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1. Introduction 

 
Anchor bolts have large variety of applications in 

various industries such as construction, mining, mechanical 
etc. Their usefulness ranges from installing signposts, lights 
to fixing permanent structures. Steel anchor bolts are also 
used for adding extensions to existing structures. Currently 
much research work is being focused on steel anchor bolts 
for their increased application in prefabricated structural 
elements. Eligehausen and Balogh (1995), Eligehausen et 
al. (2006) and Mallee et al. (2013) presented the in-depth 
design guidelines for engineers and researchers related to 
anchor bolts installed in concrete post-construction. The 
researchers took into consideration monotonic and cyclic 
loading, fatigue and design limit state for proposing the 
anchor bolt system design guidelines. Takiguchi et al. 
(1999) and Zamora et al. (2003) also investigated the 
deformational response of various types of grouted, headed 
and straight anchor bolts. Lê Minh et al. (2012), Ceci et al. 
(2012), and Ouyang et al. (1994) presented crack 
development and propagation models for steel fibers 
reinforced concrete. The researchers also conducted beam 
strengthening experiments using fiber reinforced concrete 
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and reported improvement in deformational response of 
structural elements owing to the anchoring effect of steel 
fibers which was deemed similar to anchors embedded in 
concrete. Guillet (2011) and Hoehler and Eligehausen 
(2008a, b) reported through their experimental work that the 
bond between embedded steel anchor bars deteriorated 
owing to micro-cracking at the interface of steel and 
concrete. Philipp et al. (2016) and Saleem (2018a, b, c) 
presented the analytical model related to the multiple crack 
extension of anchor bolts embedded in concrete using both 
monotonic and cyclic loading. The researchers presented 
models with capable of predicting experimental results and 
real-world deformational response. 

In the past much effort by the researchers was exerted 
on the developing bond evaluation models and experimental 
evidence. However, little to no attention was paid on 
developing a non-destructive testing method that can be 
reliably employed to estimate the pull-out strength and bond 
performance of anchor bolts and steel anchor bars. In this 
regard Saleem and Nasir (2016), Saleem et al. (2016), 
Saleem and Hosoda (2017), Saleem (2020), Saleem and 
Almakhayitah (2020), Saleem and Hector (2021), Saleem 
and Hosoda (2021), developed a novel non-destructive 
testing method to evaluate the pull-out strength of anchor 
bolts embedded in the concrete. The researchers also 
developed a method to identify and isolate the internal 
cracking in the structural elements. The proposed testing 
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methods has been employed in real-world for structural 
health evaluation and bond quality assessment of reinforced 
concrete structures. ACI 349-13 and ACI 318-14 design 
codes categorize the failure of the steel anchor bolts into 
four types: (a) bolt rupture; (b) cone failure; (c) pull-out 
failure; and (d) splitting rupture. Cone type of failure is 
most commonly reported in the literature and also observed 
in real-world conditions (Yang and Ashour 2009, Caggiano 
and Martinelli 2012, Chen 2014). However, the influence of 
the grout material also plays a critical role in the pull-out 
performance of the anchor bolt as reported by Barani and 
Khoei (2014). 

Through the presented detailed literature review it is 
evident that much research work in the past has been 
focused on the understanding the deformational response of 
anchor bolts under cyclic and monotonic loading. Also, 
efforts by the researchers have been focused on developing 
NDT for evaluating the strength of anchor bolts and bars. 
However, very little effort has been spent on understanding 
the effect of grout/epoxy material properties on the 
deformational response of steel anchor bolts installed post-
construction. The presented analytical model takes into 
consideration the all mechanical and material factors that 
affect the pull-out performance of steel anchor bolts such as 
diameter, embedment length, concrete quality, bond 
strength, grout/epoxy material properties and anchor bolt 
end condition i.e., L-type hook, U-type hook or unheeded 
straight anchors. Lastly, an optimized set of material 
properties for the grout/epoxy is presented along with 
validating the model by comparing its deformational 
response with the experimental results. The presented set of 
optimized material properties and the proposed analytical 
model can be used by professional interested in predicting 
and controlling the deformational response of anchor bolts 
installed using epoxy injection. 

 
 

2. Materials and methods 
 
2.1 Materials 
 
Sixty 300 × 300 × 300 mm concrete cube specimens we 

cast along with twelve 150 × 300 mm cylindrical specimens 
for compressive strength evaluation. OPC type-1 with 
specific gravity of 3.14 was used for casting of the samples 
in accordance with ASTM C150. The rational for choosing 
OPC type-1 was based on the logic that it is most widely 
adopted material used in a variety of industrial applications, 
hence any research and development using this type of 
cement will have the largest real-world application. Hence, 
the choice of using OPC type-1 had logical rational 
background. Desert sand was used as a source of fine 
aggregate with the water absorption ratio and specific 
capacity of 0.71% and 2.55 respectively. The water-to-
cement ration was kept at 0.39 with water equal to 123 
kg/m3; cement 270 kg/m3, air entrainment 3.9%; sand and 
gravel 819 and 1011 kg/m3, respectively. Limestone was 
used as a coarse aggregate with a maximum size of 18 mm 
graded according to the specification of ASTM C33. The 
coarse aggregate consisted of water absorption percentage 
and bulk specific gravity of 1.95% and 2.41, respectively. A 

Slump of 100 + 25 mm was recorded, and the samples were 
cured in a temperature-controlled lab with the average 
compressive strength of 33.4 MPa recorded after 28 days of 
curing. 

