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1. Introduction 

 
Many applications of shape memory alloy (SMA) 

require generation of large displacements. Among them are 
actuators (see Duerig et al. 1990, Wanhill and Ashok 2017, 
Jani et al. 2014), passive vibration control re-centering 
devices (Torra et al. 2014, Casciati 2019), medical staples 
(Zhang et al. 2013), endovascular stents (Petrini et al. 
2017), etc. One of the ways to obtain large displacements is 
to use SMA parts functioning in bending mode. In some 
applications a repeated action is needed. It can be based on 
the effect of two-way shape memory or on the use of a bias 
part creating an opposing force and thus storing elastic 
energy on the stage of heating and securing repeated 
straining on consequent cooling. The latter way proved to 
be reliable in many applications (Jani et al. 2014). If the 
active member of an actuator operates in bending mode the 
functional part and the bias part can be combined in one 
composite beam, one layer of which is made of SMA and 
the other of an elastoplastic material. This engineering 
solution can lead to simplicity and compactness of the 
actuator. An efficient method to produce such two-layer 
beam is the method of explosion welding (Prummer and 
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Stockel 2001). In the works by Belyaev et al. (2011) it was 
shown that pressure developed under explosion does not 
hinder the martensitic transformation and there is no 
embrittlement in the weld. 

Bending is characterized by inhomogeneous stress with 
tension on one side of the beam and compression on the 
opposite side. To find the evolution of the stress field and 
curvature of the beam under the action of the bending 
moment and temperature it is necessary to solve the 
boundary value problem. The constitutive relations must be 
capable to describe the peculiarities of SMA mechanical 
properties such as phase – temperature and stress – strain 
hysteresis, tension – compression asymmetry inherent to 
TiNi-based SMA (Volkov et al. 2013, Chatziathanasiou et 
al. 2015). 

At present success was achieved in solving isothermal 
problems for SMA in the pseudoelastic or pseudoplastic 
state. A macroscopic model (Auricchio and Petrini 2002) is 
implemented into a finite element program ANSYS 
(Ansys® Academic Research Mechanical APDL, Release 
14.0). Simoes and Martínez-Pañeda (2021) using a macro 
model based on the approach of D.C. Lagoudas (Lagoudas 
2008) solved a 2D problem calculating the stress near a 
crack tip. They introduced a fatigue degradation function 
and found the cyclic life of a medical stent. For non-
isothermal loading only the simplest 1D problems, such as 
torsion of a cylinder with the fixed inner surface and a 
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turned outer surface (Rogovoy and Stolbova 2019), 
expanding and assembling of a thermomechanical coupling 
(Likhachev et al. 1997), tension of a cylinder loaded with 
axial force and cooled from the surface (Volkov and 
Kukhareva 2008, Volkov et al. 2017, Kukhareva et al. 
2020). In these works, a microstructural model was used. It 
allowed obtaining description of SMA behavior under 
simultaneous variation of stress and temperature but 
demanding rather much computation time. In the work 
(Volkov et al. 2019) a problem of pure bending of a TiNi 
beam in the isothermal conditions in the austenitic 
pseudoelastic and martensitic pseudoplastic state was 
considered. The present article extends these results to 
simulation of preliminary straining of a two-layer SMA-
elastoplastic beam and the curvature variation on 
consequent heating, and cooling. 

 
 

2. Microstructural model 
 
The basic ideas of microstructural modeling are: (1) 

account for the structure of the SMA by considering two or 
more structural levels with calculation of the macroscopic 
strain by averaging of the micro-strains; (2) formulation of 
the constitutive relations for micro-strains basing on the 
physical regularities governing different deformation 
processes. These principles allow physically grounded 
description of the functional-mechanical behavior of 
metallic alloys, including SMA. For SMA some of the first 
such models were reported in the works (Erglis et al. 1995, 
Patoor et al. 1996, Huang and Brinson 1998). In the works 
by Patoor et al. (1996), and Huang and Brinson (1998) the 
primary martensite orientation variants are considered to be 
plates characterized by the invariant plane and the direction 
of shear. J. Eshelby’s theory is applied to calculate the 
interaction energy between the plates. These variants can 
form self-accommodated groups in which they can grow 
cooperatively. It is shown that these models can simulate 
pseudoelasticity and the shape memory effect. Further 
development of E. Patoor, A. Eberhardt, and M. Berveiller 
model (Patoor et al. 1996) was made in Niclaeys et al. 
(2004), in which the interaction matrix for martensite 
variants in NiTi SMA was derived. This matrix accounted 
for all self-accommodating groups observed in this alloy. 

