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1. Introduction 

 
Base isolation is one of the effective methods to mitigate 

structural vibration from extreme seismic activity (Li and Li 
2019). In 1970, the concept of seismic base isolation was 
first proposed in New Zealand. Then, the first base-isolated 
building was built in Japan. After that, from 1985 to 1994, 
about 10 base-isolated buildings were built in Japan each 
year (Pan et al. 2005). The rapid implementation of such 
buildings promoted the development of the various design 
and evaluation methods (Nakashima and Bruneau 1995, 
Kishida et al. 2017). Although the base isolators showed 
excellent vibration mitigation effect in low-level or design 
earthquakes (Sato et al. 2011), they produced excessive 
displacement; this lead to large pulse-like ground motions 
generated at the near-fault location (Kelly 1999, Farsangi et 
al. 2018). It was also found to pound between the structure 
and the moat wall and then increased the acceleration of the 
superstructure in the case of extreme events (Zargar et al. 
2013). 

To limit the extreme displacement of the isolator, the 
isolation system designer combines displacement-dependent 
dampers with isolators. Zargar et al. (2013) connected a 
damper to the isolator by a contact rigid block with certain 
gap and that was experimentally demonstrated with 
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significantly reduced the risk of collapses of the isolator 
structures. De Domenico et al. (2020a) numerically verified 
the proposed base-isolation system with initial gap 
efficiently combines satisfactory energy dissipation, which 
reduces the displacement demand. This hybrid base-
isolating system composed the pure isolators composed of 
natural rubber bearings, high damping rubber bearings, lead 
rubber bearings, and sliding bearings (Tu et al. 2009) with 
supplemental dampers such as viscos, hysteretic or friction 
dampers. In that system, the restoring force is mainly 
provided by the isolators, and the initial gap is result in a 
low residual displacement of the structure (De Domenico et 
al. 2020a). 

The gap element and energy dissipation device are often 
included in a gap damper; the gap damper can only be 
activated when the displacement of the isolator reaches a 
certain limit value, and it then provides the extra energy 
dissipation capacity for the system. This characteristic of 
the gap dampers can limit the lateral displacement within 
the isolator level and protect the structures from collapse in 
cases of extreme earthquakes. 

After the gap damper device was proposed, estimation 
models of gap dampers were developed; this provided an 
evaluation measure for the effectiveness of the gap damper 
models using the predictive index, and the differences 
between various models were compared (Zargar et al. 
2013). The effectiveness of reducing the displacement for 
the IGD was experimentally verified for both whole and 
local aspects (Rawlinson et al. 2015, Zargar et al. 2017). 
The structural floor acceleration due to excessive damping 
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and possible pounding was analyzed (Kelly 1999). The 
demand for application promotes the design innovation of 
IGDs. De Domenico et al. (2020a, b) studied the 
effectiveness of combining low-friction curved surface 
sliders and hysteretic gap dampers and presented a base 
isolation layout with shape memory alloy gap dampers. Han 
et al. (Han et al. 2005, 2007, 2008) proposed a soft collision 
scheme using a rigid coil spring stopper and a composite 
stopper; they conducted experiments under reserved load on 
the damping characteristics of the stopper. Yang et al. 
(2019) used a mild steel limit device as flexible buffer for 
the structure in a space at a certain height of the base 
isolation layer. Zhao et al. (2013) applied the reinforced 
concrete short column to the hysteresis-friction parallel 
isolation system and determined the buffer limit distance to 
the reinforced concrete short column. Xiong et al. (2008) 
used the mild steel U-shaped belt piece as the limit energy 
dissipation element; they calculated the length of the slip 
zone between the foundation and the limit energy 
dissipation device, which overcame the previous drawback. 
Liu et al. (2018) also set a certain length for the sliding 
zone of the proposed new limit device. 

Based on experimental verifications, the gap dampers 
are expected to have a significant positive effect on the 
structures in the near-fault area. Since the hysteretic 
behavior of the IGD system includes a gap phase combined 
with hysteretic characteristics of an isolator, it is difficult to 
conduct effective simulation. The existing numerical 
evaluation methods still lack effectiveness for the 
significant characteristics of the hysteretic curve that is 
rather complex in the nonlinear behavior. Although the IGD 
system is assumed as a multifunctional seismic mitigation 
method especially in near fault area, the lack of effective 
models for evaluating the nonlinear hysteretic behavior may 
lead to the improper design and application of this kind of 
IGD system, which may result in serious structural failure 
during large or near-fault earthquake. And more 
importantly, the nonlinear response of the IGD system 
during earthquake events are hardly to be evaluated, 
particularly for the potential serious structural failure under 
extreme earthquake. 