 
2.2 Methods 
 
Steel anchor bolts typically used for small to medium 

application in the construction industry were used in the 
experimental investigation. The anchor bolts were installed 
in pre-drilled holes using epoxy resin in accordance with 
the ASTM C881. The total length of the stainless-steel 
anchor bolt, LC was 150 mm. 70 mm and 50 mm was 
embedded into the pre-drilled holes referred to as, LE, while 
the remaining was outside the hole, referred to as exposed 
length, LO as shown in Fig. 1. Each bolt was tested for 
hardness using the Rockwell hardness test with hardness 
number of B70. Immense care was taken in aligning the 
bolt in the middle of the pre-drilled hole. Five rebound 
readings using Schmidt hammer were induced on the top of 
the anchor bolt as depicted in the Fig. 1. The experimental 
details pertaining to casting, curing and experimentation, 
data collection, analysis and results of Schmidt hammer 
testing can be found on earlier published work by the 
research group (see Saleem and Nasir 2016, Saleem et al. 
2016, Saleem 2017, 2020, Saleem and Almakhayitah 2020, 
Saleem and Hector 2021, Saleem and Hosoda 2021). The 
objective of the presented research work is to focus on the 
experimental validation and infill material properties 
optimization to achieve desired pull-out strength for various 
types of steel anchor bolts. Previously, Saleem et al. (2016), 

 
 

 
Fig. 1 Rebound reading testing setup

 
 

Fig. 2 Impact energy induced onto anchor bolt
 

446



 
Modeling and optimization of infill material properties of post-installed steel anchor bolt … 

 
 

Saleem (2018a), measured the energy imparted by Schmidt 
hammer’s impact on the anchor bolt. It was calculated to be 
1.9 joule. 

Fig. 2 presents the cumulative energy imparted into the 
anchor bolt after five rebound impact loadings. 

It is brough to the attention of the readers that inducing 
impact loading on the top of the anchor bolt can lead to 
internal micro-cracking within the infill epoxy material. 
This can intern lead to lower bond strength of the anchor 
bolt. This aspect of the discussion is to highlight to the 
readers the limitation of the newly proposed non-destructive 
testing method. Hence, it can be deduced that the newly 
proposed NDT is limited in application to small and 
medium anchor bolts. In addition, it can be hypothesized 
that for anchor bolts with large diameters or long 
embedment length, the impact energy induced by the 
traditional Schmidt hammer might not be sufficient to 
penetrate the entire length of the anchor bolt. Therefore, a 
new type of rebound device would be needed to test anchor 
bolts used in rock or slope stabilization, mining industry 
etc. These topics can be considered as active areas for future 
research and development. From the past published 
experimental results (see Saleem et al. 2016, Saleem 2017, 
2020) it was found that anchor bolts with good bond quality 
were successfully able to transmit 9 joules of impact energy 
to the concrete in the near vicinity, thus depicting larger 
rebound value, R. However, anchor bolts which had lower 
quality bond or poor quality of concrete depicted lower 
rebound value, R. This mechanism was used to identify 
anchor bolts with poor bond quality thus leading to lower to 
pull-out strength. The present manuscript details the 
development, validation and material optimization of an 
analytical model is able to take into consideration material 
and geometric properties of the anchor bolt. The model is 
described in the proceeding section. 

 

 
 

3. Analytical modeling 
 
Fig. 3 depicts the schematic visualization of the 

analytical model detailing the steel anchor bolt embedded in 
the post-construction drilled anchor hole and installed using 
epoxy resin. The central portion of the diagram presents the 
visualization of the expansive forces that are generated 
owing to the pull-out load, F* applied on the top of the 
anchor bolt. The portion on the left of the diagram represent 
the real-world view of the installed anchor bolt, while the 
view of the right represents the mathematical modeling 
details, where the epoxy resin material is considered in the 
model as a shear-lag thus the interfacial cracking happens in 
shear with the stiffness of ke. In real-world many kinds of 
bolts are employed for a large variety of practical 
applications such as L-shaped end, U-shaped or unheeded 
straight anchors. The presented analytical model is able to 
take into consideration the end condition of the anchor 
using HEND, as depicted in Fig. 3. The anchor bolt has a 
uniform diameter DB and is assumed to remain elastic 
during the pull-out loading with the modulus of elasticity as 
EA. The concrete surrounding the epoxy resin is modeled as 
a rigid, except the infill material at the interfacial zone 
which is treated to non-linear inelastic. Since the diameter 
of the anchor bolt is much smaller as compared to the 
embedment length, hence the poisons ratio is neglected. The 
rationale behind this consideration is that the pull-out 
displacement of the anchor bolt is much larger as compared 
to the elongation of the anchor bolt, furthermore, in real-
world the anchor bolt elongation results in failure of the 
anchor bolt before the pull-out extraction is completed 
which leads to a failed bolt. Hence, the assumption has 
logical rational background. As shown in Fig. 3 the bond 
length of the steel anchor bolt has been divided into three 
distinct portions, the middle portion of the anchor bolt 
represent the perfect bonded condition without any micro- 

Fig. 3 Schematic visualization of the analytical model for steel anchor bolt embedded in post-drilled hole in concrete 
installed with epoxy resin 
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Fig. 4 Constitutive model for epoxy anchor interface
 