Works (Fischlschweiger et al. 2011, Oberaigner and 
Leindl 2012) were probably the first, in which there was 
suggested an idea of connecting the thermodynamic 
principles with the apparatus of statistical physics. In the 
work by Fall et al. (2019) the Boltzmann-type statistical 
approach was applied to crystal plasticity. In both cases, a 
self-consistent scheme of the transition from the stresses 
and strains in micro volumes to the macro scale was used. 

The microstructural approach, used in this work, was 
described in (Erglis et al. 1995, Evard and Volkov 1999, 
Volkov and Casciati 2001) and extended to account for the 
micro-plastic deformation and fracture in the work by Evard 
et al. (2006, 2015) and for the account of plastic 
deformation in the work Belyaev et al. (2022). The primary 
orientation variants of martensite are the domains, which 
originate from austenite by one of the Bain’s variants of the 

Fig. 1 Scheme of the representative volume of SMA
 
 

lattice transformation. This model allows simulating all the 
basic functional-mechanical properties of SMA. The 
representative volume V of SMA (Fig. 1) consists of a set of 
grains, each characterized by the orientation ω of its 
crystallographic axes. Inside each grain there are martensite 
variants and austenite. 

A. Reuss’ hypothesis is adopted: the macroscopic strain 
ε (small strain tensor) is calculated by neutralization of all 
micro strains. Spatial averaging of the micro-strains is 
substituted by averaging over grains orientations. Thus, the 
macroscopic strain tensor ε and the volume fraction Фм of 
martensite are 

 𝜀 = 1𝑁௚௥ ෍ 𝜀௚௥(𝜔),    𝛷ெ = 1𝑁௚௥ ෍ 𝛷௚௥(𝜔)ே೒ೝ
ୀଵ  ே೒ೝ

ୀଵ  

 

where the sum is taken over all grains, Ngr is the number of 
grains, ε gr(ω), Φ gr(ω) are the strain and the volume fraction 
of martensite in grain ω. 

The strain of each grain is assumed to be the sum of the 
elastic ε e, thermal ε T, phase ε Ph and micro-plastic ε MP 
strains 𝜀௚௥ = 𝜀௘ + 𝜀் + 𝜀௉௛ + 𝜀ெ௉ 

 

(argument ω in this and the next formulae is omitted). The 
martensite volume fraction in a grain Φgr, the phase strain ε 

Ph due to the crystal lattice deformation during martensitic 
transformation and the micro-plastic strain ε MP occurring 
near the martensite phase crystals are calculated by the 
formulae 𝛷௚௥ = 1𝑁 ෍ 𝛷௡ே

௡ୀଵ ,     𝜀௉௛ = 1𝑁 ෍ 𝛷௡𝐷௡ே
௡ୀଵ , 

𝜀ெ௉ = 1𝑁 ෍ 𝜅ெ௉𝜀௡௉𝑑𝑒𝑣𝐷௡ே
௡ୀଵ , 

 

where the sum is taken over all martensite variants, N is the 
number of variants, (1/N)Φn is the volume fraction of the n-
th martensite variant in the grain, Dn is the n-th variant 
lattice deformation tensor and devDn is its deviator, εn

P are 
internal variables serving as the measures of the micro-
plastic strain, κMP is a material constant. The third formula 
is written by an analogy with the second and expresses the 
idea that the micro-plastic deformation caused by the 
growth of martensite can be expanded in the sum similar to 
that for the phase strain. The elastic and thermal strains are 
supposed isotropic and calculated as the weighted sum 
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(with the weights 1–Φgr and Φgr) of the strains of austenite 
and martensite using the common Hook’s law and the law 
of thermal expansion. 

