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1. Introduction 

 
Cylindrical shells are used in various situations as 

important elements of mechanical engineering. This 
element has been analyzed by various researchers with a 
focus on the vibration, bending and buckling behaviors. The 
cylindrical shells have been analyzed by various analytical 
and numerical methods based on continuum mechanics that 
do not account the size of element on the used theory. The 
literature review is presented to show the importance of the 
present work. 

Wave propagation analysis of carbon nanotubes was 
studied based on the nonlocal elastic shell theory by Wang 
and Varadan (2007). Wave propagation characteristics have 
been reported in terms of small-scale parameters and 
dimensionless geometric parameters of the problem. Effect 
of thermal, mechanical and electrical pre-loads was studied 
on the size-dependent vibration analysis of piezoelectric 
cylindrical nanoshells by Ke et al. (2014a). MCST and 
FSDT were used for size-dependent free vibration analysis 
of FG nanoshell by Tadi Beni et al. (2015). Navier’s 
solution was used for numerical analysis of the problem. 
Free vibration characteristics were presented in terms of 
main parameters of the problem such as small scale 
parameter, in-homogeneous index, dimensionless geometric 
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parameters such as length to radius and radius to thickness 
ratios. 

Nonlinear buckling and post-buckling analysis of 
piezoelectric cylindrical nanoshell subjected to axial 
mechanical and electrical loads were studied by Sahmani et 
al. (2016). Surface elasticity theory was used based on 
Gurtin–Murdoch elasticity theory and geometrical 
nonlinearity was employed by von Karman relations. They 
concluded that an increase of surface energy and electric 
potential leads to an increase and decrease of critical 
buckling and postbuckling loads of cylindrical nanoshell. A 
new modified couple stress theory was employed for 
buckling analysis of anisotropic piezoelectric cylindrical 
shells subjected to axial compression and lateral pressure 
based on FSDT and considering von Karman geometric 
nonlinearity by Mehralian et al. (2016a). They concluded 
that the buckling loads are completely size-dependent and 
sensitive to small-scale parameter especially for large 
values of thickness and small values of length ratio. Zhang 
et al. (2015) studied free vibration analysis of a FG micro 
shell based on four unknown shear deformation theory and 
strain gradient theory. After evaluation of effective material 
properties using the Mori–Tanaka homogenization 
technique, the governing equations of motion have been 
derived based on Hamilton’s principle. They concluded that 
the frequency and higher-order mode shapes are completely 
size-dependent when the thickness of micro-shell is reached 
to micro length scale parameter. Yeh (2016) studied 
vibration analysis of the sandwich cylindrical shells with 
MR elastomers based on Hamilton’s principle and shear 
deformation theory. Lal et al. (2012) investigated stochastic 
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hygro-thermo-electro-mechanical post-buckling analysis of 
piezoelectric laminated cylindrical shell panel. 

Ebrahimi et al. (2017) studied nonlocal strain gradient-
based vibration analysis of embedded curved porous 
piezoelectric nano-beams in thermal environment. 
Nonlinear forced vibration analysis of a micro-shell 
reinforced by carbon nanotubes subjected to magnetic field 
and harmonic transverse loads was studied by Tohidi et al. 
(2018). The effect of agglomeration was included in the 
evaluation of material properties. The nonlinear vibration 
characteristics were evaluated in terms of important 
parameters of the problem such as magnetic field, CNTs 
volume percent and agglomeration effect. Size-dependent 
magneto-electro-elastic vibration analysis of cylindrical 
nanoshell was studied by Ke et al. (2014b) based on the 
nonlocal Love’s shell theory. The differential quadrature 
method was used for the numerical solution of the problem 
in terms of nonlocal parameter, temperature rise, external 
electric and magnetic potential, radius-to-thickness ratio 
and length-to-radius ratio. Size dependent buckling analysis 
of functionally graded cylindrical micro shell was studied 
based on first order shear deformation theory and modified 
strain gradient theory by Gholami et al. (2014). The critical 
buckling loads have been evaluated in terms of small scale 
parameter and dimensionless geometric parameters. 
Shokrollahi (2018) employed differential quadrature 
method for static stress and deformation analysis of 
sandwich cylindrical shell. Some applications of size 
dependency in micro and nano scales were developed in 
various researches (Alam et al. 2020a, b, Zhang and Wang 
2019, Zhao et al. 2020, Sun et al. 2020, Zhang et al. 2019, 
2021, Zuo et al. 2017). 

Free vibration analysis of a cylindrical nanoshell was 
studied by Rouhi et al. (2016) based on nonlinear shell 
model accounting surface elasticity theory. Nonlinearity 
was assumed based on von Kármán relations. Size-
dependency was included in governing equations based on 
nonlocal elasticity theory. Modified couple stress theory 
was developed by Mehralian et al. (2016b) for size-
dependent buckling analysis of shear deformable 
functionally graded cylindrical nanoshell based on first-
order shear deformation theory. Functionality was assumed 
based on power-law distribution along the thickness 
direction. The critical pressure was calculated in terms of 
main parameters of the problem such as dimensionless 
geometrical parameters, material length scale parameter, 
length, thickness, applied voltage and in-homogeneous 
index. Salehipour et al. (2019) studied the static bending 
and free vibration characteristics of a functionally graded 
cylindrical micro and nano shells made of porous materials 
based on modified couple stress theory. The numerical 
results have been derived for simply and clamped boundary 
conditions. Ahmadi and Najafi (2016) studied static analysis 
of a rotating laminated composite cylindrical shell. Effect of 
rotating speed was studied on the stress distributions of 
composite shell. Arefi and Civalek (2020) developed 
Eringen nonlocal elasticity theory to static bending analysis 
of functionally graded cylindrical nanoshell in the 
framework of generalized Hooke’s law and Energy method. 
Arefi et al. (2021) studied effect of graphene nanoplatelets 

as a novel reinforcement on the bending behaviors of 
composite cylindrical shell subjected to thermal and 
mechanical loads. Dehsaraji et al. (2020) studied effect of 
out of plane normal strains named as thickness stretching on 
the free vibration analysis of functionally graded cylindrical 
nanoshell using higher-order shear deformation theory. 

Some researchers focused on the application of new 
materials in advanced manufacturing and energy resourcing 
(Abedini and Zhang 2021, Chao et al. 2020, Liu et al. 2020, 
Zuo et al. 2015, Li et al. 2020, Huang et al. 2021, Duan et 
al. 2021, Yin et al. 2021, Liu et al. 2021, Yang et al. 2017, 
Zhang et al. 2017, Wang et al. 2016). Lei and Tong (2019) 
studied free and forced vibration analysis of functionally 
graded cylindrical shell reinforced with graphene based on 
third-order shear deformation theory and Hamilton’s 
principle using the Halpin-Tsai micromechanical model. Li 
et al. (2019) investigated free vibration analysis of uniform 
and stepped functionally graded cylindrical shells subjected 
to various boundary conditions based on first-order shear 
deformation theory. Haldar et al. (2019) employed a new 
nine isoparametric plate bending element for bending 
analysis of composite skew cylindrical shell based on first-
order shear deformation theory. Four-unknown shear 
deformation theory was used for free vibration analysis of 
cylindrical micro-shell based on strain gradient elasticity 
theory by Zhang et al. (2015). Anitescu et al. (2019) 
developed a computational method for solving partial 
differential equations based on artificial neural networks 
and an adaptive collocation strategy. The Capability of the 
proposed method was developed in solving the important 
known problems such as Poisson and Helmholtz equations. 
Guo et al. (2019) solved bending analysis of a thin plate 
based on the deep collocation method. The proposed 
method was included a feedforward deep neural network 
through building a loss function for minimization of partial 
differential equations and boundary conditions at 
collocation. Rabczuk et al. (2019) proposed a new solution 
method of partial differential equations based on variational 
principle including a novel nonlocal operator. They 
summarized importance of the present method in solving 
the problems for eigenvalue analysis such as the waveguide 
problem through conversion into nonlocal integral form. 
Nguyen-Thanh et al. (2017) developed an isogeometric 
large deformation thin shell formulation for solving linear 
and nonlinear analyses of cylindrical and hemispherical 
shells, wind turbine rotor based on Nitsche’s method. Areias 
et al. (2016) developed a new algorithm for elastic and 
elasto-plastic analysis of plates and shells based on phase-
field model of crack regularization. Realistic behavior of 
fracture was modeled using two phase-fields related to 
upper and lower surfaces of shell. The formulation was 
developed based on finite strain model. Robustness and 
efficiency of the proposed method was confirmed using 
solution of the classic problems such as the Keesecker 
pressurized cylinder problem, the Hexcan problem, the 
Muscat-Fenech and Atkins plate. Areias and Rabczuk 
(2013) developed a new computational method based on 
finite element method for fracture analysis of plates and 
shells for brittle and ductile materials. Nanthakumar et al. 
(2016) proposed a new algorithm for solving the inverse 
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Fig. 1 The schematic of a three-layered micro shell
 
