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1. Introduction 

 
The cantilever-type pipe structures have been widely 

used in infrastructures, and those are usually elastically 
restrained in the ground and have a tip mass at the free end. 
Among those, there are non-uniform beams that have step 
changes in the properties of their cross sections in the 
longitudinal direction such as monopile support structures 
of offshore wind turbine. In the monopile support structure, 
the cross sectional properties are changed stepwise at the 
junction of the monopile substructure and the tower. And, 
the monopile support structure is restrained by the seabed 
ground and has a tip mass of blades and nacelle at the top of 
the tower. 

 Preventive maintenance and structural safety of those 
may be guaranteed by application of structural health 
monitoring system which can identify faults of the 
structures. The crack is one of the most typical damages in 
the steel pipe structures. It can be identified using the 
changes in modal properties of the structure resulting from 
the crack on the basis of the vibration data measured during 
operation. In the vibration-based crack detection method, if 
the model-based technique is applied to identify the crack, it 
is necessary to first update the baseline model that can 
analytically calculate the modal characteristics of the 
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structures in intact state. 

Several researches have been performed on the vibration 
of the non-uniform beams under various conditions. An 
exact solution to obtain the natural frequency and mode 
shape of non-uniform cantilever-type beams with multiple 
spring-mass systems was proposed (Chen and Wu 2002), 
the equation of motion was established by considering the 
compatibility of deformations and the equilibrium of forces 
between the two adjacent beam segments. A study on the 
vibration of the beams that have cross section geometries 
with exponentially varying width was performed (Ece et al. 
2007), the governing equation was reduced to an ordinary 
differential equation and the modal characteristics for each 
set of boundary conditions were determined using the 
Euler–Bernoulli beam theory. A study was carried out to 
estimate the natural frequencies of the elastically restrained 
tapered beams with a tip mass and concentrated viscous 
damping at an arbitrary location (Rosa et al. 2010), the 
elastically restrained end was modeled as a translational and 
rotational spring element. An approach based on the 
Chebyshev polynomials theory was proposed to analyze 
free vibration of axially functionally graded Euler–
Bernoulli and Timoshenko beams with non-uniform cross 
sections (Zhao et al. 2017), all variable geometric and 
material properties, such as cross sectional area, area 
moment of inertia, mass density, Young’s modulus, and 
shear modulus were treated as weight functions. The 
asymptotic perturbation approach to obtain a simple 
analytical expression for the free vibration analysis of non-
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Abstract.  The current paper presents a technique to detect crack in non-uniform cantilever-type pipe beams, that have step 
changes in the properties of their cross sections, restrained by a translational and rotational spring with a tip mass at the free end. 
An equation for estimating the natural frequencies for the non-uniform beams is derived using the boundary and continuity 
conditions, and an equivalent bending stiffness for cracked beam is applied to calculate the natural frequencies of the cracked 
beam. An experimental study for a step-changed non-uniform cantilever-type pipe beam restrained by bolts with a tip mass is 
carried out to verify the proposed method. The translational and rotational spring constants are updated using the neural network 
technique to the results of the experiment for intact case in order to establish a baseline model for the subsequent crack detection. 
Then, several numerical simulations for the specimen are carried out using the derived equation for estimating the natural 
frequencies of the cracked beam to construct a set of training patterns of a neural network. The crack locations and sizes are 
identified using the trained neural network for the 5 damage cases. It is found that the crack locations and sizes are reasonably 
well estimated from a practical point of view. And it is considered that the usefulness of the proposed method for structural 
health monitoring of the step-changed non-uniform cantilever-type pipe beam-like structures elastically restrained in the ground 
and have a tip mass at the free end could be verified. 
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uniform and non-homogenous beams with different 
boundary conditions was applied (Cao et al. 2019), a linear 
governing equation of the beams was obtained based on the 
Euler–Bernoulli beam theory and the perturbative theory 
was employed to derive an asymptotic solution of the 
natural frequency of the beams. The dynamic stiffness 
matrix for generic non-uniform beams was formulated and 
applied to the free vibration analysis of flexure hinges (Ling 
et al. 2018), the vibration solution of general non-uniform 
Timoshenko beam was derived by using a recursive integral 
then, the dynamic stiffness matrix of non-uniform 
Timoshenko beam was derived based on the variational 
principle. The asymptotic development method was applied 
to analyze the free vibration of non-uniform axially 
functionally graded beams, of which the governing 
equations are differential equations with variable 
coefficients (Cao and Gao 2019), the perturbation theory 
was introduced to obtain an approximate analytical formula 
of the natural frequencies of the non-uniform beams with 
different boundary conditions. A study on the free vibration 
analysis of 3D non-uniform Euler-Bernoulli and 
Timoshenko beams by using the rigid segment method was 
performed (Nikolic and Salinic 2020), the elastic beam was 
discretized by 3 rigid segments which are connected by 
elastic joints with 6 degrees of freedom. The Rayleigh–Ritz 
method was used to analyze the vertical vibration of a non-
prismatic mathematical hull with longitudinal distribution 
of sectional properties (Datta and Thekinen 2016), 
significant computational advantages of the proposed 
method over finite element analysis could be verified. 
Forced vibration of general non-uniform material-varying 
micro-beam models under a moving harmonic load/mass 
was studied (Rajasekaran and Khaniki 2019), cross section 
variation through the length was formulated for both 
thickness and width variation and material variation was 
modeled by combining axial and thickness material grading 
models. Vibrational properties of non-uniform beams made 
of graded porous materials was studied (Heshmati and 
Daneshmand 2019), the Timoshenko beam theory was used 
to formulate of the problem including non-uniformity of the 
cross section and graded porosity of the beam material. A 
theoretical method was proposed to investigate the natural 
vibration of non-uniform beams with derivable vibration 
mode function (Ma et al. 2020), the transfer matrix between 
the left and right cross sections of the cracked non-uniform 
beam was derived based on the vibration mode function. 