The evolution equations for the variables Φn and εn
P are 

formulated in terms of the generalized thermodynamic 
forces, which are the derivatives of the Gibbs’ potential G, 
which for a unit volume can be written as 

 𝐺 = 𝐺௘௜௚ + 𝐺௠௜௫ = (1 − ௚௥)𝐺஺ + 1𝑁 ෍ Φ௡𝐺ெ௡ + 𝐺௠௜௫ே
௡ୀଵ  

 
where GA and GMn are the eigen potentials of austenite and 
martensite (without an account of their interaction) and Gmix 
is the “mixing” potential equal to the elastic energy of the 
interphase stresses. This energy is estimated by the formula 

 𝐺௠௜௫ = 𝜇2 ෍ 𝐴௠௡(Φ௠ − 𝑏௠)(Φ௡ − 𝑏௡)ே
௠,௡ୀଵ  

 
where Amn are the coefficients, accounting for the 
interaction between the variants, μ is a material constant 
and bn are the internal variables accounting for the 
relaxation of the elastic energy of the interphase stresses 
caused by the micro-plastic deformation. These variables 
can be interpreted as the densities of the oriented 
deformation defects (dislocation loops generated in the 
course of the plastic accommodation. In the work by Nae et 
al. (2003), potential Gmix is referred to as the “phase 
interaction energy function” (PIEF). The eigen potentials 
GA and GMn are expressed by the formula 

 𝐺௔ = 𝐺଴௔ − 𝑆଴௔ ∙ (𝑇 − 𝑇଴) − 𝑐஢଴௔(𝑇 − 𝑇଴)ଶ2𝑇଴             −𝜀௜௝଴்௔(𝑇)𝜎௜௝ − 12 𝐷௜௝௞௟௔ 𝜎௜௝𝜎௞௟,                   𝑎 = 𝐴, 𝑀𝑛 
 

where superscript a stands for A (Austenite) and Mn (n-th 
variant of Martensite); T is the temperature; T0 is the 
temperature of the thermodynamic equilibrium of austenite 
and martensite at zero stress; σij are the Cauchy stress 
components; G0

a, S0
a are the values of the Gibbs’ potential 

and of the entropy at T = T0 and σ = σ0 = 0; ε 0Ta(T) is the 
strain at temperature T and σ = σ0; cσ0a is the specific heat 
(per unit volume); Da

ijkl are components of the tensor of 
elastic compliances. For temperature T0 the estimate T0 = 
(Ms + Af)/2 suggested and substantiated in work 
(Salzbrenner and Cohen 1979) is used, where Ms and Af are 
the temperatures of the start of the forward and of the finish 
of the reverse transformations. 

For TiNi SMA the forward transformation is from the 
cubic phase into monoclinic with the number of orientation 
variants of martensite N = 12. An account of shuffles would 
increase this number up to 24, but the shuffles do not affect 
the homogeneous part of the phase strain. The Bain’s 
variants in TiNi are grouped into the “Corresponding 
Variants Pairs” (CVP) (Nishida et al. 2012a, b, Imamura et 
al. 2012). In the present model this feature is accounted for 
by the matrix (Amn), which for a proper numeration of 
variants is proposed as 

А = ൭𝐴ଵ 0 00 𝐴ଵ 00 0 𝐴ଵ൱, 𝐴ଵ = ቌ 1 −𝛼−𝛼 1 −𝛼 00 −𝛼−𝛼 00 −𝛼 1 −𝛼−𝛼 1 ቍ, (1)

 
where α is a material constant (0 ≤ α < 1/2) measuring the 
degree of the interaction between the variants forming a 
CVP. The evolution equation for the internal variables is 
deduced from the transformation condition 

 𝐹௡ = ±𝐹୤୰, 
where 

 𝐹௡ = − 𝜕𝐺𝜕Φ௡ ≈ 𝑞଴(𝑇 − 𝑇଴)𝑇଴ + 𝜎௜௝:    (𝐷௡)௜௝ − 𝜇 ෍ 𝐴௡௠ே
௠ୀଵ Φ௠ 

 
is the driving thermodynamic force of the 

transformation and Ffr is the dissipative (“friction”) force. 
Sign “+” stands for the direct and “–” for the reverse 
transformation; q0 is the latent heat of the transformation (q0 
< 0). From the transformation condition it follows that the 
transformation occurs at a state apart from equilibrium 
(when there is an excess of the driving force). 

