳∗ is the kernel function matrix of the new input 𝒙∗. Tipping (2001) suggested ignoring the relatively small 
second term on the right-hand side of Eq. (15) so that the 
covariance matrix 𝜮∗  could be simplified to a diagonal 
matrix with uniform elements 𝜎∗ଶ, and then 

 𝜎∗ଶ ൌ 𝛽ିଵ (16)
 
2.2 Bayesian approach for anomaly detection 
 
To identify and quantify anomalies that deviate from the 

sparse Bayesian regression model, two hypotheses 𝐻଴ and 𝐻ଵ  are defined: the null hypothesis 𝐻଴  represents a 
statistical model in healthy status; while the hypothesis 𝐻ଵ 
shifting the expectation of the null hypothesis 𝐻଴ with a 
pending ℎ stands for a statistical model in anomaly status 
(Lipowsky et al. 2002). The statistical models 𝐻଴  and 𝐻ଵ are 𝒩ሺ𝝁∗, 𝜮∗ሻ and 𝒩ሺ𝝁∗ ൅ ℎ, 𝜮∗ሻ respectively. Bayes 
factor (BF) (Marin and Robert 2007) defined as Eq. (17) 
can be employed as an indicator for the selection of 𝐻଴ 
and 𝐻ଵ models on the basis of observation 𝒚𝒑 

 𝐵𝐹 ൌ 𝑃ሺ𝒚𝒑|𝐻ଵሻ𝑃ሺ𝒚𝒑|𝐻଴ሻ ൌ 𝑒𝑥𝑝 ൤12 ൫𝜺𝟎𝑻𝜮∗ି𝟏𝜺𝟎 െ 𝜺𝟏𝑻𝜮∗𝜺𝟏൯൨ (17)

 
where 𝜺𝟎 ൌ 𝒚𝒑 െ 𝝁∗ and 𝜺𝟏 ൌ 𝒚𝒑 െ ሺ𝝁∗ ൅ ℎሻ; and 𝒚𝒑 is 
the model output obtained from the RVM-based MPRM. In 
this study, an alternative expression that interprets BF on 
the log scale (Aitkin 1991, Kass and Raftery 1995) is 
adopted, which is 

 𝐵𝐹ଶ௟௡ ൌ 2𝑙𝑛 ሺ𝐵𝐹ሻ ൌ 𝜺𝟎𝑻𝜮∗ି𝟏𝜺𝟎 െ 𝜺𝟏𝑻𝜮∗𝜺𝟏 (18)
 
With the intention of avoiding BF to be affected by the 

scale of data, a normalization step to make this factor scale-
invariant is carried out 

 𝑁𝐵𝐹ଶ௟௡ ൌ 𝐵𝐹ଶ௟௡𝑁 ൌ 1𝑁 ൫𝜺𝟎𝑻𝜮∗ି𝟏𝜺𝟎 െ 𝜺𝟏𝑻𝜮∗𝜺𝟏൯ (19)

 
where 𝑁 is the number of elements in the output vector 𝒚𝒑. 

As demonstrated in Eq. (17), a BF smaller than one 
illustrates that the observed 𝒚𝒑 is in accord with the 
hypothesis of the wheel in healthy status; otherwise, the 
data is in favor of the hypothesis that the wheel is defective. 
Correspondingly, according to Eq. (19), if 𝑁𝐵𝐹ଶ௟௡ is 
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Table 1 Relationship between significance level 𝜓 and 
shifting parameter ℎ 𝜓 61.7% 31.7% 13.36% 4.55% 1.24% 0.27%ℎ 1𝜎∗ 2𝜎∗ 3𝜎∗ 4𝜎∗ 5𝜎∗ 6𝜎∗ 

 

 
 

negative, no damage is indicated; while when 𝑁𝐵𝐹ଶ௟௡ is 
positive, damage is flagged, and a larger 𝑁𝐵𝐹ଶ௟௡ warns a 
more serious defect. The choice of the shifting parameter ℎ 
affects the risk of false-positive alarm in wheel defect 
detection, and the risk can be quantified by the significance 
level 𝜓 (Zhang 2020) 

 𝜓 ൌ 2 ൤1 െ 𝜉 ൬ ℎ2𝜎∗൰൨ (20)
 

where 𝜉  is the cumulative distribution function of the 
standard normal distribution. The typical values of the 
significance level 𝜓  and the corresponding shifting 
parameter ℎ are given in Table 1. 

 
 

3. Monitoring system and features of measured 
strain data 
 
3.1 FBG-based wheel condition monitoring system 
 
An FBG-strain gauge array system along with its data 

acquisition instruments is illustrated in Fig. 1. In this 
system, two FBG arrays are deployed along the foot of rail 
tracks on both sides. In recognizing that the circumference 
of the train wheels in field experiments is about 2.9 m, the 
length of the sensor array is set to be 3 m to capture the 
complete strain response during the passage of each wheel 
(rolling). Each array contains 21 FBG strain sensors evenly 
distributed on the rail foot with 0.15 m intervals, and such a 
dense arrangement can characterize abundant wheel defect 
detection performance (Liu and Ni 2018). This system also 
includes a high-performance optical interrogator along with 
a computer that controls the entire data acquisition 
procedure, and makes the sampling rate in data acquisition 
as high as 5000 Hz. 

