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1. Introduction 

 
Up to now, the total operating mileage of high-speed 

railways in China exceeds 35,000 km, and the total mileage 
of high-speed railway bridges exceeds 16,000 km. More 
than 85% of the high-speed railway bridges in China are 
prestressed concrete simply supported box girders. As is 
well known, the dynamic displacement is a significant 
index affecting operation safety and ride comfort of high-
speed railway, the important judgment basis to evaluate the 
vertical stiffness of bridges. And thus dynamic displacement 
monitoring has become an important and indispensable part 
of Structural Health Monitoring (SHM) systems. However, 
the dynamic displacement of high-speed railway box 
girders is extremely small (the maximum displacement of 
32 m standard box girder caused by 300 km/h train is 
generally less than 1 mm). The dynamic displacement 
monitoring of high-speed railway box girder, which meets 
the requirements of intelligent operation and maintenance, 
has become a critical problem to be solved in the field of 
Structural Health Monitoring. 

In the past decades, worldwide researchers have 
developed a variety of bridge displacement measurement 
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methods, which could be divided into direct and indirect 
categories (Lee et al. 2006, 2007, Ribeiro et al. 2014). For 
the direct displacement measurement methods, the typical 
devices are dial indicator, linear variable differential 
transformers (LVDTs), cable-type displacement sensors, 
laser, and GPS (Garg et al. 2019, Seo 2021a, b, Perry and 
Guo 2021, Kaloop et al. 2017, Zona 2021, Scaioni et al. 
2018) etc. Due to the limitation of accuracy, installation 
difficulty, frequency response characteristics, sampling 
frequency etc., such methods were still difficult to be 
incorporated in the high-speed railway box girder 
monitoring, especially for displacement monitoring. For the 
indirect displacement measurement methods, strain and 
inclinometer sensors are usually employed for dynamic 
displacement reconstruction using the strain-displacement 
or inclination-displacement relationship. Compared to 
inclinometer sensors, the strain sensors are more mature 
(Sousa et al. 2013, Sun et al. 2019), and the measured strain 
are much more accurate and reliable. Furthermore, strain is 
sensitive to local structural damage and the identified strain 
modal parameters were also widely used for damage 
detection. Therefore, considering the abundant local and 
global structural information embedded in strain, monitored 
strain is employed to reconstruct displacement of high-
speed railway box girder in this study. 

Researchers mainly estimate the structural displacement 
using the mechanical strain-displacement relationship and 
the modal transformation algorithm (Esposito and Gherlone 
2020, Li and Ulsoy 1999, Kim et al. 2011, 2014, Thomas et 
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al. 2020, Bernardini et al. 2018, Javdani et al. 2014). For 
the displacement curve reconstruction (Jones et al. 1998, 
Kefal et al. 2021, Luo et al. 2019, Ferreira et al. 2017), it is 
assumed that the curvature of the investigated bridge could 
be represented by a polynomial function along longitudinal 
direction. The measured strain was used for the least square 
curvature curve fitting. Then the displacement curve of the 
investigated bridge would be obtained by integrating the 
fitted curvature curve two times. Displacement surface 
could also be reconstructed using similar surface-patch-
fitting method with much more strain sensors (Di 2012, Xu 
et al. 2013). However, the current mechanical strain-
displacement relationship is mainly based on the elementary 
beam deformation theory, which simplifies the investigated 
bridge into Euler-Bernoulli beams. Such strain-
displacement relationship could only be established for the 
slender beam subjected to pure bending, which satisfies 
plane section assumption. For typical high-speed railway 
box girder under two-lane eccentric train load, the bridge 
produces not only longitudinal bending stress but also 
constrained torsion warping stress and distortion warping 
stress. The elementary beam deformation theory-based 
strain-displacement relationship was no longer valid for 
such box girders under bend-torsion coupling effects. 

The research method of this paper is based on the 
inverse finite element method (iFEM) to realize the 
dynamic displacement reconstruction of the high-speed 
railway box girders. The iFEM (Tessler and Spangler 2004) 
is a widely used shape-sensing method that reconstructs the 
displacement field of the structure based on the surface-
measured strains. Researchers in related fields have 
completed various numerical, theoretical and experimental 
studies on the iFEM algorithm. Gherlone et al. (2014) 
conducted related experimental tests to examine the 
capabilities of their inverse-frame element. Then, the iFEM 
methodology was applied in the field of shape sensing of 
laminated composites and sandwich panels (Cerracchio et 
al. 2015a). Moreover, Kefal et al. (2016) introduced a 
robust four-node quadrilateral inverse-shell element (iQS4) 
into the field of iFEM research. Subsequently, in order to 
increase the practical capability of iFEM for composite 
structures, Kefal et al. (2017) newly enhanced Cerracchio’s 
iFEM formulation and developed a novel inverse-shell 
element, i3-RZT. In addition, the iFEM framework was 
applied to not only SHM of future aerospace vehicles 
(Cerracchio et al. 2015b, Papa et al. 2017, Kefal and Yildiz 
2017), but also shape and stress sensing of marine structures 
(Kefal and Oterkus 2016a, b, Kefal et al. 2018). Recently, 
iFEM is applied to various damage detection strategies for 
locating cracks/pre-damage regions (Roy et al. 2020, Li et 
al. 2020). In addition to the plate/shell structure, a robust 
iFEM method was introduced for shape sensing of 
thick/thin beam structures (Savino et al. 2019), and related 
experiments and numerical applications have revealed their 
high precision and robustness (Liu et al. 2018, Song and 
Liang 2018). 

