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1. Introduction 

 
Bridge modal parameters including frequency, mode 

shape and damping ratio are widely used in bridge damage 
detection, finite element model (FEM) updating and design 
optimization (Zhang et al. 2019, Chang et al. 2019, 
Ribeiroa et al. 2012). Therefore, increasing attention has 
been paid to modal identification techniques in the field of 
bridge engineering (Obrien and Malekjafarian 2016, 
Babakhani et al. 2018, Mahato et al. 2020). Traditional 
methods utilize a large number of sensors to measure the 
structural dynamic responses, and followed by complex 
signal processing tools to obtain the modal parameters 
(Zhang et al. 2022). Though such methods have been 
studied and applied extensively, two shortcomings are 
gradually emerging and should not be ignored: (a) To obtain 
high spatial resolution mode shapes, a large number of 
sensors are required to be arranged densely, or multiple test 
setups should be implemented, which would not only 
increase the workload and difficulties in modal testing but 
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also the computation amount in the following modal 
analysis; (b) Compared to natural frequency, mode shape 
identification has obvious difficulties in the aspects of the 
complexity of signal processing technique and the 
identification accuracy. Thus, developing identification 
methods in which only a small number of sensors are 
required becomes the urgent demand. Yang et al. (Yang et 
al. 2004, Yang and Lin 2005) proposed an indirect method 
to extract bridge frequencies by installing one sensor on the 
moving vehicle and verified it via numerical simulation. 
Yang et al. (2012) constructed the bridge mode shapes by 
applying the Hilbert Transform on the vehicle response 
collected by a single sensor. Besides, the influence of 
moving velocity and road surface roughness on construction 
accuracy was investigated systematically. Further González 
et al. (2012) installed one sensor on the dual-degree-of-
freedom vehicle model to identify the bridge damping. The 
effects of various factors such as bridge span, vehicle 
velocity, road surface roughness and measurement noise on 
the identification accuracy were studied through numerical 
simulations. Kong et al. (2016) proposed a bridge frequency 
and mode shape extraction approach based on the response 
collected by a single sensor installed in an experimental 
vehicle model composed of a trailer (traction vehicle) and 
two trailers. 

The mass of the vehicle is assumed to be much less than 
the bridge mass for simple in the above-mentioned studies. 
However, the modal parameters of the vehicle-bridge 
system (VBS) are found to be different from the modal 
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parameters of bridge when the mass ratio of the vehicle to 
the bridge cannot be ignored (Magrab 2012). Frýba (1996) 
stated that the frequency of the VBS was different from the 
frequency of the bridge itself by simulating the train as a 
uniform mass. Kim et al. (2003) found that the frequency of 
the stationary VBS was reduced by 5.4% compared with the 
natural frequency of the bridge through field experiments. 
Yang et al. (2013) simulated the vehicle as a single-degree-
of-freedom sprung mass model, and derived the closed 
solution of the frequencies for the VBS by considering only 
the first mode. The influences of factors such as different 
axle mass ratio and natural frequency ratio on the system 
frequency were discussed. Xin et al. (2019) proposed an 
enhanced Empirical Wavelet Transform (EWT) approach 
based on Synchroextracting Transform (SET) for time-
varying system identification. Ni et al. (2018) proposed a 
new time-varying system identification approach by using 
variational mode decomposition, which could identify the 
instantaneous frequencies with a better accuracy than the 
traditional methods. Considering the fact that the vehicle 
locates on different positions of the bridge, the 
characteristics of the VBS are notably time-varying. 
Though the time-varying frequency analysis has been 
studied extensively (Li et al. 2020, Zhang et al. 2021), 
relatively few attentions have been paid on the mode shape 
extraction. He et al. (2018) deduced the essential physical 
relationship between the frequency variation of the single-
point additional mass-bridge system and the amplitude of 
the bridge mass-normalized mode shape at the contact 
position. Further a bridge mode shape identification 
technique was proposed based on the frequencies of the 
parked VBSs accordingly. The main advantage of this 
technique was that it could avoid the disadvantages of 
expensive and inconvenient installation of measuring 
equipment on site, and does not need to increase the number 
of sensors to improve the spatial resolution of the mode 
shapes. However, the identification process was time-
consuming as the test vehicle should be parked at different 
positions gradually. This paper proposes a modal 
identification method of time-varying VBS. A single sensor 
is installed on the bridge to collect the dynamic response of 
the moving VBS, and the instantaneous frequency (IF) of 
the moving VBS is identified by synchroextracting 
transform. Further IF is used to estimate the modal 
parameters of the bridge. Numerical examples and 
laboratory experiments are conducted to verify the 
effectiveness of the proposed method. 

 
 

2. Basic theory 
 
determined by the stiffness, mass and their distribution. 

As for the moving VBS, the mass distribution changes 
when the vehicle travels to different positions of the bridge 
(Kim and Kawatani 2008). Fig. 1 shows a typical VBS 
system in which the vehicle is simplified as a mass 𝑚௩ 
supported by a spring of stiffness 𝑘௩. The parameters 𝐿,𝐸𝐼, 𝜌 and 𝐴 denote the bridge length, elastic modulus, mass 
density and cross section, respectively. The vehicle is 
assumed to move along the bridge deck at a constant 
velocity 𝑉. Supposing at time 𝑡, the vehicle moves to the 

Fig. 1 The moving vehicle-bridge system
 
 

position with coordinate of 𝑎଴ along the beam axis 𝑎 . 
The equation of motion of the moving VBS can be 
expressed as 