 
 
 

Fig. 1 FBG-based monitoring system 

3.2 Features of measured strain data 
 
It is known from previous studies that the low-frequency 

components of rail dynamic strain responses are mainly 
caused by wheelbases and axle loads (Zhang 2020), while 
the high-frequency ingredients contain more wheel-rail 
surface roughness relevant information (Wei et al. 2011, 
Filograno et al. 2013). Filograno et al. (2013) suggested 
dividing the response measurements into high-frequency 
portions and low-frequency portions with a demarcation 𝑓ௗ 
to extract defect-related information from the data, and 𝑓ௗ 
is defined as 

 𝑓ௗ ൌ 𝑘𝑣 (21)
 

where 𝑘 is the proportional coefficient which is set as 1.0 
Hz h/km in this study based on the previous research (Ni 
and Zhang 2020), and 𝑣 is the running speed of the train. It 
has been revealed that utilizing the extracted high-
frequency components can prevent the signal from being 
notably affected by loading conditions (Johansson and 
Nielsen 2003, Uzzal et al. 2008). 

The rail strain data collected under different train speeds 
of 10 km/h, 20 km/h, 30 km/h, 40 km/h, and 50 km/h are 
preliminarily filtered according to Eq. (21). Fig. 2(a) shows 
a typical raw strain signal collected by the 10th FBG sensor 
on the right side rail (shorthand for R10) when an 8-car 
electric multiple unit (EMU) train passes through the 
instrumented rail at a speed of 10 km/h. This time-series 
record contains 32 peaks which represent the strain 
responses induced by the corresponding 32 wheels on one 
side of the train (4 wheels for each car). Each deployed 
sensor as shown in Fig. 1 records its individual strain time 
history, and a collection of the data acquired from all 
sensors will be used to offer a comprehensive assessment of 
wheel condition. Fig. 2(b) illustrates the high-pass filtered 
component of the signal in Fig. 2(a) with frequencies higher 
than 10 Hz. The filtered data around the 32 peaks located in 
Fig. 2(a) are selected and segmented, each segment 
encompassing 1500 data points (which is about 0.3s when 
the speed is 10 km/h); the length of the data segments is 
scaled according to the running speed. 

 
 
 
 

Fig. 2 Measured strain response of R10: (a) raw data; 
(b) high-pass filtered data 
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Fig. 3 depicts the Fourier amplitudes (FA) of the 

extracted strain response segments along with their 
corresponding cumulative Fourier amplitudes (CFA) under 
various running-speed conditions acquired by the sensor 
R10. The lower limits of the concerned frequency bands are 
determined by Eq. (21) according to the speed condition of 
each measured strain data and the upper limit is empirically 
fixed at 1000 Hz to ensure sufficient information contained 
in the frequency band. It can be seen that the FAs in Fig. 3 
are fluctuating, and such variation is not conducive to 
modeling. To make the results more consistent and 
smoother, we introduce CFA by defining 

 𝑦௡ ൌ ෍ 𝑥௜௡௜ୀଵ  (22)
 

where 𝑥௜ represents the value of Fourier amplitude at each 
frequency point and 𝑦௡  is the corresponding converted 
CFA. All the strain dynamic response data collected by the 
monitoring system are pre-processed in the preceding way. 
Subsequently, the obtained CFAs will be used for the 
formulation of MPRM. 

 
 

4. RVM-based MPRM formulation for measured 
strain data 
 
4.1 Bayesian approach for anomaly detection 
 
Since the frequency and train speed are considered as 

two input variables of the RVM-based MPRM, the 

 
 

dimension 𝑫 of 𝒙 is 2. The two-dimensional 𝝓௜ሺ𝒙ሻ in 
the design matrix 𝜱 is given as 

 𝝓௜ሺ𝒙ሻ ൌ 𝝓 ቆቈ𝑥௜஽ଵ𝑥௜஽ଶ቉ቇൌ 𝑒𝑥𝑝 ቆ‖𝑥஽ଵ െ 𝑥௜஽ଵ‖ଶ ൅ ‖𝑥஽ଶ െ 𝑥௜஽ଶ‖ଶെ𝛾ଶ ቇ 
(23)

 
where 𝑥஽ଵ  represents the variable of speed and 𝑥஽ଶ 
represents the variable of frequency; and 𝛾 is the kernel 
width, which is a parameter affecting the accuracy and 
sparsity of the model, that needs to be predetermined. It is 
observed that with the increase of the kernel width, the 
number of the relevance vectors gradually decreases, and 
the model is transferred from overfitting to underfitting 
(Ben-Hur et al. 2008). Therefore, determination of the 
kernel width is crucial for the MPRM establishment. 