In the previous studies, the methods for estimating the 
vibration characteristics of the non-uniform beams, that 
have continuous functionally varying cross sectional 
properties, have been mainly studied. In this study, an 
equation for estimating the natural frequencies for non-
uniform beams, that have step changes in the properties of 
their cross sections, restrained by a translational and 
rotational spring with a tip mass at the free end is derived. 
Based on the equation, a technique to detect the location 
and size of a through-the-thickness crack in pipe using the 
natural frequencies and neural network technique is 
proposed. To this end, an equivalent bending stiffness for 
cracked beam is applied to the equation to calculate the 
natural frequencies of the cracked beam. The crack is 

assumed to be always open. An experimental study is 
carried out. The translational and rotational spring constants 
are updated to the results of the experiment for intact case 
to establish a baseline model for the subsequent crack 
detection. Then, several numerical simulations for the 
specimen are carried out to construct a set of training 
patterns of a neural network. The crack locations and sizes 
are identified using the trained neural network. To sum up, a 
technique to detect crack in non-uniform cantilever-type 
pipe beams, that have step changes in the properties of their 
cross sections, restrained by a translational and rotational 
spring with a tip mass is presented in this study. 

 
 

2. Modal parameters of step-changed non-uniform 
beam 
 
The general solution of the beam segments of constant 

cross sectional properties as shown in Fig. 1 can be 
expressed by individual functions as Eq. (1) and (2) 
(Gorman 1975). In Fig. 1, 𝑟(𝜉) is the transverse 
displacement, 𝐿  is the beam length, 𝐸  is the Young’s 
modulus, 𝐼 is the area moment of inertia, 𝐴 is the cross 
sectional area, 𝜌 is the mass density, 𝑘் is the translational 
spring, 𝑘ோ is the rotational spring, and 𝑀 is the tip mass. 
The beam cross sectional properties are shown to be 
constant over the dimensionless distance 𝜇  from the 
supported end, and 𝛾 = 1 − 𝜇  for the remainder of the 
beam. 

 𝑟ଵ(𝜉ଵ) = 𝐴ଵ𝑠𝑖𝑛𝛽ଵ𝜉ଵ + 𝐵ଵ𝑐𝑜𝑠𝛽ଵ𝜉ଵ +𝐶ଵ𝑠𝑖𝑛ℎ𝛽ଵ𝜉ଵ + 𝐷ଵ𝑐𝑜𝑠ℎ𝛽ଵ𝜉ଵ (1)

 𝑟ଶ(𝜉ଶ) = 𝐴ଶ𝑠𝑖𝑛𝛽ଶ𝜉ଶ + 𝐵ଶ𝑐𝑜𝑠𝛽ଶ𝜉ଶ +𝐶ଶ𝑠𝑖𝑛ℎ𝛽ଶ𝜉ଶ + 𝐷ଶ𝑐𝑜𝑠ℎ𝛽ଶ𝜉ଶ (2)
 

where 
 𝛽ଵସ = ൬𝜌ଵ𝐴ଵ𝐸ଵ𝐼ଵ ൰ 𝜔ଶ𝐿ସ (3)

 𝛽ଶସ = ൬𝜌ଶ𝐴ଶ𝐸ଶ𝐼ଶ ൰ 𝜔ଶ𝐿ସ (4)

 
where 𝜔 is the natural circular frequency, and Eq. (5)-(7) 
can be introduced as follows 

 
 

Fig. 1 Cantilever-type step-changed non-uniform beam 
with a tip mass and spring support 
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φ = ൬𝜌ଶ𝐴ଶ𝜌ଵ𝐴ଵ൰ଵ/ସ
 (5)

 α = ൬𝐸ଶ𝐼ଶ𝐸ଵ𝐼ଵ൰ଵ/ସ
 (6)

 𝜆 = 𝜑𝛼 = 𝛽ଶ𝛽ଵ (7)

 
The boundary conditions at the restrained end (𝜉ଵ = 0) 

and the free end (𝜉ଶ = 𝛾) are as follows. Since the rotation 
angle at the free end of the cantilever-type beam used in 
large structures such as monopile support structure is often 
very small, the effect of rotational inertia caused by the tip 
mass is neglected in this study. 