This paper proposes an indirect strain based dynamic 
displacement reconstruction methodology for high-speed 

Fig. 1 Flow chart of dynamic displacement reconstruction 
methodology for high-speed railway box girders

 
 
 

railway box girders. By decoupling the total strain into 
bending moment induced strain and torque induced strain, 
the bend induced strain-displacement and the torque 
induced strain-displacement relationship could be 
established respectively according to the mechanical 
properties and the modal transformation algorithm. Thenthe 
dynamic displacement of the box girder at critical positions 
could be reconstructed using the superposition of the 
bending moment and the torque induced displacement. The 
flow chart of strain based dynamic displacement 
reconstruction of the box girder is shown in Fig. 1. The 
paper is organized as follows: section 2 illustrates the 
theoretical background and procedures of the proposed 
dynamic displacement reconstruction methodology, 
including the strain-displacement transformation model 
establishment, the decoupling of bending moment induced 
strain and torque induced strain and modal transformation 
matrix optimization; section 3 presents the numerical 
simulation and experimental verification of a typical high-
speed railway 32 m box girder verifying the accuracy and 
robustness of the proposed methodology; some conclusions 
are finally drawn in section 4. 
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2. Strain based dynamic displacement monitoring 
 
2.1 Strain-displacement reconstruction 

methodology 
 
Under the eccentric load, the cross section responses can 

be decomposed into the superposition of the bending 
moment load and the torque load according to the 
equivalent load principle on the section of the box girder 
(Kristek 1979). The torque load can be further decomposed 
into the superposition of rigid torsional load and distortion 
load. The aforementioned three kinds of loads would 
generate longitudinal stress in the cross section of box 
girders. Therefore, the monitored longitudinal strain 𝜀 and 
vertical displacement 𝛥 at the measured points of the high-
speed railway box girder under eccentric load can be 
expressed as 

 ൜ 𝜀 = 𝜀஻ + 𝜀் = 𝜀஻ + 𝜀்,ோ + 𝜀்,஽𝛥 = 𝛥஻ + 𝛥் = 𝛥஻ + 𝛥்,ோ + 𝛥்,஽ (1)

 
where 𝜀஻ and 𝛥஻, 𝜀் and 𝛥்  represent the longitudinal 
strain and vertical displacement caused by bending moment 
and torque load, respectively. 𝜀T,Rand𝛥்,ோ , 𝜀T,D  and 𝛥T,D 
are the longitudinal strain and vertical displacement under 
the action of rigid torsional load and distortion load, 
respectively. 

 
(1) Time-varying bending moment load 
The longitudinal bending stress distribution of the 

bottom plate of box girder with coordinate (𝑥, ℎ஻, 𝑧) 
considering the shear lag effect (Kristek 1979) is shown in 
Fig. 2 and the corresponding strain 𝜀஻(𝑥, ℎ஻, 𝑧, 𝑡) could be 
expressed as 

 𝜀஻(𝑥, ℎ஻, 𝑧, 𝑡) = ℎ஻(𝑧) ቈ𝜕ଶ𝛥BC(𝑧, 𝑡)𝜕𝑧ଶ + ቆ1 − |𝑥|ଷ𝑏ଷ ቇ 𝜕𝜃(𝑧, 𝑡)𝜕𝑧 ቉ (2)

 
where ℎ஻(𝑧)represents the distance from the centreline of 
the bottom plate to the centroid of the box girder section 
and remains time-invariant constant; 𝛥BC(𝑧, 𝑡)  and 𝜓BC(𝑧, 𝑡) = 𝜕ଶ𝛥BC(𝑧, 𝑡)/𝜕𝑧ଶ  represent the time-varying 
vertical displacement and curvature of the corner points C2 
or C3, as shown in Fig. 2; 𝜃(𝑧, 𝑡) is the maximum 
difference of the shear rotation angle along the longitudinal 
bridge section of the investigated box girder. 