To determine an appropriate kernel width 𝛾 , two 
indicators, i.e., root-mean-square error (RMSE) and 
redundancy rate (RR), are evaluated. The RMSE or root-
mean-square deviation is a general index measuring the 
difference between model-predicted results and 
observations, which can compare the prognosis abilities of 
different models of a prescribed dataset (Hyndman and 
Koehler 2006, Willmott and Matsuura 2006, Pontius et al. 
2008). The RMSE is defined as 

 𝑅𝑀𝑆𝐸 ൌ ඨ1𝑁 ෍ ሺ𝑦௜ െ 𝑡௜ሻଶே௜ୀଵ  (24)

 
Fig. 3 FA and CFA of strain response segments under different running speeds: 

(a) 10 km/h; (b) 20 km/h; (c) 30 km/h; (d) 40 km/h; (e) 50 km/h

307



 
Yuan-Hao Wei, You-Wu Wang and Yi-Qing Ni 

where 𝑦௜ is the CFA values and 𝑡௜ is the corresponding 
MPRM output; 𝑁 is the number of training data points. 
The indicator RR is defined as the ratio between the number 
of relevant vectors and the training data. This index reflects 
the model fitting effect of a formulated model to prevent the 
over-fitting or under-fitting in a roundabout way. On the 
premise of ensuring accuracy, the RR index is desired to be 
smaller to increase the smoothness and generalization of the 
model. The RR is given by 

 𝑅𝑅 ൌ 𝑁௪𝑁 ൈ 100% (25)
 

where 𝑁௪  is the number of the relevance vectors. The 
smaller the RR index, the less the number of relevance 
vectors needed, and the better the sparse performance of the 
model. 

The CFAs of the filtered and segmented data acquired 
by R10 under various train speeds are utilized to formulate 
the MPRM based on the RVM algorithm. A series of 𝛾 
varying from 0.1 to 300 along with its corresponding RMSE 
and RR are shown in Fig. 4 for the determination of a 
suitable kernel width. It can be seen that the RMSE 
fluctuates and gradually rises for the kernel width 𝛾 
ranging between 0.1 and 110. There is a notable increase in 
RMSE when the kernel width changes from 𝛾 ൌ 110 to 𝛾 ൌ 120 and then the trend stabilizes. The RR displays a 
considerable decline when the kernel width changes from 𝛾 ൌ 0.1 to 𝛾 ൌ 60, and the subsequent drop of the RR is 
relatively mild. Considering the tendencies of the above two 
indicators comprehensively, it is most cost-effective when 
the kernel width is set to be 𝛾 ൌ 110. In order to examine 
the extrapolation capability of the formulated MPRM 
model, the monitoring data at the running speed of 50 km/h 
are excluded from the MPRM formulation. About 1% (34 
terms) of the total training data points are deduced as the 
relevance vectors through the RVM algorithm. According to 
Eqs. (1) and (23), the 34 non-zero weights along with the 
associated kernels of the MPRM are 

 

 
where 𝑥஽ଵ is the input variable of speed dimension and 𝑥஽ଶ is the input variable of frequency dimension. For 
instance, 𝝓 ቀቂ1080ቃቁ indicates that a derived relevance 
vector has its speed of 10 km/h and frequency of 80 Hz, and 
the associated weight is 2.31 from the above expressions. 
For model uncertainty, the unified variance of this MPRM 

Fig. 4 Kernel width against RMSE and RR
 
 
is 𝜎∗ଶ ൌ 𝛽ିଵ ൌ  0.49 according to Eq. (16). In the 
formulation of this MPRM, we intentionally exclude the 
data collected at the speed of 50 km/h with the intent to 
verify the extrapolation performance of the formulated 
MPRM. This model is shown in Fig. 5. It is seen that while 
the predicted results (extrapolation) of the model at 50 km/h 
are less accurate than those at other speeds, the model is 
capable of extrapolation. Fig. 6 shows a reference MPRM 
model which is trained by using the data covering all 5 
available speeds from 10 km/h to 50 km/h. It is seen that the 
reference model fits the data better than the previous 
extrapolation model. Also, an MPRM model is trained 
without using the data collected at the speed of 40 km/h 
with the intent to verify the interpolation performance of the 
formulated MPRM. This model is shown in Fig. 7. Figs. 8 
and 9 illustrate comparisons between the reference model 
and the extrapolation/interpolation models. It is apparent 
that the interpolation performance is superior to the 
extrapolation performance. For the sake of convenience in 
expression, in this study the reference model refers to the 
MPRM model trained using data under the speed conditions  
 

 
of 10-50 km/h, while the extrapolation model is trained 
without using data at 50 km/h, and the interpolation model 
is trained without using data at 40 km/h. 