 𝑑ଶ𝑟ଵ(𝜉ଵ)𝑑𝜉ଵଶ ቤకభୀ଴ = 𝑘ோ𝐿𝐸ଵ𝐼ଵ 𝑑𝑟ଵ(𝜉ଵ)𝑑𝜉ଵ ฬకభୀ଴ (8)

 𝑑ଷ𝑟ଵ(𝜉ଵ)𝑑𝜉ଵଷ ቤకభୀ଴ = − 𝑘்𝐿ଷ𝐸ଵ𝐼ଵ 𝑟ଵ(𝜉ଵ)ቤకభୀ଴ (9)

 𝑑ଶ𝑟ଶ(𝜉ଶ)𝑑𝜉ଶଶ ቤకమୀఊ = 0 (10)

 𝑑ଷ𝑟ଶ(𝜉ଶ)𝑑𝜉ଶଷ ቤకమୀఊ = − 𝑀𝜌ଶ𝐴ଶ𝐿 𝛽ଶସ𝑟ଶ(𝜉ଶ)ฬకమୀఊ (11)

 
The continuity conditions of displacement, slope, 

bending moment, and shear force at the variation location of 
the cross sectional properties ( 𝜉ଵ = μ, 𝜉ଶ = 0 ) are as 
follows 𝑟ଵ(𝜇) = 𝑟ଶ(0) (12)

 𝑑𝑟ଵ(𝜉ଵ)𝑑𝜉ଵ ฬకభୀఓ = 𝑑𝑟ଶ(𝜉ଶ)𝑑𝜉ଶ ฬకమୀ଴ (13)

 𝑑ଶ𝑟ଵ(𝜉ଵ)𝑑𝜉ଵଶ ቤకభୀఓ = 𝛼ସ 𝑑ଶ𝑟ଶ(𝜉ଶ)𝑑𝜉ଶଶ ቤకమୀ଴ (14)

 𝑑ଷ𝑟ଵ(𝜉ଵ)𝑑𝜉ଵଷ ቤకభୀఓ = 𝛼ସ 𝑑ଷ𝑟ଶ(𝜉ଶ)𝑑𝜉ଶଷ ቤకమୀ଴ (15)

 
A coefficient matrix equation for the unknown 𝐴ଵ, 𝐵ଵ, 𝐶ଵ, 𝐷ଵ, 𝐴ଶ, 𝐵ଶ, 𝐶ଶ, 𝐷ଶ  in Eqs. (1) and (2) can be 

obtained by applying the above boundary and continuity 
conditions. For a non-trivial solution, the determinant of the 
coefficient matrix is set to zero as follows 

 

ተተ
ተ𝐸ଵଵ 𝐸ଵଶ𝐸ଶଵ 𝐸ଶଶ0  00  0𝐸ହଵ 𝐸ହଶ𝐸଺ଵ 𝐸଺ଶ𝐸଻ଵ 𝐸଻ଶ𝐸଼ଵ 𝐸଼ଶ

  𝐸ଵଷ 𝐸ଵସ𝐸ଶଷ 𝐸ଶସ  0  00  0  𝐸ହଷ 𝐸ହସ𝐸଺ଷ 𝐸଺ସ  𝐸଻ଷ 𝐸଻ସ𝐸଼ଷ 𝐸଼ସ

  0 00 0  𝐸ଷହ 𝐸ଷ଺𝐸ସହ 𝐸ସ଺  0 −1𝐸଺ହ  0  0 𝐸଻଺𝐸଼ହ 0

  0  00  0  𝐸ଷ଻ 𝐸ଷ଼𝐸ସ଻ 𝐸ସ଼  0 −1𝐸଺଻  0  0 𝐸଻଼𝐸଼଻  0 ተተ
ተ = 0 (16)

where 𝐸ଵଵ = 𝐸ଵଷ = 𝑘ோ𝐿𝐸ଵ𝐼ଵ (17)

 𝐸ଵଶ = −𝐸ଵସ = 𝛽ଵ (18)
 𝐸ଶଵ = −𝐸ଶଷ = 𝛽ଵଷ (19)
 𝐸ଶସ = 𝐸ଶଶ = − 𝑘்𝐿ଷ𝐸ଵ𝐼ଵ  (20)

 𝐸ଷହ = 𝑠𝑖𝑛𝜆𝛽ଵ𝛾 (21)
 𝐸ଷ଺ = 𝑐𝑜𝑠𝜆𝛽ଵ𝛾 (22)
 𝐸ଷ଻ = −𝑠𝑖𝑛ℎ𝜆𝛽ଵ𝛾 (23)
 𝐸ଷ଼ = −𝑐𝑜𝑠ℎ𝜆𝛽ଵ𝛾 (24)
 𝐸ସହ = 𝑐𝑜𝑠𝜆𝛽ଵ𝛾 − 𝑀𝜌ଶ𝐴ଶ𝐿 𝜆𝛽ଵ𝑠𝑖𝑛𝜆𝛽ଵ𝛾 (25)