If the strain sensors were installed at corner points C2 or 
C3 of the investigated box girder (𝑥 = 𝑏), the time-varying 
bending moment induced strain would be calculated using 
Eq. (2) as 

 𝜀BC(𝑧, 𝑡) = ℎ஻(𝑧)𝜙BC(𝑧, 𝑡) = ℎ஻(𝑧)𝜕ଶ𝛥BC(𝑧, 𝑡)/𝜕𝑧ଶ (3)
 
The displacement could be expressed as the product of 

modal matrix and generalized modal coordinates 
 𝛥BC(𝑧, 𝑡) = 𝛷ଵ×௡BC (𝑧)𝑞௡×ଵBC (𝑡) (4)
 

Fig. 2 Schematic diagram of tress distribution of the box 
girder under bending moment, rigid torsional and 
distortion load (Xiang 2013) 

 
 
 

where 𝛷ଵ×௡BC (𝑧)  indicates the vector of the candidate 
vertical mode shape matrix; and 𝑞௡×ଵBC (𝑡) ∈ 𝑅௡×ଵ  is 
generalized modal coordinates. Then the time-varying 
bending moment induced strain could be expressed by 
incorporating Eqs. (3) and (4) as 

 𝜀BC(𝑧, 𝑡) = ℎ஻(𝑧) 𝜕ଶ𝛷ଵ×௡BC (𝑧)𝜕𝑧ଶ 𝑞௡×ଵBC (𝑡)= ℎ஻(𝑧)𝜙ଵ×௡BC (𝑧)𝑞௡×ଵ(𝑡) 
(5)

 
where 𝜙ଵ×௡BC (𝑧) indicates the vector of candidate curvature 
modal matrix. Supposing that there were m strain sensors 
installed on the corner points along the longitudinal 
direction of the investigated box girder, then the generalized 
modal coordinate 𝑞ො௡×ଵ(𝑡) could be estimated as 

 ሾ𝜺BC(𝑡)./ℎ஻ሿ௠×ଵ = 𝜙௠×௡BC 𝑞௡×ଵBC (𝑡) 𝑞ො௡×ଵBC (𝑡) = pinv(𝜙௠×௡BC )ሾ𝜺BC(𝑡)./ℎ஻ሿ௠×ଵ (6)

 
where pinv(⋅)  indicates Penrose-Moore generalized 
inverse function. Then the dynamic displacement under 
time-varying bending moment could be reconstructed using 
the modal matrix and the estimated generalized modal 
coordinate 𝑞ො௡×ଵBC (𝑡) 

 𝜟෡BC(𝑡) = 𝛷௠×௡BC 𝑞ො௡×ଵBC (𝑡) = 𝛷௠×௡BC pinv(𝜙௠×௡BC )ሾ𝜺BC(𝑡)./ℎ஻ሿ௠×ଵ (7)

 
If strain sensors were installed at centre line of the 

bottom plate of the investigated box girder (x = 0), the time-
varying bending moment induced strain and displacement 
would be 

 𝜀BO(𝑧, 𝑡) = ℎ஻(𝑧) ቈ𝜕ଶ𝛥BC(𝑧, 𝑡)𝜕𝑧ଶ + 𝜕𝜃(𝑧, 𝑡)𝜕𝑧 ቉= 𝜅(𝑧)𝜀BC(𝑧, 𝑡) 𝜟෡BO(𝑡) = 𝜅 ⋅ 𝜟෡BC(𝑡) (8)

 
 
(2) Time-varying torque load 
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For rigid torsional load, the cross section of the 
investigated box girder produces warping normal stress 
based on the plate element analysis method. The strain-
curvature relationship of the corner points (x = b) at the 

 𝜓T,R(𝑧, 𝑡) = (1 + 𝛽) 𝜀T,R(𝑧, 𝑡)𝑎ଵ 𝑠𝑖𝑛 𝜃 + 2𝜀T,R(𝑧, 𝑡)𝑎ଶ 𝑡𝑎𝑛 𝜃                    = 𝜀T,R(𝑧, 𝑡) ൬ 1 + 𝛽𝑎ଵ 𝑠𝑖𝑛 𝜃 + 2𝑎ଶ 𝑡𝑎𝑛 𝜃൰ = 𝜀T,R(𝑧, 𝑡)
ℎ்(𝑧) (9)

 
bottom plate of box girder in Fig. 2 can be expressed as 
(Xiang 2013) Eq. (9). where 𝛽 = ሾ𝑎ଶଶ𝑡ଶ + 𝑎ଵ(𝑎ସ +2𝑎ଶ)𝑡ଵሿ/ሾ(𝑎ସ + 𝑑)ଷ𝑡ସ/𝑎ସ + 𝑎ଵ𝑡ଵ(2𝑎ସ + 𝑎ଶ)ሿ  and ℎ்(𝑧) 
remains time invariant; the definition of geometrical 
parameter in Eq. (9) is shown in Fig. 2. 

