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Effect of applied electric potential and micro length scale parameters
on the electroelastic analysis of three-layered shear
deformable micro-shell
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Abstract. This paper uses higher-order shear deformation theory and modified couple stress theory (MCST) to the
electroelastic results of FG micro-shell integrated with piezoelectric thin sheets subjected to electrical and mechanical loads
rested on Pasternak’s foundation. Third-order shear deformation theory (TSDT) is used for the description of the displacement
field. Effect of micro-size is applied using MCST with the introduction of one micro-length scale parameter. Governing
equations are derived based on the principle of virtual work. Micro-shell is composed of a FG micro core and two piezoelectric
hollow shells. The numerical results are obtained for the simply-supported boundary conditions. Longitudinal and radial
displacements are presented in terms of important parameters such as applied electric potentials, micro length scale parameter,
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dimensionless geometric parameters and two parameters of Pasternak’s foundation.

Keywords:
order shear deformation theory

applied electric potential; axial and radial displacements; micro-length scale parameter; micro-shell; third-

1. Introduction

Cylindrical shells are used in various situations as
important elements of mechanical engineering. This
element has been analyzed by various researchers with a
focus on the vibration, bending and buckling behaviors. The
cylindrical shells have been analyzed by various analytical
and numerical methods based on continuum mechanics that
do not account the size of element on the used theory. The
literature review is presented to show the importance of the
present work.

Wave propagation analysis of carbon nanotubes was
studied based on the nonlocal elastic shell theory by Wang
and Varadan (2007). Wave propagation characteristics have
been reported in terms of small-scale parameters and
dimensionless geometric parameters of the problem. Effect
of thermal, mechanical and electrical pre-loads was studied
on the size-dependent vibration analysis of piezoelectric
cylindrical nanoshells by Ke et al. (2014a). MCST and
FSDT were used for size-dependent free vibration analysis
of FG nanoshell by Tadi Beni ef al. (2015). Navier’s
solution was used for numerical analysis of the problem.
Free vibration characteristics were presented in terms of
main parameters of the problem such as small scale
parameter, in-homogeneous index, dimensionless geometric

*Corresponding author, Professor,
E-mail: jsj@nut.edu.cn
2 E-mail: dzx@nut.edu.cn

Copyright © 2021 Techno-Press, Ltd.
http://www.techno-press.org/?journal=sss&subpage=7

parameters such as length to radius and radius to thickness
ratios.

Nonlinear buckling and post-buckling analysis of
piezoelectric cylindrical nanoshell subjected to axial
mechanical and electrical loads were studied by Sahmani et
al. (2016). Surface elasticity theory was used based on
Gurtin—-Murdoch  elasticity theory and geometrical
nonlinearity was employed by von Karman relations. They
concluded that an increase of surface energy and electric
potential leads to an increase and decrease of critical
buckling and postbuckling loads of cylindrical nanoshell. A
new modified couple stress theory was employed for
buckling analysis of anisotropic piezoelectric cylindrical
shells subjected to axial compression and lateral pressure
based on FSDT and considering von Karman geometric
nonlinearity by Mehralian et al. (2016a). They concluded
that the buckling loads are completely size-dependent and
sensitive to small-scale parameter especially for large
values of thickness and small values of length ratio. Zhang
et al. (2015) studied free vibration analysis of a FG micro
shell based on four unknown shear deformation theory and
strain gradient theory. After evaluation of effective material
properties using the Mori—-Tanaka homogenization
technique, the governing equations of motion have been
derived based on Hamilton’s principle. They concluded that
the frequency and higher-order mode shapes are completely
size-dependent when the thickness of micro-shell is reached
to micro length scale parameter. Yeh (2016) studied
vibration analysis of the sandwich cylindrical shells with
MR elastomers based on Hamilton’s principle and shear
deformation theory. Lal ef al. (2012) investigated stochastic
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hygro-thermo-electro-mechanical post-buckling analysis of
piezoelectric laminated cylindrical shell panel.