 𝐸ସ଺ = −𝑠𝑖𝑛𝜆𝛽ଵ𝛾 − 𝑀𝜌ଶ𝐴ଶ𝐿 𝜆𝛽ଵ𝑐𝑜𝑠𝜆𝛽ଵ𝛾 (26)

 𝐸ସ଻ = −𝑐𝑜𝑠ℎ𝜆𝛽ଵ𝛾 − 𝑀𝜌ଶ𝐴ଶ𝐿 𝜆𝛽ଵ𝑠𝑖𝑛ℎ𝜆𝛽ଵ𝛾 (27)

 𝐸ସ଼ = −𝑠𝑖𝑛ℎ𝜆𝛽ଵ𝛾 − 𝑀𝜌ଶ𝐴ଶ𝐿 𝜆𝛽ଵ𝑐𝑜𝑠ℎ𝜆𝛽ଵ𝛾 (28)

 𝐸ହଵ = −𝐸଺ଶ = 𝐸଻ଵ = −𝐸଼ଶ = 𝑠𝑖𝑛𝛽ଵ𝜇 (29)
 𝐸ହଶ = 𝐸଺ଵ = 𝐸଻ଶ = 𝐸଼ଵ = 𝑐𝑜𝑠𝛽ଵ𝜇 (30)
 𝐸ହଷ = 𝐸଺ସ = −𝐸଻ଷ = −𝐸଼ସ = 𝑠𝑖𝑛ℎ𝛽ଵ𝜇 (31)
 𝐸ହସ = 𝐸଺ଷ = −𝐸଻ସ = −𝐸଼ଷ = 𝑐𝑜𝑠ℎ𝛽ଵ𝜇 (32)
 𝐸଺ହ = 𝐸଺଻ = −𝜆 (33)
 𝐸଻଺ = −𝐸଻଼ = −𝛼ସ𝜆ଶ (34)
 𝐸଼ହ = −𝐸଼଻ = −𝛼ସ𝜆ଷ (35)
 
Then, 𝛽ଵ satisfying Eq. (16) can be calculated, and the 

natural frequency can be obtained by substituting the 𝛽ଵ 
into Eq. (3). 

The mode shape of the beam can be defined by 
substituting the 𝛽ଵ  into the coefficient matrix equation 
from which Eq. (16) is set and using the reduced row 
echelon form of the coefficient matrix equation. 

The natural frequencies and mode shapes for an 
example step-changed non-uniform beam of which the 
material is steel as shown in Fig. 2, the same dimension as 
the specimen for subsequent experimental study, are 
calculated. 

The cross section of the 2 segments is the pipe, the outer 
diameter of the 2 segments is 139.8 mm, the thicknesses of 
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Fig. 2 Dimension of the example beam (lengths in mm)
 
 

the left and right segment are 6 mm and 3 mm, respectively, 
the total length is 1,460 mm, μ = 0.274, γ = 0.726, 𝐸 =2.1 × 10ଵଵ Pa, 𝜌 = 7,850 kg/m3, and 𝑀 = 5.65 kg. The 
20t plate in Fig. 2 is assumed to be restrained by a 
translational and rotational spring, and 𝑘் and 𝑘ோ are set 
to 1.3473 × 10଻  N/m and 8.3183 × 10ହ  N.m, 
respectively. These spring constants are the results of 
updating the baseline model for the specimen which is 
subsequently carried out. 

The calculated natural frequencies using Eq. (3) agree 
well with those obtained from a general finite element 
analysis program as shown in Table 1. The calculated mode 
shapes normalized by the norms are shown in Fig. 3. 

 
 

3. Natural frequency of cracked beam 
 
The equivalent bending stiffness was constructed on the 

basis of the energy method for the cracked uniform pipe 
 
 

Table 1 Natural frequencies of the example beam (Hz) 
Mode no. Using Eq. (3) Using FEM program 

1 25.589 25.587 
2 168.248 168.246 
3 404.582 404.574 
4 997.920 997.901 

 

 
 

(Yang et al. 2001, Swamidas et al. 2004, Lee et al. 2014) as 
follows 

 𝐸𝐼௖ = 𝐸𝐼1 + ாூோ(ఏ,௖)൜ଵାቀ ೣష೎ೖ(ഇ)ഇቁమൠ  ቀ0 < θ ≤ 𝜋2ቁ 
(36)

 
where 𝐸𝐼௖  is the equivalent bending stiffness of the 
cracked beam, 𝐸𝐼  is the bending stiffness of the un-
cracked beam, 𝜃 is the crack size as shown in Fig. 4, and 𝑐 is the distance to the crack location from the restrained 
end in Fig. 1. Hence, the equivalent bending stiffness of the 
cracked beam can be defined by the distance along the 
beam 𝑥, the crack location 𝑐, and the crack size 𝜃 using 
Eq. (36). 