The nonlinear response for random excitations 
statistically provides structural responses, which can 
provide an important structural seismic parameter 
optimization design method for this kind of structures in 
view of probability. Methods for the analysis of nonlinear 
systems under random excitation (such as Markov method 
and equivalent linearization method) are a more general 
way to evaluate the seismic performance of structures 
(Roberts 1981a, b). Among those methods, the equivalent 
linearization method is widely used in practical engineering 
problems. It has been successfully applied to hysteretic 
systems in the stationary process (Lei and Qiu 1997) by 
using the Lyapunov equation to solve the covariance matrix 
of the response (Soong and Grigoriu 1993). Then, 
researchers extended it to the system subjected random 
ground motion to obtain the effective response covariance 
matrix (Xu et al. 2017, Crandall and Mark 1963). Yan and 
Nie (2000) evaluated the nonlinear response of the 
simplified flag shaped (SFS) model, and Zhang et al. (2020) 

evaluated the nonlinear response of the modified flag 
shaped (MFS) model. 

The purpose of this study is to provide a response 
evaluation model to a structure with an IGD system, which 
can be used for the nonlinear response evaluation under 
random earthquakes. Three parts of the IGD model (IGDM) 
are proposed using mathematical expressions to represent 
the hysteretic characteristics of the IGD system. They 
include a linear elastic part and two hysteretic parts, and the 
corresponding equivalent linearization coefficients are 
obtained. A SDOF structure with an IGD system of various 
initial gaps a, energy dissipation coefficients of the isolator, 𝜆ଵ, and energy dissipation coefficients of gap damper, 𝜆ଶ 
is analyzed under random seismic excitations. To obtain the 
response of the structure after the equivalent linearization of 
the IGDM, the Lyapunov equation is employed. The 
simulated responses via Monte Carlo method are used as 
the actual responses and compared with those by the 
equivalent linearization. The proposed mathematic 
expression and the equivalent linearization were validated 
by the MCS for a SDOF structure with various design 
parameters of the IGD (Gazi and Alhan 2018). This 
research has important significance for the seismic 
performance evaluation for the near-fault buildings with an 
IGD system by providing an effective mathematical method 
for random earthquake excitations. It also can be used as a 
theoretical guidance for the future application and 
development of the optimal IGD system. 

 
 

2. Proposed IGD model (IGDM) 
 
2.1 Description of gap damper system 
 
A gap damper is a passive control device, which can 

provide phasic energy dissipation function. It is not 
activated during medium and small earthquakes. During a 
extreme earthquake, when the isolator displacement reaches 
the initial gap, the gap damper is triggered to increase 
damping and control the displacement as Fig. 1 shows. The 
purpose is to prevent the structure from extreme 
displacement which may cause catastrophic collapse. 
Generally, the gap dampers can be hysteretic gap dampers, 
friction dampers and viscous gap dampers. The Kelvin gap 
damper, two-phase viscoelastic gap damper, and two-phase 
viscous plastic gap damper (Zargar et al. 2013) have been 
basically evolved from the hysteretic and viscous gap 
dampers. One end of the damper can either be fixed to the 
foundation or to a moat wall; the other end is fixed to the 
gap element. If it is fixed to the moat wall, the gap damper 
will only be activated in one direction; large later 
displacement may lead to the failure of the gap damper 
(Rawlinson et al. 2015). Hence, the energy dissipation 
device is usually fixed on the foundation as demonstrated in 
Fig. 2. Consisted by isolator, damper and gap, the IGD 
system can be illustrated as the schematic in Fig. 3. Within 
that, the isolator can mitigate the vibration of the structure 
and the gap damper can increase the energy dissipation 
capacity during extreme event, which can be a viscos 
damper or displacement dependent damper. The hysteresis 
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Fig. 1 Diagram of a structure with IGD 

 
 

Fig. 2 IGD connected with foundation 
 
 

 
Fig. 3 Schematic of an IGD system with a rigid mass
 
 

 
Fig. 4 Mechanical model of IGD system with hysteretic 

gap damper 
 
 

curve formed by the viscous gap damper is complex to 
express mathematically. So, in this study, the gap damper is 
adopted as a kind of perfectly plastic damper with a certain 
initial gap as in Fig. 4. Self-centering dampers is important 
for the functional maintenance structure beside the seismic 
energy dissipation capacity (Zhang et al. 2022). In the IGD 
system, the gap damper is also intended to be designed with 
self-restoring capacity to return to the initial position. 
Zargar investigated the impact of the residual deformation 
to the system response, and that indicates the reserved gap 
changes that will lead to a reduction in the overall 
performance of the gap damper by no more than 10% to 
limit isolator displacement and roof acceleration (Zargar et 
al. 2013). The system restoring force can be provided by 
isolators with high re-centering capability, and the IGD 
system results in negligible residual displacements (De 

Domenico et al. 2020a). 
 