 𝑝𝜇ሷ(𝑎, 𝑡) + 𝐸𝐼𝜇ᇱᇱᇱᇱ(𝑎, 𝑡) = 𝑓௖(𝑎, 𝑡)𝛿(𝑎 − 𝑎଴) (1)
 𝑚௩𝑧ሷ(𝑡) + 𝑘௩𝑧(𝑡) = 𝑘௩𝜇(𝑎଴, 𝑡) (2)
 𝑎଴ = 𝑉𝑡 (3)
 

where 𝜇(𝑎, 𝑡) is the vertical displacement of the bridge, 
and 𝛿 is the Dirac delta function 

The contact force between the vehicle and the bridge is 
 𝑓௖ = −𝑚௩𝑔 − 𝑚௩𝑧ሷ(𝑡) (4)
 
When the spring stiffness of the vehicle (𝑘௩) is large 

enough, that is, 𝑘௩ → ∞, the vehicle displacement is 
 𝑧(𝑡) = 𝜇(𝑎଴, 𝑡) (5)
 
Thus, Eq. (4) is simplified as 
 𝑓௖ = −𝑚௩𝑔 − 𝑚௩𝜇ሷ(𝑎଴, 𝑡) (6)
 
Substituting Eq. (6) into Eq. (1) 
 𝑝𝜇ሷ(𝑎, 𝑡) + 𝐸𝐼𝜇ᇱᇱᇱᇱ(𝑎, 𝑡) = [−𝑚௩𝑔 − 𝑚௩𝜇ሷ(𝑎଴, 𝑡)]𝛿(𝑎 − 𝑎଴) (7)
 
Based on the modal superposition, the vertical 

displacement of the beam can be written as 
 𝜇(𝑎, 𝑡) = ෍ 𝑞௜(𝑡)𝜑௜(𝑎)∞

௜ୀଵ  (8)

 
in which 𝜑௜(𝑎) is the 𝑖௧௛ mode shape of the bridge, and 𝑞௜(𝑡) is the corresponding modal coordinate. 

Substituting Eq. (8) into Eq. (7), the motion equation of 
the bridge becomes 

 𝑝 ෍ 𝑞ሷ௜(𝑡)𝜑௜(𝑎)∞

௜ୀଵ + 𝐸𝐼 ෍ 𝑞௜(𝑡)𝜑௜ ′′′′(𝑎)∞

௜ୀଵ= [−𝑚௩𝑔 − 𝑚௩ ෍ 𝑞ሷ௜(𝑡)𝜑௜(𝑎଴)∞

௜ୀଵ ]𝛿(𝑎 − 𝑎଴) 
(9)

 
Multiplying Eq. (9) by the bridge mass-normalized 

mode shape 𝜑௜(𝑎଴) and integrated on [0, 𝐿], the following 
equation can be obtained according to the orthogonality of 
the mass-normalized mode shape 
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௡ୀଵ,௡ஷ௜ ൩ (10)

 
The natural frequency 𝑤௜(𝑎଴) of the VBS when the 

vehicle reaches the position 𝑎଴ is 
 𝑤௜(𝑎଴) = ඨ 𝑤௜ଶ1 + 𝑚௩𝜑௜ଶ(𝑎଴) (11)

 
in which 𝑤௜ is the 𝑖௧ℎ natural frequency of the bridge. 

 𝑤௜ = 𝑖ଶ𝜋ଶ𝐿ଶ ඨ𝐸𝐼𝑝  (12)

 
When the vehicle travels to position 𝑎଴, the relationship 

between the absolute value of the bridge mode shape 
amplitude and the vehicle induced frequency change can be 
expressed as |𝜑௜(𝑎଴)| = ඨ𝑤௜ଶ − 𝑤௜ଶ(𝑎଴)𝑚௩𝑤௜ଶ(𝑎଴)  (13)

 
Eq. (13) clearly reveals the physical relationship 

between the VBS frequency, bridge frequency, vehicle mass 
and the amplitude of the bridge mode shape at position. It is 
the theoretical basis of the subsequent modal identification 
method. As the natural frequency of the VBS is time-
varying, the system motion state at each sampling time 
point during the movement is deemed as stationary state for 
simplicity, thus the corresponding VBS frequency can be 
regarded as the IF at this sampling time point. And the 
mode shape identification can be transformed into 
frequency identification. 

 
 

3. Modal identification method 
 
3.1 Instantaneous frequency extraction 
 
According to Eq. (13), the prerequisite for modal 

identification is extracting the IF of the moving VBS. 
Restricted by the Heisenberg uncertainty principle or 
unexpected cross terms, the traditional time-frequency 
analysis methods suffer from low time-frequency 
resolution, which leads to poor performance in 
characterizing the nonlinear behaviors of non-stationary 
signals. For example, synchrosqueezing transform squeezes 
the time-frequency coefficients into the IF trajectory only in 
the frequency direction, resulting in a lower time-frequency 
resolution (Oberlin et al. 2015, Yuan et al. 2021). The 
Wigner-Ville distribution can provide optimal energy 
concentration solutions for single-component linear FM 
signals, but unexpected cross terms occur when it is applied 
to nonlinear frequency modulated or multi-component 
signals (Boashash and Aïssa-El-Bey 2018). In view of this, 
Yu et al. (2017) proposed a time-frequency analysis method 
called synchroextracting transform (SET) inspired by the 
synchrosqueezing transform. The SET compresses all time-

frequency coefficients into instantaneous frequency 
trajectories. Its main feature is retaining only the time-
frequency information related to the time-varying features 
of the signal, and corresponding results allow signal 
reconstruction and mode decomposition. Thus, the SET is 
suitable for time-frequency analysis of multi-component 
signals with good robustness. This study combines the SET 
and short-time Fourier Transform (STFT) to estimate the IF 
of the moving VBS. 