 

problem to detect inclusion interfaces in a piezoelectric 
structure. Each iteration of inverse problem was solved 
using extended finite element method. Vu-Bac et al. (2016) 
proposed a sensitivity analysis including a set of 
mathematical functions to study influence of uncertain input 
parameters on uncertain model outputs. The obtained results 
presented an important conclusion on the main input 
parameters of the problem. 

Author presented comprehensive literature review on 
the related works including small scale analysis of 
structures, higher-order shear deformation theory and 
cylindrical micro- and nano-shells. It is confirmed based on 
author’s knowledge, there is no published work on the 
higher-order electro-elastic analysis of functionally graded 
cylindrical micro-shell integrated with piezoelectric annular 
shells subjected to electrical and mechanical loads resting 
on Pasternak’s foundation based on modified couple stress 
theory. This paper uses a higher-order model as kinematic 
relations and modified couple stress theory as a size-
dependent theory for higher-order modeling of a micro 
cylindrical shell. For more accurate modeling the 
cylindrical micro shell specially shear strains, the third-
order shear deformable model is used for variation of 
displacements along the axial and radial directions. The 
analytical solution is presented to investigate effect of 
significant parameters such as applied electric potential, 
micro length scale parameter, in-homogeneous index and 
two parameters of Pasternak’s foundation. 

 
 

2. Governing equations of three-layered 
cylindrical micro-shell 
 
In this work, two-dimensional electro-elastic bending 

analysis of three-layered cylindrical micro-shell integrated 
with piezoelectric layers is presented based on third-order 
shear deformation theory and modified couple stress theory. 
The cylindrical shell is assumed subjected to electro- 
mechanical loads. The cylindrical shell is resting on 
Pasternak’s foundation and two ends of it is constrained 
with simply-supported boundary conditions. Due to the 
symmetric distribution of material properties, boundary 
conditions and applied loadings, the transverse displace-

ment is assumed zero. The displacement field is assumed 
along the axial and radial directions based on third-order 
shear deformation theory. The displacement field including 
axial and radial displacements is expressed as Arefi et al. 
(Arefi et al. 2018, Arefi 2013, Arefi and Rahimi 2011a, b, 
2012a, b, c, Arefi and Zenkour 2018, 2019, Arefi et al. 
2016) 

 𝑢(𝑥, 𝑧) = 𝑢଴(𝑥) + 𝑧𝜑௫ଵ(𝑥) + 𝑧ଶ𝜑௫ଶ(𝑥) + 𝑧ଷ𝜑௫ଷ(𝑥),𝑤(𝑥, 𝑧) = 𝑤଴(𝑥) + 𝑧𝜑௭ଵ(𝑥) + 𝑧ଶ𝜑௭ଶ(𝑥) + 𝑧ଷ𝜑௭ଷ(𝑥) (1)

 
In which 𝑢଴, 𝑢଴ are axial and radial displacements of 

middle surface and 𝜑௫௜, 𝜑௭௜  are higher order rotation 
components. 

The principle of virtual work δ𝑈 = δ𝑊  is used to 
derive governing equations of a functionally graded micro-
shell in which 𝑈 is the strain energy and 𝑊 is the work 
done by external forces. The variation of strain energy is 
defined as 

 𝛿𝑈ଵ = ම(𝜎௫𝛿𝜀௫ + 𝜎ఏ𝛿𝜀ఏ + 𝜎௭𝛿𝜀௭ + 𝜏௫௭𝛿𝛾௫௭௏ − 𝐷௫𝛿𝐸௫ − 𝐷௭𝛿𝐸௭) 𝑑𝑉, (2)

 
where 𝜎௜, 𝜀௜  are stress and strain components and 𝐷௜, 𝐸௜ 
are electric displacement and electric field components. The 
stress components based on three-dimensional Hooke’s law  
are expressed for functionally graded micro-core as 
(Khoshgoftar et al. 2013) 

 𝜎௫ = 𝜆(𝑧)ൣ൫1 − 𝜈(𝑧)൯𝜀௫ + 𝜈(𝑧)(𝜀ఏ + 𝜀௭)൧,𝜎ఏ = 𝜆(𝑧)ൣ൫1 − 𝜈(𝑧)൯𝜀ఏ + 𝜈(𝑧)(𝜀௫ + 𝜀௭)൧,𝜎௭ = 𝜆(𝑧)ൣ൫1 − 𝜈(𝑧)൯𝜀௭ + 𝜈(𝑧)(𝜀௫ + 𝜀ఏ)൧, 𝜏௫௭ = 𝐸(𝑧)2൫1 + 𝜈(𝑧)൯ 𝛾௫௭, (3)

 
In which 𝜆(𝑧) = 𝐸(𝑧) ൫1 + 𝜈(𝑧)൯൫1 − 2𝜈(𝑧)൯⁄  and 

variable Young’s modulus 𝐸(𝑧) and Poisson’s ratio 𝜈(𝑧) 
are defined as 𝐸(𝑧) = (𝐸௧ − 𝐸௕) ቀ௭௛ + ଵଶቁ௡ + 𝐸௕, 𝜈(𝑧) =(𝜈௧ − 𝜈௕) ቀ௭௛ + ଵଶቁ௡ + 𝜈௕ , where 𝐸௧(𝜈௧)  and 𝐸௕(𝜈௕)  are 
the values of the Young’s modulus (Poisson’s ratio) at the 
top and bottom surfaces, respectively, 𝑛  is the in-
homogeneous index. 

The electro-elastic constitutive relations for 
piezoelectric layers are expressed as 

 𝜎௫ = 𝐶௫௫𝜀௫ + 𝐶௫ఏ𝜀ఏ + 𝐶௫௭𝜀௭ − 𝑒௫௭௭𝐸௭,𝜎ఏ = 𝐶௫ఏ𝜀௫ + 𝐶ఏఏ𝜀ఏ + 𝐶ఏ௭𝜀௭ − 𝑒ఏఏ௭𝐸௭,𝜎௭ = 𝐶௫௭𝜀௫ + 𝐶ఏ௭𝜀ఏ + 𝐶௭௭𝜀௭ − 𝑒௭௭௭𝐸௭, 𝜏௫௭ = 𝐶௫௭௫௭𝛾௫௭ − 𝑒௫௭௫𝐸௭, 𝐷௫ = 𝑒௫௫௭𝛾௫௭ − 𝜖௫௫𝐸௫, 𝐷௭ = 𝑒௭௫௫𝜀௫ + 𝑒௭ఏఏ𝜀ఏ + 𝑒௭௭௭𝜀௭ − 𝜖௭௭𝐸௭, 
(4)

 
In which 𝐶௜௝, 𝑒௜௝௞, 𝜖௜௝ are stiffness, piezoelectric and 

dielectric coefficients, respectively. Based on displacement 
field, the strain components are expressed as follows 
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Electric field components are derived using electric 

potential function. The electric potential is defined as 
 Φ(𝑥, 𝑧) = 2𝑧̆ℎ Φ଴ − Φ(𝑥)𝑐𝑜𝑠 𝜋𝑧̆ℎ  (6)
 