For the reorientation (twinning) of martensite three 
hypotheses are accepted: (1) any variant of martensite can 
be transformed in any other variant; (2) reorientation occurs 
along the direction in the space Φ1,…, ΦN, corresponding to 
the fastest decrease of the Gibbs’ potential; (3) reorientation 
starts when the thermodynamic force reaches a critical 
value. From these hypotheses it follows that reorientation 
will occur along the projection L of the vector 

 𝐹 = {𝐹௡} = {− 𝐺 Φଵ, … , − 𝐺 Φ௡}⁄⁄  
 

on the plane Φ1 + … + ΦN  = const. If for some n it holds 
that Φn = 0 and Ln < 0, L must be substituted for its 
projection L’ onto the intersection of planes Φn = 0 and Φ1 
+ … + ΦN = const. Then the condition of reorientation is 
postulated as − 𝐺 𝐿 = 𝐹௙௥ ௧௪⁄  

 
where Ffr tw is a material constant, characterizing the critical 
driving force for reorientation. 

To find the evolution of internal variables εn
P and bn the 

micro-plastic flow condition is formulated 
 |𝐹௡௉ − 𝐹௡ద| = 𝐹௡௬ 
 

where 𝐹௡௉ = −𝜕𝐺/𝜕𝑏௡ is the driving force of the micro-
plastic flow caused by the growth of the n-th variant of 
martensite, 𝐹௡ద  and 𝐹௡௬  are forces characterizing the 
kinematic and isotropic hardening. Note that the micro-
plastic flow condition is analogous to the 1D classic plastic 
flow condition |𝜎 − ϱ| = 𝜎௬ 

 
with 𝐹௡௉ playing the role of the stress σ, 𝐹௡ద– of the back 
stress ϱ and 𝐹௡௬–of the flow stress σy. The micro-plastic 
flow produces deformation defects. In this model two types 
of the defects are distinguished: oriented defects bn creating 
long-range stress fields and scattered defects fn, which are 
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obstacles to plastic flow. In the proposed model forces 𝐹௡ద 
and 𝐹௡௬  are related to oriented defects bn and scattered 
defects fn by the simplest formulae 

 𝐹௡ద = 𝑎ద𝑏௡,          𝐹௡௬ = 𝑎௬𝑓௡, 
 

where 𝑎ద and 𝑎௬are material constants. 
To describe the variation of the defect densities the 

evolution equations were formulated 
 𝑏ሶ௡ = 𝑘௕𝜀ሶ௡௉ − ቆ|𝑏௡|𝛽∗ ቇ 𝜀ሶ௡௉𝐻(𝑏௡𝜀ሶ௡௉)           +𝑟௕(𝑇) ቆ|𝐹௡௉|𝜇 ቇ 𝑠𝑖𝑔𝑛(𝐹௡௉) , 
 𝑓ሶ௡ = |𝜀ሶ௡௉| − 𝑟௙(𝑇)(𝑓௡ − 𝑓଴), 
 

where H denotes Heaviside’s step function, kb, β* and f0 are 
material constants, rb(T) and rf(T) are Arrhenius type 
functions of temperature. The first term in the right-hand 
part of the equation for 𝑏ሶ௡ describes the oriented defects 
production in the course of the micro-plastic flow, the 
second term accounts for the escape of the defects to the 
outer surface and the third – evolution of the defects in time 
while the driving force 𝐹௡௉  of the micro-plastic flow is 
non-zero. In the equation for 𝑓ሶ௡ the first term in the right-
hand part of the equation describes production of the 
scattered defects in the course of the micro-plastic flow and 
the second – their decrease due to relaxation processes. 

The values of the material constants for TiNi SMA were 
determined in a previous work (Evard et al. 2015). 

This microstructural approach proved to be efficient for 
simulating the deformation of a specimen in different states 
(martensitic, two-phase, and austenitic) as well as strain 
accumulation on cooling and heating under a constant or 
varying load. 