 

cracking at the interface. However, owing to the impact 
energy inducted from the impact of Schmidt hammer, two 
micro-cracks are assumed to have occurred at the top and 
bottom portion of the anchor bolt. The cracked portions 
comprise of only the frictional force qfT,B. This is because of 
the interlocking of the anchor bolt ridges and the epoxy 
resin material. From the point of view of analytical 
modeling, two possibilities of crack extension are 
considered i.e., case-1 when only one of the cracks either at 
the top, cT or one at the bottom, cB propagates further owing 
to the applied external loading. Case-2 is the possibility of 
both cracks at the top and bottom propagating at the same 
time. All possibilities arising from the presence of multiple 
cracks in close proximity are taken into consideration. 
Evidence provided by (See Kamaya 2003 and Wang et al. 
1996) for parallel cracks suggest the possibility of crack 
interaction leading to crack coalescence, crack branching 
and crack curing. These phenomena are possible because of 
possibility of stress interaction at the tip of the propagating 
cracks. Since, crack branching and crack curing are 
uncontrollable and difficult to predict phenomena, hence 
these were ignored in the current formulation. Furthermore, 
the presence of rigid concrete surrounding the epoxy resin 
eradicates the possibility of crack coalescence. However, 
combined propagation of both cracks is considered in the 
presented analytical model. A constant shear force is 
considered to be the only dominant force in the cracked 
portion of the interface. Fig. 4 presents the constitutive 
relationship at the interface of epoxy resin and the anchor 
bolt. Accordingly, the following constitutive formulations 
can be expressed 

 𝐹 ൌ 𝑘௘𝑈ሺ𝑥ଵሻ         0 ൏ 𝑥ଵ ൏ ሺ𝐿 െ 𝑐்ሻ (1)
 𝐹 ൌ 𝑞௙்                 ሺ𝐿 െ 𝑐்ሻ ൏ 𝑥ଵ ൏ 𝐿  (2)
 𝐹 ൌ 𝑘௘𝑈ሺ𝑥ଶሻ         0 ൏ 𝑥ଶ ൏ ሺ𝐿 െ 𝑐஻ሻ (3)
 𝐹 ൌ 𝑞௙஻                  ሺ𝐿 െ 𝑐஻ሻ ൏ 𝑥ଶ ൏ 𝐿 (4)
 𝑞ఛ் ൌ 𝑞௬் (5)
 𝑞ఛ஻ ൌ 𝑞௬஻ (6)
 

𝑎் ൌ 𝜉𝑎஻ (7)
 
In the above presented constitutive relationships q is the 

shear force acting at the interface of epoxy infill material 
and steel anchor bolt. qfT, qfB represent the frictional force 
present in the cracked portion at the top and bottom cracks 
as shown in Fig. 3. This frictional force occurs owing to the 
interlocking of ridges of anchor bolt and the crushed epoxy 
resin. Where, qτT, qτB and qyT, qyB is the shear stress and 
yield strength at the top and bottom portion of the interface. 
While ξ is the crack length controlling factor. The 
constitutive model of the interface is as depicted in the Fig. 
4. The relationship is linear elastic up to the yield point of 
the material, followed by a sudden drop in strength leading 
to the frictional force. The sudden crack propagation leads 
to stress release, which is incorporated into the model as the 
factor, µ. From experimental evidence of the past (Hariyadi 
et al. 2017, Sugayama et al. 2006 and Sumitro and Tsubaki 
1998a, b) it is clear that a diminishing frictional force is 
observed at the anchor-epoxy interface in case of anchor 
pull-out failure. The crack initially takes the path of least 
resistance at the interface of epoxy and bolt. This stage is 
followed by the pulling out of the anchor bolt itself leading 
to cone type of failure. The proceeding section details the 
analytical closed form solution for each case of crack 
extension. 

 
3.1 Modeling for crack propagation when cT > cB 
 
Let us first take into consideration the case where top 

crack cT begins to propagate while the bottom crack is 
dormant. In this scenario the length of the top crack would 
increase while the length of the bottom crack would remain 
the same. The crack growth criterion can be described using 
the equation provided below 

 𝑞ఛ்𝑞௬் ൐ 𝑞ఛ஻𝑞௬஻ (8)

 
qy is the yield shear force, depicting the pull-out force, 

F, the following equilibrium conditions can be written 
 𝐹௫” െ 𝑞 ൌ 0 (9)
 

where, the comma represents the differential operation, (),x 
with respect to x. Now the constitutive relationship of the 
steel bolt can be introduced as 

 𝐹 ൌ 𝐸஼𝐴஼𝑈௫”  (10)
 𝐸஼𝐴஼ ൌ 𝐸஺𝐴஺ ൅ 𝐸ூ𝐴ூ𝐾ா  (11)

 
where EC AC represents the axial stiffness. The following 
differential equation for anchor bolt pull-out displacement 
U can be obtained 

 𝑈௫” െ ቌඨ 𝐾ா𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ ቍଶ 𝑈 ൌ 0       0 ൏ 𝑥ଵ ൏ ሺ𝐿௖ െ 𝑐்ሻ (12)
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𝑈௫” െ 𝑞௙்𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ ൌ 0          ሺ𝐿௖ െ 𝑐்ሻ ൏ 𝑥ଵ ൏ 𝐿௖ (13)

 
Now, Ϥ is defined as 
 Ϥ ൌ ඨ 𝐾ா𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ  (14)

 
Now stating that F* is the pull-out force when xT = LC, 

the boundary and the continuity conditions can be expressed 
as below 

 𝐻ாே஽𝑈ሺ0ሻ ൌ 𝑁ሺ0ሻ (15)
 𝐸஼𝐴஼𝑈௫” ሺ𝐿௖ሻ ൌ 𝐹∗ (16)
 𝑈ሺ𝐿௖ െ 𝑐்ሻି ൌ 𝑈ሺ𝐿௖ െ 𝑐்ሻା (17)
 𝑈௫” ሺ𝐿௖ െ 𝑐்ሻି ൌ 𝑈௫” ሺ𝐿௖ െ 𝑐்ሻା (18)
 
By applying the above developed formulations, the 

following analytical solution can be reached related to 
anchor bolt pull-out deformation 