Electric field components are defined using minus 

divergence of electric potential 𝐸௜ = −Φ,௜ as follows 
 𝐸௫ = ∂Φ𝜕𝑥 𝑐𝑜𝑠 𝜋𝑧̆ℎ ,        𝐸௭ = − 2Φ଴ℎ − 𝜋ℎ Φ𝑠𝑖𝑛 𝜋𝑧̆ℎ  (7)
 
Based on definition of electric field and strain field 

components, the constitutive electro-elastic relations are: 
 
To account size-dependency in micro-scale, MCST is 

used. Based on this theory, strain energy is obtained as 
 𝛿𝑈ଶ = න 𝑚௜௝𝛿𝜒௜௝𝑑𝑥௏ . (8)
 
In which 𝑚௜௝ and 𝜒௜௝ are defined as follows 
 𝑚௜௝ = 𝐸1 + 𝜈 𝑙ଶ𝜒௜௝. (9)
 𝜒௜௝ are defined as 
 𝜒 = 12 ቀ∇𝜃ሬሬሬሬሬ⃗ + ൫∇𝜃ሬሬሬሬሬ⃗ ൯்ቁ. (10)
 

where θi are defined as 
 𝜃 = 12 𝑐𝑢𝑟𝑙uሬ⃗ . (11)
 

The components of rotation vector 𝜃→ are defined as 
follows 

 

 
In which 𝑔ଵଵ, 𝑔ଶଶ, 𝑔ଷଷ are defined as follows 
 𝑔ଶଶ = 1,        𝑔ଶଶ = (𝑅 + 𝑧)ଶ,        𝑔ଷଷ = 1, (13)
 
Based on TSDT, we will have 
 𝜃⃗ = 12 ൬𝜑௫ଵ − 𝜕𝑤଴𝜕𝑥 + 𝑧 ൬2𝜑௫ଶ − 𝜕𝜑௭ଵ𝜕𝑥 ൰+ 𝑧ଶ ൬3𝜑௫ଷ − 𝜕𝜑௭ଶ𝜕𝑥 ൰ − 𝑧ଷ 𝜕𝜑௭ଷ𝜕𝑥 ൰ 𝑒ଶሬሬሬ⃗ . (14)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

𝜀௫ = d𝑢d𝑥 = d𝑢଴d𝑥 + 𝑧 d𝜑௫ଵd𝑥 + 𝑧ଶ d𝜑௫ଶd𝑥 + 𝑧ଷ d𝜑௫ଷd𝑥 ,𝜀௭ = d𝑤d𝑧 = 𝜑௭ଵ + 2𝑧𝜑௭ଶ + 3𝑧ଶ𝜑௭ଷ, 𝜀ఏ = 1𝑅 + 𝑧 𝑤଴ + 𝑧𝑅 + 𝑧 𝜑௭ଵ + 𝑧ଶ𝑅 + 𝑧 𝜑௭ଶ + 𝑧ଷ𝑅 + 𝑧 𝜑௭ଷ, 𝛾௫௭ = d𝑢d𝑧 + d𝑤d𝑥 = 𝜑௫ଵ + 2𝑧𝜑௫ଶ + 3𝑧ଶ𝜑௫ଷ + 𝑑𝑤଴𝑑𝑥 + 𝑧 d𝜑௭ଵd𝑥 + 𝑧ଶ d𝜑௭ଶd𝑥 + 𝑧ଷ d𝜑௭ଷd𝑥 , 
(5)

𝑐𝑢𝑟𝑙uሬ⃗ = (𝑔ଶଶ𝑔ଷଷ)ିଵ ଶ⁄ ቆ𝜕൫ඥ𝑔ଷଷ𝑢ଷ൯𝜕𝑥ଶ − 𝜕൫ඥ𝑔ଶଶ𝑢ଶ൯𝜕𝑥ଷ ቇ 𝑒ଵሬሬሬ⃗ + (𝑔ଵଵ𝑔ଷଷ)ିଵ ଶ⁄ ቆ𝜕൫ඥ𝑔ଵଵ𝑢ଵ൯𝜕𝑥ଷ − 𝜕൫ඥ𝑔ଷଷ𝑢ଷ൯𝜕𝑥ଵ ቇ 𝑒ଶሬሬሬ⃗
                +(𝑔ଵଵ𝑔ଶଶ)ିଵ ଶ⁄ ቆ𝜕൫ඥ𝑔ଶଶ𝑢ଶ൯𝜕𝑥ଵ − 𝜕൫ඥ𝑔ଵଵ𝑢ଵ൯𝜕𝑥ଶ ቇ 𝑒ଷሬሬሬ⃗ , (12)
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After derivation of the components of the symmetric 
curvature tensor, the deviatoric part of the symmetric couple 
stress tensor can be derived from. 

 

 
The strain energy associated with modified couple stress 

theory is derived as 

 

In which the resultant components are defined as 
 𝑀௭ఏ௜ = 14 න 𝑚௭ఏ𝑧(௜ିଵ)𝑑𝑧೓మି೓మ ,                𝑖 = 1,2,3,4
𝑃௭ఏ௜ = 14 න 𝑚௭ఏ(𝑅 + 𝑧)𝑧(௜ିଵ)𝑑𝑧೓మି೓మ         𝑖 = 1,2,3. (17)

 

Integration by part on Eq. (18) leads to 
 

 

The strain energy associated with Cauchy stress 
components (Eq. (2)) are defined as 

 

 
where the resultants of forces and moments. 

Integration by part on Eq. (21) leads to following 
relation 

 

 

The virtual work done by external forces is defined as 
follows 

 
 
 

 
 

 
 

  

𝑚௭ఏ = 𝐸1 + 𝜈 𝑙ଶ 14 ൬2𝜑௫ଶ − 𝜕𝜑௭ଵ𝜕𝑥 + 2𝑧 ൬3𝜑௫ଷ − 𝜕𝜑௭ଶ𝜕𝑥 ൰ − 3𝑧ଶ 𝜕𝜑௭ଷ𝜕𝑥 − 𝜑௫ଵ𝑅 + 𝑧 + 1𝑅 + 𝑧 𝜕𝑤଴𝜕𝑥               − 𝑧𝑅 + 𝑧 ൬2𝜑௫ଶ − 𝜕𝜑௭ଵ𝜕𝑥 ൰ − 𝑧ଶ𝑅 + 𝑧 ൬3𝜑௫ଷ − 𝜕𝜑௭ଶ𝜕𝑥 ൰ + 𝑧ଷ𝑅 + 𝑧 𝜕𝜑௭ଷ𝜕𝑥 ቇ. (15)

𝛿𝑈ଶ = 2𝜋 න 14
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎛ 𝑃௭ఏଵ ൬2𝛿𝜑௫ଶ − 𝜕𝛿𝜑௭ଵ𝜕𝑥 ൰+2𝑃௭ఏଶ ൬3𝛿𝜑௫ଷ − 𝜕𝛿𝜑௭ଶ𝜕𝑥 ൰−3𝑃௭ఏଷ 𝜕𝛿𝜑௭ଷ𝜕𝑥 + 𝑀௭ఏଵ ൬𝜕𝛿𝑤଴𝜕𝑥 − 𝛿𝜑௫ଵ൰−𝑀௭ఏଶ ൬2𝛿𝜑௫ଶ − 𝜕𝛿𝜑௭ଵ𝜕𝑥 ൰−𝑀௭ఏଷ ൬3𝛿𝜑௫ଷ − 𝜕𝛿𝜑௭ଶ𝜕𝑥 ൰ + 𝑀௭ఏସ 𝜕𝛿𝜑௭ଷ𝜕𝑥 ⎠⎟

⎟⎟⎟
⎟⎟⎟
⎞

𝑑𝑥௏ . (16)