 
 

3. Boundary-value problem for bending of an SMA 
beam 
 
A finite element model is developed to represent a 

cracked beam element of length d and the crack is located at 
Consider a two-layer beam with width b and total thickness 
h, loaded by a bending moment M or/and an axial force F as 
shown in Fig. 2. We assume isothermal conditions, i.e., the 
case when the heat transfer occurs fast and the temperature 
can be considered homogeneous. The beam consists of two 
layers: the “upper” layer with thickness h1 made of SMA 
and the “lower” layer with thickness h2 made of an 
elastoplastic material (steel). We make a simplifying 
assumption that the Bernoulli plane-sections hypothesis and 
the hypothesis of non-compression of layers can be applied. 
In this case, the strain distribution over the thickness of the 
beam is specified by the formula 

 𝜀௭௭(𝑦) = 𝜅𝑦 + 𝜀,̅ 
 

where 𝜅 is the curvature of the beam central layer and 𝜀 ̅is 
the relative elongation of this layer. The only non-vanishing 
stress is 𝜎௭௭. Further, notations ε and σ are used for 𝜀௭௭ 

Fig. 2 Scheme of loading 
 
 

and 𝜎௭௭. 
According to Hook’s law 
 𝜎 = 𝐸(𝜀 − 𝜀௡௘), 
 

where E is Young’s modulus and εne is the non-elastic strain. 
The equilibrium conditions for the force and the 

moment are 
 න 𝑏𝜎(𝑦)𝑑𝑦௛/ଶ

ି௛/ଶ = 𝐹,        න 𝑏𝜎(𝑦)𝑦𝑑𝑦௛/ଶ
ି௛/ଶ = 𝑀 

 
Note that similar approach to the problem of SMA beam 

bending was used by Li et al. (2006); and Yang and 
Seelecke (2008). The increments of the phase strain and of 
the internal variables for given increments of the stress and 
the temperature are given by the microstructural model 
described in Section 2. This model sets the two functions F1 
and F2, such that 

 Δ𝜀௡௘(𝑦) = 𝐹ଵ൫Δ𝑇, Δ𝜎(𝑦), 𝑋(𝑦)൯, Δ𝑋(𝑦) = 𝐹ଶ൫Δ𝑇, Δ𝜎(𝑦), 𝑋(𝑦)൯, 
 
where X denotes the set of the internal variables of the 

model. For the elastoplastic layer a common bi-linear 
stress-strain diagram is used. 

To solve the problem we discretize the interval [–h/2 , 
h/2] into K equal segments and search for the values σj, = 
σ(yj), εj, = ε(yj), where yj = (jh/K), j = 0,…, K). 

We split the whole problem into two parts. The first 
problem is the problem of the mechanical equilibrium and it 
is finding the “vector” {σj} for given moment M, force F 
and “vector” of non-elastic strain {εj

ne}. Denoting the 
operator solving this problem by M, we have 

 ൛𝜎௝ൟ = 𝑀൫𝑀, 𝐹, ൛𝜀௝௡௘ൟ൯. 
 
The second (“rheological”) problem is to find the 

increments of the non-elastic strains {Δεj
ne} for known 

increments ΔT and {Δσj} using the microstructural model 
for SMA layer and bi-linear law for the elastoplastic layer. 
Denoting this operator by R, we write 

 ൛∆𝜀௝௡௘ൟ = 𝑅൫∆𝑇, ൛∆𝜎௝ൟ൯. 
 
Now we formulate the scheme of transition from the 

“vector” {εj
ne(t)} corresponding to a time instant t to the 
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“vector” {εj
ne(t+Δt)}, where the time increment Δt 

corresponds to the increments ΔT, ΔM and ΔF of the 
temperature, the bending moment and the axial force. This 
scheme is as follows. 

 
1. Choose the 0-th approximation {εj

ne}(0) = 0 for 
“vector” {εj

ne}. 
2. Find {σj}(1) = M(M + ΔM, F + ΔF{εj

ne}(0)).  
3. Find the 1-st approximation {εj

ne}(1) = {εj
ne}(0) + 

λR(ΔT, {Δσj}(1)). 
4. Repeat steps 1 – 3 until maxj({|εj

ne (i+1) – εj
ne (i)|}) < 

err, 
 

where λ is the iteration parameter (0<λ≤1) and err denotes 
the admissible error. 