Similarly for distortion load, the strain-curvature 
relation of the corner points at the bottom plate of the box 
girder can be expressed as (Xiang 2013) 

 𝜓T,D(𝑧, 𝑡) = (1 + 𝛽) 𝜀T,D(𝑧, 𝑡)𝑎ଵ 𝑠𝑖𝑛 𝜃 + 2𝜀T,D(𝑧, 𝑡)𝑎ଶ 𝑡𝑎𝑛 𝜃                    = 𝜀T,D(𝑧, 𝑡) ൬ 1 + 𝛽𝑎ଵ 𝑠𝑖𝑛 𝜃 + 2𝑎ଶ 𝑡𝑎𝑛 𝜃൰ = 𝜀T,D(𝑧, 𝑡)
ℎ்(𝑧) (10)

 
In the same way, the torque induced displacement at the 

corner points 𝜟෡TC(𝑡) can also be obtained using the modal 
transformation method 

 

 
Seen from Eqs. (7) and (11) that although bending 

moment and torque induced displacement shared the same 
candidate modal matrix 𝛷௠×௡BC  and curvature matrix 𝜙௠×௡BC , 
the selected modal transformation matrix were different 
from each other taking into account the displacement 
reconstruction accuracy, which would discussed in Section 
2.3. 

For the centre line of bottom plate of the investigated 
box girder (x = 0), the stress distribution of torque load is 
shown in Fig. 2. The value of the normal stress at the centre 
line of the bottom plate is zero, and thus the corresponding 
vertical displacement is zero 𝜟෡TO(𝑡) = 0. 

 
(3) Displacement estimation and parameter 

determination 
It could be seen from Eq. (7) and Eq. (11) that once the 

monitored strain of the corner points at the bottom plate of 
the investigated box girder were decoupled into bending 
moment induced strain 𝜺BC(𝑡) and torque induced strain 𝜺TC(𝑡) , the corresponding displacement 𝜟෡BC(𝑡)  and 𝜟෡TC(𝑡)could be reconstructed using the modal 

 

transformation method respectively. Then the vertical 
displacement of the corner points on the train passing side 

(as shown in Fig. 1) and the other side would be 𝜟෡C3(𝑡) =𝜟෡BC(𝑡) + 𝜟෡TC(𝑡)  and 𝜟෡C2(𝑡) = 𝜟෡BC(𝑡) − 𝜟෡TC(𝑡) 
respectively, while the vertical displacement of the 
centreline could be estimated using Eq. (8) as 𝜟෡ை(𝑡) =𝜟෡BO(𝑡) + 𝜟෡TO(𝑡) = 𝜅 ⋅ 𝜟෡BC(𝑡). 

The time-invariant constant parameters ℎ஻(𝑧)  and ℎ்(𝑧) could be estimated by displacement influence line 
and its curvature curve analysis under the bending moment 
and torque using Finite Element Model. For the typical 32.0 
m high-speed railway box girder in China, the parameter at 
the mid span would be ℎ஻(𝐿/2) = 1.541 and ℎ்(𝐿/2) =0.979. 

 
2.2 Bending moment and torque induced strain 

decoupling using M-SVR model 
 
Seen from the section 2.1, decoupling the monitored 

strain into bending moment and torque induced strain was 
critical for strain-displacement reconstruction. Obviously, 
the most effective way for such decoupling would to install 
strain sensors on both side corners at the bottom plate of the 
investigated box girder. However, for such a large number 
of high-speed railway box girders in China, if the dynamic 
displacement monitoring system is to be built for the entire 
high-speed railway line, the number of sensors, 
corresponding data storage system and financial cost etc. 
would be numerous and unacceptable. Thus, in this study, 

 

 
the strain decoupling would be achieved using monitored 
strain at one side corner with the help of finite element 
model analysis, considering reconstruction accuracy and 
economy using limited sensors. 

Supposing that m strain sensors were installed on the 
one side corner points at the bottom plate of the investigated 
box girder, the monitored strain time history on the passing 
side of the train could be demonstrated as 𝜺஼ ∈ 𝑅ே×௠. The 
mapping relationship between the monitored strain 𝜺஼ ∈𝑅ே×௠ and the torque induced strain 𝜺TC ∈ 𝑅ே×௠ could be 
transformed into multi-dimensional estimation problem, and 
the M-SVR methodology (Sanchez-Fernadez et al. 2004) 
were employed for such mapping 

 𝜺TC = 𝜺஼𝑯 + 𝒃 + 𝜼 (12)
 

where 𝜼 represents the error matrix, 𝑯 and 𝒃  are the 
weight coefficient matrix and the bias vector respectively. 
The risk term of the model is added to the loss function of 
M-SVR to avoid overfitting, so the M-SVR problem can be 
transformed into 

 
where 𝐶 is the regularization constant and 𝐿(𝑢௜) is the 

𝜟෡TC(𝑡) = 𝜟෡T,R(𝑡) + 𝜟෡T,D(𝑡) = 𝛷௠×௡BC pinv(𝜙௠×௡BC )൛ൣ𝜺T,R(𝑡) + 𝜺T,D(𝑡)൧./ℎ்ൟ௠×ଵ = 𝛷௠×௡BC pinv(𝜙௠×௡BC )ሾ𝜺TC(𝑡)./ℎ்ሿ௠×ଵ (11)