𝛿𝑈ଶ = 2𝜋 න ⎝⎜
⎛ −𝑀௭ఏଵ 𝛿𝜑௫ଵ + (2𝑃௭ఏଵ − 2𝑀௭ఏଶ )𝛿𝜑௫ଶ + (6𝑃௭ఏଶ − 3𝑀௭ఏଷ )𝛿𝜑௫ଷ − 𝜕𝑀௭ఏଵ𝜕𝑥 𝛿𝑤଴+ ቆ𝜕𝑃௭ఏଵ𝜕𝑥 − 𝜕𝑀௭ఏଶ𝜕𝑥 ቇ 𝛿𝜑௭ଵ + ቆ2 𝜕𝑃௭ఏଶ𝜕𝑥 − 𝜕𝑀௭ఏଷ𝜕𝑥 ቇ 𝛿𝜑௭ଶ + ቆ3 𝜕𝑃௭ఏଷ𝜕𝑥 − 𝜕𝑀௭ఏସ𝜕𝑥 ቇ 𝛿𝜑௭ଷ⎠⎟

⎞ 𝑑𝑥௏ . (18)

𝛿𝑈ଵ = 2𝜋 ම ൬൤𝑁௫ d𝛿𝑢଴d𝑥 + 𝑀௫ d𝛿𝜑௫ଵd𝑥 + 𝑆௫ d𝛿𝜑௫ଶd𝑥 + 𝑃௫ d𝛿𝜑௫ଷd𝑥 ൨ + ሾ𝑁ఏ𝛿𝑤଴ + 𝑀ఏ𝛿𝜑௭ଵ + 𝑆ఏ𝛿𝜑௭ଶ + 𝑃ఏ𝛿𝜑௭ଷሿ௏           +ሾ𝑁௭𝛿𝜑௭ଵ + 2𝑀௭𝛿𝜑௭ଶ + 3𝑆௭𝛿𝜑௭ଷሿ + ൤𝑁௫௭𝛿𝜑௫ଵ + 2𝑀௫௭𝛿𝜑௫ଶ + 3𝑆௫௭𝛿𝜑௫ଷ + 𝑁௫௭ 𝑑𝛿𝑤଴𝑑𝑥             +𝑀௫௭ d𝛿𝜑௭ଵd𝑥 +𝑆௫௭ d𝛿𝜑௭ଶd𝑥 + 𝑃௫௭ d𝛿𝜑௭ଷd𝑥 ൨ − 𝐷௫തതതത ∂𝛿Φ𝜕𝑥 + 𝐷௭തതത𝛿Φ൰ dx. (19)

𝛿𝑈 = න ቈ− d𝑁௫d𝑥 𝛿𝑢଴ + ൤𝑁௫௭ − d𝑀௫d𝑥 ൨ 𝛿𝜑௫ଵ + ൤2𝑀௫௭ − d𝑆௫d𝑥 ൨ 𝛿𝜑௫ଶ + ൤3𝑆௫௭ − d𝑃௫d𝑥 ൨ 𝛿𝜑௫ଷ + ൤𝑁ఏ − 𝑑𝑁௫௭𝑑𝑥 ൨ 𝛿𝑤଴௟
଴ + ൤𝑀ఏ + 𝑁௭ − d𝑀௫௭d𝑥 ൨ 𝛿𝜑௭ଵ + ൤𝑆ఏ + 2𝑀௭ − d𝑆௫௭d𝑥 ൨ 𝛿𝜑௭ଶ + ൤𝑃ఏ + 3𝑆௭ − d𝑃௫௭d𝑥 ൨ 𝛿𝜑௭ଷ+ ቈ∂𝐷௫തതതത𝜕𝑥 + 𝐷௭തതത቉ 𝛿Φ቉ 𝑑𝑥. (20)
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where 𝐹௙  is expressed as 𝐹௙ = 𝐾ଵ𝑢௭ − 𝐾ଶ∇ଶ𝑢௭ . 
Substitution of radial displacement into reaction of 
Pasternak foundation leads to following relation 

 

 
By substitution of strain energy and external work into 

principle of virtual work, the final governing equations are 
derived as 

 

 
where the size-dependent resultant forces and moments 
expressed by the displacements have the following forms 

 

 
And 
 

  

𝛿𝑊 = න ൤𝑃௜𝛿𝑢௭|௭ୀି೓మ − 𝐹௙𝛿𝑢௭|௭ୀ೓మ൨ d𝑥௟
଴        = − න ൜𝑃௜ሾ𝑤଴ + 𝑧𝜑௭ଵ + 𝑧ଶ𝜑௭ଶ + 𝑧ଷ𝜑௭ଷሿ|௭ୀି೓మ − 𝐹௙ሾ𝑤଴ + 𝑧𝜑௭ଵ + 𝑧ଶ𝜑௭ଶ + 𝑧ଷ𝜑௭ଷሿห௭ୀା೓మൠ d𝑥௟

଴ , (22)

𝐹௙ = 𝐾ଵ ቆ𝑤଴ + ℎ2 𝜑௭ଵ + ൬ℎ2൰ଶ 𝜑௭ଶ + ൬ℎ2൰ଷ 𝜑௭ଷቇ − 𝐾ଶ ቆdଶ𝑤଴d𝑥ଶ + + ℎ2 dଶ𝜑௭ଵd𝑥ଶ + ൬ℎ2൰ଶ dଶ𝜑௭ଶd𝑥ଶ + ൬ℎ2൰ଷ dଶ𝜑௭ଷd𝑥ଶ ቇ, (23)

𝛿𝑢଴ : − d𝑁௫d𝑥 = 0, 𝛿𝜑௫ଵ: 𝑁௫௭ − d𝑀௫d𝑥 − 𝑀௭ఏଵ = 0, 𝛿𝜑௫ଶ: 2𝑀௫௭ − d𝑆௫d𝑥 + 2𝑃௭ఏଵ − 2𝑀௭ఏଶ = 0, 𝛿𝜑௫ଷ: 3𝑆௫௭ − d𝑃௫d𝑥 + 6𝑃௭ఏଶ − 3𝑀௭ఏଷ = 0, 𝛿𝑤଴: 𝑁ఏ − 𝑑𝑁௫௭𝑑𝑥 − 𝜕𝑀௭ఏଵ𝜕𝑥 = 𝑃௜ ൬𝑅 − ℎ2൰ − 𝐹௙ ൬𝑅 + ℎ2൰ 𝛿𝜑௭ଵ: 𝑀ఏ + 𝑁௭ − d𝑀௫௭d𝑥 + 𝜕𝑃௭ఏଵ𝜕𝑥 − 𝜕𝑀௭ఏଶ𝜕𝑥 = − ℎ2 ൤𝑃௜ ൬𝑅 − ℎ2൰ + 𝐹௙ ൬𝑅 + ℎ2൰൨ 𝛿𝜑௭ଶ: 𝑆ఏ + 2𝑀௭ − d𝑆௫௭d𝑥 + 2 𝜕𝑃௭ఏଶ𝜕𝑥 − 𝜕𝑀௭ఏଷ𝜕𝑥 = ൬ℎ2൰ଶ ൤𝑃௜ ൬𝑅 − ℎ2൰ − 𝐹௙ ൬𝑅 + ℎ2൰൨ 𝛿𝜑௭ଷ: 𝑃ఏ + 3𝑆௭ − d𝑃௫௭d𝑥 + 3 𝜕𝑃௭ఏଷ𝜕𝑥 − 𝜕𝑀௭ఏସ𝜕𝑥 = − ൬ℎ2൰ଷ ൤𝑃௜ ൬𝑅 − ℎ2൰ + 𝐹௙ ൬𝑅 + ℎ2൰൨ 𝛿Φ: ∂𝐷௫തതതത𝜕𝑥 + 𝐷௭തതത = 0 

(24)