The STFT of a signal 𝑠(𝑡)  with a real and even 
window 𝑔(𝑡) can be expressed as 

 𝑆(𝑡, 𝜂) = න 𝑔(𝜍 − 𝑡) ⋅ 𝑠(𝜍) ⋅ 𝑒ି௜ఎచ𝑑𝜍ା∞
ି∞  (14)

 
in which 𝑔(𝜍 − 𝑡) denotes the moving window, and 𝑠(𝜍) 
denotes the processed signal. The STFT expands a one-
dimensional time-series signal into the two-dimensional 
time-frequency diagram for better observation 
effectiveness. 

The STFT expression of 𝑠(𝑡) for a purely harmonic 
signal with frequency 𝑥଴ can be written as 

 𝑆௤(𝑡, 𝜂) = 𝐴 ⋅ 𝑔ො(𝜂 − 𝜂଴) ⋅ 𝑒௜ఎబ௧ (15)
 

in which 𝐴 is the invariant amplitude, and 𝑔ො(𝜂 − 𝜂଴) is 
the Fourier transform of the window function. 

It is difficult to characterize the time-varying feature of 
a signal precisely. Therefore, the partial derivatives of Eq. 
(15) are calculated and sorted. The IF 𝜂଴(𝑡, 𝜂) of the signal 
on the two-dimensional time-frequency surface can be 
calculated as 

 𝜂଴(𝑡, 𝜂) = −𝑖 ⋅ 𝜕௧𝑆௤(𝑡, 𝜂)𝑆௤(𝑡, 𝜂)  (16)

 
in which Δ𝜂 is the discrete frequency interval. 

As the response of the moving VBS is a non-stationary 
and multi-component signal, it can be expressed as 

 

𝑊௘(𝑡, 𝜂) = ൞𝑆௤(𝑡, 𝜂) |𝜂 − 𝜂଴(𝑡, 𝜂)| ≤ Δ𝜂20 |𝜂 − 𝜂଴(𝑡, 𝜂)| ≥ Δ𝜂2  (17)

 
in which Δ𝜂 is the discrete frequency interval. 

As the response of the moving VBS is a non-stationary 
and multi-component signal, it can be expressed as 

 𝑠(𝑡) = ෍ 𝑠௞(𝑡)௡
௞ୀଵ = ෍ 𝐴௞(𝑡)𝑒௜టೖ(௧)௡

௞ୀଵ  (18)

 
in which 𝜓௞(𝑡) and 𝜓௞ᇱ (𝑡) are the instantaneous phase 
and the IF of the 𝑘௧௛ component, respectively. The STFT 
of 𝑠(𝑡) can be represented by the first-order approximation 
as Meignen et al. (2016) 

 𝑆௤(𝑡, 𝜂) ≈ ෍ 𝐴௞(𝑡)௡
௞ୀଵ 𝑔ො(𝜂 − 𝜂௞′ (𝑡))𝑒௜ఎೖ(௧) (19)
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Fig. 2 The time-frequency diagram of the signal 
processed by the SET

 
 
For well-separated measured response, the IF of each 

mode can be estimated from 
 𝜓′(𝑡, 𝜂) = ෍ 𝜓௞′ (𝑡, 𝜂)௡

௞ୀଵ = −𝑖 ⋅ 𝜕௧𝑆௤(𝑡, 𝜂)𝑆௤(𝑡, 𝜂)  (20)

 
Considering the calculation error, the SET result can be 

re-written as 
 

𝑊௘(𝑡, 𝜂) = ൞𝑆௤(𝑡, 𝜂)    |𝜂 − 𝜓′(𝑡, 𝜂)| ≤ Δ𝜂20  |𝜂 − 𝜓′(𝑡, 𝜂)| ≥ Δ𝜂2  (21)

 
A multi-component signal 𝑆ଵ expressed as Eq. (22) is 

considered as an example to illustrate the effectiveness of 
SET. Fig. 2 shows the time-frequency diagram of the signal 𝑆ଵ processed by the SET. It can be seen that the energy of 
the identified time-frequency curve is highly concentrated, 
and the width of the time-frequency curve is narrow, which 
are meaningful in accurately extracting the time-frequency 
ridge. 

 𝑆ଵ = 6 + 600𝑠𝑖𝑛[10𝜋𝑡 + 11𝑐𝑜𝑠(0.5𝜋𝑡)]          +300cos[30𝜋𝑡 + 3sin(0.5𝜋𝑡)] (22)

 
3.2 Identification procedure 
 
Modal identification procedure of the proposed method 

is shown in Fig. 3, details are as follows: 
 
Step 1: Acceleration response collection. Install a single 

sensor on the bridge to collect the acceleration response of 
the moving VBS, and divide the response into two parts, 
i.e., the moving VBS dynamic response when the vehicle is 
running on the bridge and the bridge dynamic response after 
the vehicle running down the bridge. 

Step 2: Bridge natural frequency identification. The 
dynamic response of the bridge after the vehicle running 
down the bridge is disposed by the FFT, and the result is 
deemed as Spectrogram 1. And the natural frequencies of 
the bridge are identified via peak-to-peak method. 

Step 3: Acceleration response separation. The FFT is 
used to identify the spectrogram of the moving VBS 
dynamic response when the vehicle is running on the 
bridge, and the result is deemed as Spectrogram 2. Based on 
the result of bridge natural frequencies in Spectrogram 1, 
the band-pass filter is used to separate the acceleration 

Spectrum 2 by FFT 

Segmented response 1 : 
 vehicle is running down the beam

V Sensor
Sensor installation and dynamic response collection

Natural bridge frequency identifIcation
 Spectrum 1 by FFT   

SET analysis after filtered 

Segmented response 2 :  
 vehicle is running on the beam 

Mode shape estimation

Fig. 3 Modal identification procedure
 
 

responses corresponding to each frequency of the bridge 
according to the range of the frequency peaks in the 
Spectrogram 2. 