Thus, for given thermomechanical loading specified by 
the successive values of temperature Tk, bending moment 
Mk, and axial force Fk corresponding to time instants tk, one 
can find the values {εne(tk)}and {σ(tk)} as well as the values 
κk of the curvature (or the corresponding deflection wk) and 
the relative elongation 𝜀௞̅. 

 
 

4. Simulation results 
 
For simulation the following parameters were chosen: 

length l = 20 mm, width b = 10 mm. The thickness of the 
SMA layer was h1 = 1.0 mm. As for the elastoplastic layer, 
two values of thickness were taken: the thin one with 
h2 = 0.14 and the thick one with h2 = 0.4 mm. For the first 

 
 

 
 

value h2 = 0.14 mm the elastoplastic layer and the SMA 
layer in the austenitic state have equal bending stiffness and 
for h2 = 0.4 mm they have equal tensile stiffness. 

For the SMA the characteristic temperatures Mf , Ms, As, 
Af , were chosen 303, 323, 340 360 K, and the latent heat 
q0 = –135 J/cm3, the Young’s modulus for austenite 80 GPa, 
for martensite 28 GPa. The Bain’s deformation tensor was 
correspondent to the B2-B19’ transformation in TiNi SMA. 
The elastoplastic material was characterized by the Young’s 
modulus 200 GPa, yield limit 400 MPa and the hardening 
slope (plastic modulus) 2 GPa. 

The simulated experiment consisted of the following 
stages. 

 

1. Preliminary straining at temperature when the SMA 
is in martensite producing pseudo-plastic phase 
strain in the SMA layer and plastic strain in the bias 
layer. 

2. Unloading. 
3. Heating to provoke the shape recovery. 
4. Cooling causing a repeated shape change. 
 
Two ways of preliminary straining were considered: 
 
(1) bending by applying a moment up to maximum 

effective strain κh/2 = 5%; 
(2) stretching with fixed zero curvature (counter-

moment is applied) up to maximum elongation 5%. 
 
The preliminary deflection – moment diagram for 

bending of the beam with the thin elastoplastic layer 
 
 

 
 

 
(a) Deflection – bending moment diagram 

 
 

(b) Stress distributions over the thickness 
of the beam corresponding to marks 
1 – 5 on the bending diagram

(c) Non-elastic strain distributions 
 
 

Fig. 3 Bending of the beam with the thin elastoplastic layer (h2 = 0.14 mm) at 300 K (SMA in the martensitic state)

 
(a) h2 = 0.14 mm (b) h2 = 0.4 mm 

Fig. 4 Deflection vs. temperature diagrams on heating
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h2 = 0.14 mm is shown in Fig. 3(a) (the deflection 
correspondent to the center of the bent arc). From Fig. 3(b) 
one can see that the elastoplastic layer is completely under 
compressive stress. The upper part of the SMA layer is 
under tension and the lower part – under compression. 

Note that the microstructural model automatically 
accounts for the tension-compression asymmetry of TiNi 
mechanical properties. The diagrams for the beam with 
thick elastoplastic layer 0.4 mm are similar to those shown 
in Fig. 3. On consequent heating after unloading the bent 
shape of the beam partially recovered. The temperature – 
deflection diagrams are presented in Fig. 4. 

From Figs. 4(a), (b) one can see that the shape recovery 
is less for a beam with thick elastoplastic layer, since the 
SMA layer has to unbend this layer on heating. After 
heating the elastoplastic layer is under tensile stress, which 
can help regaining of the bent shape of the beam on 
subsequent cooling. From the stress distribution diagrams 
shown on Fig. 5 one can see that after the recovery the thin 
elastoplastic layer is completely under tensile load while the 
thick layer has the stress distribution characteristic to the 
elastoplastic bending, experiencing plastic deformation in 
its lower part. Thus, such thickness of the bias elastoplastic 
layer is too large and storing of the elastic energy is not 
efficient. 