 
4.2 Model optimization 
 
The design matrix of the RVM kernels can be implanted 

𝒘 ൌ ሾ2.31, െ27.12, 57.13, 934.68, െ1418.31,1379.72, 320.02, 1384.24, െ1881.42, 2177.84,           1825.62, 467.76, െ40.33, 75.44, െ528.56, െ3189.41, െ1685.66, െ68.27, 31.59, െ2175.96,          െ1977.22, 16.42, െ110.02, 214.85, 517.79,2286.87, െ2468.73, 1991.88, 945.63, െ950.73,          1073.52, 856.44, 294.15, െ123.76ሿ𝑻 
 𝛹ௌ଴ ൌ ቂ𝜙 ቀቂ1010ቃቁ , 𝜙 ቀቂ1080ቃቁ , 𝜙 ቀቂ 10320ቃቁ , 𝜙 ቀቂ 10400ቃቁ , 𝜙 ቀቂ 10400ቃቁ , 𝜙 ቀቂ 10480ቃቁ , 𝜙 ቀቂ 10480ቃቁ , 𝜙 ቀቂ 10720ቃቁ ,             𝜙 ቀቂ 10760ቃቁ , 𝜙 ቀቂ 10800ቃቁ , 𝜙 ቀቂ 10880ቃቁ , 𝜙 ቀቂ 10960ቃቁ , 𝜙 ቀቂ 101000ቃቁ , 𝜙 ቀቂ2040ቃቁ , 𝜙 ቀቂ 20360ቃቁ , 𝜙 ቀቂ 20840ቃቁ ,              𝜙 ቀቂ 20840ቃቁ , 𝜙 ቀቂ3030ቃቁ , 𝜙 ቀቂ 30240ቃቁ , 𝜙 ቀቂ 30520ቃቁ , 𝜙 ቀቂ 30680ቃቁ , 𝜙 ቀቂ4080ቃቁ , 𝜙 ቀቂ 40280ቃቁ , 𝜙 ቀቂ 40320ቃቁ ,              𝜙 ቀቂ 40480ቃቁ , 𝜙 ቀቂ 40560ቃቁ , 𝜙 ቀቂ 40600ቃቁ , 𝜙 ቀቂ 40640ቃቁ , 𝜙 ቀቂ 40720ቃቁ , 𝜙 ቀቂ 40760ቃቁ , 𝜙 ቀቂ 40800ቃቁ , 𝜙 ቀቂ 40880ቃቁ ,              𝜙 ቀቂ 40960ቃቁ , 𝜙 ቀቂ 401000ቃቁቃ 
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Fig. 5 Extrapolation case: MPRM formulated without 
using the data collected at 50km/h speed 

 
 

Fig. 6 Reference model using data at all available speeds
 
 

Fig. 7 Interpolation case: MPRM formulated without using 
the data collected at 40km/h speed 

 
 
 

flexibly, which makes it possible to enhance the 
generalization capability of the MPRM model. In this 
section, the PFTs appending to the previous RBFs’ design 
matrix are introduced for the sake of model optimization. 
Benefiting from the embedding of sparse characteristics, the 
RVM-based model can conclude the indispensable items in 
PFTs automatically while expunging unnecessary elements 
(whose weight coefficients are nearly equal to zero). From 
the preceding section, it is observed that the expression of 
the MPRM is not complicated. Therefore, the exponentials 
of PFTs are empirically set as [0:0.1:5] containing 51 terms, 
which are deemed sufficient. Then two novel design matrix 
scenarios are defined 
 𝜳ௌଵ ൌ ሾ𝜱, 𝝆஽ଵሿ ൌ ሾ𝝓ଵሺ𝒙ሻ, … , 𝝓ெሺ𝒙ሻ, 𝒙஽ଵ଴ , … , 𝒙஽ଵହ ሿ (26)
 

Fig. 8 (a) Comparison of the predicted mean values 
between the extrapolation model and reference 
model; (b) residuals between the means

 
 

Fig. 9 (a) Comparison of the predicted mean values 
between the interpolation model and reference 
model; (b) residual between the means

 
 𝜳ௌଶ ൌ ሾ𝜱, 𝝆஽ଵ, 𝝆஽ଶሿൌ ሾ𝝓ଵሺ𝒙ሻ, … , 𝝓ெሺ𝒙ሻ, 𝒙஽ଵ଴ , … , 𝒙஽ଵହ , 𝒙஽ଶ଴ , … , 𝒙஽ଶହ ሿ (27)

 
where scenario 1 (S1) attaches PFTs to the speed variable 
only, while scenario 2 (S2) appends PFTs to both speed and 
frequency variables. For S2, the weight parameters of the 
two input dimensions in PFTs are independent since the 
trends of the model with respect to the two variables (speed 
and frequency) are anisotropic. Three scenarios including 
the original case (set as S0) where only RBF is employed in 
kernel design are further explored and compared. 

