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Abstract. The aim of this present research is the effect of the higher-order terms of the governing equation on the forced
longitudinal vibration of a nanorod model and making comparisons of the results with classical nonlocal elasticity theory. For
this purpose, the free axial vibration along with forced one under the two various linear and harmonic axial concentrated forces
in zigzag Single-Walled Carbon Nanotube (SWCNT) are analyzed dynamically. Three various theories containing the classical
theory, which is called Eringen’s nonlocal elasticity, along with Rayleigh and Bishop theories (higher-order theories) are
established to justify the nonlocal behavior of constitutive relations. The governing equation and the related boundary conditions
are derived from Hamilton’s principle. The assumed modes method is adopted to solve the equation of motion. For the free axial
vibration, the natural frequencies are calculated for the various values of the nonlocal parameter only based on Eringen’s theory.
The effects of the nonlocal parameter, thickness, length, and ratio of the excitation frequency to the natural frequency over time
in dimensional and non-dimensional axial displacements are investigated for the first time.

Keywords:

forced vibration; Bishop theory; Rayleigh theory; carbon nanotube; axial vibration; assumed modes method

1. Introduction

Nanotechnology is established based on the
manipulation of the atoms and molecules in nanoscale to
produce the nanostructures (Adams and Barbante 2013). It
was introduced by Richard P. Feynman about 60 years ago.
Since then, it has been utilized in the different aspects of
science, including textile (Joshi et al. 2008), water cleaning
(Diallo et al. 2009), transistors (Chau et al. 2005), medicine
(Caruthers et al. 2007), etc. As a nanostructure, nanotubes
possess the strongest and most resilient materials in nature
(Dai 2002). Also, they have a hexagonal shape, and this
property has made them have a delicate structure.

Carbon Nanotubes (CNTSs) are seamless layers of rolled-
up graphene, which depending on their applications, are
divided into two different types, including single-walled
and multi-walled. The invention of carbon nanotube
occurred by lijima (lijima 1991, Harris and Harris 2009).
Afterward, it captured the attention towards themselves
since now (Bethune et al. 1993). Most part of the
fabrication of the CNTs is dedicated to bulk composite
materials and thin films (De Volder et al. 2013). CNTs can
be separated into smaller pieces (Ajayan 1999), and their
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applications can be contained different fields, including
biomedicine (Bianco et al. 2005, Sinha and Yeow 2005),
bioelectronics (Miyako et al. 2011, lost and Crespilho
2012), sensors (Sherigara et al. 2003, Suehiro et al. 2003,
Gooding 2005), industrial application (Yumura 2003, Makar
and Beaudoin 2004, Paradise and Goswami 2007),
pharmacy, medicine (He et al. 2013), etc. Single-Walled
Carbon Nanotubes (SWCNTSs) have vast applications such
as extremely high values of Young’s modulus (Kelly 1981),
high electrical (Thess et al. 1996), thermal conductivity
(Glory et al. 2008). Also, they are light and flexible (Esawi
and Farag 2007).

The nonlocal elasticity theory, which was first
introduced by Eringen (1983), has been chosen to show the
nonlocality, while there are some other studies done by this
theory, as well as nonlocal strain gradient theory, modified
couple stress theory and surface effects as references
(Mehralian and Beni 2017, Zeighampour et al. 2017a, b,
Bastanfar et al. 2019, Hosseini et al. 2019, Alizadeh Hamidi
et al. 2020, Hamidi et al. 2020, Hosseini and Khosravi
2020, Hosseini et al. 2020, Khosravi and Hosseini 2020,
Khosravi et al. 20203, b, c, d, e, f). Mehar and Panda (2019)
utilized higher-order mid-plane kinematics and multiscale
models considering two different in-plane thermal loadings
to investigate the buckling raised from the thermal
environment in nanocomposites curved shell structures.
Akbas (2018) investigated the forced vibration of the FG
microbeams containing crack, considering the damping
effects in the time domain based on the Kelvin-Voigt model
and modified couple stress theory. Bensaid et al. (2018)
carried out the free vibration analysis of nanobeam
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embedded in an elastic foundation considering the shear
deformation effect based on the nonlocal strain gradient
theory and higher-order hyperbolic beam model. Ebrahimi
et al. (2019) investigated the wave propagation in the
magneto-electro-elastic nanotubes based on the nonlocal
elasticity theory along with the shell model. The phase
velocity, as well as the wave frequency, were measured in
their research. Boutaleb et al. (2019) worked on the
dynamic vibrational behavior of the rectangular FG
nanoplates using the nonlocal elasticity theory as well as the
quasi 3D high shear deformation theory.