Also, in Eq. (36) for understanding 
 𝑅(𝜃, 𝑐) = 2𝐷(𝜃)𝑘(𝜃)𝜃𝑗(𝜃, 𝑐) (37)

 𝑘(𝜃) = 2√2𝑅(1 − 𝜈ଶ)𝑖𝐺(𝜃)𝜋ଶ𝜖𝜃 ൬ 𝐼௖𝐼 − 𝐼௖൰ (38)

 
 

Fig. 4 Configuration of cracked section (Lee et al. 2014)
 
 

(a) 1st mode (b) 2nd mode 
 

(c) 3rd mode (d) 4th mode 

Fig. 3 Mode shapes of the example beam
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Fig. 5 Variation of the equivalent bending stiffness for 
the cracked beam 

 
 𝐷(𝜃) = √2(1 − 𝜈ଶ)𝑖𝐺(𝜃)𝜋ଶ𝐸𝑅ଶ𝑡𝜀  (39)

 𝑗(𝜃, 𝑐) = 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝐿 − 𝑐𝑘(𝜃)𝜃൰ + 𝑎𝑟𝑐𝑡𝑎𝑛 ൬ 𝑐𝑘(𝜃)𝜃൰ (40)

 𝐺(𝜃) = 𝑠𝑖𝑛𝜃 ቎1 + 12 𝜃 − 𝑐𝑜𝑡(1 − 𝜃𝑐𝑜𝑡𝜃)2𝑐𝑜𝑡𝜃 + √2𝑐𝑜𝑡 ቀగିఏ√ଶ ቁ቏ (41)

 𝑖𝐺(𝜃) = න 𝐺(𝜃)ଶ𝑑𝜃ఏ
଴  (42)

 𝜀ଶ = ൬ 𝑡𝑅൰ /ඥ12(1 − 𝜈ଶ (43)
 

where 𝑅(𝜃, 𝑐), 𝑘(𝜃), 𝐷(𝜃), and 𝑗(𝜃, 𝑐) are the arbitrary 
functions, 𝐺(𝜃)  is the configuration function for crack 
opening area in circular hollow section, 𝜈 is the Poisson's 
ratio, 𝑅 is the average of the inner and outer radii in the 
cracked section, 𝑡 is the thickness of the pipe, and 𝐼௖ is 
the area moment of inertia of the cracked section. 

Fig. 5 shows the variation of the equivalent bending 
stiffness along the beam length calculated from Eq. (36) 

 
 

when the crack location (𝑐/𝐿) is 0.298 (the location of 435 
mm from the 20t plate) for the beam shown in Fig. 2. The 
cracks are inflicted at this location in later experimental 
study. It can be found that the equivalent bending stiffness 
is changed stepwise at the variation location (𝑥 = 0.4 m) of 
the cross sectional properties when 𝜃 is zero. It can be 
found that the stiffness reduction is highly concentrated 
near the crack location, and reach zero at a location far 
away from the crack. It can be also found that the stiffness 
reduction near the crack location becomes lager as the crack 
size increases. 

To solve the vibration equation for Euler beam, an 
integral type characteristic equation based on the Galerkin's 
method can be obtained as follows 

 න ቈ𝑑ଶ𝜙௜(𝑥ଵ)𝑑𝑥ଵଶ 𝐸ଵ𝐼ଵ(𝑥ଵ)௖ 𝑑ଶ𝜙௝(𝑥ଵ)𝑑𝑥ଵଶ ቉ 𝑑𝑥ଵఓ௅
଴+ න ቈ𝑑ଶ𝜙௜(𝑥ଶ)𝑑𝑥ଶଶ 𝐸ଶ𝐼ଶ(𝑥ଶ)௖ 𝑑ଶ𝜙௝(𝑥ଶ)𝑑𝑥ଶଶ ቉ 𝑑𝑥ଶఊ௅

଴+ 𝑑𝜙௜(𝑥ଵ)𝑑𝑥ଵ ቤ௫భୀ଴ 𝑘ோ 𝑑𝜙௝(𝑥ଵ)𝑑𝑥ଵ ቤ௫భୀ଴+ 𝜙௜(𝑥ଵ)|௫భୀ଴𝑘்𝜙௜(𝑥ଵ)|௫భୀ଴− 𝜔௖ଶ ቊ𝜌ଵ𝐴ଵ න 𝜙௜(𝑥ଵ)𝜙௝(𝑥ଵ)𝑑𝑥ଵఓ௅
଴+ 𝜌ଶ𝐴ଶ න 𝜙௜(𝑥ଶ)𝜙௝(𝑥ଶ)𝑑𝑥ଶఊ௅

଴+ 𝜙௜(𝑥ଶ)|௫మୀఊ௅𝑀𝜙௝(𝑥ଶ)ห௫మୀఊ௅ቋ = 0 

(44)

 
where 𝜔௖ is the natural circular frequency of the cracked 
beam and 𝜙௜(𝑥) is the 𝑖௧௛  mode shape. Therefore, the 
natural frequencies of the cracked beam can be calculated 
by the numerical integration for Eq. (44). 