 𝑈ሺ𝑥ሻ ൌ 𝑃∗ െ 𝑞௙்𝑐்𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ Ϥ ൬𝑐𝑜𝑠ℎሺ Ϥ𝑥்ሻϦଵ ൅ 𝑠𝑖𝑛ℎሺ Ϥ𝑥்ሻϦଶ ൰0 ൏ 𝑥ଵ ൏ ሺ𝐿௖ െ 𝑎்ሻ 
(19)

 𝑈ሺ𝑥ሻ ൌ 𝑞௙்𝑐ଶ்2𝐸஼𝐴஼ ൅ 𝐹∗ െ 𝑞௙்𝐿௖𝐸஼𝐴஼ 𝑥ଵ െ 𝑞௙்ሺ𝐿௖ െ 𝑐்ሻଶ2𝐸஼𝐴஼               ൅ 𝐹∗ െ 𝑞௙்𝑥ଵ𝐸஼𝐴஼Ϥ ሺϦଷሻ െ 𝐹∗ െ 𝑞௙்𝐿௖𝐸஼𝐴஼ ሺ𝐿௖ െ 𝑐்ሻሺ𝐿௖ െ 𝑐்ሻ ൏ 𝑥ଵ ൏ 𝐿௖ 

(20)

 Ϧଵ ൌ 𝐻ாே஽𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ Ϥ 𝑐𝑜𝑠ℎ Ϥ ሺ2𝐿௖ െ 𝑐்ሻ           ൅ 𝑠𝑖𝑛ℎ Ϥ ሺ2𝐿௖ െ 𝑐்ሻ 
(21)

 Ϧଶ ൌ 𝑐𝑜𝑠ℎ Ϥ ሺ2𝐿௖ െ 𝑐்ሻ            ൅ 𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ Ϥ𝐻ாே஽ 𝑠𝑖𝑛ℎ Ϥ ሺ2𝐿௖ െ 𝑐்ሻ 
(22)

 Ϧଷ ൌ 𝑐𝑜𝑠ℎ Ϥ ሺ2𝐿௖ െ 𝑐்ሻϦଵ ൅ 𝑠𝑖𝑛ℎ Ϥ ሺ2𝐿௖ െ 𝑐்ሻϦଶ  (23)

 
Now the total anchor bolt pull-out displacement can be 

calcualted using the following equation 
 𝑈∗ ൌ 𝑃∗ െ 𝑞௙்𝑐்𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ Ϥ Ϧଷ ൅ 𝑃∗ െ ଵଶ 𝑞௙்𝑐்𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ 𝑐் (24)

 
Crack growth occurs when the applied shear force 

reaches the yield value, afterwards the shear force at the 
cracked interface of the epoxy material and the anchor bolt 
is assumed to be equal to the frictional shear force, qf. 

𝑞௙ூ ൌ 𝜇 𝑞௬ூ (25)
 𝜇 ൌ 𝜇௢ 0 ൑ 𝜇௢ ൑ 1 (26)
 
The coefficient µ represents the stress release that 

occurs after the crack growth and is as shown in Fig. 4. 
Now for the case when cracking occurs, q = qyI at x = Lc – 
cT, Now Force, F* can be calculated as 

 𝐹∗ ൌ 𝑞௙்𝑐் ൅ 𝑞௬்Ϥ ൜ϦଵϦଶϦସ ൠ (27)

 Ϧସ ൌ Ϧଵ 𝑠𝑖𝑛ℎ Ϥ ሺ𝐿௖ െ 𝑐்ሻ ൅ Ϧଶ 𝑐𝑜𝑠ℎ Ϥ ሺ𝐿௖ െ 𝑐்ሻ (28)
 
The force at which the crack at the top of the anchor bolt 

starts to propagate downwards can be calculated using the 
Eqs. (24) and (27). The final peak displacement of the 
anchor bolt can be calculated using the Eq. (24). On the 
cracked portion of the infill epoxy material only the 
frictional forces exists because of interlocking of bolt ridges 
and epoxy resin. Since the elongation of the anchor bolt is 
negligible as compared to the anchor bolt pull-out 
displacement, hence, it is ignored in the presented 
formulation. Once the cracking is initiated it propagates 
along the weakest path with is considered to the ITZ (see 
Sumitro and Tsubaki 1998a, b) till complete failure occurs. 
After complete cracking, the anchor bolt is pulled out of 
concrete. The above presented equations are used for 
experimental validation in the proceeding section. 

 
3.2 Modeling for crack propagation when cB > cT 
 
The second possibility of crack propagation can be the 

case when crack the bottom, cB, start to extend, while the 
crack at top, cT, remains dormant. Under such condition the 
length of the bottom crack, cB, will increase till it reaches to 
the top of the anchor bolt. The crack propagation criterion 
for this case, when cB > cT can be written as 

 𝑞ఛ்𝑞௬் ൏ 𝑞ఛ஻𝑞௬஻ (29)
 
Then the equilibrium condition is similar to the one 

presented in Eqs. (9) to (11). Thus, the anchor bolt pull-out 
displacement differential equations can be written as 

 𝑈௫” െ ቌඨ 𝐾ா𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ ቍଶ 𝑈 ൌ 0        0 ൏ 𝑥ଶ ൏ ሺ𝐿௖ െ 𝑐஻ሻ (30)

 𝑈௫” െ 𝑞௙்𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ ൌ 0       ሺ𝐿௖ െ 𝑐஻ሻ ൏ 𝑥ଶ ൏ 𝐿௖ (31)

 
Now, Ϥ is defined as 
 Ϥ ൌ ඨ 𝐾ா𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ  (32)

 
Now stating that F* is the pull-out force when xB = LC, 
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the boundary and the continuity conditions can be expressed 
as below 