Wang and Liew (2007) investigated the effect of the
static deformation of the nano-dimension materials based
on the nonlocal Euler-Bernoulli and Timoshenko beam
theory. Simsek (2011) studied on the double-carbon
nanotube systems connected with elastic spring affected by
a moving nanoparticle in one of the nanotubes. The
influence of the nonlocal parameter, aspect ratio, velocity
and elastic effect demonstrated dynamically. A giga-hertz
oscillator examined in a uniform, concentric of CNTs by
Cox et al. (2008). Aydogdu and Filiz (2011) used Eringen’s
nonlocal elasticity theory to investigate the free axial
response for different boundary conditions and lengths of
the CNT when a mass attached to it. Eltaher et al. (2013)
analyzed the vibration of a Euler-Bernoulli nanobeam based
on Eringen’s theory to represent the nonlocality and solved
the constitutive relations by a finite element method.
Georgantzinos and Anifantis (2010) used SWCNT and
MWCNT mass resonant sensor with an attached mass on
them. Also, the fundamental frequencies with respect to the
position of the attached nanoparticle and mass were
measured. Shen and Zhu (2012) studied the post-buckling
due to the temperature rising in a homogenous sandwich
plate surrounded by CNTs as reinforced-compaosite on the
elastic foundation. Shenas et al. (2017) paid to the FG-
CNTRC pre-twisted nanobeams affected by the thermal
parameter. The influence of the fluid flow in the axial
vibration of SWCNT and also the stability of it analyzed by
Oveissi et al. (2016). Rahmani et al. (2017) simulated a
thermal load in curved microbeam and analyzed the
buckling and free response of the system based on the strain
gradient theory. Lei et al. (2013) utilized the FG-CNT as a
reinforced composite panel in the axial direction and
established an element-free kp-Ritz method to calculate the
free vibrations. Liu et al. (2009) worked on the vibration of
the nanobeam subjected to both distributed axial and
torsional loadings simultaneously. Aydogdu (2009) showed
the small-scale effect on the axial vibration of the nanorod
for different boundary conditions. Mohammadian et al.
(2019) presented a new nonlocal model for the hetero-
junction nanorods and investigated the effect of the
conjunction point, attached mass and some other parameters
on the free axial vibration. Danesh et al. (2012) established
the nonlocal elasticity theory to analyze the axial vibration
of the tapered nanorod under the different boundary
conditions and showed the nonlocal effect in reduction of
the frequencies. Wang et al. (2009) investigated the surface
effects and size-dependency on the axial buckling and
transverse vibration in a nanowire, based on the refined
Timoshenko beam theory. Aydogdu (2015) studied the

effect of the van der Waals, geometrical effect and the
small-scale parameter in axial vibration of the DWCNT. Li
et al. (2010) investigated a nanobeam under the axial
tensional and compressive forces and the natural
frequencies raised from transverse vibrations dynamically,
also the effects of the nonlocal parameter, axial forces and
the stability of it have been discussed in their study. The
effect of the nonlocality in the amplitude of the forced
vibration of a CNT based on Euler-Bernoulli theory for two
local and nonlocal theories was examined by Karaoglu and
Aydogdu (2010). They concluded that the amplitude based
on the nonlocal theory is greater in comparison with the
local one. Natsuki et al. (2014) worked on the CNT under
the tensional loading with clamped boundary condition and
attached mass to obtain the resonant frequencies and
frequency shifts using Euler—Bernoulli beam theory and
Rayleigh’s energy method.

Kunche et al. (2019) carried out the modal frequencies
of adhesive bonded T-joint structures with theoretical and
experimental methods. There are different studies in which
conduct the buckling, deflection, flexural or other
mechanical behavior of the curved sandwiches and
laminated composites  numerically under  various
environments (Panda and Katariya 2015, Katariya et al.
2017, 2018, Mehar et al. 2017a, b, 2018a, b, ¢, Mehar and
Panda 2018a, 2020, Katariya and Panda 2019a, b, ¢, Pandey
et al. 2019).

The eigenfrequency of the nanoplates via finite element
method and higher-order model (Mehar et al. 2018a), the
nonlinear responses of the curved FG sandwich based on
the finite element method (Mehar et al. 2018b) and the
flexural behavior of the functionally graded carbon
nanotube-reinforced doubly curved shell panel by
mathematical model have been developed (Mehar and
Panda 2018b) and the frequency of the multi-walled carbon
nanotube-reinforced polymer composite was computed
using generic higher-order shear deformation kinematics
(Mehar et al. 2017a). In neither of the aforementioned
studies, the dynamic forced axial displacement through
nonlocal Bishop, Rayleigh, and Eringen elasticity theories
for different loadings and boundary conditions have not
been conducted. Such theories, namely Rayleigh and
Bishop theories are taking into account the effects of inertia
of the lateral motion and the shear stiffness. Thus, it leads
the study to become a novel and more accurate. In this
context, the axial displacement under the concentrated force
in zigzag SWCNT is studied. The concentrated forces
include linear and harmonic loads. The Eringen’s nonlocal
elasticity theory (classical theory), as well as Rayleigh and
Bishop theories, are utilized to demonstrate the nonlocality.
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Fig. 1 Zigzag SWCNT subjected to a concentrated force
for clamped-clamped (C-C) boundary condition



Size dependent axial free and forced vibration of carbon nanotube via different rod models 159

I

>

S(x—1/2)

| 2

1

/r-g———»A\‘

A
A

Fig. 2 Zigzag SWCNT subjected to a concentrated force
for clamped-free (C-F) boundary condition
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The assumed modes method is used to derive the governing
equation and boundary conditions. The effect of the
nonlocal parameter is investigated for calculating the
natural frequencies. Moreover, the influences of the
nonlocal parameters, thickness, length and excitation
frequency in the time domain are described in the forced
analysis.