⎩⎪⎪
⎪⎪⎪
⎨⎪
⎪⎪⎪⎪
⎧𝑁௫𝑀௫𝑆௫𝑃௫𝑁௭𝑀௭𝑆௭𝑁ఏ𝑀ఏ𝑆ఏ𝑃ఏ𝐷௭തതത ⎭⎪⎪

⎪⎪⎪
⎬⎪
⎪⎪⎪⎪
⎫

=
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡ 𝐴ଵ 𝐴ଶ 𝐴ଷ 𝐴ସ 𝐴ହ 𝐴଺ + 𝐴ଽ 𝐴଻ + 𝐴ଵ଴ 𝐴଼ + 𝐴ଵଵ 𝐴ଵହ଴𝐴ଷ଴ 𝐴ଷଵ 𝐴ଷଶ 𝐴ଷଷ 𝐴ଷସ 𝐴ଷହ + 𝐴ଷ଼ 𝐴ଷ଺ + 𝐴ଷଽ 𝐴ଷ଻ + 𝐴ସ଴ 𝐴ଵହଶ𝐴ହଽ𝐴଼଼𝐴ଵହ𝐴ସସ𝐴଻ଷ𝐴ଵଵ଴𝐴ଶଵଶ𝐴ଵଷଶ𝐴ଵସଷ𝐴ଵ଻଴

𝐴଺଴𝐴଼ଽ𝐴ଵ଺𝐴ସହ𝐴଻ସ𝐴ଵଵଵ𝐴ଵଶଶ𝐴ଵଷଷ𝐴ଵସସ𝐴ଵ଻ଵ

𝐴଺ଵ𝐴ଽ଴𝐴ଵ଻𝐴ସ଺𝐴଻ହ𝐴ଵଵଶ𝐴ଵଶଷ𝐴ଵଷସ𝐴ଵସହ𝐴ଵ଻ଶ

𝐴଺ଶ𝐴ଽଵ𝐴ଵ଼𝐴ସ଻𝐴଻଺𝐴ଵଵଷ𝐴ଵଶସ𝐴ଵଷହ𝐴ଵସ଺𝐴ଵ଻ଷ

𝐴଺ଷ𝐴ଽଶ𝐴ଵଽ𝐴ସ଼𝐴଻଻𝐴ଵ଴଺𝐴ଵଵ଻𝐴ଵଶ଼𝐴ଵଷଽ𝐴ଵ଻ସ

𝐴଺ସ + 𝐴଺଻𝐴ଽଷ + 𝐴ଽ଺𝐴ଵଶ + 𝐴ଶ଴𝐴ସଵ + 𝐴ସଽ𝐴଻଴ + 𝐴଻଼𝐴ଵ଴଻ + 𝐴ଵଵସ𝐴ଵଵ଼ + 𝐴ଵଶହ𝐴ଵଶଽ + 𝐴ଵଷ଺𝐴ଵସ଴ + 𝐴ଵସ଻𝐴ଵ଻ହ + 𝐴ଵ଻଼

𝐴଺ହ + 𝐴଺଼ 𝐴଺଺ + 𝐴଺ଽ 𝐴ଵହସ𝐴ଽସ + 𝐴ଽ଻ 𝐴ଽହ + 𝐴ଽ଼𝐴ଵହ଺𝐴ଵଷ + 𝐴ଶଵ 𝐴ଵସ + 𝐴ଶଶ𝐴ଵହଵ𝐴ସଶ + 𝐴ହ଴ 𝐴ସଷ + 𝐴ହଵ𝐴ଵହଷ𝐴଻ଵ + 𝐴଻ଽ𝐴ଵ଴଼ + 𝐴ଵଵହ𝐴ଵଵଽ + 𝐴ଵଶ଺𝐴ଵଷ଴ + 𝐴ଵଷ଻𝐴ଵସଵ + 𝐴ଵସ଼𝐴ଵ଻଺ + 2𝐴ଵ଻ଽ

𝐴଻ଶ + 𝐴଼଴𝐴ଵହହ𝐴ଵ଴ଽ + 𝐴ଵଵ଺𝐴ଵ଺ଵ𝐴ଵଶ଴ + 𝐴ଵଶ଻𝐴ଵ଺ଶ𝐴ଵଷଵ + 𝐴ଵଷ଼𝐴ଵ଺ଷ𝐴ଵସଶ + 𝐴ଵସଽ𝐴ଵ଺ସ𝐴ଵ଻଻ + 3𝐴ଵ଼଴ −𝐴ଵ଼ଵ⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤

⎩⎪⎪
⎪⎪⎪
⎨⎪
⎪⎪⎪
⎪⎧ d𝑢଴d𝑥d𝑢௫ଵd𝑥d𝑢௫ଶd𝑥d𝑢௫ଷd𝑥𝑤଴𝑤௭ଵ𝑤௭ଶ𝑤௭ଷΦ ⎭⎪⎪

⎪⎪⎪
⎬⎪
⎪⎪⎪
⎪⎫

+

⎩⎪⎪
⎪⎪⎪
⎪⎪⎨
⎪⎪⎪
⎪⎪⎪
⎪⎧ 𝑁௫஍బ𝑀௫஍బ𝑆௫஍బ𝑃௫஍బ𝑁௭஍బ𝑀௭஍బ𝑆௭஍బ𝑁ఏ஍బ𝑀ఏ஍బ𝑆ఏ஍బ𝑃ఏ஍బ−𝐷௭஍బ⎭⎪⎪

⎪⎪⎪
⎪⎪⎬
⎪⎪⎪
⎪⎪⎪
⎪⎫

. (25)
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Substitution of the resultant forces and moments into 

governing equations gives 
 

 
  

⎩⎪⎨
⎪⎧𝑁௫௭𝑀௫௭𝑆௫௭𝑃௫௭𝐷௫തതതത ⎭⎪⎬

⎪⎫ = ⎣⎢⎢
⎢⎡ 𝐴ଶଷ 𝐴ଶସ 𝐴ଶହ 𝐴ଶ଺ 𝐴ଶ଻ 𝐴ଶ଼ 𝐴ଶଽ 𝐴ଵହ଻𝐴ହଶ 𝐴ହଷ 𝐴ହସ 𝐴ହହ 𝐴ହ଺ 𝐴ହ଻ 𝐴ହ଼ 𝐴ଵହ଼𝐴଼ଵ𝐴ଽଽ𝐴ଵ଺ହ

𝐴଼ଶ𝐴ଵ଴଴2𝐴ଵ଺଺
𝐴଼ଷ 𝐴଼ସ 𝐴଼ହ 𝐴଼଺ 𝐴଼଻ 𝐴ଵହଽ𝐴ଵ଴ଵ3𝐴ଵ଺଻ 𝐴ଵ଴ଶ𝐴ଵ଺ହ 𝐴ଵ଴ଷ𝐴ଵ଺଺ 𝐴ଵ଴ସ𝐴ଵ଺଻ 𝐴ଵ଴ହ𝐴ଵ଺଼ 𝐴ଵ଺଴−𝐴ଵ଺ଽ⎦⎥⎥

⎥⎤

⎩⎪⎪
⎪⎪⎪
⎨⎪
⎪⎪⎪
⎪⎧ 𝑢௫ଵ𝑢௫ଶ𝑢௫ଷ𝑑𝑤଴𝑑𝑥d𝑤௭ଵd𝑥d𝑤௭ଶd𝑥d𝑤௭ଷd𝑥− ∂Φ𝜕𝑥 ⎭⎪⎪

⎪⎪⎪
⎬⎪
⎪⎪⎪
⎪⎫

. (26)