 𝐻ாே஽𝑈ሺ0ሻ ൌ 𝑁ሺ0ሻ (33)
 𝐸஼𝐴஼𝑈௫” ሺ𝐿ሻ ൌ 𝐹∗ (34)
 𝑈ሺ𝐿௖ െ 𝑐஻ሻି ൌ 𝑈ሺ𝐿௖ െ 𝑐஻ሻା (35)
 𝑈௫” ሺ𝐿௖ െ 𝑐஻ሻି ൌ 𝑈௫” ሺ𝐿௖ െ 𝑐஻ሻା (36)
 
By applying the above developed formulations, the 

following analytical solution can be reached related to 
anchor bolt pull-out deformation 

 𝑈ሺ𝑥ሻ ൌ 𝑃∗ െ 𝑞௙஻𝑐஻𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ Ϥ ቆ𝑐𝑜𝑠ℎሺ Ϥ𝑥஻ሻϦଵ” ൅ 𝑠𝑖𝑛ℎሺ Ϥ𝑥஻ሻϦଶ” ቇ (37)

 𝑈ሺ𝑥ሻ ൌ 𝑞௙஻𝑐஻ଶ2𝐸஼𝐴஼ ൅ 𝐹∗ െ 𝑞௙஻𝐿௖𝐸஼𝐴஼ 𝑥ଶ െ 𝑞௙஻ሺ𝐿௖ െ 𝑐஻ሻଶ2𝐸஼𝐴஼               ൅ 𝐹∗ െ 𝑞௙஻𝑥ଶ𝐸஼𝐴஼Ϥ ൫Ϧଷ” ൯ െ 𝐹∗ െ 𝑞௙஻𝐿௖𝐸஼𝐴஼ ሺ𝐿௖ െ 𝑐஻ሻሺ𝐿௖ െ 𝑐஻ሻ ൏ 𝑥ଶ ൏ 𝐿௖ 

(38)

 Ϧଵ” ൌ 𝐻ாே஽𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ Ϥ 𝑐𝑜𝑠ℎ Ϥ ሺ2𝐿௖ െ 𝑐஻ሻ           ൅ 𝑠𝑖𝑛ℎ Ϥ ሺ2𝐿௖ െ 𝑐஻ሻ 
(39)

 Ϧଶ” ൌ 𝑐𝑜𝑠ℎ Ϥ ሺ2𝐿௖ െ 𝑐஻ሻ          ൅ 𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ Ϥ𝐻ாே஽ 𝑠𝑖𝑛ℎ Ϥ ሺ2𝐿௖ െ 𝑐஻ሻ 
(40)

 Ϧଷ” ൌ 𝑐𝑜𝑠ℎ Ϥ ሺ2𝐿௖ െ 𝑐஻ሻϦଵ” ൅ 𝑠𝑖𝑛ℎ Ϥ ሺ2𝐿௖ െ 𝑐஻ሻϦଶ”  (41)

 
Now the total anchor bolt pull-out displacement can be 

calcualted using the following equation 
 𝑈∗ ൌ 𝑃∗ െ 𝑞௙஻𝑐஻𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ Ϥ Ϧଷ” ൅ 𝑃∗ െ ଵଶ 𝑞௙஻𝑐஻𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ 𝑐஻ (42)

 
Now for the case when cracking occurs, q = qyI at x = Lc 

– cB, Now Force, F* can be calculated as 
 𝐹∗ ൌ 𝑞௙஻𝑐஻ ൅ 𝑞௬்Ϥ ቊϦଵ” Ϧଶ”Ϧସ” ቋ (43)

 Ϧସ” ൌ Ϧଵ” 𝑠𝑖𝑛ℎ Ϥ ሺ𝐿௖ െ 𝑐஻ሻ ൅ Ϧଶ” 𝑐𝑜𝑠ℎ Ϥ ሺ𝐿௖ െ 𝑐஻ሻ (44)
 
The force at which the crack at the bottom of the anchor 

bolt starts to propagate upwards can be calculated using the 
Eqs. (42) and (44). The final peak displacement of the bolt 
can be calculated using the Eq. (42). 

 
 
 

3.3 Modeling for crack propagation when cB = cT 
 
The third case taken into consideration is the rare event 

when both top and bottom cracks start to propagate 
simultaneously towards each other. As mentioned in the 
earlier section that all possibilities pertaining to crack 
interaction owing to the presence of multiple cracks in close 
vicinity were taken into consideration such as crack 
curving, crack branching and crack coalescence. However, 
in light of the geometry of the presented problem and 
evidence provided in the literature the crack interaction was 
ruled out. However, a rare chance of both cracks 
propagating instantaneously still pertains. Hence, the 
analytical formulation related to this situation when cB = cT 
is presented. The crack extension criterion for the case 
when cB = cT can be stipulated as 

 𝑞ఛ்𝑞௬் ൌ 𝑞ఛ஻𝑞௬஻ (45)

 
Then the equilibrium condition is similar to the one 

presented in Eqs. (9) to (11). Thus, the anchor bolt pull-out 
displacement differential equations can be written as 

 𝑈௫” െ ቌඨ 𝐾ா𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ ቍଶ 𝑈 ൌ 0 0 ൏ 𝑥 ൏ ሺ𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻሻ 

(46)

 𝑈௫” െ 𝑞௙௔௩௚𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ ൌ 0 ൫𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻ൯ ൏ 𝑥 ൏ 𝐿௖ 
(47)

 
Now, Ϥ is defined as 
 Ϥ ൌ ඨ 𝐾ா𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ  (48)