⎩⎪⎨
⎪⎧𝑎𝑟𝑔𝑚𝑖𝑛 𝐿௉(𝑯, 𝒃) = 12 ෍‖𝑯(: , 𝑘)‖௠

௞ୀଵ
ଶ + 𝐶 ෍ 𝐿(𝑢௜)ே

௜ୀଵ𝑢௜ = ฮ𝜺TC௜ − 𝜺஼௜ 𝑯 − 𝒃ฮ = ට൫𝜺TC௜ − 𝜺஼௜ 𝑯 − 𝒃൯൫𝜺TC௜ − 𝜺஼௜ 𝑯 − 𝒃൯்      where     𝐿(𝑢௜) = ൜ 0(𝑢௜ − 𝜂఑)ଶ 𝑢௜ < 𝜂఑𝑢௜ > 𝜂఑ (13)
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insensitive loss function based on the 𝐿ଶ norm, 𝜂఑ is the 
upper limit of model error. Given the training datasets from 
FEM analysis, the M-SVR model parameters can be 
obtained by iterative weighted least squares (Tuia et al. 
2011) based on Eq. (13). In this way, the decoupling of the 
bending moment and the torque induced strain of the corner 
points at the bottom plate on the passing train side can be 
achieved using the trained M-SVR model. 

The training and testing strain datasets of M-SVR 
decoupling model could be simulated by UM software, 
which ensures the reconstruction accuracy while saves a lot 
of investment. 

 
2.3 Modal transformation matrix optimization 
 
When an eccentrically high-speed train passes over box 

girders, due to the uniqueness of the spatial distribution of 
the train load and track direction, limited number of specific 
mode shapes could be activated to participate in the box 
girder vibration. Also, seen from Eqs. (7) and (11) that, 
modal transformation matrix has significant influence on 
the accuracy of reconstructed displacement. Therefore, it is 
necessary to optimize the selection of the mode shapes in 
the modal transformation matrix construction. In this study, 
the first 20 vertical displacement and 20 curvature mode 
shapes of the investigated high-speed railway box girder are 
extracted from the ANSYS model as candidate modal 
matrixes. 

 
 
 

Assuming that error between reconstructed and 

simulated displacement of each concerned section 𝛥BC(𝑧, 𝑡) − 𝛥መBC(𝑧, 𝑡) ∈ 𝑅ே×ଵ were supposed to follow the 
Gaussian distribution with zero mean. Therefore, the 
average information entropy 𝛩 (Papadimitriou et al. 2000, 
Karimian and Modarres 2021) of displacement prediction 
errors could be expressed as 

 𝛩 = ෍ 12 𝑙𝑛(2𝜋𝑒𝜎ො௡ଶ)௠
௡ୀଵ /𝑚 (14)

 
where 𝜎ො௡ଶ  is the variance estimation of error 
vector 𝛥BC(𝑧, 𝑡) − 𝛥መBC(𝑧, 𝑡). The optimal modal 
transformation matrix problem can be transformed into 
minimizing the average information entropy of the 
predicted displacement error matrix. In recent years, various 
optimization algorithms have been extensively studied and 
successfully applied in SHM systems (Nestorovic et al. 
2015, Barthorpe and Worden 2020, Jalsan et al. 2014, Tong 
et al. 2014). Particle Swarm Optimization (Fesharaki and 
Golabi 2016, Das and Dhang 2020) was employed to solve 
the optimization problem, while the average information 
entropy 𝛩  was employed as the fitness function. The 
smaller the average information entropy of the error matrix, 
the larger its fitness value. The individual extremum and 
population extremum positions were updated by comparing 
the fitness values of the new particles with the individual 
extremum and the population extremum. 