Fig. 10 illustrates the variation of RMSE along with the 
corresponding number of terms including RBFs and PFTs 
(if any) with respect to kernel width under scenarios S0, S1 
and S2 using 10-40 km/h training data. Since the definition 
of RR is the ratio between the number of relevance vectors 
to the training data, considering that the PFTs are additional 
elements that cannot be counted into the total number of 
training data and in order to make the comparison easier, 
the total number of terms in each condition is considered as 
a more intuitive measure of the model redundancy. For the 
indicators RMSE and the number of terms, it is found that 
the scenarios S1 and S2 exhibit superiority over S0 in that 
the precision is improved significantly at no cost to model 
complexity, especially when the kernel width is larger than 
100. With the priority of model accuracy, the appropriate 
kernel width is 120 for S1 and 260 for S2, respectively. Fig. 
11 provides a composition about the number of terms in the 
design matrix. It is seen that the number of PFTs is stable 
regardless of the kernel width, which is different from the 
decreasing trend in the case of RBF. The non-zero weight 
parameters along with their design matrix in scenarios S1 
and S2 are 
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Fig. 10 Kernel width against RMSE and RR under scenarios
S0, S1 and S2 

 
 
Fig. 12 compares the RMSE and the number of terms 

among scenarios S0, S1 and S2. The comparison suggests 
that S2 achieves better performance than S0 and S1 with the 
fewest relevance vectors (15 terms) and the smallest RMSE 
value. Figs. 13 and 14 provide a comparison among the 
extrapolation, interpolation, and reference models in S1. It 
is seen that after incorporating PFTs to the speed variable, 
the S1 model significantly improves the extrapolation 
performance, but its improvement to the interpolation 
performance is not significant. Figs. 15 and 16 provide a 
comparison among the extrapolation, interpolation, and 
reference models in S2. It is observed that both 
extrapolation performance and interpolation performance 
are largely enhanced after incorporating PFTs to both speed 
and frequency variables. Besides, the absolute values of 
residuals between the interpolation/extrapolation models 
and the reference model under these scenarios are further 
used for quantitative comparison. Two metrics are adopted 
for this purpose: (a) the average of the absolute residuals 
(AAR); and (b) the maximum of the absolute residuals 
(MAR). The results are shown in Fig. 17, which justify 
again that the S2 model outperforms the other two and it 
can significantly improve both interpolation performance 
and extrapolation performance. 

 
 

Fig. 11 Number of RBF kernels and PFTs against kernel 
width under (a) S1; (b) S2 

 
 

Fig. 12 Comparison among scenarios S0, S1 and S2: 
(a) RMSE; (b) Number of terms 

 
 

Fig. 13 (a) Comparison of the predicted mean values 
between the S1 extrapolation model and reference 
model; (b) residual between the means

 

𝒘ௌଵ ൌ ሾെ2523.02, െ2.267, 2549.81, െ1801.45, െ19.79, െ10.42,1.35, 10.64, 14.08, 5537.93,              1090.88, െ4919.03, 3757.69, െ440.63, െ1407.60,499.73, െ266.59,122.10, 9.86,              െ17.17,69.17, െ44.16,0.02, 2.02 ൈ 10ିଷ, െ3.88 ൈ 10ିଽሿ் 
 𝜳ௌଵ ൌ 𝜙 ቀቂ1010ቃቁ , 𝜙 ቀቂ 10120ቃቁ , 𝜙 ቀቂ 10160ቃቁ , 𝜙 ቀቂ 10200ቃቁ , 𝜙 ቀቂ 10360ቃቁ , 𝜙 ቀቂ 10520ቃቁ , 𝜙 ቀቂ 10720ቃቁ , 𝜙 ቀቂ 10920ቃቁ ,             𝜙 ቀቂ 101000ቃቁ , 𝜙 ቀቂ2020ቃቁ , 𝜙 ቀቂ 20240ቃቁ , 𝜙 ቀቂ3040ቃቁ , 𝜙 ቀቂ3080ቃቁ , 𝜙 ቀቂ 30280ቃቁ , 𝜙 ቀቂ 40120ቃቁ , 𝜙 ቀቂ 40160ቃቁ ,              𝜙 ቀቂ 40200ቃቁ , 𝜙 ቀቂ 40320ቃቁ , 𝜙 ቀቂ 40520ቃቁ , 𝜙 ቀቂ 40960ቃቁ , 𝑥஽ଵ଴ , 𝑥஽ଵ଴.ଵ, 𝑥஽ଵଵ.ସ, 𝑥஽ଵଵ.଻, 𝑥஽ଵହ ቃ 
 𝒘ௌଶ ൌ ሾ128.80,135.48, െ2.57, െ58.54, െ34.77, െ 312.92, 129.65, െ70.49, 493.12,               െ784.51,70.10, െ29.11, 0.068, െ1.25 ൈ 10ି଴଼, 0.0023, െ5.40 ൈ 10ିଵଷሿ் 
 𝜳ௌଶ ൌ ቂ𝜙 ቀቂ1010ቃቁ , 𝜙 ቀቂ 10120ቃቁ , 𝜙 ቀቂ 10600ቃቁ , 𝜙 ቀቂ 20520ቃቁ , 𝜙 ቀቂ 30800ቃቁ , 𝜙 ቀቂ 40160ቃቁ ,                𝜙 ቀቂ 40560ቃቁ , 𝜙 ቀቂ 40960ቃቁ , 𝜙 ቀቂ 401000ቃቁ , 𝑥஽ଵ଴ , 𝑥஽ଵ଴.ଵ, 𝑥஽ଵଵ.ଶ, 𝑥஽ଵହ.଴, 𝑥஽ଵଵ.ଽ, 𝑥஽ଵହ.଴ቃ 
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Fig. 14 (a) Comparison of the predicted mean values 
between the S1 interpolation model and reference 
model; (b) residual between the means 