𝛿𝑢଴ :         − 𝐴ଵ dଶ𝑢଴d𝑥ଶ − 𝐴ଶ dଶ𝜑௫ଵd𝑥ଶ − 𝐴ଷ dଶ𝜑௫ଶd𝑥ଶ − 𝐴ସ dଶ𝜑௫ଷd𝑥ଶ − 𝐴ହ d𝑤଴d𝑥 − (𝐴଺ + 𝐴ଽ) d𝜑௭ଵd𝑥                  −(𝐴଻ + 𝐴ଵ଴) d𝜑௭ଶd𝑥 − (𝐴଼ + 𝐴ଵଵ) d𝜑௭ଷd𝑥 − 𝐴ଵହ଴ dΦ𝑑𝑥 = d𝑁௫஍బ𝑑𝑥  𝛿𝜑௫ଵ :     − 𝐴ଷ଴ dଶ𝑢଴d𝑥ଶ − 𝐴ଷଵ dଶ𝜑௫ଵd𝑥ଶ + (𝐴ଶଷ + 𝐶ଵହଷ)𝜑௫ଵ − 𝐴ଷଶ dଶ𝜑௫ଶd𝑥ଶ + (𝐴ଶସ + 2𝐶ଵହସ − 2𝐶ଵହ଴)𝜑௫ଶ − 𝐴ଷଷ dଶ𝜑௫ଷd𝑥ଶ                  +(𝐴ଶହ + 3𝐶ଵହହ − 6𝐶ଵହଵ)𝜑௫ଷ + (𝐴ଶ଺ − 𝐴ଷସ − 𝐶ଵହଷ) d𝑤଴d𝑥 + (𝐴ଶ଻ − 𝐴ଷହ − 𝐴ଷ଼ − 𝐶ଵହସ + 𝐶ଵହ଴) d𝜑௭ଵd𝑥                  +(𝐴ଶ଼ − 𝐴ଷ଺ − 𝐴ଷଽ + 2𝐶ଵହଵ − 𝐶ଵହହ) d𝜑௭ଶd𝑥 + (𝐴ଶଽ − 𝐴ଷ଻ − 𝐴ସ଴ − 𝐶ଵହ଺ + 3𝐶ଵହଶ) d𝜑௭ଷd𝑥                  −(𝐴ଵହ଻ + 𝐴ଵହଶ) ∂Φ𝜕𝑥 = ∂𝑀௫஍బ𝜕𝑥 , 𝛿𝜑௫ଶ :    − 𝐴ହଽ dଶ𝑢଴d𝑥ଶ − 𝐴଺଴ dଶ𝜑௫ଵd𝑥ଶ + (2𝐴ହଶ − 2𝐶ଵହ଴ + 2𝐶ଵହସ)𝜑௫ଵ − 𝐴଺ଵ dଶ𝜑௫ଶd𝑥ଶ                 +(2𝐴ହଷ + 4𝐶ଵ଺ଷ − 4𝐶ଵହଵ − 4𝐶ଵହଵ + 4𝐶ଵହହ)𝜑௫ଶ − 𝐴଺ଶ dଶ𝜑௫ଷd𝑥ଶ                 +(2𝐴ହସ + 12𝐶ଵ଺ସ − 6𝐶ଵହଶ − 12𝐶ଵହଶ + 6𝐶ଵହ଺)𝜑௫ଷ + (2𝐴ହହ − 𝐴଺ଷ + 2𝐶ଵହ଴ − 2𝐶ଵହସ) d𝑤଴d𝑥                 +(2𝐴ହ଺ − 𝐴଺଻ − 𝐴଺ସ − 2𝐶ଵ଺ଷ + 2𝐶ଵହଵ + 2𝐶ଵହଵ − 2𝐶ଵହହ) d𝜑௭ଵd𝑥                 +(2𝐴ହ଻ − 𝐴଺ହ − 𝐴଺଼ + 2𝐴ହ଼ − 𝐴଺଺ − 𝐴଺ଽ − 4𝐶ଵ଺ସ + 2𝐶ଵହଶ + 4𝐶ଵହଶ − 2𝐶ଵହ଺) d𝜑௭ଶd𝑥                +(2𝐶ଵହ଻ − 6𝐶ଵ଺ହ + 6𝐶ଵହ଻ − 2𝐶ଵହ଼) 𝜕𝜑௭ଷ𝜕𝑥 − (2𝐴ଵହ଼ + 𝐴ଵହସ) ∂Φ𝜕𝑥 = ∂𝑆௫஍బ𝜕𝑥 , 𝛿𝜑௫ଷ :  − 𝐴଼଼ dଶ𝑢଴d𝑥ଶ − 𝐴଼ଽ dଶ𝜑௫ଵd𝑥ଶ + (3𝐴଼ଵ − 6𝐶ଵହଵ + 3𝐶ଵହହ)𝜑௫ଵ − 𝐴ଽ଴ dଶ𝜑௫ଶd𝑥ଶ                +(3𝐴଼ଶ + 12𝐶ଵ଺ସ − 6𝐶ଵହଶ + 6𝐶ଵହ଺ − 12𝐶ଵହଶ)𝜑௫ଶ − 𝐴ଽଵ dଶ𝜑௫ଷd𝑥ଶ                +(3𝐴଼ଷ + 36𝐶ଵ଺ହ − 18𝐶ଵହ଻ − 18𝐶ଵହ଻ + 9𝐶ଵହ଼)𝜑௫ଷ + (3𝐴଼ସ − 𝐴ଽଶ − 3𝐶ଵହହ + 6𝐶ଵହଵ) d𝑤଴d𝑥                +(3𝐴଼ହ − 𝐴ଽ଺ − 𝐴ଽଷ − 6𝐶ଵ଺ସ + 6𝐶ଵହଶ + 3𝐶ଵହଶ − 3𝐶ଵହ଺) d𝜑௭ଵd𝑥                +(3𝐴଼଺ − 𝐴ଽସ − 𝐴ଽ଻ + 6𝐶ଵହ଻ − 12𝐶ଵ଺ହ + 6𝐶ଵହ଻) d𝜑௭ଶd𝑥                +(3𝐴଼଻ − 𝐴ଽହ − 𝐴ଽ଼ + 6𝐶ଵହଽ − 18𝐶ଵ଺଺ + 9𝐶ଵହଽ − 3𝐶ଵହ଼ − 3𝐶ଵ଺଴) d𝜑௭ଷd𝑥 − (3𝐴ଵହଽ + 𝐴ଵହ଺) ∂Φ𝜕𝑥 = ∂𝑃௫஍బ𝜕𝑥 , 𝛿𝑤଴:     𝐴ଵଵ଴ d𝑢଴d𝑥 + (𝐴ଵଵଵ − 𝐴ଶଷ + 𝐶ଵହଷ) d𝜑௫ଵd𝑥 + (𝐴ଵଵଶ − 𝐴ଶସ + 2𝐶ଵହସ − 2𝐶ଵହ଴) d𝜑௫ଶd𝑥                +(𝐴ଵଵଷ − 𝐴ଶହ − 6𝐶ଵହଵ + 3𝐶ଵହହ) d𝜑௫ଷd𝑥 − (𝐴26 + 𝐶153) 𝑑2𝑤0𝑑𝑥2 + 𝐴106𝑤0 + (𝐶150 − 𝐴27 − 𝐶154) d2𝜑𝑧1d𝑥2                +(𝐴ଵ଴଻ + 𝐴ଵଵସ)𝜑௭ଵ + (2𝐶ଵହଵ − 𝐴ଶ଼ − 𝐶ଵହହ) dଶ𝜑௭ଶd𝑥ଶ + (𝐴ଵ଴଼ + 𝐴ଵଵହ)𝜑௭ଶ + (3𝐶ଵହଶ − 𝐶ଵହ଺ − 𝐴ଶଽ) dଶ𝜑௭ଷd𝑥ଶ  
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              +(𝐴ଵ଴ଽ + 𝐴ଵଵ଺)𝜑௭ଷ + 𝐴ଵ଺ଵΦ + 𝐴ଵହ଻ dଶΦd𝑥ଶ = −𝑁ఏ஍బ + 𝑃௜ ൬𝑅 − ℎ2൰ − ቈ𝐾ଵ ቆ𝑤଴ + ℎ2 𝜑௭ଵ + ൬ℎ2൰ଶ 𝜑௭ଶ + ൬ℎ2൰ଷ 𝜑௭ଷቇ
              −𝐾ଶ ቆdଶ𝑤଴d𝑥ଶ + + ℎ2 dଶ𝜑௭ଵd𝑥ଶ + ൬ℎ2൰ଶ dଶ𝜑௭ଶd𝑥ଶ + ൬ℎ2൰ଷ dଶ𝜑௭ଷd𝑥ଶ ቇ቉ ൬𝑅 + ℎ2൰቉ 𝛿𝜑௭ଵ:    (𝐴ଵହ + 𝐴ଵଶଵ) d𝑢଴d𝑥 + (𝐴ଵ଺ + 𝐴ଵଶଶ − 𝐴ହଶ − 𝐶ଵହ଴ + 𝐶ଵହସ) d𝜑௫ଵd𝑥                +(𝐴ଵଶଷ + 𝐴ଵ଻ − 𝐴ହଷ + 2𝐶ଵ଺ଷ − 2𝐶ଵହଵ − 2𝐶ଵହଵ + 2𝐶ଵହହ) d𝜑௫ଶd𝑥                +(𝐴ଵଶସ − 𝐴ହସ + 𝐴ଵ଼ − 3𝐶ଵହଶ + 3𝐶ଵହ଺ + 6𝐶ଵ଺ସ − 6𝐶ଵହଶ) d𝜑௫ଷd𝑥 + (𝐴ଵଵ଻ + 𝐴ଵଽ)𝑤଴ + (𝐶ଵହ଴ − 𝐶ଵହସ − 𝐴ହହ) 𝑑ଶ𝑤଴𝑑𝑥ଶ              +(𝐴ଵଶ + 𝐴ଶ଴ + 𝐴ଵଵ଼ + 𝐴ଵଶହ)𝜑௭ଵ + 𝐶ଵହଵ dଶ𝜑௭ଵd𝑥ଶ − 𝐶ଵହହ dଶ𝜑௭ଵd𝑥ଶ − 𝐴ହ଺ dଶ𝜑௭ଵd𝑥ଶ − 𝐶ଵ଺ଷ dଶ𝜑௭ଵd𝑥ଶ + 𝐶ଵହଵ dଶ𝜑௭ଵd𝑥ଶ                +(𝐴ଵଷ + 𝐴ଶଵ + 𝐴ଵଵଽ + 𝐴ଵଶ଺)𝜑௭ଶ + (𝐶ଵହଶ + 2𝐶ଵହଶ − 𝐴ହ଻ − 2𝐶ଵ଺ସ − 𝐶ଵହ଺) dଶ𝜑௭ଶd𝑥ଶ                +(𝐴ଵସ + 𝐴ଵଶ଴ + 𝐴ଶଶ + 𝐴ଵଶ଻)𝜑௭ଷ + (𝐶ଵହ଻ + 3𝐶ଵହ଻ − 𝐴ହ଼ − 3𝐶ଵ଺ହ − 𝐶ଵହ଼) dଶ𝜑௭ଷd𝑥ଶ + (𝐴ଵହଵ + 𝐴ଵ଺ଶ)Φ               +𝐴ଵହ଼ dଶΦd𝑥ଶ = −𝑁௭஍బ − 𝑀ఏ஍బ − ℎ2 ቈ𝑃௜ ൬𝑅 − ℎ2൰ + ቈ𝐾ଵ ቆ𝑤଴ + ℎ2 𝜑௭ଵ + ൬ℎ2൰ଶ 𝜑௭ଶ + ൬ℎ2൰ଷ 𝜑௭ଷቇ 