 
 
 

 

1/2 II section (Unit: mm) 1/2 III section (Unit: mm) 
 

Fig. 3 Design drawings and sensor layout of the investigated 32 m box girder 

30001500

28
00

11800
Sectional view of I-I section 

I 

I 

II 

II 

Schematic diagram of II-II section layout

The installation points of displacement and strain sensors
Unit: mm

Track plate

Base plate

Self-compacting 
concrete filling layer

Point 1,4,7 Point 2,5,8 Point 3,6,9 

Point 2

Point 5

Point 8

The up train side The down train side

8m8mL/4 section

L/2 section

3L/4 section

III 

III

12600

200025001435

20
0

28
00

25
0

50
0

19251100

2%0% 3% 0%

360

23
00

30
0

401

575

R75
0

500 1971

32

25
0

27
0

27
0

35
0

16
10

R200
1824

R3
00

12600

28
00

5400

25
0

50
0 20

0

28
00

25
0

23
00

1925 1100

2% 0%0%

837

32

800

55
0

3%

R750R150

R100

575

1498

2438

11
60

650

70
0

39
0

3800 500 1600 40038005001600400

1050

831



 
Xin Wang, Zhonglong Li, Yi Zhuo, Hao Di, Jianfeng Wei, Yuchen Li and Shunlong Li 

 
 

Fig. 4 The various views of the ANSYS model
 
 

3. Numerical simulation and experimental 
verification 
 
3.1 FEM of widely used 32 m high speed railway 

box girder 
 
According to the design drawings of the widely used 

high-speed railway box girder as shown in Fig. 3, the three-
dimensional (3D) finite element model was established 
using ANSYS software as shown in Fig. 4. In the FEM, the 
main girder, track plate, base plate and self-compacting 
concrete filling layer were modeled by Solid65 elements 
with a size of 0.2 m, other secondary dead loads such as the 
protective wall were modeled by Mass21 elements on the 
bridge deck.  There is  no modeling of ordinary 
reinforcements in the FEM, and the influence of ordinary 
reinforcements is considered by modifying the material 
parameters of concrete. The prestressed steel was modeled 
by Link8 elements with a size of 0.1 m, the degrees of 
freedom of concrete and prestressed steel were coupled in 
the simulation. For the boundary conditions, the TJQZ 
spherical bearings at the 2 piers were simulated by fixed 
hinged supports that are capable of free rotation, 
unidirectional hinged supports that are capable of free 
rotation and transversal sliding, unidirectional hinged 
supports that are capable of free rotation and longitudinal 
sliding, bidirectional hinged supports that are capable of 

 
 

Fig. 5 Several typical mode shapes of the 32 m box girder 
beam

 
 

free rotation, transversal sliding and longitudinal sliding, 
and their degrees of freedom were coupled in the 
simulation. In total, the FEM for the investigated bridge 
consists of 61500 Solid65 elements, 3440 Mass21 elements 
and 6208 Link8 elements. 

The structural parameters of the box girder, such as 
elastic modulus, density and secondary dead load, were 
updated according to the dynamic and static properties of 
the real bridge. The relevant material parameters in the 
FEM are shown in Table 1. The initial material parameters 
in Table 1 are obtained according to the design drawings, 
and the modified material parameters are obtained by 
updating the FEM according to the first identified frequency 
of the bridge. The first-order frequency is identified based 
on the acceleration data collected in the dynamic load test, 
and the first identified and calculated natural frequency is 
5.86 Hz and 5.81 Hz respectively, indicating that the 
updated finite element model could simulate the dynamic 
and static performance to a certain extent. Fig. 5. shows 
several typical mode shapes of the investigated 32 m box 
girder. 

Universal Mechanism (abbreviated UM) is a large 
general-purpose multi-body system dynamics simulation 
software from Russia, kinematics and computer modeling 
and simulation for a variety of two-dimensional and three-
dimensional space agencies dynamics calculations, it is 
widely used in rail transportation, highway transportation, 

Table 1 Material parameters in the FEM 

Item Element type Initial/Modified
density (kg/m3)

Initial/Modified
Poisson’s ratio

Initial elastic modulus 
(N/m2) 

Modified elastic modulus
(N/m2) 

Main girder 

Solid65 2549/2681 0.2/ 0.202 

3.55×1010 4.29×1010 
Self-compacting concrete 

filling layer, base plate 3.40×1010 3.79×1010 

Track plate 3.65×1010 4.06×1010 

Other secondary 
dead loads 

Element type Initial/Modified value (N/m) Initial elastic modulus(N/m2) 
Mass21 6.845×104/6.702×104 / 

Prestressed steel 
Element type Density(kg/m3) Poisson's ratio Elastic modulus (N/m2) Coefficient of 

linear expansion
Link8 8005 0.3 1.95×1011 1.2×10-5 
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Fig. 6 Schematic diagram of UM multi-body dynamics 
model 

 
 

aerospace, construction machinery and robotics and other 
fields. Multi-body system is a kind of mechanical 
abstraction of actual mechanism, generally composed of 
multiple rigid bodies connected by specific hinges and force 
elements. Several flexible bodies can be introduced to form 
a rigid-flexible coupling/hybrid system with a multi-rigid 
body system, such as vehicle-track-bridge dynamic 
coupling system. Therefore, this study uses UM software to 
model and simulate the multi-body dynamics of the high- 
speed railway vehicle-track-bridge system. 