Step 4: Time-frequency ridge extraction. The SET is 
used to perform time-frequency analysis on the acceleration 
responses corresponding to each frequency of the moving 
VBS system separated in Step 3. The IF ridges of the 
moving VBS are obtained by the modulus maximum ridge 
extraction method, and the midpoints of the staircase curve 
in the IF ridge diagram are selected as the effective data 
points for IF calculation. 

Step 5: Mode shape estimation. The bridge mode shape 
points are calculated by combining Eq. (13) and the 
effective data points selected in Step 4, and mode shapes 
are estimated through the least squares fitting method and 
the maximum normalization. The sign of the mode shape 
can be determined according to engineers' judgment or 
experience (Fang and Perera 2009). 

The proposed method can reduce the number of sensors 
and the workload of data processing, and improve the mode 
shape accuracy by transforming the mode shape 
identification into frequency identification. 

 
 

4. Numerical study 
 
4.1 FEM of the moving VBS 
 
A FEM for the moving VBS is developed and shown in 

Fig. 4. The bridge model consists of discretized Euler beam 
elements with 4 degrees of freedom (2 per node). The 
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Fig. 4 FEM of the moving VBS 
 
 

bridge has constant mass per unit length 𝜌, elastic modulus 𝐸 and inertia moment 𝐼. The vehicle is simplified as a 
mass supported by two-axle springs with mass weight 𝑚௩, 
rotation stiffness 𝑗, and the velocity 𝑉. The lengths of the 
two axles from the center of gravity of the vehicle are 𝑑ଵ 
and 𝑑ଶ, respectively. 

The response of the vehicle is given by the system 
equations 

 𝑚௩𝑦ሷ + 𝑐ଵ(𝑦ሶ + 𝑑ଵ𝜃ሶ − 𝜇ሶଵ) + 𝑐ଶ(𝑦ሶ − 𝑑ଶ𝜃ሶ − 𝜇ሶଶ)+𝑘ଵ(𝑦 + 𝑑ଵ𝜃 − 𝜇ଵ) + 𝑘ଶ(𝑦 − 𝑑ଶ𝜃 − 𝜇ଶ) = 0 (23)

 𝑗𝜃ሷ + 𝑐ଵ𝑑ଵ(𝑦ሶ + 𝑑ଵ𝜃ሶ − 𝜇ሶଵ) − 𝑐ଶ𝑑ଶ(𝑦ሶ − 𝑑ଶ𝜃ሶ − 𝜇ሶଶ)+𝑘ଵ𝑑ଵ(𝑦 + 𝑑ଵ𝜃 − 𝜇ଵ) − 𝑘ଶ𝑑ଶ(𝑦 − 𝑑ଶ𝜃 − 𝜇ଶ) = 0 (24)

 
in which 𝜇ଵ and 𝜇ଶ denote the vertical displacement of 
the front and rear axles of the vehicle at the contact 
positions of the bridge, respectively. 𝑦 and 𝜃 denote the 
vertical displacement and angular displacement of the 
vehicle, respectively. 

The combination of Eqs. (24)-(25) is written as 
 
 

 
 𝑀௩𝑌ሷ௩ + 𝐶௩𝑌ሶ௩ + 𝐾௩𝑌௩ = 𝑃௩ (25)
 

in which 𝑌௩, 𝑀௩, 𝐶௩, 𝐾௩ and 𝑃௩ denote the displacement 
vector, mass matrix, damping matrix, stiffness matrix and 
external load vector of the vehicle, respectively. 

 𝑌௩் = [𝑦 𝜃] 𝑀௩ = ൤𝑚௩ 00 𝐽௩൨ 𝐶௩ = ൤ 𝑐ଵ + 𝑐ଶ 𝑐ଵ𝑑ଵ − 𝑐ଶ𝑑ଶ𝑐ଵ𝑑ଵ − 𝑐ଶ𝑑ଶ 𝑐ଵ𝑑ଵଶ + 𝑐ଶ𝑑ଶଶ൨ 𝐾௩ = ൤ 𝑘ଵ + 𝑘ଶ 𝑘ଵ𝑑ଵ − 𝑘ଶ𝑑ଶ𝑘ଵ𝑑ଵ − 𝑘ଶ𝑑ଶ 𝑘ଵ𝑑ଵଶ + 𝑘ଶ𝑑ଶଶ൨ 𝑃௩் = ൤𝑐ଵ𝜇ሶଵ + 𝑐ଶ𝜇ሶଶ    𝑐ଵ𝑑ଵ𝜇ሶଵ − 𝑐ଶ𝑑ଶ𝜇ሶଶ    +𝑘ଵ𝜇ଵ + 𝑘ଶ𝜇ଶ +𝑘ଵ𝑑ଵ𝜇ଵ − 𝑘ଶ𝑑ଶ𝜇ଶ൨ 

 
The motion equation of the bridge is 
 𝑀௕𝑌ሷ௕ + 𝐶௕𝑌ሶ௕ + 𝐾௕𝑌௕ = 𝑃௕ (26)

in which 𝑀௕ and 𝐾௕ denote the mass matrix and stiffness 
matrix of the bridge, respectively. 𝐶௕  is the bridge 
damping matrix (Rayleigh damping model, 𝐶௕ = 𝜀଴𝑀௕ +𝜀ଵ𝐾௕). 