Fig. 6 shows the normalized natural frequencies for 
various crack locations when the crack is occurred in the 
beam shown in Fig. 2 with the size (𝜃) of 60°. The crack 
occurring near the free end of the beam affects little on the 

 
 

 
(a) 1st mode (b) 2nd mode 

 

 

(c) 3rd mode (d) 4th mode 

Fig. 6 Variation of the natural frequencies as a function of crack location 
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frequency change. It can be found that the decrement of the 
frequency due to the crack is sharply changed at the 
variation location ( 𝑥 = 0.4  m) of the cross sectional 
properties. It can be also found that the variation of the 
frequency as a function of crack location for each mode is 
different depending on the mode shape. 

 
 

4. Updating the baseline model 
 
In order to estimate damage by using the vibration and 

model-based technique, it is necessary to update the 
baseline model that can analytically obtain the modal 
characteristics of the structure in healthy state. 

A step-changed non-uniform cantilever-type pipe beam 
was built to verify the present technique as shown in Fig. 7. 
The dimensions and material of this specimen are the same 
as those in Fig. 2, and a tip mass of 5.65 kg was added at 
the free end. The 20 t plate in Fig. 2 was fastened using 
high tensile bolts to a foundation block as shown in Fig, 7, 
and this block was bonded to the laboratory floor. 

In the specimen, 2 steel pipes with the same outer 
diameter but different thicknesses were joined by groove 
welding. In this study, a natural frequency estimation and 
crack detection technique has been researched assuming an 
ideal groove welding joint.  However, structural 
characteristics of joint such as rigidity and strength can be 
changed depending on the connection method and 

 
 

 
Fig. 7 Experimental setup 

 
 

Fig. 8 Acceleration time history 

condition, so it is difficult to accurately model it. It is 
thought that this issue should be considered in additional 
studies for the practical use of the technique in the future. 

The free vibration tests were performed 10 times for the 
intact case using the impact hammer method. For mode 
discrimination, 4 accelerometers were installed at the 
restrained end, 0.73 m and 1.095 m from the restrained end, 
and at the free end. The accelerations were measured with 
the sampling rate of 5,000 Hz, and the first 3 natural 
frequencies were obtained using the frequency domain 
decomposition method and averaging the results of the 10 
free vibration tests. A time history of the acceleration 
measured by the accelerometer installed at the free end is 
shown in Fig. 8. 

The experimental results are compared with those 
calculated with the fixed end boundary condition in Table 2. 
The reason for the difference between the two could be 
attributed to the assumption that fastening with the high 
tensile bolts cannot become a complete fixed end but an 
elastically restrained end. Therefore, it can be assumed that 
the beam was restrained with the translational spring 𝑘் 
and rotational spring 𝑘ோ as shown in Fig. 1. That is, the 
translational and rotational spring effects at the restrained 
end were determined to have large uncertainties compared 
to the rigidity of the structural member itself, so it was set 
as a variable to update the baseline model. In the case of 
cantilever-type beams such as monopile support structure of 
offshore wind turbine, the restrained end is elastically 
supported by the soil, and it is considered that this restraint 
effect of the soil is uncertain compared to the rigidity of the 
structure itself. The spring constants were initially set-up as 𝑘௜் = 0.075 × ଵଶாభூభ௅భయ  N/m and 𝑘ோ௜ = 0.075 × ସாభூభ௅భ  N.m, 
respectively using a trial and error method. The natural 
frequencies applying these initial spring constants were 
calculated using Eq. (3) and are compared in Table 2. These 
results are still different to the experimental results. 

The initial translational and rotational spring constant 
were updated to the experimental results using the neural 
network technique. The neural network technique used 

 
 

Table 2 Natural frequencies of the specimen (unit: Hz) 
Mode no. 1 2 3 

Experiment 25.635 168.460 406.494
Calculated w/o springs 

(fixed end) 
49.415 
(92.76) 

352.643
(109.33)

980.866
(141.30)

Calculated w/ springs (initial) 𝑘௜் = 0.075 × 12𝐸ଵ𝐼ଵ𝐿ଵଷ  𝑘ோ௜ = 0.075 × 4𝐸ଵ𝐼ଵ𝐿ଵ  

26.294 
(2.57) 
[2.77] 

178.249
(5.81) 
[5.31] 

421.721
(3.75) 
[2.65] 

Calculated w/ springs (updated) 𝑘் = 0.807 × 𝑘௜்  𝑘ோ = 0.934 × 𝑘ோ௜  

25.589 
(0.18) 
[0.19] 

168.248
(0.13) 
[0.12] 

404.582
(0.47) 
[0.33] 

Note 1: The values in brackets are errors for the experimental 
results in %. 
Note 2: The values in square brackets are error ratios for the 
calculated results w/o springs (fixed end) 
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here is described in Chapter 5. That is, 300 sets of the 
translational and rotational spring constant were randomly 
sampled, and the first 3 natural frequencies were calculated 
for the 300 sets, then the 300 training patterns were 
generated. Each training pattern consists of the translational 
and rotational spring constant and their corresponding 
natural frequencies for the first 3 modes. The first 3 natural 
frequencies were used as the input data to a neural network, 
2 hidden layers with 4 and 3 nodes each were introduced, 
and the output layer was composed of the translational and 
rotational spring constant. Training was carried out by using 
the established training patterns, and the translational and 
rotational spring constant were estimated as 𝑘் =0.807 × 𝑘௜்  and 𝑘ோ = 0.934 × 𝑘ோ௜ . The natural frequencies 
applying these updated spring constants were calculated 
using Eq. (3) and are compared in Table 2. It can be found 
that these results are in good agreement with the 
experimental results. These updated results are used in the 
subsequent crack detection. 