2. Nonlocal SWCNT model

A SWCNT under the axial concentrated loading
subjected to the middle of the body has been indicated in
Figs. 1 and 2 where [ and f, represent the length and the
axial concentrated force in the direction of the x-axis, y
and z axes are in the direction of the CNT’s radius.

Fig. 1 demonstrates the SWCNT with a zigzag structure
under the concentrated force with the clamped-clamped
boundary condition, while Fig. 2 represents the SWCNT
under the clamped-free boundary condition. In this study,
this force is linear and harmonic for both states. The
displacement fields for the CNT due to the axial force can
be expressed as

u=u(x,t)
v=_0 1)
w=20

where u denotes the axial displacement and v and w are
the transverse displacements toward the y and z axes,
respectively. All the displacements occur at any arbitrary
point (x, 0). The non-zero strain displacements due to the
axial displacement can be stated as

du

Exx = a: Exy = &z T &z = 0 2)

Eyy =&, =0
where &,, represents the axial strain.
2.1 Hamilton’s principle
Hamilton’s principle in the time interval of t; <t <,

for deriving the governing equation and associated
boundary condition can be expressed as follows

fta(n —T—W)dt=0 ©)

where 1, T and W represent the potential energy, kinetic
energy and external work, respectively. The first variation
of the potential energy can be written as

sU = f 0,86, dV @)
14

Substituting the non-zero term of Eq. (2) in Eq. (4) leads

= (o) Jav = [W(5)ar @

where N is the axial force and equals to

to

N = L O, dA (6)

The first variation of the kinetic energy from Hamilton’s
principle can be stated as

5T = Ajl(s(au)zd - Ajl<a”66”)d @)
w=3P% ) o) = P2) \acae )™

The first variation of the external work due to the
concentrated force is given by

1
6W=jf(x, t)Sudx 8)
0

The resultant of the substitution of Egs. (5), (7) and (8)
into Eq. (3) is brought as follows

t l LON 1o2u l
fo <N5u|0—fo 3y Judx +pAf0 ﬁcSudx—fof(x,t)(Sudx) 9)

From above, the governing equation can be stated as

ON 0%u
 — pA— — 10
F pA 5e2 flx,t) (10)

Subsequently, the associated boundary condition is
given by

N |g — Oordu |f) —0 (11)

The nonlocal constitutive relations for a CNT according
to the Eringen’s nonlocal elasticity theory can be expressed
as

azo.nl
o™ —u P Ee™ (12)

Here o™, €™, u and E denote the nonlocal stress,
strain, nonlocal parameter and Young’s modulus,
respectively. The nonlocal parameter also can be rewritten
as u = (e,a)?. For the CNT under the axial force, the
constitutive equation in Eq. (12) can be rewritten as
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0%0,,
Oxx — U 9x2

=FEeg,, (13)

Integrating Eqg. (13) with respect to the cross-sectional
area leads to

2
N — MW = EASXX (14)
By substitution of the first derivate of Eq. (10) into Eq.
(14), we will have

23u  Of(x,t)
N‘”("Aaxatz ox

EAa— (15)

Consequently, by replacing the first derivative of Eq.
(15) into Eqg. (10), the finalized governing equation of
motion for SWCNT can be expressed as

2 4 92
f(x,t)—pAa—+u<pA o"u G t)>+E

at? ax29t2  ox? 7%z = 0(186)

ox

3. Analytical solution
3.1 Free axial vibration

Free-axial vibration occurs when all the axial forces set
to be zero. By doing so, Eqg. (6) changes to the following
format

0%u 0*u
PA— —u| pPA——— Ep

0%u
T o)~ FAgz=0 (D

0x?

In order to solve Eq. (17), the axial displacement should
be discretized in two time-dependent and position-
dependent parts as

u(x, ) = Z U, (x)eiot (18)
n=1

By applying Eq. (18) into Eg. (17), the governing
equation can be rewritten as
pAw?U, + EAU} — u(pAw?U,) =0 (19)
in which U,, and U, in Eq. (19) represent the nth mode
shape and the second derivative of it, respectively, and are
equivalent to

U,(x) = C, sin(Px) (20)

U} (x) = —C,P?sin(Px) (21)

Furthermore, the value of P for clamped-clamped and
clamped-free boundary conditions is equivalent to the
following statements, respectively

nm

B 2n—-Dn
P=—"" (23)

The natural frequency can be calculated by substituting
Egs. (22) and (23) into Eqg. (19) as follows

pAw? — EAP? + uP?(pAw?) =0 (24)

Solving Eq. (24) leads to calculate the dimensional and
non-dimensional natural frequencies for both clamped-
clamped and clamped-free boundary conditions. This value
for the clamped-clamped boundary condition can be stated
as

(25)

(nm)?
(1+u(3)) -

where w, and @, are the dimensional and non-
dimensional natural frequencies for the clamped-clamped
CNT, respectively.