The external load vector 𝑃௕ can be expressed as 
 𝑃௕ = 𝑁ଵ் 𝑓ଵ + 𝑁ଶ் 𝑓ଶ (27)
 
The contact forces of the front and rear wheels at the 

contact positions are calculated as 
 𝑓ଵ = 𝑐ଵ(𝑦ሶ + 𝑑ଵ𝜃ሶ − 𝜇ሶଵ) + 𝑘ଵ(𝑦 + 𝑑ଵ𝜃 − 𝜇ଵ)+ 𝑑ଶ𝑑ଵ + 𝑑ଶ 𝑚௩𝑔 (28)

 𝑓ଶ = 𝑐ଶ(𝑦ሶ − 𝑑ଶ𝜃ሶ − 𝜇ሶଶ) + 𝑘ଶ(𝑦 − 𝑑ଶ𝜃 − 𝜇ଶ)+ 𝑑ଵ𝑑ଵ + 𝑑ଶ 𝑚௩𝑔 (29)

 
The bridge vertical displacement is equal to the vertical 

displacement at the contact positions of the beam element 
and the wheel, which can be expressed by the shape 
function ( 𝑁 ) and the degree-of-freedoms of the beam 
element as 

 𝜇௜ = 𝑁௜ ⋅ 𝑌௕ (30)
 𝜇ሶ௜ = 𝑁௜ ⋅ 𝑌ሶ௕ + 𝑁௜௔ ⋅ 𝑉 ⋅ 𝑌௕ (31)
 

in which 𝑁௜௔ is the first derivative of 𝑁௜ to 𝑎. 
Combining Eqs. (26)-(27), the motion equation of the 

moving VBS can be established as 
 

 
in which 𝐶௭, 𝐾௭ and 𝑃௭ can be calculated as 

 𝐶௭ = 𝐶௕ + 𝑐ଵ ⋅ 𝑁ଵ் 𝑁ଵ + 𝑐ଶ ⋅ 𝑁ଶ் 𝑁ଶ 𝐾௭ = 𝐾௕ + 𝑘ଵ𝑁ଵ் 𝑁ଵ + 𝑘ଶ𝑁ଶ் 𝑁ଶ           +𝑐ଵ ⋅ 𝑉 ⋅ 𝑁ଵ் 𝑁ଵ௔ + 𝑐ଶ ⋅ 𝑉 ⋅ 𝑁ଶ் 𝑁ଶ௔ 𝑷𝒛 = 𝑵𝟏𝑻 𝒅𝟐𝒅𝟏 + 𝒅𝟐 𝒎𝒗𝒈 + 𝑵𝟐𝑻 𝒅𝟏𝒅𝟏 + 𝒅𝟐 𝒎𝒗𝒈 
 
4.2 Modal identification 
 
A simply supported beam and a two-span continuous 

beam with equal cross-section are simulated to verify the 
feasibility and effectiveness of the proposed modal 
identification method. The parameters of the simply 
supported beam are the same as those utilized in Ref. Yang 
et al. (2019). As shown in Fig. 4, the simply supported 
beam has length of 30 𝑚 , cross-sectional area of 1.8 𝑚ଶ, 
inertia moment of 0.2 𝑚ସ, mass per unit length of 2000 𝑘𝑔/𝑚ଷ, and elastic modulus of 27.5 𝐺𝑃𝑎. The first 
two natural frequencies of the beam are 2.89 𝐻𝑧 and 

൥𝑀௕00   0 0𝑀௩ ൩ ቐ𝑌ሷ௕𝑦ሷ𝜃ሷ ቑ + ቎ 𝐶௭−𝑐ଵ𝑁ଵ − 𝑐ଶ𝑁ଶ−𝑐ଵ𝑑ଵ𝑁ଵ + 𝑐ଶ𝑑ଶ𝑁ଶ
−𝑐ଵ𝑁ଵ் − 𝑐ଶ𝑁ଶ் −𝑐ଵ𝑑ଵ𝑁ଵ் − 𝑐ଶ𝑑ଶ𝑁ଶ்𝐶௩ ቏ ቐ𝑌ሶ௕𝑦ሶ𝜃ሶ ቑ 

+ ቎ 𝐾௭−𝑘ଵ𝑁ଵ − 𝑘ଶ𝑁ଶ − 𝑐ଵ𝑉𝑁ଵ௔ − 𝑐ଶ𝑉𝑁ଶ௔−𝑘ଵ𝑑ଵ𝑁ଵ + 𝑘ଶ𝑑ଶ𝑁ଶ + 𝑐ଵ𝑑ଵ𝑉𝑁ଵ௔ + 𝑐ଶ𝑑ଶ𝑉𝑁ଶ௔
−𝑘ଵ𝑁ଵ் − 𝑘ଶ𝑁ଶ் −𝑘ଵ𝑑ଵ𝑁ଵ் + 𝑘ଶ𝑑ଶ𝑁ଶ்𝐾௩ ቏ ൝𝑌௕𝑦𝜃 ൡ = ൥𝑃௭00 ൩ 

(32)
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 11.58 𝐻𝑧 , respectively. The beam is modeled by Euler 

beam elements with the length of 1 𝑚 . The main 
parameters of the two-axle asymmetric vehicle are: vehicle 
weight 𝑚௩ = 1800 𝑘𝑔, wheel base 𝑑ଵ = 𝑑ଶ = 0.2 𝑚, 
stiffness 𝑘ଵ = 𝑘ଶ = 1.2 ൈ 10ହ 𝑘𝑁/𝑚, and mass moment of 
inertia relative to the mass center 𝑗 = 2300 𝑘𝑔 ⋅ 𝑚ଶ. The 
vehicle velocity and the time step of the dynamic analysis 
are set to be 0.5 𝑚/𝑠  and 0.001 𝑠 , respectively. An 
acceleration sensor is assumed to be installed at one-third of 
the span. Considering the fact that only low modes can be 
excited for girder bridges in field, only the first two mode 
shapes are identified in this example. The frequencies and 
modes shapes are then identified following the procedures 
presented in Section 3.2. 