 
 

5. Crack identification 
 
Estimation of the crack location and size was 

experimentally carried out for the specimen in Fig. 7 to 
verify the present method. The cracks were inflicted by 
making fine saw cuts of the beam shown in Fig. 9 at the 
location of 435 mm (𝑐/𝐿 = 0.298) from the restrained end. 
Five cases of damages (𝜃 = 10.96°, 23.72°, 35.82°, 48.26°, 
and 59.68°) were introduced by changing the depth of the 
inflicted crack. 

The free vibration tests were performed 10 times for 
each of the 5 damage cases using the impact hammer 
method. Test methods such as the number and location of 
accelerometers and sampling rate are same as those for the 
intact case, and the first 3 natural frequencies were obtained 
for each damage case. 

A multilayer perceptron neural network, which is one of 
the feedforward neural network, is used for identification of 
the crack location and size. The input/output relationship of 
the neural network can be nonlinear as well as linear, and its 
characteristics are determined by the synaptic weights 
assigned to the connections between the neurons in two 
adjacent layers. Systematic way of updating the weights to 
achieve a desired input/output relationship based on a set of 
training patterns is referred as training or learning 
algorithm. In this study, the standard back-propagation 
algorithm is used. 

A set of training patterns for a neural network was 
generated by sampling several damage cases for the crack 

 
 

 
Fig. 9 Inflicted crack (𝜃 = 23.72°) 

location and size, and calculating the corresponding natural 
frequencies using Eq. (44) with the updated translational 
and rotational spring in Chapter 4. Then, the neural network 
was trained using the training patterns, and the crack could 
be identified by inputting the measured natural frequencies 
to the trained neural network. That is, 2000 sets of the crack 
location and size were randomly sampled, and the first 3 
natural frequencies were numerically computed for the 
2000 sets of the damage cases. Then, the 2000 training 
patterns were generated, and each training pattern consisted 
of the crack location and size and their corresponding ratios 
of the natural frequencies between before and after the 
damage for the first 3 modes. 

The frequency ratios for the first 3 modes were used as 
the input data to the neural network, which resulted in 3 
nodes in the input layer. Two hidden layers with 3 nodes 
each were introduced. The output layer was composed of 
the crack location and size which resulted in 2 nodes. The 
structure of the neural network is shown in Fig. 10. 

Training of the neural network was carried out by using 
the training patterns for 100 epochs to obtain a stable 
estimation error and incorporating the noise injection 
learning algorithm to reduce the effects of measurement 
noise. In the noise injection learning algorithm, the training 
is carried out using the artificially contaminated training 
patterns with noise of a prescribed level. The generalization 
capability of the neural network can be enforced through 
this algorithm, because this algorithm has similar effect to 
the regularization technique that is used to mollify the ill- 

 
 

Fig. 10 Structure of the neural network
 
 

Table 3 Estimated crack locations and sizes 

Case
Crack size, 𝜃 (degree) Crack location, 𝑐/𝐿 
Accurate Estimated Accurate Estimated

1 10.96 21.96 
(100.29) 0.298 0.384 

(28.86) 

2 23.72 32.94 
(38.84) 0.298 0.295 

(1.01) 

3 35.82 49.50 
(38.20) 0.298 0.285 

(4.36) 

4 48.26 52.56 
(8.91) 0.298 0.290 

(2.68) 

5 59.68 68.76 
(15.22) 0.298 0.293 

(1.68) 

Note: The values in brackets are errors for the accurate ones in %
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posedness of the inverse problems (Matsuoka 1992). The 
level of the noise considered in the noise injection learning 
was 3% for the first 3 frequencies, respectively. Table 3 
shows the estimated crack locations and sizes for the 5 
damage cases using the neural network. 

The crack sizes are slightly overestimated for the all 
damage cases. In the future, the estimation error for the 
crack size could be reduced if the accuracy of the equivalent 
bending stiffness distribution of cracked beams in Eq. (36) 
is improved through experimental studies on the relevant 
cross section and material. The trouble during structural 
health monitoring is supposed to be underestimating the 
actual damage severity or failing to detect the occurrence of 
damage. Compared to these cases, it is regarded that the 
problem of overestimation can be relatively less important 
from a practical point of view. Besides, if repair and 
reinforcement are performed conservatively based on the 
overestimated crack size, the safety of the structure may not 
be affected. 