              −𝐾ଶ ቆdଶ𝑤଴d𝑥ଶ + + ℎ2 dଶ𝜑௭ଵd𝑥ଶ + ൬ℎ2൰ଶ dଶ𝜑௭ଶd𝑥ଶ + ൬ℎ2൰ଷ dଶ𝜑௭ଷd𝑥ଶ ቇ቉ ൬𝑅 + ℎ2൰቉ 𝛿𝜑௭ଶ:     (2𝐴ସସ + 𝐴ଵଷଶ) d𝑢଴d𝑥 + (𝐴ଵଷଷ + 2𝐴ସହ − 𝐴଼ଵ − 2𝐶ଵହଵ + 𝐶ଵହହ) d𝜑௫ଵd𝑥                  +(𝐴ଵଷସ + 2𝐴ସ଺ − 𝐴଼ଶ + 4𝐶ଵ଺ସ − 2𝐶ଵହଶ + 2𝐶ଵହ଺ − 4𝐶ଵହଶ) d𝜑௫ଶd𝑥                  +(𝐴ଵଷହ + 2𝐴ସ଻ − 𝐴଼ଷ + 12𝐶ଵ଺ହ − 6𝐶ଵହ଻ − 6𝐶ଵହ଻ + 3𝐶ଵହ଼) d𝜑௫ଷd𝑥 + (2𝐶ଵହଵ − 𝐴଼ସ − 𝐶ଵହହ) 𝑑ଶ𝑤଴𝑑𝑥ଶ                  +(2𝐴ସ଼ + 𝐴ଵଶ଼)𝑤଴ + (𝐶ଵହଶ − 𝐴଼ହ − 2𝐶ଵ଺ସ + 2𝐶ଵହଶ − 𝐶ଵହ଺) dଶ𝜑௭ଵd𝑥ଶ + (2𝐴ସଵ + 2𝐴ସଽ + 𝐴ଵଶଽ + 𝐴ଵଷ଺)𝜑௭ଵ                 +(2𝐶ଵହ଻ − 𝐴଼଺ − 4𝐶ଵ଺ହ + 2𝐶ଵହ଻ − 𝐶ଵହ଼) dଶ𝜑௭ଶd𝑥ଶ + (𝐴ଵଷ଴ + 2𝐴ସଶ + 2𝐴ହ଴ + 𝐴ଵଷ଻)𝜑௭ଶ                 +(𝐶ଵହଽ + 3𝐶ଵହଽ − 𝐶ଵ଺଴ − 6𝐶ଵ଺଺) dଶ𝜑௭ଷd𝑥ଶ − 𝐴଼଻ dଶ𝜑௭ଷd𝑥ଶ + (𝐴ଵଷଵ + 𝐴ଵଷ଼ + 2𝐴ସଷ + 2𝐴ହଵ)𝜑௭ଷ                 +(𝐴ଵ଺ଷ + 2𝐴ଵହଷ)Φ + 𝐴ଵହଽ dଶΦd𝑥ଶ = −𝑆ఏ஍బ−2𝑀௭஍బ                 + ൬ℎ2൰ଶ ൤𝑃௜ ൬𝑅 − ℎ2൰ − ቈ𝐾ଵ ቆ𝑤଴ + ℎ2 𝜑௭ଵ + ൬ℎ2൰ଶ 𝜑௭ଶ + ൬ℎ2൰ଷ 𝜑௭ଷቇ 
                −𝐾ଶ ቆdଶ𝑤଴d𝑥ଶ + ℎ2 dଶ𝜑௭ଵd𝑥ଶ + ൬ℎ2൰ଶ dଶ𝜑௭ଶd𝑥ଶ + ൬ℎ2൰ଷ dଶ𝜑௭ଷd𝑥ଶ ቇ቉ ൬𝑅 + ℎ2൰ 𝛿𝜑௭ଷ:     (3𝐴଻ଷ + 𝐴ଵସଷ) d𝑢଴d𝑥 + (3𝐴଻ସ + 𝐴ଵସସ − 𝐴ଽଽ − 3𝐶ଵହଶ + 𝐶ଵହ଺) d𝜑௫ଵd𝑥                  +(3𝐴଻ହ + 𝐴ଵସହ − 𝐴ଵ଴଴ + 6𝐶ଵ଺ହ − 2𝐶ଵହ଻ − 6𝐶ଵହ଻ + 2𝐶ଵହ଼) d𝜑௫ଶd𝑥                  +(𝐴ଵସ଺ − 𝐴ଵ଴ଵ + 3𝐴଻଺ + 18𝐶ଵ଺଺ − 6𝐶ଵହଽ − 9𝐶ଵହଽ + 3𝐶ଵ଺଴) d𝜑௫ଷd𝑥 + (3𝐶ଵହଶ − 𝐶ଵହ଺ − 𝐴ଵ଴ଶ) 𝑑ଶ𝑤଴𝑑𝑥ଶ                  +(3𝐴଻଻ + 𝐴ଵଷଽ)𝑤଴ + (3𝐶ଵହ଻ − 3𝐶ଵ଺ହ − 𝐶ଵହ଼ + 𝐶ଵହ଻ − 𝐴ଵ଴ଷ) dଶ𝜑௭ଵd𝑥ଶ + (𝐴ଵସ଴𝜑௭ଵ + 3𝐴଻଼ + 3𝐴଻଴ + 𝐴ଵସ଻)𝜑௭ଵ                +(2𝐶ଵହଽ − 𝐴ଵ଴ସ − 6𝐶ଵ଺଺ + 3𝐶ଵହଽ − 𝐶ଵ଺଴) dଶ𝜑௭ଶd𝑥ଶ + (𝐴ଵସଵ + 𝐴ଵସ଼ + 3𝐴଻ଵ + 3𝐴଻ଽ)𝜑௭ଶ                 +(3𝐶ଵ଺ଵ + 3𝐶ଵ଺ଵ − 𝐶ଵ଺ଶ − 9𝐶ଵ଺଻ − 𝐴ଵ଴ହ) dଶ𝜑௭ଷd𝑥ଶ + (𝐴ଵସଽ + 3𝐴଼଴ + 𝐴ଵସଶ + 3𝐴଻ଶ)𝜑௭ଷ + (𝐴ଵ଺ସ + 3𝐴ଵହହ)Φ                 +𝐴ଵ଺଴ dଶΦd𝑥ଶ = −𝑃ఏ஍బ − 3𝑆௭஍బ − ൬ℎ2൰ଷ ൤𝑃௜ ൬𝑅 − ℎ2൰ + ቈ𝐾ଵ ቆ𝑤଴ + ℎ2 𝜑௭ଵ + ൬ℎ2൰ଶ 𝜑௭ଶ + ൬ℎ2൰ଷ 𝜑௭ଷቇ 
                −𝐾ଶ ቆdଶ𝑤଴d𝑥ଶ + ℎ2 dଶ𝜑௭ଵd𝑥ଶ + ൬ℎ2൰ଶ dଶ𝜑௭ଶd𝑥ଶ + ൬ℎ2൰ଷ dଶ𝜑௭ଷd𝑥ଶ ቇ቉ ൬𝑅 + ℎ2൰቉ 
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3. Analytical solution, results and discussion 
 