The measured acceleration response is divided into two 
parts, i.e., the moving VBS dynamic response when the 
vehicle is running on the beam and the simply-supported 
beam dynamic response after the vehicle running down the 
beam. FFT is employed to analyze the two response parts 
and the results are plotted in Fig. 5. The first two 
frequencies of the simply-supported beam can be identified 
as 2.91 𝐻𝑧 and 11.61 𝐻𝑧 through Fig. 5(b), respectively, 
which are in continent with the references results calculated 
by densely meshed FEM (2.89 𝐻𝑧 and 11.58 𝐻𝑧). Distinct 
differences can be found between the spectrograms when 
the vehicle is running on the beam and after the vehicle 
running down the beam due to the mass property of the 
vehicle. As shown in Fig. 5(a), multiple peaks appear in the 
system acceleration spectrogram when the vehicle is 
running on the beam, which indicates that each frequency of 
the system changes within a certain range caused due to the 
movement of the vehicle. 

The acceleration responses corresponding to the first 
two frequencies of the beam are separated according to the 
range of the frequency peaks in the spectrogram by the 
band-pass filter. Fig. 6(a) shows the time-frequency 
diagram of the system obtained by the SET, and Fig. 6(b) 
presents the corresponding time-frequency ridge obtained 

 
 

 
 

by the modulus maximum ridge extraction method. The 13 
midpoints of the first-order staircase curve and 86 
midpoints of the second-order staircase curve in Fig. 6(b) 
are selected as the effective data points for IF calculation. 
The mode shapes are then calculated via Eq. (13) and least 
squares fitting method. Fig. 7 compares the identified and 
reference mode shapes. Modal assurance criterion (MAC) is 
used to quantify the matching degree between the identified 
and reference mode shapes (Gres et al. 2021). The MAC 
values are not listed as they are all larger than 0.9990. The 
results clearly demonstrate that the proposed method can 
identify the modal parameters of the simply supported beam 
with high accuracy. 

The proposed identification method is further performed 
on the two-span continuous beam. An acceleration sensor is 
assumed to be installed at one-third of the left span. The 
length of each span is 15 𝑚 , the elastic modulus is 22.5 𝐺𝑝𝑎, and other parameters of the bridge and vehicle 
are the same as the simply-supported beam example. The 
first two frequencies of the two-span continuous beam can 
be identified as 10.47 𝐻𝑧  and 16.02 𝐻𝑧  through FFT 
results, respectively, which are in continent with the 
references results calculated by densely meshed FEM 
(10.47 𝐻𝑧 and 16.36 𝐻𝑧). Fig. 8 presents the identified 
and referenced mode shapes of the two-span continuous 
beam. The results manifest that the proposed modal 
identification method is still valid for the continuous beam 
with one sensor. 

 
4.3 Discussion 
 
This section discusses the influence of various factors 

including vehicle weight, vehicle velocity, wheel base, and 
measurement positions on the identification accuracy of the 
proposed method. The scenarios of different vehicle 
parameters considered in this section are listed in Table 1. 
The identification procedures are the same as in Section 3.2 
and are not illustrated in detail in this section. The first two 

(a) The vehicle is running on the beam (b)The vehicle is running down the beam

Fig. 5 Acceleration spectrum of the simply supported beam

 
(a) TF diagram (b) IF ridge diagram 

Fig. 6 Extracted instantaneous frequency of the simply supported beam 
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frequencies are identified as 2.91 𝐻𝑧 and 11.61 𝐻𝑧 in all 
scenarios as the frequencies are identified via the dynamic 
response of the beam after the vehicle running down the 
beam which is irrelevant to the vehicle. Therefore, only the 
influence on the identification accuracy of mode shapes will 
be discussed. 

 
4.3.1 Vehicle weight 
Considering the fact that the mass ratio of vehicle to 

beam in the field of civil engineering is usually less than 5%, three vehicle weights, specific as 1000 𝑘𝑔, 2000 𝑘𝑔 
and 3000 𝑘𝑔 (the mass ratios are 1.7%, 3.3% and 5%) 
are used herein for parametric study. The identified mode 
shapes are plotted in Figs. 9-11. The energy of the time-
frequency diagram of the system for SET becomes more 
concentrated and the effective data points on the time-
frequency ridge curve increase with the vehicle weight, 

 
 

 
 

 
 

which results in the increasing accuracy of the mode shape 
identification. As shown in Figs. 9-11, the identified first 
mode shapes have 7, 15 and 18 effective data points when 
the vehicle weight is 1000 𝑘𝑔, 2000 𝑘𝑔  and 3000 𝑘𝑔, 
respectively. The increase of effective data points makes the 
fitting mode curve smoother and more accurate. Table 1 
lists the MAC values between the identified mode shapes 
and referenced ones, which verify that the proposed method 
can identify the mode shapes with enough accuracy under 
different vehicle weights. Within the range of the common 
mass ratio of vehicle to bridge, larger vehicle weight will 
bring higher identification accuracy. 

 
4.3.2 Vehicle velocity 
Three vehicle velocities, specific as 1 𝑚/𝑠 , 2 𝑚/𝑠 , 

and 3 𝑚/𝑠 are simulated to investigate the vehicle velocity 
effects. The vehicle weight is set to be 3000𝑘 𝑔, and other 

(a) The first mode shape (b) The second mode shape 

Fig. 7 Mode shape identification results of the simply supported beam 

(a) The first mode shape (b) The second mode shape 

Fig. 7 Mode shape identification results of the continuous beam 

Table 1 Vehicle parameters and the MAC results of different scenarios 
Factors Scenario 𝒎𝒗 (kg) 𝒅𝟏 (m) 𝒅𝟐 (m) 𝑽 (m/s) MAC-1* MAC-2 

Vehicle weight 
Case VW1 1000 0.2 0.2 0.5 0.9961 0.9980 
Case VW2 2000 0.2 0.2 0.5 0.9977 0.9994 
Case VW3 3000 0.2 0.2 0.5 0.9999 0.9995 