2.2 Mechanical behavior of IGD system 
 
The IGD is usually fixed between the structure and the 

foundation. Thus, when the bottom layer of the structure is 
displaced, the isolation nub is also displaced. When the 
structure is exposed to small and medium earthquakes, the 
displacement of the isolation nub does not exceed the initial 
gap to trigger the damper to increase damping. However, 
when the structure is exposed to extreme earthquakes, such 
as near-fault motion, the displacement of the isolation nub 
may be larger than the initial gap, and the damper is 
triggered. In the process of pushing and pulling, the damper 
produces damping to control the isolator displacement. In 
this paper, the hysteresis model of the IGD is divided into 
three parts as in Fig. 5. The isolator consumes energy while 
the gap damper has not been activated, in which, the 
hysteric behavior can be divided as elastic line and a pure 
energy dissipation part as in Figs. 5(a) and (b) shows. When 
the gap damper is triggered, because the yield displacement 
of the hysteretic gap damper is very small (De Domenico et 
al. 2020a), the diagonal line segment is simplified to a 
straight-line segment perpendicular to the x-axis for 
convenience of mathematical expression. In terms of 
material, when the displacement of the isolator reaches the 
initial gap, the external force is large enough to reach the 
yield strength of the elastic-perfectly plastic damper; hence, 
the elastic part of the elastic-perfectly plastic spring is 
directly completed and enters the plastic stage as shown in 
Fig. 5(c). 

 
2.3 The IGD model (IGDM) 
 
The IGDM is proposed to describe the hysteretic 

behavior of the IGD system. This hysteretic model curve 
can be divided into three parts: a linear elastic part and two 
hysteretic parts (Fig. 5). The linear elastic part I in Fig. 5(a) 
presents the stiffness of the isolator, which does not 
consume energy because it is a straight-line segment. Part II 
in Fig. 5(b) presents the hysteresis curve that is formed by 
the isolator, and part III in Fig. 5(c) is the simplified 
hysteresis curve that is formed after the gap damper is 
activated. Because the gap damper is not activated at the 
beginning to produce damping, the hysteresis curve that is 
formed by the gap damper is different from that of the 
traditional damper, which is an advantage of the gap 
damper. The mathematical expression of the restoring force 
of the IGDM can be presented as 

 𝑔ሺ𝑥, 𝑥ሶ ሻ = 𝑘ଵ𝑥 + 𝐹ଵ + 𝐹ଶ (1)
 𝐹ଵ = 𝑏𝑠𝑖𝑔𝑛ሺ𝑥ሶ ሻ (2)
 𝐹ଶ = ቆ𝑠𝑖𝑔𝑛ሺ|𝑥| − 𝑎ሻ + 12 ቇ ቆ𝑠𝑖𝑔𝑛ሺ𝑥ሻ + 𝑠𝑖𝑔𝑛ሺ𝑥ሶ ሻ2 ቇ 𝑐 (3)

 
where 𝑥 is the displacement of the IGD, 𝑥ሶ  is the velocity, 𝑘ଵ is the initial stiffness, b is the damping force produced 
by the base isolator, and the magnitude of b is dependent on 
the characteristics of the isolator itself; a is the initial gap, 
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which refers to the distance between the isolator nub and 
the bumper. When the displacement of the isolator reaches a 
certain value, the gap damper is activated to increase 
damping. c is the added damping force after the activation 
of the gap damper. Different types of gap dampers 
correspond to different c values. The damper force is taken 
as a constant value that is independent of displacement or 
velocity. 

 
 

3. Stochastic equivalent linearization of IGDM 
 
3.1 Stochastic equivalent linearization 
 
The stochastic equivalent linearization method is a 

generalization of the equivalent linearization method of 
nonlinear deterministic vibration in a stochastic process. 
The aim of the equivalent linearization is to minimize the 
mean square value of the error to determine the 
corresponding linear parameters (Ou and Wang 1998). The 
stochastic equivalent linearization method is effective for 
solving nonlinear random vibration problems for 
engineering structures. Assuming that the earthquake wave 
is a stationary Gaussian process, 𝑥 and 𝑥ሶ  are independent 
of each other, and they follow the Gaussian distribution. 
Yan and Nie (2000) proposed an equivalent linearization 
method for the standard flag-shape model (SFS); and Zhang 
et al. (2020) developed an equivalent linearization measure 
for the proposed modified flag shape (MFS) model. In the 
IGD system, there are residual displacement for isolator and 
significant sliding before the gap damper is triggered 
(Zargar et al. 2013); this is different compared to the SFS 
hysteretic model and MFS model. In order to analyze the 
stochastic response of the IGD system, an equivalent 
linearization method based on the above-mentioned 
mathematical expression for the hysteretic behavior of the 
IGD is proposed. Assuming the excitation is a stationary 
process with a zero mean 𝑥 and 𝑥ሶ  are also regarded as 
random variables with a zero mean. According to the 
decomposed model and the expression in Eqs. (1)-(3), the 
linear restoring force of the IGDM can be represented as 

 𝑔ሺ𝑥, 𝑥ሶ ሻ = 𝑘ଵ𝑥 + 𝐶௘ଵ𝑥ሶ + 𝑘௘ଶ𝑥 + 𝐶௘ଶ𝑥ሶ  (4)
 𝐹௘ଵ = 𝐶௘ଵ𝑥ሶ (5)
 𝐹௘ଶ = 𝐶௘ଶ𝑥ሶ+𝑘௘ଶ𝑥 (6)
 