Subsequently, for the clamped-free CNT, it can be
expressed as

E ((Zn—l)ﬂ:)2
iy = T (27)
(1 (25
_1] (@n- Dr)” .
b2 (1 +u (—(Zn;)n)Z) @

Here w, and @, represent the dimensional and non-
dimensional natural frequencies for the clamped-free CNT,
respectively.

3.2 Forced axial vibration

To analyze the axial displacement dynamically, the
discretized axial displacement can be stated as

w5, 0) = D Uy (D1 (0) (29)
n=1

where 7, (t) represents the unknown time-dependent
generalized coordinates. Using Eq. (29) in Eq. (16) leads to

0= D (pAUn@in(®) — 1 (Z (PP U (it (8
n=1 n=1

92f(x, -
¥ gi’; 2 ) — EAP? Z U, (), () = 0

n=1

(30)
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In order to normalize and modal solving Eq. (30) should
be multiplied by U, (x) as follows

l
[ 17600 = 1 001U GOdx = (O (pACL412P)
0 l (31)
f Un(x)Um(x)dx> —n,(t) (EAsz Un(x)Um(x)dx> =0
0 0

in which, the orthogonally relation for normal mode of CNT
can be stated as

1
(1 m=n
| tneovnea= (5 72" @)
Replacing Eg. (20) into Eq. (32) results in
l
Cﬁf sin?(Px)dx =1 (33)
0

where the coefficient C,, for nth mode is equal to

2
C,= \[;n =12, .. (34)

The mode shape and the second derivative of the mode
shape of Eqgs. (20) and (21) for the obtained values in Eq.
(34) changes into the following statements

U,(x) = ﬁsin(Px) (39)

U)(x) = —ﬁ P? sin(Px) (36)

Considering Eq. (32), Eq. (31) can be simplified as

PA(ll + 1(P)?ijn (£) + EA(P)* 1, ()

= [reo -k @ eGP
0

Eq. (37) can be rewritten as follows

fin () + A * N () = $nFy (D) (38)
where

A = LP)Z (39)

" e+ P

1

In (40)

= pA(1 + u(P)?)

The time-dependent axial concentrated force F,(t) in
nth mode can be expressed as

l
Fy(©) = ¢, f 00 0) = u(F" o ) Un(@dx  (41)

The steady state for obtaining the time-dependent
generalized coordinates disregarding the initial conditions
can be stated as

N (t) = Ai f E,(t)sin A, (t — T)dt (42)
nvJo

3.2.1 Linear axial concentrated force
Since the concentrated force subjected to the middle of
the CNT (i.e., x =1/2), f(x,t) can be defined as

flx,t) = F(6)8 (x - é) = fot8 <x - %) (43)

where F,(t) is the linear time-dependent load, f,
represents the amplitude of the load, and is linear. Using Eq.
(45) and the second derivative of it in Eq. (41) leads to

(-

Fy(8) = 4, j ft U ()dx

—(u)s” (x - 5) (44)
- ot vn (5) - 0oz (3))

The mode shape and the second derivative of it at point
x =1/2 in Egs. (35) and (36) change into the following

statements.
uf)- ) @
)l

By applying Egs. (45) and (46) into Eq. (44), the time-
dependent concentrated force can be written in the
following form.

F(6) = ﬁznfotsm Harwe @

Subsequently, the time-dependent generalized co-
ordinates for linear loading can be rewritten as

t
1
N, (t) = a, f tsind, (t —1)dt = a, (t - A—sin An t) (48)
n
0

where the coefficient a,, can be found as

s (5) A+ @) )

n A%

The axial displacement of Eq. (29) can be rewritten.
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fo U (x0) Uy (x0)

1.
u(x, t) = i x(t—zsmlnt> (50)

Because the external force is concentrated at point x =
[/2, the multiplication of the mode shapes for clamped-
clamped boundary condition can be expressed as

o (5) <. 5) -

l

n=20

n=135,.. (51)

Consequently, the axial displacement for the clamped-
clamped boundary condition can be found as

u(x, t) = —

2f, ~ 1 (
2
pAln:w' Az

1
t— A—sm An t) (52)

Considering the clamped-free boundary condition, the
multiplication of the mode shapes at point x = [/2 results
in

l l 0 n=20
- =11
Un (2) * Un (2) {7 n=123,. (53)
By utilizing Egs. (52), (53) and (29), the axial
displacement can be rewritten as
_ fo ( 1 )
u(x,t) = Al /12 t— 7 sinA,t (54)