The analytical solution is proposed as 
 ൜ (𝑢଴, 𝜑௫ଵ, 𝜑௫ଶ, 𝜑௫ଷ)𝑤଴, 𝜑௭ଵ, 𝜑௭ଶ, 𝜑௭ଷ, Φൠ= ෍ ൜ (𝑈଴௠, Φ௫ଵ௠, Φ௫ଶ௠, Φ௫ଷ௠)𝑐𝑜𝑠𝜆௡𝑥(𝑊଴௠, Φ௭ଵ௠, Φ௭ଶ௠, Φ௭ଷ௠, Φ௠)𝑠𝑖𝑛𝜆௡𝑥ൠஶ

௡ୀଵ , (28)

 
where 𝑈଴௠, 𝑊଴௠, Φ௫௜௠, Φ௭௜௠ are the maximum values 
of the displacements, rotations and electric potential. By 
definition of amplitude vector ሼXሽ =  ሾ𝑈௠   𝑊௠   Φ௫ଵ௠ Φ௭ଵ௠   Φ௫ଶ௠   Φ௭ଶ௠   Φ௫ଷ௠   Φ௭ଷ௠ሿ் and substitution of 
solution from Eq. (30) into Eq. (29), the solution is reduced 
to following algebraic equation as 

 ሾ𝐾ሿሼXሽ = ሼFሽ, (29)
 
Figs. 2 and 3 show variation of 𝑢଴തതത and 𝑤଴തതതത in terms of 𝒍̅ = 𝑙 ℎ்⁄  for various Ψ଴, respectively (ℎ் = ℎ + 2ℎ௣). 

The numerical results indicate that both axial and radial 
displacements are decreased with increase of dimensionless 
micro-length scale parameter. Based on MCST and results 
of this theory, one can conclude that the stiffness of 
cylindrical micro-shell is increased with an increase in 

 
 

 
 

dimensionless micro length scale parameter. In addition, it 
is observed that both axial and radial displacements are 
decreased with an increase in applied electric potentials. 

Shown in Figs. 4 and 5 are variation of 𝑢଴തതത and radi 𝑤଴തതതത 
in terms of 𝐿/𝑅  for various 𝒍̅. It is concluded that an 
increase in 𝐿/𝑅 the stiffness of micro-shell is decreased 
and then the both displacements are increased. In addition, 
it can be stated that effect of 𝒍̅ is depending on the values 
of other geometric parameters. It is concluded that for lower 
values of 𝐿/𝑅 , increase in 𝒍̅  leads to an increase in 
structural stiffness and then a decrease in radial and axial 
displacements. 

Shown in Figs. 6 and 7 are the variation of 𝑢଴തതത and 𝑤଴തതതത 
displacements in terms of 𝐾ଵ, 𝐾ଶ , respectively. The 
numerical results indicate that the radial displacement is 
significantly decreased with an increase in two parameters 
of Pasternak’s foundation. It is concluded that with an 
increase in two parameters of Pasternak’s foundation, the 
stiffness along the radial direction is increased and then the 
stiffness along the axial direction is decreased. Based on 
this conclusion, the axial displacement is increased 
significantly with increase of both parameters of 
Pasternak’s foundation. 

Shown in Figs. 8 and 9 are variation of 𝑢𝟎തതത and 𝑤𝟎തതതത in 
terms of dimensionless length to radius ratio 𝐿/𝑅 and 𝒍̅ of 
 
 

 
 

 
Fig. 2 Variation of 𝒖𝟎തതതത in terms of 𝒍̅ for various 𝚿𝟎

 
Fig. 3 Variation of 𝒘𝟎തതതത in terms of 𝒍̅ for various 𝚿𝟎
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the cylindrical micro-shell. The numerical results indicate 
that an increase in 𝐿/𝑅 yields a softer cylindrical shell 
with an increase in both displacements. In addition, it is 
observed that for lower values of dimensionless length to 
radius ratio 𝐿/𝑅, an increase in dimensionless micro length 
scale parameter 𝒍̅ leads to a decrease in radial and axial 
displacements. 

 

 

 
 

4. Conclusions 
 
MCST as well as higher-order shear deformation theory 

were used in this work for electro-elastic bending analysis 
of shear deformable three-layered cylindrical micro-shell 
integrated with piezoelectric layers subjected to mechanical 
and electrical loads. Size-dependency was included in 

 
Fig. 4 Variation of 𝒖𝟎തതതത in terms of 𝑳/𝑹 for various 𝒍̅

 
Fig. 5 Variation of 𝒘𝟎തതതത in terms of 𝑳/𝑹 for various 𝒍̅

 
Fig. 6 Variation of 𝑢଴തതത in terms of 𝐾ଵ, 𝐾ଶ
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Fig. 8 Variation of 𝑢𝟎തതത in terms of 𝐿/𝑅 and 𝒍̅
 
 

governing equations using MCS including a micro length 
scale parameter. A two-dimensional electric potential was 
applied on the piezoelectric layers including a linear 
variation along thickness direction to account applied 
electric potential and a longitudinal function to satisfy 
electrical boundary conditions at both ends of cylindrical 
shell. The governing equations were derived based on 
principle of virtual work. Main conclusions of this paper are 
expressed as: 

 
• Applied electric potential has significant effect on 

the electro-elastic results of cylindrical microshell. It 
is concluded that an increase in applied electric 
potential leads to a decrease in radial and axial 
displacements. 

• Investigation on the effect of micro length scale 
parameter associated with modified couple stress 
theory indicates that the radial displacement is 
decreased with an increase in this length scale 
parameter. It is concluded that the stiffness of 
material is increased with an increase in micro 
length scale parameter. 

• Effect of two parameters of the Pasternak’s 
foundation on the radial and axial displacements 

 
 

Fig. 9 Variation of 𝑤𝟎തതതത in terms of 𝐿/𝑅 and 𝒍̅
 
 
indicates that an increase in these parameters leads to 
an increase in stiffness along the radial direction. it is 
concluded that with an increase in two parameters of 
Pasternak’s foundation, the radial displacements are 
decreased while the axial displacements are 
increased. 
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