Because equivalent linearization is generally realized by 

minimizing the square value of the error, the necessary and 

 
 

sufficient conditions to reach the minimum value for E [𝑒ଶ] 
are 

 𝜕𝐸ሺ𝑒ଶሻ𝜕𝐶௘ଵ = 0; 𝜕𝐸ሺ𝑒ଶሻ𝜕𝐶௘ଶ = 0;     and    𝜕𝐸ሺ𝑒ଶሻ𝜕𝐾௘ଶ = 0 (7a)
 

where Eሾ𝑒ଶሿ is the expected square error from Eqs. (1) and 
(4), which is a random process.  𝐶௘ଵ and 𝐶௘ଶ  are the 
equivalent linear damping coefficients for the dissipation 
system of isolator and gap damper; and 𝑘௘ଵ  is the 
equivalent linear stiffness for gap damper. Since excitation 
is a stationary process, Eq. (7a) can be solved as follows 

 𝐶௘ଵ = 𝐸ሺ𝑥ሶ𝐹ଵሻ𝐸ሺ𝑥ሶ ଶሻ ; 𝐶௘ଶ = 𝐸ሺ𝑥ሶ𝐹ଶሻ𝐸ሺ𝑥ሶ ଶሻ ;    and   𝑘௘ଶ = 𝐸ሺ𝑥𝐹ଶ ሻ𝐸ሺ𝑥ଶሻ (7b)
 
Finally, 𝐶௘ଵ, 𝐶௘ଶ and 𝐾௘ଶ can be obtained as 
 𝐶௘ଵ = ඨ2𝜋 𝑏𝜎௫ሶ  (8)

 𝐶௘ଶ = 𝑐√2𝜋𝜎௫ሶ ൭1 − 𝑒𝑟𝑓 ቆ 𝑎√2𝜎௫ቇ൱ (9)

 𝑘௘ଶ = 𝑐𝑒 షೌమమ഑ೣమ√2𝜋𝜎௫ (10)

 

where erfሺxሻ = ଶ√గ ׬ 𝑒ି௧మ௫଴ 𝑑𝑡, 𝜎௫ and 𝜎௫ሶ  are the standard 
deviations of 𝑥 and 𝑥ሶ , respectively. 

 
3.2 Response analysis for stochastic earthquake 

load 
 

With the linearized parameters, the equation of motion 
of the equivalent linear IGD system can be represented as 

 𝑚𝑥ሷ + 𝑘ଵ𝑥 + 𝐹௘ଵ + 𝐹௘ଶ = −𝑚𝑔ሷሺ𝑡ሻ (11)
 

where 𝑚 is the mass of the rigid structure with an IGD; 𝑥, 𝑥ሶ , 𝑥ሷ  are the corresponding displacement, velocity, and 
acceleration of the structure as well as the IGD; 𝑘ଵ is the 
initial stiffness of the base isolator; 𝐹௘ଵ and 𝐹௘ଶ are the 
damping forces provided by the IGD system; 𝑔ሷሺ𝑡ሻ is the 
acceleration of the ground motion. To generalize for 
different mass structures and to facilitate the engineering 
application, the expression ௕௠௚ is represented by 𝜆ଵ, and ௖௠௚  is represented by 𝜆ଶ  in this paper, which are 

 

  (a) (b) (c) 

Fig. 5 The proposed IGD model
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performance factors. The damping forces b and c represent 
the different energy dissipation capacities of isolators and 
gap dampers as Fig. 5 shows. 

To verify the proposed mathematical expression for the 
hysteretic model, the nonlinear response analysis is then 
conducted using the Kanai–Tajimi (K–T) model (Kanai 
1957, Tremblay et al. 2008) for the stochastic ground 
acceleration as follows 

 𝑥ሷ௙ + 2𝜉௚𝜔௚𝑥ሶ௙ + 𝜔௚ଶ𝑥௙ = 𝜔ሷ ሺ𝑡ሻ (12a)
 𝑔ሷሺ𝑡ሻ = −2𝜉௚𝜔௚𝑥ሶ௙ − 𝜔௚ଶ𝑥௙ (12b)
 

where 𝜔ሷ ሺ𝑡ሻ is the base rock motion, 𝑥௙ሺ𝑡ሻ is a system 
variable for the soil medium in the K–T spectrum; 𝜔௚ and 𝜉௚ are the natural frequency and damping ratio determined 
by the site type. With the spectrum density 𝑆଴ and the 
Gaussian white noise assumption the base rock motion 
(𝜔ሷ ሺ𝑡ሻ) can be obtained as illustrated in Fig. 6. For the 
structural response analysis, the soil site and structure with 
the linearized IGD can be considered as a linear system.    
The state space equation can be written by combining Eqs. 
(11) and (12) as 

 𝑋ሶ௔ = 𝐴௠𝑋௔ + 𝐵௠𝜔ሷ ሺ𝑡ሻ (13a)
 

where 𝑋௔ = ൛𝑋௦், 𝑋௚்ൟ் is the state vector for the structure 
and soil site. 