Vehicle velocity 
Case VV1 1800 0.2 0.2 1 0.9996 0.9995 
Case VV2 1800 0.2 0.2 2 0.9994 0.9984 
Case VV3 1800 0.2 0.2 3 0.9875 0.9983 

Wheel base 
Case WB1 3000 0.2 0.2 1 0.9988 0.9992 
Case WB2 3000 0.4 0.4 1 / 0.9965 
Case WB3 3000 1 0.6 1 0.9818 0.9921 

 

*MAC-1: first mode shape; MAC-2: second mode shape
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parameters stay the same with Section 3.2. The MAC 
values as listed in Table 1 manifest that the mode shape 
identification accuracy decreases with the vehicle velocity. 
This is because a higher velocity will shorten the moving 
time of the vehicle on the bridge and reduce the effective 
data points obtained by the SET of time-frequency analysis. 
When the velocity is too high (more than 3 m/s), the 
proposed method can hardly identify the first mode shape 
due to very limited effective data points. 

 
4.3.3 Wheel base 
Three wheel bases, specific as 0.2 m, 0.4 m and 0.6 m 

are simulated to investigate the vehicle wheel base effects, 
which are deemed as cases WB1, WB2 and WB3, 
respectively. The vehicle velocity is set to be 1m/s, the 
weight is 3000 𝑘𝑔 and other parameters are the same as in 
Section 3.2. As shown in Table 1, the mode shape 
identification accuracy increases with the wheelbase. The 
proposed method is efficient when the ration of the vehicle 
length to bridge length is less than 4%. However, the SET 
cannot calculate the time-frequency of the IF of the VBI 

 
 

 
 

 
 

system for Case WB2 (Fig. 12) as the vehicle frequency 
approaches to the bridge frequency, and thus the mode 
shapes cannot be identified. 

 
4.3.4 Measurement position 
Vertical accelerations collected at three positions, i.e., 

1/2, 1/4 and 2/3 of the span from the left support, are 
analyzed to study the effect of measurement positions. The 
extracted mode shapes from the responses measured at 
different positions are presented in Fig. 13. When the sensor 
is installed at the mid-span of a simply supported beam, the 
even-order modal parameters cannot be identified. The 
results obtained from the sensors installed at other positions 
agree well with each other. 

The results of the simulated simply supported beam and 
continuous beam verify that the proposed method can 
identify the modal parameters with high accuracy at the cost 
of single sensor. The discussions on the effects of different 
factors verify the effectiveness and superiority of the 
proposed method under different environments. 

 

(a) The first mode shape (b) The second mode shape 

Fig. 9 Mode shape identification results of Case VW1

(a) The first mode shape (b) The second mode shape 

Fig. 10 Mode shape identification results of Case VW2

(a) The first mode shape (b) The second mode shape 

Fig. 11 Mode shape identification results of Case VW3
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A simply supported aluminum beam and a continuous 

aluminum beam are employed to examine the feasibility 
and effectiveness of the proposed method in the laboratory 
environment (Fig. 14). The simply supported beam has 
length of 3 𝑚, section height of 25 𝑚𝑚 and section 
thickness of 125 𝑚𝑚. The continuous beam has length of 3 𝑚, section height of 10 𝑚𝑚 and section thickness of 130 𝑚𝑚. Two aluminum beams with a length of 1𝑚 are 
placed at both ends of the main beam to ensure that the 
vehicle reaching the preset velocity, moving stability on the 
main beam, and decelerating smoothly after exiting the 
main beam. The axle distances of the test vehicle are 𝑑ଵ =𝑑ଶ = 0.075 𝑚, and the weight is 𝑚௩ = 0.5 𝑘𝑔. The total 
weight of the vehicle can be changed by adjusting the 

 
 

 
 

 
 

number of additional weights placed on the vehicle. A 
sensor is installed on one-third of the span of the beam. 

 
 

5. Experimental study 
 
Four sets of experiments were carried out on the simply 

supported beam and continuous as listed in Table 2. Only 
the responses corresponding to the first-order modal 
parameters are selected for modal identification. To save 
space, Experimental S3 and Experiment C2 are employed to 
illustrate the performance of the proposed method. The 
first-order frequencies of simply supported beam and 
continuous beam are identified as 6.81 𝐻𝑧 and 10.23 𝐻𝑧, 

  
Fig. 12 The TF diagram of Case WB3

(a) The first mode shape (b) The second mode shape 

Fig. 13 Mode shape identification results of different measurement positions 

 
(a) The simply supported beam (b) The continuous beam 

Fig. 14 Arrangement and configuration of the experimental beam 
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Table 2 Test vehicle parameters 

Simply supported 
beam Continuous beam 𝑚௩(𝑘𝑔) 𝑉(𝑚/𝑠)

Experiment S1 Experiment C1 2.5 0.15 
Experiment S2 Experiment C2 2.5 0.3 
Experiment S3 Experiment C3 3.5 0.6 
Experiment S4 Experiment C4 4.5 0.6 

 

 
 

Table 3 The updating coefficients 

Experiment 𝑒ଵ 𝑒ଶ 𝑒ଷ 𝑒ସ 
Experiment S3 1.0000 1.0412 0.9772 1.0222
Experiment C2 1.0000 0.9979 1.0010 0.9999

 

 
 

respectively. The corresponding mode shapes are plotted in 
Fig. 15. The MAC values of Experiments S3 and C2 are 
0.9988 and 0.9923. Similar results are obtained for other 
scenarios, which demonstrate that the proposed method can 

 
 

 
 

 
 

obtain the mode shapes with high-precision at the cost of 
only single sensor under the experimental environment. 
 