It can be found that all of the crack locations are 
detected reasonably except for Case 1 which is a case of 
relatively small damage. In the case of a small damage, the 
natural frequency change due to damage is small, and this 
change can be affected relatively much by noise. That is, 
the smaller the crack size, the larger the error of the 
estimation identified using the change in natural frequency 
due to crack. Since it is important to detect small damage, it 
is considered that this problem should be solved by 
applying smart sensors and solving noise problems in the 
future. However, it can be found that for all other damage 
cases, the crack locations are successfully estimated. For 
practical application, the accuracy of the estimated damage 
severities may be less important, as long as the damage 
locations can be detected successfully. That is, if the crack 
location can be reasonably estimated during structural 
health monitoring, effective repair and reinforcement are 
possible through detailed inspection of the location. Over 
all, this result indicates the usefulness of the proposed 
method for structural health monitoring of the non-uniform 
cantilever-type pipe beams, that have step changes in the 
properties of their cross sections, restrained by a 
translational and rotational spring with a tip mass at the free 
end. 

In this study a baseline model has been updated in 
Chapter 4 to the experimental results in healthy state that 
can analytically obtain the natural frequencies of the 
specimen, and used in the generation of the training patterns 
of the neural network. Therefore, it can be supposed that if 
the test results for intact case are input, no crack result will 
be output. Actually, a very small crack size of 0.54° was 
estimated as a result of inputting the natural frequencies for 
intact case into the same neural network used in the crack 
detection. 

It is known that the mode shape is more sensitive to the 
local damage than the natural frequency, and if the mode 
shape information is used together, the accuracy of the 
damage estimation can be improved. However, in this study 
an integral type characteristic equation (Eq. (44)) which can 
estimate the natural frequencies of non-uniform cracked 
beams, that have step changes in the properties of their 
cross sections, restrained by a translational and rotational 

spring with a tip mass at the free end has been induced. A 
set of training patterns for a neural network was generated 
by sampling several damage cases for the crack location 
and size, and calculating the corresponding natural 
frequencies using Eq. (44). Then, the neural network was 
trained using the training patterns, and used to detect crack 
location and size. In order to use the mode shape 
information, it is necessary to study additionally on a 
method to obtain the mode shape for cracked beams under 
the same conditions described above. 

The strengths of the proposed analytical model 
compared to the finite element method are supposed to be 
as follows. If the proposed analytical model is used, various 
damage models can be applied to the analytical model, and 
the structural response for multiple damage cases can be 
calculated using this. For the accuracy of damage 
estimation based on the neural network technique, it is 
necessary to calculate the structural response for 
considerably multiple damage cases, and it is supposed to 
be more advantageous than the finite element method in 
terms of the computing time. 

 
 

6. Conclusions 
 
This study presents a method that can estimate the 

natural frequency of non-uniform beams, that have step 
changes in the properties of their cross sections, restrained 
by a translational and rotational spring with a tip mass at the 
free end, and detect crack in the step-changed non-uniform 
cantilever-type pipe beams. Most of the existing methods to 
estimating the vibration characteristics of the non-uniform 
beams reported in the literature have been researched for 
the beams that have continuous functionally varying cross 
sectional properties. 

An equation for estimating the natural frequencies was 
derived using the boundary and continuity conditions, and 
an equivalent bending stiffness for cracked beam was 
applied to the equation to calculate the natural frequencies 
of the cracked beam. An experimental study was carried out 
to verify the proposed method. Updating a baseline model 
for a step-changed non-uniform cantilever-type pipe beam 
restrained elastically with a tip mass at the free end was 
carried out before detecting the crack. This technique could 
be useful for updating the baseline model for model-based 
damage estimation of the real structure elastically restrained 
in the ground and has a tip mass such as monopile support 
structure of offshore wind turbine. Crack identifications 
were carried out for the 5 damage cases experimentally 
using the neural network technique. The crack sizes were 
slightly overestimated for the all damage cases. This 
estimation error for the crack size could be reduced if the 
accuracy of the equivalent bending stiffness distribution of 
cracked beams is improved through experimental studies in 
the future. However, compared to the cases of 
underestimating or failing to detect the actual damage, it is 
regarded that the problem of overestimation can be 
relatively less important from a practical point of view. The 
crack locations were detected reasonably except for a case 
of relatively small damage. Since it is important to detect 
small damage, it is considered that this problem should be 
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solved by applying smart sensors and solving noise 
problems in the future. However, the crack locations were 
successfully estimated for all other damage cases. These 
results of the crack identification support the usefulness of 
the proposed method in this study for structural health 
monitoring of the step-changed non-uniform cantilever-type 
pipe beam-like structures. 

Further researches might address such issues as 
improvement of accuracy for small crack estimation and 
reduction of crack size identification error. Also, it is 
expected that the proposed technique could be extended to 
the non-uniform beams composed of a uniform and a 
tapered cross section like the monopile support structure of 
offshore wind turbine. In addition, it is supposed that 
further research is needed on the technique using the mode 
shape together and the more accurate modeling method for 
the joint. 
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