 𝑋 = ሼ𝑥, 𝑥ሶ ሽ், 𝑋௚ = ൛𝑥௙,𝑥ሶ௙ൟ் (13b)
 𝐴௠ = ൤𝐴 𝐵𝐶௄ି்0 𝐴௄ି் ൨ ; 𝐵௠ = ൤ 0𝐵௄ି்൨ (13c)
 𝐴 = ൥ 0 1− 𝑘ଵ + 𝑘௘ଶ𝑚 − 𝐶௘ଵ + 𝐶௘ଶ𝑚 ൩ ;      𝐵 = ቂ01ቃ (13d)

 𝐴௄ି் = ൤ 0 1−𝜔௚ଶ −2𝜔௚𝜉௚൨ ;                             (13e)

 
 𝐵௄ି் = ቂ01ቃ ; 𝐶௄ି் = ൣ𝜔௚ଶ 2𝜔௚𝜉௚൧ (13e)
 
For a stationary earthquake excitation, the stationary 

Lyapunov equation can be solved for the covariance matrix 
(𝛤௑ೌ) of 𝑋௔ as 

 𝛤௑ೌሶ = 𝐴௠𝛤௑ೌ + 𝛤௑ೌ𝐴௠் + 2𝜋𝐵௠𝑆଴𝐵௠் = 0 (14)
 

where 𝑆଴ is the spectrum intensity of the base rock motion. 
When 𝑆଴ is determined, the covariance matrix of the state 
vector can be obtained by introducing Eq. (13) into the 
Lyapunov equation for 𝛤௑ೌ. Then the standard deviation of 
the state vector can be obtained from the diagonal of the 
covariance matrix. Because the mean value of the state 
vector is zero, the standard deviation can be represented as 
the root mean square value (RMS). The flow chart for the 
time history response analysis by the Monte Carlo 
simulation (MCS) of the ground motion and the covariance 
response analysis by the Lyapunov equation are illustrated 
in Fig. 6. More details about Eq. (14) can be found in the 
articles of Zhang et al. (2020) and Xu et al. (2017, 2018). 

 
 

4. Verification of equivalent linearized IDGM model 
(EIGDM) 
 
In this study, the MCS was used to obtain the time 

history response, whereas the Lyapunov equation was used 
to obtain the RMS responses of a rigid structure with a 
concentrated mass by the EIGDM. The MCS results are 
considered as the actual structural responses, which are 
used to examine the adequacy of the EIGDM. 

The MCS was conducted for the nonlinear responses of 
the structure with an IGDM under 5000 randomly simulated 
earthquake waves via the Simulink module of MATLAB. 
To find a feasible number of the simulated earthquakes, 100 
to 10000 waves with a duration of 40s were utilized in the 
error analysis. Fig. 7 shows the RMS of the response 
varying with the number of the simulated earthquakes for 
the IGD parameters as: a = 0.06 m, 𝜆ଵ = 0.035 and 𝜆ଶ = 

 
Fig. 6 Flowchart of response analysis for stochastic earthquake load 
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Fig. 7 RMS for different number of simulated seismic 

waves in MCS: Case II-1 in Table 1 
 
 

 
Fig. 8 Hysteretic curve of the IGD for a simulated 

earthquake excitation
 
 

0.04. The result indicates that the RMS is converged to a 
constant value when the number is over 3800. Therefore, 
the number of the simulated earthquakes were taken as 
5000 with a duration of 40s in the following MCS analysis. 
The K-T spectrum were used for generating seismic waves. 
An earthquake event (Level 1) with an exceedance 
probability of 10% in 50 years in Los Angeles area was 
adopted in this study (Kanai 1957, Dickinson and Gavin 
2010). The parameters of the K-T spectrum were taken as 
(Somervi l le  et  al .  1997)  𝑆଴ = 0.026𝑚ଶ/𝑠ଶ ,  𝜔௚ =4.9 𝑟𝑎𝑑/𝑠, and 𝜉௚ = 1.76. The time history responses for 
the structural mass were obtained using Simulink program. 
The EIGDM was introduced into the Lyapunov equation, 
 
 

 

Table 1 Parameters of different IGD conditions 

 Initial gap
a (m) 

Energy dissipation 
coefficient of 
isolator 𝜆ଵ 

Energy dissipation
coefficient of 

gap damper 𝜆ଶ 

Case I-1 0.06 0.03 0.04 
Case I-2 0.21 0.03 0.04 
Case I-3 0.36 0.03 0.04 
Case II-1 0.06 0.035 0.04 
Case II-2 0.06 0.04 0.04 
Case II-3 0.06 0.045 0.04 
Case III-1 0.06 0.065 0.045 
Case III-2 0.06 0.065 0.05 
Case III-3 0.06 0.065 0.055 

 
 
from which the covariance matrix of the responses was 
obtained and the RMS values were evaluated. As an 
example, the restoring force-lateral displacement of the IGD 
with parameters of a = 0.06, 𝜆ଵ = 0.08 and 𝜆ଶ = 0.07 is 
shown for a simulated earthquake in Fig. 8. 

The proposed EIGDM was verified for various cases 
with different IGD parameters as shown in Table 1. The 
definitions of the energy dissipation coefficients (𝜆ଵ and 𝜆ଶ) are shown in Fig. 5. The IGD parameters were selected 
by referring the gap dampers considered for Erizcan-Turkey 
1992 earthquake motion. 