 
 

Fig. 15 (a) Comparison of the predicted mean values 
between the S2 extrapolation model and reference 
model; (b) residual between the means 

 
 

Fig. 16 (a) Comparison of the predicted mean values 
between the S2 interpolation model and reference 
model; (b) residual between the means 

 
 

Fig. 17 Quantitative comparison among scenarios S0, S1 
and S2: (a) AAR; (b) MAR 

 
 
From the above results, the multi-kernel RVM-based 

MPRM with refinement of PFTs is perceived to have the 
following advantages: 

 

● The accuracy of the formulated model is improved; 
● Both interpolation performance and extrapolation 

performance are enhanced, which are essential for 
MPRM to work under a wide range of speed 
conditions with only sparse training data; 

● The number of terms in the optimized MPRM model 

(S2 with 15 terms) is significantly reduced in 
comparison with the original model (S0 with 34 
terms). 

 
 

5. Diagnosis of wheel defects 
 
5.1 Single-sensor diagnosis performance 
 
As aforementioned, the formulation of MPRM utilizes 

only the dynamic strain response measurements of a rail 
segment generated by the impact of passing wheels in 
healthy state, and any undetermined data that deviates from 
the trained model will be viewed as a symptom of the 
occurrence of suspicious defects. Making use of the 
hypothesis testing strategy delineated in Section 2.2, the 
possible defective wheels can be identified with their 
damage severity being quantified. In the present study, the 
offset ℎ is set as 6 ൈ 𝛽ିభమ resulting in a 0.27% probability 
of misidentifying an intact wheel as damaged. One may 
choose different values of ℎ  according to specific risk 
mitigation requirements, e.g., a compromise between the 
risks of false-positive and false-negative. 

Fig. 18(a) depicts the 𝑁𝐵𝐹ଶ௟௡ values derived from the 
reference model including all available speed conditions of 
sensor R10. These testing strain responses are excited by a 
running EMU train with several deteriorated wheels. The 
1st right wheel is diagnosed as defective under all 5 various 
speed statuses, whose 𝑁𝐵𝐹ଶ௟௡  values are all over 50. 
Besides, the 𝑁𝐵𝐹ଶ௟௡  values of the 4th and 29th right 
wheels also warn defects only when train speed is 50km/h 
while neither of them over 5. It is claimed that a 𝑁𝐵𝐹ଶ௟௡ 
exceeding 10 shows significantly compelling evidence 
against the hypothesis 𝐻଴ (Kass and Raftery 1995), which 
means the 1st wheel has a very high possibility of damage 
while the evidence of the 4th and 29th wheels is not strong. 

The actual running speed of a train may be different 
from those used in MPRM formulation, thereby the 
feasibility of the formulated MPRM in interpolation/ 
extrapolation needs to be verified. Figs. 18(b) and (c) 
provide a comparison of the 𝑁𝐵𝐹ଶ௟௡ values obtained from 
the reference model in Fig. 18(a) and from the 
interpolation/extrapolation models given in the previous 
section: Fig. 18(b) shows the 𝑁𝐵𝐹ଶ௟௡ values obtained from 
the interpolation and reference models when the train speed 
is 40 km/h, while Fig. 18(c) shows the difference of 𝑁𝐵𝐹ଶ௟௡ values between the extrapolation and reference 
models at the speed of 50 km/h. It is found that the 
extrapolation model identifies 3 suspected damaged wheels 
and also the reference model does. However, the difference 
of 𝑁𝐵𝐹ଶ௟௡  values between the extrapolation and the 
reference models is more striking than that between the 
interpolation and the reference models, which indicates that 
the performance of interpolation is more reliable. After 
verification of the interpolation/extrapolation performance, 
the raw data can be directly inputted into the model to 
accomplish the wheel condition assessment within a range 
rather than a specific value of the speed variable, which is 
essential for practical application of the proposed method. If 
no damage is flagged, the detected data can further be used 
to update the existing model to enhance its performance. In 
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Fig. 18 Diagnosis of right wheels using data from R10: 
(a) 𝑁𝐵𝐹ଶ௟௡’s of the reference model; 
(b) comparison of 𝑁𝐵𝐹ଶ௟௡’s between the 
interpolation and reference models at speed of 
40 km/h; (c) comparison of 𝑁𝐵𝐹ଶ௟௡’s between 
the extrapolation and reference models at speed 
of 50 km/h 

 
 

view of the fact that faulty wheels are rare among all wheels 
in a train (Liu and Ni 2018), the sparse representation 
property of the RVM baseline can make the regression 
model robust and immune to interference from the case that 
data with unobservable defect-relevant signals are fed into 
the model by mistake. This is because of the merit that the 
regression model will not be substantially affected by a 
small amount of abnormal data. 