3.2.2 Harmonic axial concentrated force

This time, the time-dependent concentrated force is
harmonic, and like the former loading is located at point
x = 1/2. Therefore, f(x,t) can be rewritten as

f(x,t) = F,(t)6 (x — %) = (fy sin2t)é (x - é) (55)

in which Q2 expresses the excitation frequency. The time-
dependent concentrated force for harmonic loading can be
written as

l
E,(t) = (nf fosinQt
0
X (5 (x - 1) ws” (x - é)) 0, (x)dx  (56)
={ofysinQdt (@n (é) - Woy (é))

By using Egs. (45) and (46),
concentrated force can be simplified as

the time-dependent

E,(t) = \/%(,jo (sin2t) sin (%l) 1+ (wpr2) (57)

The time-dependent generalized coordinates for

harmonic loading can be stated as

t
n,(t) = a, f (sin 1) sin A, (t — 1)dt
0

0 (58)
=a, (sin!) t——sini, t)
An
where the equivalent of «,, can be expressed as
2
\[Qﬁmn )u+oop) (59)

TL Az_

The axial displacement for the harmonic loading can be
defined as

_ fo0 Un@UR () o
u(x,t) = oAl 7z —09) X (sm.()t 7 sinl, t) (60)
Considering that the concentrated axial force occurs at
point x =1/2, and assuming the clamped-clamped
boundary condition, substituting Eq. (51) into Eq. (60) leads
to

u(x, t) =

2f, i (sin!) t— f—nsin An t) (61)
pAl 12 -0?%

n=1,3,5,.

Based on Eq. (53) in which axial force concentrated at
point x =1/2, Eq. (60) related to the axial displacement
for clamped-free boundary condition can be rewritten as

fo (sm.() t— sml t)

pAlL oz m) (62

u(x, t) =

4. Rayleigh theory

The equation of motion can be stated as (Hosseini et al.
2019)

A 2u+ 2] 0'u >+ t +EA82u

PATS pvl P 3x29c2 f(x,t) o
oulog O 0w 0 B o
K\Poxzatz ~ PV ' oxtarz ~ a2

where v denotes the Poisson’s ratio. To solve the above
equation analytically, the discretized axial displacement in
Eg. (29) can be employed in Eq. (63) to obtain the
following equation

(pA + pv2L,P?) x (1 + uP?)ij, (t) + EAP?n,(t)
( Faon) - 2f (x, t)) (64)

Eg. (64) can be simplified as
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ﬁn (t) + AnRznn (t) = {nR Fn (t) (65)

Based on Eg. (64), these coefficients are achievable as

. EAP? (66)
M@+ pP)2)(pA + pv2l,P?)
Cnr = L (67)
"1+ uP)2)(pA + pv2l,P?)
4.1 Linear concentrated axial load
Using Eqgs. (48), (49), (66) and (67), the axial

displacement in Eq. (29) for clamped-clamped boundary
conditions can be obtained as

2f, i Tnr(1+ u(P)?)

1.
u(x,t) = - (t - TRSLnAnR t) (68)

n=1,3... )lle n
Also, the axial displacement using the same equation for
clamped-free boundary condition can be calculated as

NP o of TR

1
X (t ——sin A, t) (69)
Ang

4.2 Harmonic concentrated axial load

By substituting Egs. (58) and (59) into Eq. (29), and
using Eqs. (66) and (67), the axial displacement for
clamped-clamped boundary conditions is given by

fo
l
. L1+ u(P)?) x (sin.Q t— Aﬂ—Rsin Anr t) (70)
2 o=

n=1,3,5,.

u(lx, t) =

Moreover, the axial displacement using the same
equations for clamped-free boundary condition can be
expressed as

u(x, t)=fTO><

(L + u(P)?) x (sm.() t— —sm Anr t) (71)

> =1

5. Bishop theory

The governing equation based on Bishop theory
(Karli¢i¢ et al. 2019) can be stated as

Aazu 0*u cvl 0*u
PAGE TPVl giage ~ OV h gy
92U 9%u (72)
+f(x, t)+EAa—+,u<pA(1+2U) 22002

—pv?] —
PV oxtotr ~  ox?

0°u 0% f (x, t)) 3

Applying Eqg. (29) into Eqg. (72) leads to

(PACL+ (1 + 20)P2p0) + pUR,P2(1 + P ) i (0)

02 73
‘|'(GU211,P4 + EAPZ)r]n(t) = (f(x £) — f(x t)) (73)

Eqg. (73) can be simplified as

ﬁn (t) + Anann(t) = (nBFn(t) (74)

Considering Eq. (74), the coefficient in Eq. (38) based
on Bishop theory for a carbon nanotube are achievable as

. Gv?I,P* + EAP? 75)
"B [pA( + (1 + 20)P?p) + pv2I,P?(1 + pP?)

1
pA(1+ (1 + 2v)P?p) + pv2l,P2(1 + uP?)