 
4.1 Different initial gaps 
 
Figs. 12-14 present the ratios between the RMS 

responses using the Lyapunov equation with EIGDM and 
the MCS results. The IGD parameters are: a = 0.06, 0.21 
and 0.36 m; whereas 𝜆ଵ = 0.03 and 𝜆ଶ = 0.04. The circles 
(MCS-s) are the time-varying standard deviation (RMS) of 
the responses obtained at different time via MCS. The 
straight line (MCS-t) represents the converged values of 
MCS-s at t = 40 s, which can be considered as the exact 
response. The dotted line and straight line are the results of 
the EIGDM obtained by the Lyapunov equation and the 
MCS, respectively. Compared with the responses of MCS-t, 
the results by the EIGDM show fairly good agreement, 
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a=0.21m

(a) a = 0.06 (Case I-1) (b) a = 0.21 (Case I-2) (c) a = 0.36 (Case I-3)

Fig. 9 Hysteresis curves under different initial gaps with 𝜆ଵ = 0.03 and 𝜆ଶ = 0.04 (Case I) 
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(a) 𝜆ଵ = 0.035 (Case II-1) (b) 𝜆ଵ = 0.04 (Case II-2) (c) 𝜆ଵ = 0.045 (Case II-3)

Fig. 10 Hysteresis curves under different 𝜆ଵ of isolator and a = 0.06 m and 𝜆ଶ = 0.04 (Case II) 
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(a) 𝜆ଶ = 0.045 (Case III-1) (b) 𝜆ଶ = 0.05 (Case III-2) (c) 𝜆ଶ = 0.055 (Case III-3)

Fig. 11 Hysteresis curves under different 𝜆ଶ of gap damper and a = 0.06 m and 𝜆ଵ = 0.065 (Case III)

Fig. 12 Error in RMS responses (the initial gap is 0.06) (in m and s) 

Fig. 13 Error in RMS responses (the initial gap is 0.21) (in m and s) 
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which can be observed from Figs. 12-14. The errors of 𝜎௫ 
and 𝜎௫ሶ  between the calculation results of the EIGDM 
using the Lyapunov equation and the MCS simulation result 
are less than 10% and 20%, respectively. Particularly when 
the initial gap is 0.06, the error of 𝜎௫ is only 0.2% and 𝜎௫ሶ  
is 13%. 

 
 

 
 

 
 

 
 
4.2 Different energy consumption coefficients of 

isolator 
 
As previously mentioned, 𝜆ଵ  reflects the energy 

dissipation capacity of the isolator. The parameters involved 
in Figs. 15-17 are: 𝜆ଵ = 0.035, 0.04, and 0.045, whereas a 

Fig. 14 Error in RMS responses (the initial gap is 0.36) (in m and s) 

Fig. 15 Error in RMS responses (𝜆ଵ = 0.035) (in m and s)

Fig. 16 Error in RMS responses (𝜆ଵ = 0.04) (in m and s) 

Fig. 17 Error in RMS responses (𝜆ଵ = 0.045) (in m and s)
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= 0.06 m and 𝜆ଶ = 0.04. The initial gap a of 0.06 m is 
roughly equal to a distance of 0.6 𝐷ெ஼ா, where 𝐷ெ஼ா  is 
maximum displacement response, as mentioned by Zargar 
(2013, 2017). Figs. 15-17 show the comparisons of the 
results of the responses by the equivalent linearization and 
those by the MCS under different 𝜆ଵ. The results show that 
the equivalent linearization gave fairly good results 
compared with those of the MCS. The error of 𝜎௫ is about 
10%, and the error of 𝜎௫ሶ  increases with the increase of 
energy consumption coefficient of the isolator, which is 
within 23%. 

 
4.3 Different energy consumption coefficients of 

gap damper 
 
The parameter 𝜆ଶ represents the energy dissipation 

capacity of the gap damper. The IGD parameters involved 
in Figs. 18-20 are: a = 0.06 m; 𝜆ଵ = 0.065; whereas 𝜆ଶ = 
0.045, 0.05, and 0.055. In these cases, the errors of 𝜎௫ሶ  

 
 

 
 

 
 

decrease with the increase of energy consumption 
coefficient of the gap damper. The maximum error is 26% 
when 𝜆ଶ = 0.045.  Simultaneously, the errors of 𝜎௫  are 
within 17% for the three cases. 

 
4.4 Discussion 
 
From the above results of the three groups of cases with 

different IGD parameters, it can be concluded that the 
proposed EIGDM incorporating the Lyapunov equation can 
give reasonable estimation of the nonlinear structural 
responses under random earthquake excitations compared 
with the results from the MCS analysis. 