 
5.2 Multi-sensor diagnosis performance 
 
Since an individual sensor may not be sufficient to 

detect all potential defective wheels, we further conduct the 
diagnosis by simultaneously using the data from all the 
deployed sensors. The integrative diagnosis result for each 
wheel is defined as the largest 𝑁𝐵𝐹ଶ௟௡  derived from 
MPRMs of individual sensors to maximize the diagnostic 
efficacy 

 𝑁𝐵𝐹ଶ௟௡ ൌ 𝑚𝑎𝑥 ሼ𝑁𝐵𝐹ଶ௟௡ଵ, 𝑁𝐵𝐹ଶ௟௡ଶ, … , 𝑁𝐵𝐹ଶ௟௡ ௌሽ (28)
 

where 𝑆 herein refers to the number of FBG sensors 
installed on each side of the rail segment, which is equal to 
21 in this study. Fig. 19(a) shows the overall condition 
diagnosis results of wheels on the right side obtained by the 
reference models including all available speeds. This figure 
indicates 4 potential defective wheels with positive 𝑁𝐵𝐹ଶ௟௡ 
values under all speed conditions, that is, the 1st, 6th, 24th, 
and 27th wheels. Compared with the diagnosis results using 
only single sensor R10, the integrative results reveal three 
more suspicious damaged wheels. In addition, there are four 
inconspicuous positive 𝑁𝐵𝐹ଶ௟௡ values smaller than 5 only 
when the speed is higher than 40 km/h. Figs. 19(b) and (c) 
show the interpolation and extrapolation results compared 
with the corresponding results of the reference models. It is 
found that the results of interpolation models match those of 
the reference models better; while several additional 
marked defective wheels appear in the extrapolation models 

Fig. 19 Diagnosis of right wheels using data from all 
available sensors: (a) 𝑁𝐵𝐹ଶ௟௡’s of the reference 
model; (b) comparison of 𝑁𝐵𝐹ଶ௟௡’s between the 
interpolation and reference models at speed of 40 
km/h; (c) comparison of 𝑁𝐵𝐹ଶ௟௡’s between the 
extrapolation and reference models at speed of 50 
km/h

 
 

Fig. 20 Diagnosis of left wheels using data from all 
available sensors: (a) 𝑁𝐵𝐹ଶ௟௡’s of the reference 
model; (b) comparison of 𝑁𝐵𝐹ଶ௟௡’s between the 
interpolation and reference models at speed of 40 
km/h; (c) comparison of 𝑁𝐵𝐹ଶ௟௡’s between the 
extrapolation and reference models at speed of 50 
km/h

 
 
compared to the results of the reference models. A similar 
situation occurs for wheels on the left side, where only the 
27th wheel presents relatively large 𝑁𝐵𝐹ଶ௟௡ values in the 
diagnosis results of both reference and interpolation models, 
shown in Figs. 20(a) and (b). However, almost every wheel 
flags tiny damage in the extrapolation scenario, which is 
illustrated in Fig. 20(c). According to the discussions given 
in Section 3.4, the performance of extrapolation is worse 
than that of interpolation, so the diagnosis results from the 
extrapolation model need to be treated with caution. 

 
5.3 Offline inspection 
 
To verify the proposed online wheel defect detection 

method, the offline wheel condition diagnosis results 
through the radius deviation technique were obtained, as 
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Fig. 21 Offline inspection results of four verified defective 
wheels: (a) the 1st right-side wheel; (b) the 6th 
right-side wheel; (c) the 24th right-side wheel; (d) 
the 27th left-side wheel

 
 

Table 2 Details of wheel defects through offline inspection
Wheelset Side Defect Qty Depth of wheel defects (mm) 

1 Right 3 0.055 0.342 0.200 - 
6 Right 2 0.062 0.056 - - 

24 Right 2 0.162 0.151 - - 
27 Left 4 0.292 0.126 0.044 0.196

 