Ebrahimi et al. (2017) studied nonlocal strain gradient-
based vibration analysis of embedded curved porous
piezoelectric nano-beams in thermal environment.
Nonlinear forced vibration analysis of a micro-shell
reinforced by carbon nanotubes subjected to magnetic field
and harmonic transverse loads was studied by Tohidi ef al.
(2018). The effect of agglomeration was included in the
evaluation of material properties. The nonlinear vibration
characteristics were evaluated in terms of important
parameters of the problem such as magnetic field, CNTs
volume percent and agglomeration effect. Size-dependent
magneto-electro-elastic vibration analysis of cylindrical
nanoshell was studied by Ke et al. (2014b) based on the
nonlocal Love’s shell theory. The differential quadrature
method was used for the numerical solution of the problem
in terms of nonlocal parameter, temperature rise, external
electric and magnetic potential, radius-to-thickness ratio
and length-to-radius ratio. Size dependent buckling analysis
of functionally graded cylindrical micro shell was studied
based on first order shear deformation theory and modified
strain gradient theory by Gholami et al. (2014). The critical
buckling loads have been evaluated in terms of small scale
parameter and dimensionless geometric parameters.
Shokrollahi (2018) employed differential quadrature
method for static stress and deformation analysis of
sandwich cylindrical shell. Some applications of size
dependency in micro and nano scales were developed in
various researches (Alam et al. 2020a, b, Zhang and Wang
2019, Zhao et al. 2020, Sun et al. 2020, Zhang et al. 2019,
2021, Zuo et al. 2017).

Free vibration analysis of a cylindrical nanoshell was
studied by Rouhi et al. (2016) based on nonlinear shell
model accounting surface elasticity theory. Nonlinearity
was assumed based on von Karman relations. Size-
dependency was included in governing equations based on
nonlocal elasticity theory. Modified couple stress theory
was developed by Mehralian et al. (2016b) for size-
dependent buckling analysis of shear deformable
functionally graded cylindrical nanoshell based on first-
order shear deformation theory. Functionality was assumed
based on power-law distribution along the thickness
direction. The critical pressure was calculated in terms of
main parameters of the problem such as dimensionless
geometrical parameters, material length scale parameter,
length, thickness, applied voltage and in-homogeneous
index. Salehipour et al. (2019) studied the static bending
and free vibration characteristics of a functionally graded
cylindrical micro and nano shells made of porous materials
based on modified couple stress theory. The numerical
results have been derived for simply and clamped boundary
conditions. Ahmadi and Najafi (2016) studied static analysis
of a rotating laminated composite cylindrical shell. Effect of
rotating speed was studied on the stress distributions of
composite shell. Arefi and Civalek (2020) developed
Eringen nonlocal elasticity theory to static bending analysis
of functionally graded cylindrical nanoshell in the
framework of generalized Hooke’s law and Energy method.
Arefi et al. (2021) studied effect of graphene nanoplatelets

as a novel reinforcement on the bending behaviors of
composite cylindrical shell subjected to thermal and
mechanical loads. Dehsaraji et al. (2020) studied effect of
out of plane normal strains named as thickness stretching on
the free vibration analysis of functionally graded cylindrical
nanoshell using higher-order shear deformation theory.
Some researchers focused on the application of new
materials in advanced manufacturing and energy resourcing
(Abedini and Zhang 2021, Chao et al. 2020, Liu et al. 2020,
Zuo et al. 2015, Li et al. 2020, Huang et al. 2021, Duan et
al. 2021, Yin et al. 2021, Liu et al. 2021, Yang et al. 2017,
Zhang et al. 2017, Wang et al. 2016). Lei and Tong (2019)
studied free and forced vibration analysis of functionally
graded cylindrical shell reinforced with graphene based on
third-order shear deformation theory and Hamilton’s
principle using the Halpin-Tsai micromechanical model. Li
et al. (2019) investigated free vibration analysis of uniform
and stepped functionally graded cylindrical shells subjected
to various boundary conditions based on first-order shear
deformation theory. Haldar et al. (2019) employed a new
nine isoparametric plate bending element for bending
analysis of composite skew cylindrical shell based on first-
order shear deformation theory. Four-unknown shear
deformation theory was used for free vibration analysis of
cylindrical micro-shell based on strain gradient elasticity
theory by Zhang et al. (2015). Anitescu et al. (2019)
developed a computational method for solving partial
differential equations based on artificial neural networks
and an adaptive collocation strategy. The Capability of the
proposed method was developed in solving the important
known problems such as Poisson and Helmholtz equations.
Guo et al. (2019) solved bending analysis of a thin plate
based on the deep collocation method. The proposed
method was included a feedforward deep neural network
through building a loss function for minimization of partial
differential equations and boundary conditions at
collocation. Rabczuk et al. (2019) proposed a new solution
method of partial differential equations based on variational
principle including a novel nonlocal operator. They
summarized importance of the present method in solving
the problems for eigenvalue analysis such as the waveguide
problem through conversion into nonlocal integral form.
Nguyen-Thanh et al. (2017) developed an isogeometric
large deformation thin shell formulation for solving linear
and nonlinear analyses of cylindrical and hemispherical
shells, wind turbine rotor based on Nitsche’s method. Areias
et al. (2016) developed a new algorithm for elastic and
elasto-plastic analysis of plates and shells based on phase-
field model of crack regularization. Realistic behavior of
fracture was modeled using two phase-fields related to
upper and lower surfaces of shell. The formulation was
developed based on finite strain model. Robustness and
efficiency of the proposed method was confirmed using
solution of the classic problems such as the Keesecker
pressurized cylinder problem, the Hexcan problem, the
Muscat-Fenech and Atkins plate. Areias and Rabczuk
(2013) developed a new computational method based on
finite element method for fracture analysis of plates and
shells for brittle and ductile materials. Nanthakumar et al.
(2016) proposed a new algorithm for solving the inverse
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Fig. 1 The schematic of a three-layered micro shell