 
Now stating that F* is the pull-out force when xT = xB = 

LC, the boundary and the continuity conditions can be 
expressed as below 

 𝐻ாே஽𝑈ሺ0ሻ ൌ 𝑁ሺ0ሻ (49)
 𝐸஼𝐴஼𝑈௫” ሺ𝐿ሻ ൌ 𝐹∗ (50)
 𝑈ሺ𝐿௖ െ 𝑐்ሻି ൌ 𝑈ሺ𝐿௖ െ 𝑐்ሻା (51)
 𝑈௫” ሺ𝐿௖ െ 𝑐்ሻି ൌ 𝑈௫” ሺ𝐿௖ െ 𝑐்ሻା (52)
 𝑈ሺ𝐿௖ െ 𝑐஻ሻି ൌ 𝑈ሺ𝐿௖ െ 𝑐஻ሻା (53)
 𝑈௫” ሺ𝐿௖ െ 𝑐஻ሻି ൌ 𝑈௫” ሺ𝐿௖ െ 𝑐஻ሻା (54)
 
By applying the above developed formulations, the 

following analytical solution can be reached related to 
anchor bolt pull-out deformation 
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 Ϧଵᇲ” ൌ 𝐾ாே஽𝐸்𝐴்𝛤 𝑐𝑜𝑠ℎ Ϥ ൫2𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻ൯            ൅ 𝑠𝑖𝑛ℎ Ϥ ൫2𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻ൯ 
(57)

 Ϧଶᇲ” ൌ 𝑐𝑜𝑠ℎ Ϥ ൫2𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻ൯            ൅ 𝐸்𝐴்𝛤𝐾ாே஽ 𝑠𝑖𝑛ℎ Ϥ ൫2𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻ൯ 
(58)

 Ϧଷᇲ” ൌ 𝑐𝑜𝑠ℎ Ϥ ൫2𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻ൯Ϧଵᇲ”             ൅ 𝑠𝑖𝑛ℎ Ϥ ሺ2𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻሻϦଶᇱ”  
(59)

 
Now the pull-out displacement of the bolt can be 

calculated by the below equation 
 𝑈∗ ൌ 𝑃∗ െ ൫𝑞௙்𝑐் ൅ 𝑞௙஻𝑐஻൯𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ Ϥ Ϧ”ଷᇲ 

           ൅ 𝑃∗ െ ଵଶ ൫𝑞௙்𝑐் ൅ 𝑞௙஻𝑐஻൯𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ ሺ𝑐் ൅ 𝑐஻ሻ 
(60)

 
Now for the case when cracking occurs, q = qyI at x = Lc 

– (cT + cB), Now Force, F* can be calculated as  
 𝐹∗ ൌ 𝑞௙௔௩௚ሺ𝑐் ൅ 𝑐஻ሻ ൅ 𝑞௬ூϤ ቊϦଵᇱ” Ϧଶᇱ”Ϧସᇱ” ቋ (61)

 Ϧସᇲ” ൌ Ϧଵᇲ” 𝑠𝑖𝑛ℎ Ϥ ൫𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻ൯            ൅Ϧଶᇱ” 𝑐𝑜𝑠ℎ Ϥ ሺ𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻሻ 
(62)

 
The force at which the crack at the bottom of the anchor 

bolt starts to propagate upwards can be calculated using the 
Eqs. (54) and (56). The final peak displacement of the 
anchor bolt can be calculated using the Eq. (54). 

 
 

4. Calculation algorithm 
 
Fig. 5 represents the conceptual representation of the 

calculation algorithm developed for conducting the 
analytical calculations. MATLAB was used for model 
simulations. As presented in the Fig. 5 the calculation 
algorithm starts with the defining of relevant geometric and 
material parameter. These parameters are related to the 
epoxy infill, shape and size of the anchor bolt, the end 
condition of the anchor i.e., U-shaped hook, L-shaped hook 

 

 
 

or straight anchors. This allows the research team to 
simulate the deformational response for a variety of 
anchors. Afterwards, the past loading history of the anchor-
infill is evaluated, this stage allows for inclusion of any 
prior loading or defects encountered at the anchor 
installation stage. Upon addition of relevant parameters, the 
crack propagation criterion is evaluated for top crack, 
bottom crack or simultaneous crack propagation. Upon 
satisfying any one of the three cases related to crack 
development, the new value of anchor bolt displacement 
and loading are calculated for the new growth in crack 
length. This cycle is repeated till the entire infill interface is 
cracked, afterwards the anchor bolt is subjected to only 
frictional forces along its embedment length with 
subsequent pull-out from the embedded epoxy infill. 

Prior to the application of force, the entire infill 
interface is in bonded state, however, as the applied force 
increases and the stress qI reaches the yield limit, qyI, the 
crack is initiated either at the top or at the base of the epoxy 
interface. Since, the crack travels along the path of 
minimum resistance, hence the assumption that the crack 
will travel along the interface is valid. Upon further increase 
in the applied external loading, the crack growth continues 
till it reaches the base of the anchor bolt. At this stage a 
sudden drop in the pull-out load is observed, followed by 

 
 

Fig. 5 Conceptual calculation algorithm
 

𝑈ሺ𝑥ሻ ൌ 𝑃∗ െ ൫𝑞௙்𝑐் ൅ 𝑞௙஻𝑐஻൯𝐸஺𝐴஺ ൅ ா಺஺಺௄ಶ Ϥ ቆ𝑐𝑜𝑠ℎሺ Ϥ𝑥ሻϦଵᇲ” ൅ 𝑠𝑖𝑛ℎሺ Ϥ𝑥ሻϦଶᇲ” ቇ0 ൏ 𝑥 ൏ ൫𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻ൯ ൏ 𝑥 ൏ 𝐿௖ 
(55)