The errors of displacement 𝜎௫ are increased when the 
initial gap increases from 0.06 m to 0.36 m, and the energy 
consumption coefficients of isolator 𝜆ଵ increase from 0.035 
to 0.045, and 𝜆ଶ is 0.04, which are within 10% in those 
cases. Simultaneously, the errors of 𝜎௫ሶ  increase from 13% 
to 23%. The errors of 𝜎௫ and 𝜎௫ሶ  increase and reduce 

 
 

 
 

 
 

Fig. 18 Error in RMS responses (𝜆ଶ = 0.045) (in m and s)

Fig. 19 Error in RMS responses (𝜆ଶ = 0.05) (in m and s) 

Fig. 20 Error in RMS responses (𝜆ଶ = 0.055) (in m and s)
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separately, when the energy consumption coefficients of the 
gap damper increase from 0.045 to 0.055, and the initial gap 
is 0.06, 𝜆ଵ is 0.065. And the maximum error of  𝜎௫ and 𝜎௫ሶ  is 17% and 26%. 

To sum up, both the error of 𝜎௫  and 𝜎௫ሶ  can be 
controlled within 23%, except the case when 𝜆ଵ is 0.065, 𝜆ଶ is 0.045 and the gap is 0.06. Moreover, when the energy 
consumption coefficient 𝜆ଵ and 𝜆ଶ are relatively small, the 
IGDM is controlled by displacement, so the errors of 𝜎௫ 
are smaller than the errors of 𝜎௫ሶ . In terms of isolator, the 
error of the IGDM increases when the nonlinearity of 
isolator increases, corresponding to increased 𝜆ଵ. On the 
other hand, larger energy consumption coefficient of 
isolator and damper result in better earthquake energy 
dissipation capacity, then choose an optimized parameter 
group is a task of engineers. 

 
 
 
 

 
Fig. 21 Model with a SDOF structure and an IGD

 
 

5. Verification on a structure with an IGD 
 
In the previous section, the feasibility of the equivalent 

linearized IGDM (EIGDM) was verified for a rigid 
structure with an IGD. In this section, a structure with a 
single degree of freedom (SDOF) is considered, which 
consists of an upper structure and a base as in Fig. 21 to 
investigate the effect of the IGD on the structure. The 
structural parameters are taken as: 𝑚௦ = 250 × 10ଶ 𝑘𝑔, 𝑚௕ = 230 × 10ଶ kg, 𝑘௦ = 3000 k𝑁/𝑚, and damping ratio 𝜉 = 2%. Then the natural frequency and period of the 
structure without the IGD are 1.75 Hz and 0.57 s. Using the 
proposed EIGDM, the responses of the upper structure and 
base were analyzed under two levels of earthquake with the 
exceedance probabilities of 10% in 50 and 100 years in Los 
Angeles (Level 1 and Level 2), which were considered as 
different intensity for earthquake design. The parameters of 
the IGD are: 𝑘ଵ = 600 kN/m, the initial gap a = 0.36 m, 
and the energy dissipation coefficients 𝜆ଵ = 0.065 and 𝜆ଶ = 0.05 at both earthquake levels. The natural frequency 
and period of the structure with the IGD are: 0.55 Hz and 
1.83 s, respectively. The above parameters are defined 
referring to the structural character in literature (Zargar et 
al. 2017). The parameters of the K-T spectrum for Level 1 
were shown in Section 4, while those for Level 2 were 
taken as: 𝑆଴ = 0.052 𝑚ଶ/𝑠ଶ, 𝜔௚ = 4.9 𝑟𝑎𝑑/𝑠 and 𝜉௚ =1.76. In the MCS, 10000 earthquake waves were generated 
from the K-T model with the same site parameters used in 
Section 4. Figs. 22 and 23 show the RMS responses of the 
upper structure and base obtained from the MCS at the two 
levels of earthquake with varying number of earthquake 
waves. The results indicate that about 10000 simulated 
earthquake waves are needed to obtain converging 

 
 

(a)
 

(b)

Fig. 22 RMS responses for different numbers of earthquake waves at Level 1: (a) upper structure; (b) base
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responses with a constant of 0.001 in the relative error, 
which requires huge computational efforts in the nonlinear 
dynamic analysis of large- structures for the simulated 
ground excitations. Figs. 24 and 25 show the ratios of the 
RMS responses attained by the EIGDM and MCS. The 
results of the EIGDM show fairly good agreement with 

 
 

 
 
those of the MCS analysis (MCS-t). As demonstrated, the 
errors in 𝜎௫ and 𝜎௫ሶ  of the upper structure are about 11% 
and 18% for earthquake responses of Level 1 and 2, 
respectively. 

The performance of the IGD was investigated using the 
results of the EIGDM in comparison with those without the 

(a)
 

(b)

Fig. 23 RMS responses for different numbers of earthquake waves at Level 2: (a) upper structure; (b) base

(a)
 

(b)

Fig. 24 Error in RMS responses for earthquake of Level 1: (a) upper structure; (b) base 
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IGD. The covariance matrix was obtained by Lyapunov 
equation for the structure with the IGDM at Level 1 
earthquake as in Table 2, from which the RMS of the upper 
structure and base with IGD system were obtained as 0.128 
and 0.115 m, respectively. On the other hand, the RMS of 
the upper structure without the IGD was obtained as 0.117 
m. Table 3 shows the covariance matrix for the structural 
responses with the IGDM at earthquake of Level 2. 