problem to detect inclusion interfaces in a piezoelectric
structure. Each iteration of inverse problem was solved
using extended finite element method. Vu-Bac et al. (2016)
proposed a sensitivity analysis including a set of
mathematical functions to study influence of uncertain input
parameters on uncertain model outputs. The obtained results
presented an important conclusion on the main input
parameters of the problem.

Author presented comprehensive literature review on
the related works including small scale analysis of
structures, higher-order shear deformation theory and
cylindrical micro- and nano-shells. It is confirmed based on
author’s knowledge, there is no published work on the
higher-order electro-elastic analysis of functionally graded
cylindrical micro-shell integrated with piezoelectric annular
shells subjected to electrical and mechanical loads resting
on Pasternak’s foundation based on modified couple stress
theory. This paper uses a higher-order model as kinematic
relations and modified couple stress theory as a size-
dependent theory for higher-order modeling of a micro
cylindrical shell. For more accurate modeling the
cylindrical micro shell specially shear strains, the third-
order shear deformable model is used for variation of
displacements along the axial and radial directions. The
analytical solution is presented to investigate effect of
significant parameters such as applied electric potential,
micro length scale parameter, in-homogeneous index and
two parameters of Pasternak’s foundation.

2. Governing equations of three-layered
cylindrical micro-shell

In this work, two-dimensional electro-elastic bending
analysis of three-layered cylindrical micro-shell integrated
with piezoelectric layers is presented based on third-order
shear deformation theory and modified couple stress theory.
The cylindrical shell is assumed subjected to electro-
mechanical loads. The cylindrical shell is resting on
Pasternak’s foundation and two ends of it is constrained
with simply-supported boundary conditions. Due to the
symmetric distribution of material properties, boundary
conditions and applied loadings, the transverse displace-

ment is assumed zero. The displacement field is assumed
along the axial and radial directions based on third-order
shear deformation theory. The displacement field including
axial and radial displacements is expressed as Arefi et al.
(Arefi et al. 2018, Arefi 2013, Arefi and Rahimi 2011a, b,
2012a, b, ¢, Arefi and Zenkour 2018, 2019, Arefi et al.
2016)

ux,z) = ug(x) + 2, (x) + Zz(pxz(x) + Z3§0x3(x)’ (1)
w(x,z) = wo(x) + 2z, (x) + quozz(x) + Z3§”z3(x)

In which uy,u, are axial and radial displacements of
middle surface and ¢,;, ¢, are higher order rotation
components.

The principle of virtual work 86U = 6W is used to
derive governing equations of a functionally graded micro-
shell in which U is the strain energy and W is the work
done by external forces. The variation of strain energy is
defined as

U, = ff (040, + 0gbeg + 0,08, + 15,0V,
v
— D,6E, — D,8E,) dV,

@)

where o;,¢&; are stress and strain components and D;, E;
are electric displacement and electric field components. The
stress components based on three-dimensional Hooke’s law
are expressed for functionally graded micro-core as
(Khoshgoftar et al. 2013)

0 = A2)[(1 —v(2))ey +v(2)(gq + £,)),
a9 = A@D[(1 = v(2))es + v(2)(&x + &),
0, = /1(2)[(1 — v(z))ez +v(z)(e, + 59)], 3)
B
Txz = mym
In which A(z) = E(z)/(l + v(z))(l - ZV(Z)) and
variable Young’s modulus E(z) and Poisson’s ratio v(z)

z 1\
are defined as E(z) = (E; — Ep) (;+—) +E, v(z) =

2
1

n
(ve —vp) G-I—E) +v,, where E.(v,) and E,(v,) are
the values of the Young’s modulus (Poisson’s ratio) at the
top and bottom surfaces, respectively, n is the in-
homogeneous index.
The  electro-elastic  constitutive
piezoelectric layers are expressed as

relations for

Oy = Cyx&x + Crp€q + Cyp8; — €x5.E5,
09 = Cyp€x + Cop€q + Coz€; — €9p-E7,
0, = Cyz&x + Cor89 + Cpp8; — €55,E5, @)
Txz = szxz)/xz - exszz'