𝑈ሺ𝑥ሻ ൌ 𝑞௙்𝑐ଶ் ൅ 𝑞௙஻𝑐஻ଶ2𝐸஼𝐴஼ ൅ 𝐹∗ െ ൫𝑞௙் ൅ 𝑞௙஻൯𝐿௖𝐸஼𝐴஼ 𝑥 െ 𝑞௙்ሺ𝐿௖ െ 𝑐்ሻଶ ൅ 𝑞௙஻ሺ𝐿௖ െ 𝑐஻ሻଶ2𝐸஼𝐴஼                 ൅ 𝐹∗ െ ൫𝑞௙்𝑥ଵ ൅ 𝑞௙஻𝑥ଶ൯𝐸஼𝐴஼Ϥ ൫Ϧଷᇲ” ൯ െ 𝐹∗ െ 𝑞௙௔௩௚𝐿௖𝐸஼𝐴஼ ൫𝐿௖ െ ሺ𝑐் ൅ 𝑐஻ሻ൯ 
(56)
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Fig. 6 Conceptual schematic depiction of deformational 
response for straight anchors 

 
 

by the extraction of the anchor bolt from the pre-drilled 
hole. The force F* can be calculated using F* = qfI(Lc – 
U*)(cLc – U)/(cLc – U*) (see Sumitro and Tsubaki 1998) 
and the complete displacement of steel bolt can be 
calculated as U = cLc. It is to be highlighted for the readers 
that the tensile stress of the bolt is checked after each 
loading cycle, in case the tensile stress reaches the yield 
value of the steel, rupture of anchor is assumed to have 
occurred. 

Sumitro and Tsubaki (1998a, b), Saleem et al. (2016) 
and Saleem (2017) tested a variety of anchor bolts and 
fibers embedded in concrete. Through their 
experimentations, it was evident that the end type of the 
bolt has a profound effect on its deformational response. 
Bolts with hooked ends depicted higher load carrying 
capacity with failed in cone type of failure as shown in Fig. 
6, while the anchor bolts with straight end depicted large 
displacement following the interfacial cracking and could 
be extracted as a whole from the embedded epoxy resin as 
shown in Fig. 7. 

 
 

5. Optimum epoxy infill properties 
 
Material properties of the infill epoxy/grout resin play 

an important role in ensuring that the anchor bolt is able to 
achieve the desired designed load carrying strength. 

 𝑇 ൌ 𝑂ଵ𝑓ଵ ൅ 𝑂ଶ𝑓ଶ (63)
 𝑓ଵ ൌ 𝑈∗𝑈௠௔௫∗  (64)
 
 

Fig. 7 Conceptual schematic depiction of deformational 
response for bent anchors

 

𝑓ଶ ൌ 𝐷𝐷௠௔௫ (65)

 
In this regard, the aim of the researcher group was to 

provide insight into the optimum epoxy infill material 
properties that lead to optimum failure of the anchor bolt. 
Optimum failure of the anchor bolt is defined as the failure 
condition which leads to minimum damage to the 
surrounding concrete corresponding to smallest pull-out 
displacement. The combination of the material properties 
that provide the optimum failure are declared to be the 
optimized material properties. The in-depth analysis of the 
presented analytical model reveals that the elastic modulus 
of the infill material should be kept high in order to control 
the peak displacement of the anchor bolt, while the shear 
strength should be kept in the range close to the yield 
strength of steel bolt so that the maximum pull-out strength 
can be achieved without causing the anchor bolt to rupture 
or buckle under yielding. These conditions have been 
defined in the form of a target function; T as presented in 
Eqs. (57) to (59). Where O1 and O2 are the weightage 
constants representing the importance of each parameter 
investigated in the presented manuscript. These have a 
value of each equal to 0.5. f1, f2 are the normalized 
displacements of the anchor bolt and the damage caused to 
the surrounding concrete. The target optimum function is 
defined as the set of properties for the infill epoxy material 
that leads to the lowest value of target function, T. 

To achieve the desired target function, various 
combinations of material input properties were investigated 
to achieve the target of reduced pull-out displacement at 
maximum pull-out strength without causing yielding into 
the anchor bolt. Table 1 presents the various combinations 
of parameters investigated; each combination is depicted 
using a parameter number. Fig. 8 presents the target 
function with regards to parameter set number for 10 
combinations. The values of f1 and f2 are obtained by a 
combination of parameters. From the presented figure it is 
evident that as the shear strength of the infill material is 
increased along with reducing the elastic modulus, the 
resulting target function yields the minimum value. From 
the presented result, it can be seen that peak-optimum value 
of the infill materials lies somewhere between parameter 2 
to 3 which corresponds to EI/EA of 0.2 to 0.3 and the shear 
strength ratio of 0.90 to 0.85. At this value the target 
function yielded the lowest value. 

In light of the presented analysis further detailed 
parametric evaluation was conducted to pinpoint the exact 
combination of parameters that yields optimum failure of 
the anchor bolts. All possible combinations of infill epoxy 
parameters in the range of EI/EA of 0.2 to 0.3 and qyI/ qyA of 
0.85 to 0.90 were tested and results were analyzed. This 
analysis yielded the minimum value of target function, T at 
0.293. A comparison of the peak pull-out load and 
displacement yielded by the optimum epoxy infill material 
properties was conducted with the worst possible 
combination of parameters shown at combination number 
10. From the analysis it was evaluated that the optimum 
combination of epoxy infill material properties was able to 
lower the peak pull-out displacement by 26% and the 
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Table 1 Parametric groups and target function 

Para. 
set. no. 