Import the ANSYS finite element model into the UM 
software through the docking interface between ANSYS 
and UM to form an UM data format. Stiffness constraints 
are imposed on the bearing area of the investigated bridge 
in the UM for support simulation. The track was modelled 
as continuous elastic foundation beam in the UM software. 
The foundation under the rail was regarded as a parallel and 
series linear spring damping system connection in the 
vertical and transverse direction respectively. 

The high-speed train was modelled using CRH380, 
actually operated on the investigated box girder, which 
consists of 8 carriages and has a capacity of 556 people 
with standard weight 80kg/person. The train body, bogie 
and the wheelsets of the CRH380 were modelled as rigid 
body in accordance with China High-speed Railway Code, 
which were connected with each other through the primary 
and secondary suspension system. Finally, adjust the 
relative positions of the train, bridge, and track according to 
the actual situation to complete the preparatory work. Fig. 
6. shows the schematic diagram of Universal Mechanism 
(UM) multi-body dynamics model including the 
investigated 32 m box girder and CRH380 high speed train. 

 
3.2 Decoupling strain using trained M-SVR model 
 
Supposing that CRH380 high speed train passed the 

investigated box girder at different speeds, the displacement 
and strain time histories could be obtained at measured 
points P1~P9, as shown in Fig. 3. According to the 
theoretical analysis in Section 2.2 and Fig. 2, the measured 
strain at corner points C2 and C3 (P1, P2, P3 and P7, P8, 
P9) could be expressed by bending moment and torque 
induced strain as 

 ൜𝜺C2(𝑡) = 𝜺BC(𝑡) − 𝜺TC(𝑡)𝜺C3(𝑡) = 𝜺BC(𝑡) + 𝜺TC(𝑡) (15)
 

 

Fig. 7 Comparison diagram of reconstructed and theoretical 
bending moment and torque strain at 320 km/h speed

 
 
Training: The theoretical torque induced strain𝜺TC(𝑡) =ሾ𝜺C3(𝑡) − 𝜺C2(𝑡)ሿ/2  could be obtained, which were 

required for training M-SVR model. In this study, the time 
histories datasets of total strain 𝜺C3(𝑡) at corner points P1, 
P2, P3 and the corresponding torque induced strain 𝜺TC(𝑡) 
with train speeds 300 km/h, 330 km/h, and 360 km/h would 
be selected for M-SVR model training considering 
decoupling accuracy and financial costs. And then, the 
weight coefficient matrix 𝑯 and the bias vector 𝒃 of M-
SVR model (as shown in Eq. (12)) could be adjusted using 
the aforementioned strain time histories. And the 
relationship between total strain 𝜺C3(𝑡)  and the 
corresponding torque induced strain 𝜺TC(𝑡)  would be 
established. Afterwards, the bending moment induced strain 
and the total strain on the other side corner 𝜺C2(𝑡) could be 
calculated by 𝜺BC(𝑡) = 𝜺C3(𝑡) − 𝜺TC(𝑡)  and 𝜺C2(𝑡) =𝜺BC(𝑡) − 𝜺TC(𝑡). 

Testing: The time histories of total strain and torque 
induced strain with train speeds 320 km/h, 350 km/h, and 
380 km/h would be chosen as the testing datasets of the 
trained M-SVR model. Fig. 7 shows the comparison of 
bending moment and torque induced strain time history 
between theoretical and predicted by M-SVR model with 
320 km/h train speed. It could be seen that the decoupled 
bending moment and torque induced strain based on the M-
SVR model was in good agreement with the theoretical 
time histories. In addition, it can also be seen that different 
from the shape curve of the bending moment induced strain, 
the torque induced strain curve did not have an overall 
ascending and descending stages. Meanwhile, the torque 
induced strain occupied an important proportion in the 
monitored strain, which made the establishment of 
monitored strain-displacement relationship model directly 
much more complicated. Therefore, it is necessary and 
effective to decouple the total strain into bending and 
torsion induced strain using pre-trained M-SVR model. 
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3.3 Displacement reconstruction using decoupled 

strain 
 
Af te r  the  moni to red  s t ra in  decoup l ing ,  the 

corresponding bending moment and torque induce displace-
ment would be reconstructed by modal transforma-tion 
matrix, optimized by PSO algorithm. Fig. 8 shows the 
information entropy curve and the mode shapes selection 
with different numbers of optimal mode shapes. It can be 
seen from Fig. 8 that for the bending moment and torque 

induced displacement reconstruction, as the number of 

 
 

 
 

selected optimal mode shapes increased, the information 
entropy of the reconstructed displacement error varied from 
decline to stability and then to increases. The minimum 
relative error of displacement reconstruction was less than 
5% with the optimal mode shapes. Meanwhile, the number 
and order of aforementioned optimal mode shapes were 
different from bending moment to torque induced 
displacement reconstruction, because the sensitivity of 
mode shapes to eccentric train load excitation were 
different. 