 
6. Application in FEM updating 

 
The establishment of a reliable FEM is the foundation 

for bridge dynamic analysis and safety assessment. 
However, the initial FEM established according to the 
design drawing is normally different from the real structure 
due to the simplification of boundary condition, deviation 
of material and geometry parameter and so on (Razavi and 
Hadidi 2020, Alpaslan and Karaca 2021). Therefore, it is 
essential to update the initial FEM to make the measured 
modal parameters approximate to the modal parameters 
calculated by the FEM as much as possible (Ni et al. 2012, 
Ho et al. 2020, Friswell and Mottershead 2013). In order to 
verify the applicability of the proposed method, the initial 
FEMs are updated using the identified modal parameters in 
Section 5. The FEM updating mainly includes three key 
issues, namely, the selection of updating parameters, the 
determination of the objective function and the optimization 

 
 

 
 

 
 

 

(a) Experiment S3 (b) Experiment C2 

Fig. 15 Experimental mode shape results

(a) The simply supported beam (b) The continuous beam 

Fig. 16 The initial FEM of the experimental beams

(a) The simply supported beam (b) The continuous beam 

Fig. 17 Experimental mode shape sampling
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algorithm (Ho et al. 2019). 
As shown in Fig. 16, the initial FEM parameters of 

beams are the same as those in Section 5. The beam elastic 
modulus 𝐸, section height ℎ, section width 𝑏 and mass 
per linear meter 𝜌 are selected as updating parameters. The 
objective function 𝑄(𝒑) is formulated via the commonly 
used frequency and MAC as 

 𝜆௧௜ = (2𝜋𝑤௧௜)ଶ (33)
 𝜆௘௜ = (2𝜋𝑤௘௜)ଶ (34)
 𝑀𝐴𝐶௜ = (𝜙௧௜்𝜙௘௜)ଶ(𝜙௧௜்𝜙௧௜)(𝜙௘௜்𝜙௘௜) (35)

  𝑄(𝒑) = ෍ 𝜒௜௡
௜ୀଵ ൤𝜆௧௜(𝒑) − 𝜆௘௜𝜆௘௜ ൨ଶ 

+ ෍ 𝛽௜௡
௜ୀଵ [𝑠𝑞𝑟𝑡(𝑀𝐴𝐶௜) − 1]ଶ     (i=1,2) 

(36)

 
where the vector 𝒑 = [𝐸, ℎ, 𝑏, 𝜌] ∈ 𝑅௡ represents the 
parameter set to be updated; 𝑤௧௜ and 𝜙௧௜ represent the 𝑖௧௛ 
frequency and mode shapes calculated by the FEM; 𝑤௘௜ 
and 𝜙௘௜  represent the 𝑖௧௛  frequency and mode shapes 
identified by the experimental data. 𝜒௜  and 𝛽௜  are the 
weight coefficients, generally determined according to the 
importance and measurement accuracy, and they are set to 
be unit in this study. 

The sequential quadratic programming method (Gill et 
al. 2005) is selected as the optimization algorithm to obtain 
the updating coefficients defined as the ratios of the 
updating parameters to the initial parameters. The updating 
coefficients of the section width 𝑏, section height ℎ, mass 
per linear meter 𝜌 and the bridge elastic modulus 𝐸are 
deemed as 𝑒ଵ, 𝑒ଶ, 𝑒ଷ and 𝑒ସ, respectively. 

As shown in Fig. 17, 13 modal points are sampled 

 
 

 
 

equidistantly on the mode fitting curve of Experiment S3 
and Experiment C2 according to the node positions, 
respectively. The initial FEMs of the simply supported 
beam and continuous beam are updated using the first two 
frequencies and MACs identified in Section 5, and the 
results of the updating coefficients are listed in Table 3. The 
comparison of frequency and MAC values before and after 
updating are displayed in Table 4. The mode shapes of 
Experiments S3 and C2 are compared in Fig. 18. After 
updating, the modal parameters calculated by the FEMs are 
consistent with the measured results. For example, the 
relative error of the first frequency of the simply supported 
beam decreases from 6.15% to 0.00%. The experiments 
proved that the modal parameters identified by the proposed 
method can provide reliable data for FEM updating. 

 
 

7. Conclusions 
 
This paper proposed a modal identification method of 

time-varying VBS using a single sensor. Firstly, the 
physical relationship between the IF of the VBS and the 
bridge mode shape was deduced. Then the bridge modal 
identification method based on the IF tracking of the VBS 
was proposed in which the mode shape identification was 
transformed into system frequency identification. 
Numerical studies and laboratory experiments of simply 
supported beam and continuous beam verified that the 
proposed method could identify modal parameters 
effectively at the cost of a single sensor. The influence of 
vehicle weight, vehicle velocity, wheel base and the 
measurement position were studied systematically through 
numerical studies. The results demonstrated that the greater 
the vehicle weight, the lower the velocity, and the smaller 
the wheel base led to higher identification accuracy within 
the common vehicle-to-bridge mass ratio range, the 
measurement position didn’t affect the identification 
accuracy except for the middle span. Finally, the modal 

(a) S3 (b) C2 

Fig. 18 Mode shapes after FEM updating

Table 4 Frequency and MAC comparison before and after updating 

Case 
Measured Initial FEM Updated FEM 
Frequency 

(Hz) 
Frequency

(Hz) 
Relative error

(%) MAC Frequency
(Hz) 

Relative error 
(%) MAC

Experiment S3 6.83 6.41 6.15 0.9988 6.83 0.00 0.9998
Experiment C2 10.23 10.27 0.39 0.9923 10.24 0.09 0.9981
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parameters identified by the proposed method were applied 
successfully in FEM updating. However, the actual 
feasibility of the proposed method should be further verified 
through real bridge experiments in the future. Besides, the 
identification of damping ratio needs further study, which is 
also one of important works of modal identification. 
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