𝐸ூ𝐸஺ 
𝑞௬ூ𝑞௬஺ f1 f2 T 

1 0.10 0.95 0.831 0.091 0.369 
2 0.20 0.90 0.611 0.055 0.343 
3 0.30 0.85 0.607 0.079 0.317 
4 0.40 0.80 0.622 0.088 0.433 
5 0.50 0.75 0.681 0.089 0.412 
6 0.60 0.70 0.777 0.117 0.445 
7 0.70 0.65 0.931 0.298 0.498 
8 0.80 0.60 0.949 0.334 0.573 
9 0.85 0.55 0.971 0.588 0.694 

10 0.90 0.50 1.000 1.000 1.000 
 

 
 

Fig. 8 Target function with respect to parametric set number
 
 

damage caused to the concrete adjacent to the anchor bolt 
hole reduced by 93%. Hence, from the above presented 
results and discussion it can be deduced that the optimum 
epoxy infill material properties can lead to the desired 
controlled pull-out failure of post-installed anchor bolts. 

 
 

6. Experimental validation 
 
The reliability of the presented model was evaluated by 

comparing its predicted load-displacement curve to the 
experimental results. For this purpose, the pull-out 
deformational response for 10 mm and 12 mm diameter 
stainless steel anchor bolts embedded 50 mm and 70 mm 
into the concrete were used for comparison (See Sugiyama 
et al. 2006 and Hariyadi et al. 2017). Figs. 9 and 10 
represent the comparison between the analytical model and 
experimental results. The horizontal axis presents 
displacements in mm while the vertical axis presents the 
pull-out force, F* in N. The yield strength of the anchor 
bolts was 575 MPa and the ultimate strength was 780 MPa. 
The anchor bolt radius to embedment depth ratio was 0.1 
and 0.12 respectively. The elastic modulus of the bolt, EA 
was taken as 2.1 × 105 N/mm2 while the shear stiffness of 
the epoxy infill was taken as k = 0.2 × 105 N/mm2 (Sumitro 
and Tsubaki 1998a). The end state of the anchor bolt, HEND 
has a profound impact on the deformational response of the 
anchor bolt. For straight anchor bolts presented in the 
current manuscript for experimental validation, this value 

Fig. 9 Experimental versus analytical model simulation 
Pull-out deformational response for 10 mm and 
12 mm diameter anchor bolt with embedment 
length of 70 mm

 
 

Fig. 10 Experimental versus analytical model simulation 
Pull-out deformational response for 10 mm and 
12 mm diameter anchor bolt with embedment 
length of 50 mm

 
 

can be considered negligible. However, for other types of 
bent or hooked anchors this value should be calculated 
through experimentation. This aspect can be considered as 
an active area for future research and development. 

From Figs. 9 and 10 it can be seen that before the 
application of the loading, there is no deformations in the 
anchor bolt. Upon increase in applied loading the infill 
epoxy materials remains in elastic range. Further increase in 
loading causes the weakest path for crack propagation i.e., 
interface to crack. This results in displacement of the anchor 
bolt. This phenomenon continues till the entire length of the 
anchor bolt epoxy interface is cracked, after which a sudden 
drop in pull-out load occurs. This can be attributed to stress 
release phenomenon owing to crack development. From this 
point onwards the entire anchor epoxy interface is only 
comprised of friction shear force, the load displacement 
curve begins to descend rapidly owing to the loss of rib 
force followed by the cone failure. The pull-out force F* 
can be calculate using F* = qfI(Lc – U*)(cLc – U)/(cLc – U*) 
(see Sumitro and Tsubaki 1998) and the complete 
displacement of steel bolt can be calculated as U = cLc at 
this point the bolt is fully pulled-out. 

From the presented results, it can be seen that a good 
agreement exists between the presented analytical model 
and the experimental results. Hence, it can be deduced with 
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confident that the presented anchor pull-out model is able to 
predict the load-displacement response of a variety of steel 
bolts. Furthermore, the average gap between the analytical 
model and the experimental peak load carrying capacity of 
the anchor bolt was 2.6%, which adds confidence to the 
reliability of the presented model. 

 
 

7. Conclusions 
 
A pull-out deformational response prediction model is 

presented which is capable of taking into consideration 
micro-cracking owing to the impact loading induced by the 
Schmidt hammer at the anchor epoxy interface. From the 
provided results and discussion, the following conclusions 
can be drawn. 

 
(1) The presented analytical model is successful in 

taking into consideration the material and 
geometric properties of the anchor bolt and epoxy 
resin along with taking into account the effects of 
various type of end conditions of the deformational 
response of anchor bolt. 

(2) Material optimization analysis resulted in a set of 
optimum properties that were able to reduce the 
peak pull-out displacement by 26% and the lower 
the damage to the surrounding concrete by 93%. 

(3) The model was able to show good agreement in 
comparison of the simulation results of the 
deformational response to the experimental 
evidence of anchor bolt pull-out testing. 
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Notations 
 
AB = area of anchor bolt 
cT, cB = cracked portion at the top and bottom 
µ  = stress reduction ratio, qf /qy 
DB = bolt diameter 
EA = elastic modulus of anchor bolt 
EI  = elastic modulus of epoxy at interface 
kE  = shear stiffness of interface 
HEND  = Bolt hook condition 
NDT = Non-destructive test 
LC  = Complete length of steel anchor bolt 
LO  = anchor bolt outside the hole length 
LE  = anchor bolt embedment length 
U  = anchor bolt pull-out displacement 
D  = Damage to surrounding concrete 
O  = importance factor 
LE  = anchor bolt embedment length 
qT, qB  = shear force per unit length at interface of epoxy and 

anchor for top and bottom zones 
qfT, qfB = frictional force per unit length at the top and bottom 

cracked zone of the anchor-epoxy interface 
qfavg = average frictional force per unit length 
qyT, qyB = maximum shear force per unit length at the top and 

bottom zone 
qτT, qτB = maximum stress at the top and bottom interface zone 
ξ  = crack control factor 
Ϥ   = interface parameter for infill epoxy and bolt 
Ϧ”, Ϧ1,2,3 = interface parameter 
R  = Schmidt hammer rebound number 
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