 

Fig. 8 Information entropy curve and the mode shapes selection with different numbers of optimal mode shapes

 

 

Fig. 9 Comparison of the reconstructed and simulated displacement with 320km/h at different measured points: 
(a) P1; (b) P2; (c) P4; (d) P5; (e) P7; (f) P8
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After the bending moment and torque induced 

Fig. 10 RPE of reconstructed displacement of each 
measured point with different velocities

 
 
 

 
 
 

 
 
 

displacement under the eccentric train load were 
reconstructed, the displacement at measured points P1-P9 
could be reconstructed according to Section 2.1. As shown 
in Fig. 9, the reconstructed displacement time history of the 
representative measured points was in good agreement with 
the simulated displacement. 

 
3.4 Dynamic load testing verification 
 
In this study, the relative error percentage (Zhou et al. 

2019) RPEi (i = 1, 2…, m) was employed to measure the 
 
 
 

 
 

 

P1 P2 P3 P4 P5 P6 P7 P8 P9
Number of measured points

0

1%
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3%

4%

5%
320 km/h
350 km/h
380 km/h

Fig. 11 Layout drawing of the dynamic load testing of the investigated typical 32 m box girder 

Fig. 12 Comparison diagram of decoupled strain by M-SVR model and predicted centreline strain with measured strain 
at 328 km/h speed 

 

Fig. 13 Comparison of reconstructed and measured displacement duri
points: (a) P1; (b) P2; (c) P4; (d) P5
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Fig. 14 RPE of reconstructed displacement with different 
velocities during dynamic load testing 

 
 
 

reconstruction accuracy between the reconstructed and the 
simulated displacement of each measured point. 

 RPE௜ = หΔ − Δ෡ห/|Δ| × 100% (𝑖 = 1,2 ⋅⋅⋅ 𝑚) (16)
 
Seen from Fig. 10, the relative error percentage for 

points P1~P9 was within 5% and the maximum was 4.23%, 
verifying the effectiveness and accuracy of the proposed 
method in the numerical simulation. 

Fig. 11 shows the layout of the dynamic load testing for 
the investigated typical 32 m box girder, the strain and 
displacement sensors were installed at points P1, P2, P3, 
P4, P5, and P6, as shown in Fig. 3. Fig. 11(b) shows a 
schematic diagram of the installation of various sensors. 

Fig. 12 shows the comparison diagram of decoupled 
strain by M-SVR model and predicted centreline strain with 
measured strain at 328 km/h speed. Similarly, the torque 
induced strain occupied an important proportion in the 
monitored strain, see from Fig. 12(b) that, the predicted 
centreline strain time history by decoupled bending moment 
strain using Eq. (8) agreed well with the measured strain at 
P5. In this study, only strain sensors at points P1, P2 and P3 
were employed for strain decoupling and displacement 
reconstruction. 

Fig. 13 shows the comparison between reconstructed 
and measured displacement during dynamic load testing 
with 328 km/h, where the strain-displacement 
reconstruction model was established in Section 3.3. See 
from Fig. 13 that, the reconstructed displacement time 
history of the representative measured points agreed well 
with the measured displacement. 

Fig. 14 gives the relative error percentage between the 
reconstructed and measured displacement for measured 
points P1~P6. Seen from Fig. 14 that all the relative error 
percentage fell into 10%, and the maximum was 5.86%. 
The proposed strain based dynamic displacement 
monitoring of high-speed railway box girder could be 
verified for practicability. 

 
 

4. Conclusions 
 
This paper provides an indirect method for dynamic 

displacement reconstruction of the high-speed railway box 
girders considering the coupling effect of bending and 
torsion. The following conclusions could be drawn: 

 

● Under the coupling effects of bending and torsion, 
the bending moment and torque induced strain-
displacement relationship model should be 
established separately. The modal transformation 
matrix has significant impact on the displacement 
reconstruction accuracy and the sensitivity of mode 
shapes to bending and torque load were different. 
The number and order of mode shapes, forming the 
modal transformation matrix, should be optimized to 
minimize the displacement reconstruction error. 

● Based on the pre-trained M-SVR model by UM 
simulation datasets, only 3 strain sensors at the 
corner points of the bottom plate could achieve the 
decoupling of bending moment and torque induced 
strain under eccentric train loads. All the relative 
error percentage fell into 5% and 10% for numerical 
simulation and the dynamic load testing. The 
accuracy and effectiveness of the proposed method 
were verified. 

 
The proposed methodology shed light on the dynamic 

displacement monitoring of high-speed railway box girders. 
However, the strain-displacement relationship model was 
established under the situation that only one train passed 
through box girder, meeting the displacement 
transformation requirements in most cases. The strain based 
displacement reconstruction methodology when two high 
speed trains passed through the investigated box girder 
would be studied in the near future. 
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