The RMS of the relative displacement of the upper 
structure can be computed from the covariance matrix as 

 RMS 𝑋௦௥ = ට𝜎௫௦,௫௦ଶ + 𝜎௫௕,௫௕ଶ − 2𝑐𝑜𝑣ሺ𝑋௦, 𝑋௕ሻ (15)

 
Where 𝑐𝑜𝑣ሺ𝑋௦, 𝑋௕ሻ is the covariance of 𝑋௦  and 𝑋௕ . 

From Table 2, RMS 𝑋௦௥ was obtained as 0.01 m and 0.047 
m for the cases with and without IGD under earthquake of 
Level 1. RMS 𝑋௦௥ was obtained as 0.024 m and 0.065 m for 
the cases with and without IGD under earthquake of Level 2 
from Table 3. 

Finally, the RMS of the member force 𝐹௦ was obtained 
as RMS 𝐹௦ = 𝑘௦ ∗ RMS 𝑋௦௥ (16)

 
 
 

Table 2 Covariance matrix of the structural response with 
IGD for earthquake of Level 1 (in m) 

Cov. 𝑋௦ 𝑋௕ 𝑋ሶ௦ 𝑋ሶ௕ 𝑋௦ 0.0164 0.0148 0.0000 0.0007 𝑋௕ 0.0148 0.0133 -0.0007 0.0000 𝑋ሶ௦ 0.0000 -0.0007 0.1904 0.1709 𝑋ሶ௕ 0.0007 0.0000 0.1709 0.1538 
 

 
 

where they were obtained as 30 kN and 141 kN for cases 
with and without the IGD at earthquake of Level 1, and 72 
kN and 195 kN for at earthquake of Level 2. The above 
results indicate that the RMS of the member force of the 
upper structure is reduced significantly to the level of 21% 
and 37% of that without the IGD for the two levels of 
earthquake cases. 

The RMS of the base displacement was found as 0.115 
m and 0.219 m for earthquake cases of Level 1 and 2, from 
which the maximum base motion was approximate to 0.345 
m and 0.658 m using a peak factor of 3 (Clough and 
Penzien 1995). This maximum value is found to be larger 
than the gap (0.36 m) particularly for Level 2 earthquake, 
which indicates the full of utilization the IGD elements 
(isolator and gap damper). 

As stated above, the proposed EIGDM is provided as a 
simple and effective method to estimate the nonlinear 
responses of structures with an IGD for random earthquake 
excitations for different earthquake intensity. With this 
method, large amount of computation work for the MCS 
can be avoid and instead by solving the Lyapunov equation 
corresponding to the EIGDM, which demonstrates great 
computational efficiency and adaptability to the seismic 
design of structures with IGD system. 

 
 

Table 3 Covariance matrix of the structural response with 
IGD for earthquake of Level 2 (in m) 

Cov. 𝑋௦ 𝑋௕ 𝑋ሶ௦ 𝑋ሶ௕ 𝑋௦ 0.0593 0.0534 0.0000 0.0013 𝑋௕ 0.0534 0.0481 -0.0013 0.0000 𝑋ሶ௦ 0.0000 -0.0013 0.7002 0.6293 𝑋ሶ௕ 0.0013 0.0000 0.6293 0.5663 

(a)
 

(b)

Fig. 25 Error in RMS responses for earthquake of Level 2: (a) upper structure; (b) base 
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6. Conclusions 
 
The isolator-gap damper (IGD) system was analyzed via 

the proposed mathematical interpretation for the nonlinear 
hysteretic behavior and its equivalent linearization method 
(EIGDM). Nine different parameters including the initial 
gap and energy dissipation coefficients were analyzed for a 
rigid structure to verify the accuracy of the EIGDM. Then a 
SDOF structure was analyzed using the proposed EIGDM 
to investigate the effectiveness of the IGD in reduction of 
the earthquake responses of the structure. Finally, the 
following conclusions have been drawn. 

 
(1) A mathematical hysteretic model to describe the 

nonlinear characteristics of the IGD system is 
represented using three separated models, and it 
had been successfully applied to the time history 
analysis using simulated earthquakes by the MCS. 

(2) The proposed EIGDM was verified for various 
cases with different initial gap and energy 
dissipation coefficients using the Lyapunov 
equation. The difference (error) of the displacement 
in the RMS responses between the EIGDM and 
MCS results were less than 17% which indicates 
the adequacy of the proposed method. 

(3) The analysis for a SDOF structure with an IGD 
also verified the feasibility of the EIGDM with 
good agreement to the MCS results. The errors in 
the RMS structural responses were about 11% and 
17% for earthquake with the exceedance 
probabilities of 10% in 50 and 100 years. 

(4) The RMS of the structural responses with the IGD 
indicates the effectiveness of the IGD in reducing 
the member force for the earthquake excitations. 
The responses reduced to 21% and 37% of the one 
without an IGD for the two earthquake levels. 

 
In this study, it was assumed that the seismic process is 

a stationary Gaussian process and the response analysis was 
carried out on an idealized SDOF structure. Future works 
may be focused on special excitation processes, such as 
nonstationary and site specific excitations, and responses of 
multi-degree-of-freedom structures with an IGD device of 
various kinds, and the design optimization of the IGD 
system using the EIGDM. 
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