(nB = (76)

5.1 Linear concentrated axial force

The axial displacement for clamped-clamped SWCNT
by establishing Egs. (48), (49), (75) and (76) into Eq. (29)
can be rewritten as

u(x, t) .
_2h Gp(+pP?)e, 1 (77)
=7 n=1§3:5 pEN < nBsmlnB t)

The axial displacement for clamped-free boundary
condition is given by

u(x, t)
C G (L uP?) 1 78
=];—0n=1%<t—asmln3t> (78)

5.2 Harmonic concentrated axial load

The axial displacement for clamped-clamped SWCNT
can be rewritten as

u(x, t)
2f, o Ss(L+nu(P)? )X(smnt—
- T z (AnE — _QZ)

sinA,p t) (79)

n=1,3,5,.

Finally, the axial displacement for clamped-free
SWCNT can be expressed as

u(x, t)
fo Cp (14 u(P)?) x (sm.() t— sm Ang t) (80)
B L nzl (AnB - Qz)
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Table 1 Geometrical and mechanical properties of SWCNT
(Askari and Esmailzadeh 2017)

E (Gpa) p (kg/m?) v
933.061 2300 0.19

r (nm) t (nm)
1.37 0.34

Table 2 Comparison of the first three non-dimensional
frequency [wn X [ X 1/p/E] of SWCNT based on

the classical elasticity theory (e,a = 0) for two
different boundary conditions

Ref. (Aydogdu 2012) Present
Mode
cC CF CcC CF
3.14159 1.5708 3.141 1.570
6.28319 4.71239 6.283 4712
9.42478 7.85398 9.424 7.853

Table 3 Comparison of the first three non-dimensional
frequency [w, x I x /p/E| of SWCNT based on

nonlocal elasticity theory (e,a = 1 nm) for two
different boundary conditions

Ref. (Aydogdu 2012) Present
Mode
cC CF CcC CF
2.99717 1.55177 2.997 1.551
5.32018 4.26279 5.320 4.262
6.85867 6.17668 6.858 6.176

6. Results and discussion

In this stage, the comparison between the obtained
results of this study and available results has been done.
The relations derived in the previous sections are used to
investigate the non-dimensional natural frequencies firstly
and then the dynamic axial displacements under the linear
and harmonic concentrated force. The effects of the
excitation frequency, length, nonlocal parameter and CNT’s
thickness also are explained in detail. Geometrical and
mechanical properties used in this study are brought in
Table 1 where r, [, t, p and v represent the average
radius, length, thickness, density of the SWCNT and
Poisson’s ratio with zigzag structure. Also, E denotes the
Young’s modulus.

It is necessary to have the inner and outer radii of the
CNT to calculate the area of it. In this study, these amounts
are equivalent to 1.2 nm and 1.54 nm, respectively.

In this part, the free axial vibration of the SWCNT in
two different boundary conditions is investigated
parametrically for classical elasticity theory and the
nonlocal elasticity theory for eja =1 nm. The length is
considered [ =10 nm. In Tables 2 and 3, the non-
dimensional natural frequencies in the first three modes
based on the classical elasticity theory for two different
states of the boundary conditions are investigated. In Table
2, the nonlocal parameter is set to be zero, but in Table 3 is

— Bishop theory
— Rayleigh theory
Classical theory

o 2 4 6 & 10 12 14 18 18 20
t(nsx107*)

(@) epa=1nm

— Bishop theory |
— Rayleigh theory
Classical theory

TN ey T
(b) ega = 2nm
Fig. 3 Variation of the non-dimensional axial displace-

ment versus time for two different values of
nonlocal parameters based on three different
theories for clamped-clamped boundary
condition under the linear concentrated force
(f, = 102 nN/(ns x nm) and | = 14.757 nm)

equal to eqa =1 nm. It is seen that as the values of modes
increase, the frequency enhances regardless of the type of
the boundary condition. The effect of the non-locality is
indicated in Table 3. It is obvious that the existence of the
nonlocal parameters and subsequently raising in its amount,
makes the natural frequency decrease due to the decrement
in stiffness. Good agreement is observed between obtained
and reference results in both tables.

Figs. 3-5 demonstrate the dimensional and non-
dimensional axial displacements for clamped-clamped
SWCNT when a linear time-dependent force is exerted at
the midpoint of the CNT (i.e., x =1/2) for three various
theories, including Bishop, Rayleigh, and classical theories.
In Figs. 3(a) and (b), the variations of the non-dimensional
axial displacement versus time are demonstrated. By
increasing the nonlocal parameter, the effective stiffness of
the CNT decreases, and consequently, the axial
displacement increases. In contrast, the axial displacement
increases by the steep slope first and then decreases almost
with the same slope and vibrates with constant wavelengths
and amplitudes. For the case ey,a = 2 nm, the behavior of
the vibration is the same except that the values of the axial
displacement, as well as the wavelength, are more than the
case e,a = 1 nm. Also, it is comprehensible that the axial
displacements disregarding the type of the used theory get
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Bishop theory |

- il
0.008 Rayleigh theory
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0.006

u(nm)

0.004,
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(@ {=10nm

0.015 Bishop theory |
— Rayleigh theory

— Classical theory

0.010

u(nm)