After shape recovery on heating cooling was simulated. 
The temperature dependence of the deflection can be seen 
on Fig. 4. In a larger scale it is presented in Fig. 6. 

From Figs. 6 and 7 it follows that the deflection stroke 
on cooling is larger in the beam with thin bias layer. The 

 
 

 
 

stress distributions in the thin bias layer are linear, which is 
characteristic to the elastically bent beam. The stresses relax 
releasing the stored elastic energy. In the thick bias layer the 
relaxation of the stresses is not complete, which prevents 
regaining of the bent shape of the two-layer beam. 

The second way of preliminary straining of the two-
layer beam is its stretching at a temperature, at which the 
SMA is in the martensitic state, in constraint conditions, 
which prevent the beam bending. The force – elongation 
diagram for the beam with the thin bias layer is shown in 
Fig. 8. In both layers of the beam the stress distributions are 
uniform. After stretching the force is removed and that 
causes an increase of the moment (segment 5 – 6 on Fig. 
8(b)). The moment is removed on the second stage of 
unloading (segment 6 – 7 on Fig. 8(b)). The diagrams for 
the beam with the thick bias layer are similar to those 
shown on Figs. 8 and 9. 

Stress distributions over the thickness of the beam 
corresponding to marks 1 – 5 on the diagrams on Fig. 4 (the 
dashed lines show the position of the interface between the 
SMA and the elastoplastic layers). 

After preliminary stretching up to 5% elongation and 
unloading the beam is slightly bent but the SMA layer is 
pre-stretched in the martensitic state and thus is capable to 
recover its initial length. Because of this on heating both of 
the layers acquire deflection. On subsequent cooling a part 
of this deflection is recovered. The dependences of the 
deflection on the temperature for the beam with the thin 
bias layer 0.14 mm are shown on Fig. 9(a) and the 
corresponding stress distributions – on Fig. 9(b). 

 
 

 
 

(a) h2 = 0.14 mm (b) h2 = 0.4 mm 

Fig. 5 Stress distributions over the thickness of the beam corresponding to marks 1 – 5 on the diagrams on Fig. 4 
(the dashed lines show the position of the interface between the SMA and the elastoplastic layers) 

 
(a) h2 = 0.14 mm (b) h2 = 0.4 mm 

Fig. 6 Deflection – temperature diagrams on cooling of the beam after the shape recovery 
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5. Conclusions 
 
1. Microstructural modeling allows solving boundary-

value problems for thermomechanical loading of 
composite two-layer SMA – elastoplastic beam in 
the pure bending mode, revealing the inhomogeneity 
of the distributions of the stress. 

2. Bimetal beams with functional and elastoplastic 
layers can recover the bent shape after preliminary 
straining both by bending or by stretching. 

3. To obtain larger strain (deflection) variation on 
heating and on subsequent cooling the preliminary 
deformation must be performed by bending. The 
two-layer beam with thin elastoplastic layer is 
preferable: for preliminary bending up to maximum 

 
 

 

 
 

To obtain larger strain (deflection) variation on 
heating and on subsequent cooling the preliminary 
deformation must be performed by bending. The 
two-layer beam with thin elastoplastic layer is 
preferable: for preliminary bending up to maximum 
strain 5% the strain variation on heating will be 
3.2% and on subsequent cooling 0.5%. 
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(a) h2 = 0.14 mm (b) h2 = 0.4 mm 

Fig. 7 Stress distributions over the thickness of the beam corresponding to marks 1 – 5 on the diagrams on Fig. 6 
(the dashed lines show the position of the interface between the SMA and the elastoplastic layers) 

(a) Stretching force vs. relative elongation at 300 K 
(SMA in the martensitic state) 

(b) Moment vs. relative elongation 
 

Fig. 8 Diagrams of stretching of a beam with thin bias layer (h2 = 0.14 mm) 

 
(a) Dependence of the beam deflection on the temperature 

 
(b) Stress distributions over the thickness of the beam 

corresponding to marks 1 – 5 on diagram on Fig. 9(a)

Fig. 9 Diagrams for heating and subsequent cooling of a beam with thin bias layer (h2 = 0.14 mm)
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