 
 

illustrated in Fig. 21. It is found that there are four wheels 
with real defects, which are the 1st, 6th, and 24th wheels on 
the right side and the 27th wheel on the left side, and the 
details of the detected wheel defects are given in Table 2. 
The results of offline inspection indicate that the online 
diagnostic results by the extrapolation model are relatively 
inaccurate compared with the interpolation and reference 
models. It can be seen from Fig. 19 that four wheels on the 
right side have been identified as damaged under all speed 
conditions: the 1st, 6th, 24th and 27th wheels, but the 27th 
wheel is confirmed intact in the offline inspection. In Fig. 
20, the diagnosis results of the reference and interpolation 
models only flag one defective wheel on the left side, i.e., 
the 27th wheel, which is consistent with the offline 
inspection. The fairly large 𝑁𝐵𝐹ଶ௟௡ values reveal a serious 
defect of the 27th wheel which can be observed in Fig. 
21(d) that the left-side 27th wheel is indeed the most 
degraded. It can be concluded that the 27th wheel on the 
right side is falsely alarmed due to the influence of the 
opposite left-side wheel, that is, a severely damaged wheel 
can affect the dynamic pattern of its opposite wheel (Liu 
and Ni 2018). Apart from the above wheels, the 𝑁𝐵𝐹ଶ௟௡ 
values of right-side wheels No. 4, 11, 26, and 29 are also 
positive when the speed is over 40 km/h, while they are 
determined to be healthy in offline inspection. It is worth 

Fig. 22 𝑁𝐵𝐹ଶ௟௡’s derived from the reference models on 
four verified defective wheels 

 
 
mentioning that the 𝑁𝐵𝐹ଶ௟௡  values of the above false-
positive wheels are all less than 10. For a clearer 
illustration, the 𝑁𝐵𝐹ଶ௟௡ values derived from the reference 
models of the four actually defective wheels are extracted 
and plotted in Fig. 22. It can be seen that the 𝑁𝐵𝐹ଶ௟௡ 
values of the 1st, 24th and 27th wheels are all over 50 while 
that of the 6th wheel is much lower, which is in line with 
the damage severity detected by offline inspection that the 
1st, 24th, and 27th wheels are seriously deteriorative and 
the degradation to the 6th wheel is relatively minor. Even 
though the depth of defect on the 6th wheel is only about 
0.06 mm, its 𝑁𝐵𝐹ଶ௟௡ values are over 20 in all available 
speed cases, which provides sufficient evidence for damage 
identification. It is easy to find that the offline inspection 
results match well with those of the reference/interpolation 
models, but differ from the results of the extrapolation 
model, which should be treated with caution in practical 
application of the proposed method. 

 
5.4 Discussion 
 
The feasibility of the online wheel defect identification 

method proposed in this study has been verified through 
comparison with the offline radius deviation inspection 
results. The following issues are worthy of further 
discussions and explorations for better applications of the 
proposed method: 

Considering that the length of the sensor array just needs 
to cover the circumference of the target wheel (3m in this 
study), it is better to keep the speed of the passing train to 
be the same as one of the speeds used in the MPRM 
formulation. If it is difficult, we can alternatively control 
the speed of the train within the range of running speeds 
covered by the monitoring data used for formulating the 
MPRM model, since the interpolated data can still obtain 
satisfactory identification results. In practical applications, 
it is preferred to avoid using the monitoring data collected 
under the running speeds exceeding the range covered by 
the MPRM model. It is also noteworthy that the dynamic 
pattern of an intact wheel may be affected by its opposite 
defective wheel, causing it to be falsely alarmed. 

Through the verification of the online wheel defect 
identification results by offline inspection, it is suggested 
that main concern be given to the wheels with their 
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identified 𝑁𝐵𝐹ଶ௟௡ values greater than 10, and this value 
was also recommended by Kass and Raftery (1995) to 
strongly reject the null hypothesis (the hypothesis that the 
wheel is healthy). 

 
 

6. Conclusions 
 
By utilizing dynamic strain measurements obtained by a 

trackside monitoring system, the RVM-based MPRM 
procedure is proposed for online wheel defect identification 
in this study. The train speed as a variable is integrated into 
the MPRM, enabling it to evaluate the wheel health status 
under various running-speed conditions. The multi-kernel 
design matrix of RVM is formulated to include both RBFs 
and PFTs, which endows the MPRM with high accuracy 
and robustness in model prediction. In addition to RBFs, the 
model incorporating PFTs in both speed and frequency 
variables performs optimally in terms of interpolation and 
extrapolation. The model where PFTs are introduced only in 
the speed variable performs second, and the model using 
only RBFs performs the worst. Meanwhile, the model 
incorporating PFTs in both speed and frequency variables 
has the least number of relevance vectors among the three 
models, which indicates it is the most concise. 

The case study illustrates that diagnosis of faulty wheels 
using a single sensor may result in omissions. The multi-
sensor diagnosis strategy can avoid this shortcoming. The 
study shows that the proposed online wheel condition 
identification results are in good agreement with those of 
offline inspection. Through the adoption of 𝑁𝐵𝐹ଶ௟௡, the 
severity of wheel damage can be estimated. However, it 
should be noted that if the monitoring data to be used for 
online diagnosis are collected under the running speeds 
which exceed the speed range covered by the formulated 
MPRM model, the diagnosis results might be inaccurate. In 
this case, the monitoring data collected under the higher 
running speeds in healthy state of the wheels should be 
incorporated to reformulate and refine the MPRM model. 
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