0.005

0 2 4 L} 8
t(nsx107%)

(b) I =20nm
Fig. 4 The comparison of the axial displacement versus
time for two different values of lengths based on
three different theories under the linear
concentrated force for clamped-clamped
boundary condition as well as e,a = 0.5 nm
and constant amplitude f, = 10'2 nN/(ns x nm)

closer together for the lower values of the nonlocal
parameters. Among the theories, Rayleigh and classical
theories will be consistent after the first maximum point.
The variation of the axial displacements versus time for two
values of lengths (i.e., I = 10 nm and [ =20 nm) are
investigated in Figs. 4(a) and (b), respectively. It is obvious,
the value of the length increases by the time due to the
linear time-dependent axial force. The value of the length
has a direct effect on the axial displacement. Also, the axial
displacement for various theories will be approximately
same for greater values of the lengths, while for [ =10 nm,
the value of the axial displacements for Rayleigh and
classical theory similarly increases over time. Again, the
axial displacement for Bishop theory is less than the other
theories. Figs. 5(a) and (b) indicate the variation of the axial
displacement for two various thicknesses. As it was
expectable, the value of the axial displacement reduces by
the enhancement of the value of the thickness, and the rate
of this reduction decreases as the value of the thickness
grows. The axial displacement grows with an approximately
constant slope. It also can be concluded that for the
different values of the thicknesses, the values of the axial
displacement are similar for Rayleigh and classical theories,
and the difference between the slope of the plot for these
theories and Bishop theory is independent of the values of

0.020- Bishop theory |

— Rayleigh theory
- C\BSS\CBHHEOW

0.015

0.0101

u{nm)

0.005¢

0 1 2 3 4 5 6 T 8
t(nsx107)
(@ t=0.2nm
Bishop theory |

— Rayleigh theory
— Classical theory |

0.008-

0.006

0.004-

u{nm)

0.002-

0 1 2 3 4 5 6 7 8
t(nsx107)

(b) t =0.5nm
Fig. 5 The comparison of the axial displacement versus
time for two different values of thicknesses based
on three different theories under the linear
concentrated force for clamped-clamped
boundary condition (e;a = 0.5 nm,
1 =14.757 nmand f, = 10%2 nN/(ns x nm))

the thicknesses. Figs. 6-8 demonstrate the dimensional and
non-dimensional axial displacements for clamped-free
SWCNT subjected to a linear time-dependent force at the
midpoint of the CNT for three mentioned theories.

Figs. 6(a) and (b) are almost similar to Figs. 3(a) and
(b), respectively. The difference is that after the first period
for the C-F boundary condition, the axial displacement will
possess lower amounts. Afterward, the amplitude of the
vibration will be lower in comparison with C-C one. Figs.
7(a) and (b) show the axial displacement in the time
domain. The plots have been indicated for two various
values of lengths. By the increment of the value of the
length, all three theories behave completely the same
through time. Also, the axial displacement and wavelength
increase by an increase in the value of the length. Again, the
behavior of the vibration is similar to Rayleigh and classical
theories. The variations of the axial displacement versus
time have been demonstrated through two figures for two
various thicknesses in Figs. 8(a) and (b). It is distinctly clear
that the slope of the plot and totally the value of the axial
displacement decrease by the increase of the thickness. The
value of the axial displacement is lower for clamped-
clamped boundary condition in comparison with clamped-
free one. Because, the free side in C-F SWCNT leads more
freedom of the action, and as a result, it needs lower time to
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A — Bishop theory 4l ~ [— Bishop theory

— Rayleigh theory .‘." \ — Rayleigh theory
[\ — Classical theory [

2.25
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(@) ega=1nm (b) ega = 2nm

Fig. 6 The comparison of the non-dimensional axial displacement versus time for two different values of nonlocal parameters
based on three different theories under the linear concentrated force for clamped-free boundary condition
(I =14.757 nm and f, = 102 nN/(ns x nm)

— Bishop theory 0.03 — Bishop theory
0.015] — Rayleigh theory — Rayleigh theory

— Classical theory — Classical theory

0.010|

u(nm)
u(nm)
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Fig. 7 The comparison of the axial displacement versus time for two different values of lengths based on three different
theories under the linear concentrated force for clamped-free boundary conditions, e,a = 0.5 nm and
fo = 102 nN/(ns x nm)

0.04f [— Bishop theory
— Rayleigh theory
— Classical theory

— Bishop theory
0.015] — Rayleigh theory
— Classical theory

0.010]

u(nm)

0.005|

t(nsx107) t(nsx107?)
(@ t=0.2nm (b) t =0.5nm
Fig. 8 The comparison of the axial displacement versus time for two different values of thicknesses based on three different

theories under the linear concentrated force for clamped-free boundary condition (e,a = 0.5 nm, [ = 14.757 nm
and f, = 10'2nN/(ns x nm)

reach a specified axial displacement. force for three mentioned theories. The non-dimensional

Figs. 9-11 depict the variation of the non-dimensional axial displacement in the time domain has been indicated in
and dimensional axial displacement in the time domain for Figs. 9(a) and (b), which exactly are similar to Figs. 3(a)
a clamped-clamped SWCNT subjected to a harmonic axial and (b). The variation of the axial displacement versus time
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Fig. 9 The comparison of the non-dimensional axial displacement versus time for two different values of nonlocal parameters
based on three different theories under the harmonic concentrated force for clamped-clamped boundary condition
(fo = 10nN/ns, [ = 14.757 nm and excitation frequency 2 = 4 x 101°)
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Fig. 10 The comparison of the axial displacement versus time for two different values of lengths based on three different
theories for clamped-clamped boundary condition under the linear concentrated force for (f, = 10 nN/ns,

ep,a=0.2nm and 2 =4 x 10%9)

— Rayleigh theory

. Bishop theory 115 Bishop theory |
[\ — Rayleigh theory {\
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Fig. 11 The comparison of the axial displacement versus time for two different values of excitation frequency based on three
different theories under the harmonic concentrated force for clamped-clamped boundary condition (f, = 10 nN/ns,
[l =14.757 nmand eya = 0.2 nm)

has been illustrated in Figs. 10(a) and (b) for two different based on utilized theories, and the length has a direct effect
values of the length. As can be seen, the axial displacement on the value of the non-dimensional axial displacement.
for each theory has exactly similar behavior. Thus, an The effect of the excitation frequency to natural frequency
increase in length leads to be in accordance with the results ratio (2/w,,) has been shown in the form of Figs. 11(a) and
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Fig. 12 The comparison of the non-dimensional axial displacement versus time for two different values of nonlocal
parameters based on three different theories under the harmonic concentrated force for clamped-free boundary
condition (f, = 10 nN/ns, [ = 14.757 nmand 2 = 4 x 10°)
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Fig. 13 The comparison of the non-dimensional axial displacement versus time for two different values of lengths based on
three different theories under the harmonic concentrated force for clamped-free boundary condition (f; = 10 nN/ns,

epoa=0.2nm and 2 =4 x 10%9)
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Fig. 14 Variation of the axial displacement versus time for two different values of excitation frequency based on three
different theories under the harmonic concentrated force for clamped-free boundary condition (f, = 10 nN/ns,

[ =14.757 nm and eya = 0.2 nm)

(b). It is clear that by an increase in the ratio, the axial
displacement decreases. Also, the non-dimensional axial
displacement has the maximum amount in the first period
for Bishop theory in Fig. 11(a), while the maximum values

occur for classical theory in Fig. 11(b). Figs. 12-14 plot the
non-dimensional axial displacement versus time for
clamped-free boundary condition for harmonic loading. The
behavior of the Fig. 12 is consistent with Fig. 6 for different
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nonlocal parameters. The variations of the non-dimensional
axial displacement in the time domain have been indicated
in Figs. 13(a) and (b). The non-dimensional axial
displacement decreases by the increment of the length,
while the axial displacement increases by the increment of
the length. After the first period, the axial displacement
continues at a constant rate. Figs. 14(a) and (b) depict the
excitation frequency to natural frequency ratio effect on the
non-dimensional axial displacement. As it is clear, the axial
displacement decreases by raising the excitation frequency
to the natural frequency ratio. The maximum point
decreases by a greater rate for classical theory in both cases,
while this reduction has a lower rate based on the Rayleigh
theory.

7. Conclusions

Free axial vibration along with the dynamic forced axial
vibration analysis was established in SWCNT with a zigzag
structure based on Eringen’s nonlocal elasticity (classical
theory), Rayleigh and Bishop theories. The constitutive
relations were used to derive the equation of motion and
boundary conditions. The derived governing equations
solved by an analytical method. The results were
investigated for C-C and C-F boundary conditions. It was
shown that in the time-dependent forced axial vibration, the
nonlocal parameter has a direct effect on the variation of the
non-dimensional and dimensional axial displacements
disregarding the type of the loading and boundary
conditions. The length has a direct effect on axial
displacement but has an inverse effect on the non-
dimensional axial displacement. Also, the thickness, as well
as the excitation to natural frequency ratio, have inverse
effects on the variation of the axial displacement for every
type of loading and boundary conditions. Among the
applied theories, classical and Rayleigh theories are closer
together. The value of the axial displacement based on
Bishop theory is lower than the two other theories except
when the excitation frequency to the natural frequency ratio
is less than one, and the harmonic loading on the C-C
SWCNT is applied. Furthermore, contrary to the increase in
thickness, an increase in the length causes the wavelength to
increase. In the non-dimensional state, the behavior of the
vibration for the same loadings, boundary conditions and
parameters are the same. When the effect of the excitation
frequency to natural frequency ratio is taken into account,
whether the C-C or C-F boundary condition is applied, and
whether the ratio is greater or lower than one, the value of
the axial displacement reduces with the lower rate based on
the Bishop theory. The axial displacement for the C-F
boundary condition is greater than C-C one.
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