Dy = exxz¥xz — €xxEx

Dz = €,xx€x T €200€9 T €37,€; — EZZEZ'

In which Cjj, e;jx, €;; are stiffness, piezoelectric and
dielectric coefficients, respectively. Based on displacement
field, the strain components are expressed as follows
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_ du _ % + d(pxl + Zz d‘ﬂxz + Z3 d(px3

E T d Y de dx dx ’
dw 2
SZ:E=¢21+2Z9022+3Z ()023’
f . N 42 N 43
€0 Rd+zv(;/0 R+zP1TR+,%2 R;'Z(pwd d d
u w Wy Pz1 Pz2 Pz3
yxz=E+a=(ﬂx1+22‘ﬂxz+322‘l’x3+W+Z d; +z* d; +7 d;’

Electric field components are derived using electric
potential function. The electric potential is defined as

2Z nZ
D(x,z) =— Dy — d(x)cos— (6)
h h
Electric field components are defined using minus
divergence of electric potential E; = —®; as follows
ad nZ 20, m nZ
E. =— - E =——_——®sin— 7
x = 5o C0S . =~ Psin (7

Based on definition of electric field and strain field
components, the constitutive electro-elastic relations are:

To account size-dependency in micro-scale, MCST is
used. Based on this theory, strain energy is obtained as

14

In which m;; and y;; are defined as follows

E
M= Ty ©)
Xij are defined as

x = (78 +()"). (10)

2

where 60; are defined as

1 g

6 = Ecurlu. (11)

R
The components of rotation vector 6 are defined as
follows

6(@”1) _ a(@u;,)

6(@113) _ 6(@u2)>
0x5

curlt = (gy2933) /2 ( ox,

€ + (g11933) /2 ( o,

a(\/gzzuz) 6(\/ 911“1)
_1/2 _ —_—
+(911922) < ox, ax, )33,

In which g11, g2, g33 are defined as follows

922=1 gn2=R+2)7> g3=1 (13)
Based on TSDT, we will have

> 1 aw, 00,1
o _E((pm © ox +Z(2<pxz © ox )
a(Pzz) 3 a(pZS)—>
—Z 62.

, (14)
tz (3%‘3_ Ox dox

0x,q

Jei

)

(12)
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After derivation of the components of the symmetric
curvature tensor, the deviatoric part of the symmetric couple
stress tensor can be derived from.

E 1 09,1 09, 00,3  Px1 1 0dwy
=—12—<2 -—=+2 (3 - )—3 2 - —
Mz 1+v 4 Px2 0x + 2z 3¢ 0x d 0x R+Z+R+Z 0x

2 (20,0 Ocpzl)_ 2 (300 - 69022) L 7 00m (15)
R+z\“%2 " Tox R+2z\"% " oy R+2z ox )
The strain energy associated with modified couple stress
theory is derived as
08¢,
lee <26<px2 - axz )
08¢,
+2P% (35(px3 - axz )
1 ddo aéw
5U=27Tf | —3p3 Z3+M1( SR ) dx. 16
2 v 4 20" 5y z6 x Px1 (16)
08¢,
_MZZB (za(pr - axz )
36¢,, 06¢,3
—Mz, (35<Px3 - ) Mz 6xz

In which the resultant components are defined as

h
1(2 .
20 = Zfzhmzez(l_l)dz' i=1234
K (17)
. 1z :
Ly = ijhmze(R +2)z0Vdz =123
2

Integration by part on Eq. (18) leads to

- 0+ (2P — oM}
M;G(S x1 (2 219 ZMZZG)(SQDXZ + (6P229 - 3M§9)6(px3 — —O;B 5W0
§U, = znf

dx. (18)
P OM? aP% oM aP3, oM
’ +< o axze> 0pa+ (2 o ax6> 0+ (3 o a;9> 003

The strain energy associated with Cauchy stress
components (Eq. (2)) are defined as

déu déep dée déep
SU, = 21 f f fv ([Nx dx” + M, dx"l +S, dx"z +P, dx’“] + [NoSwg + MgS@,1 + Se8¢,5 + PoSp,s]

+[N26§021 + 2M25(p22 + 3526([)23] + Nx26¢x1 + 2Mx26§0x2 + 35x26§0x3 + Nsz
dée dép,, dép,31 —00P

+M,, dx“ +S,, dxz +P, dxz ] ~Dyi—+ Dz5d>) dx.

where the resultants of forces and moments.
Integration by part on Eq. (21) leads to following
relation
SU = f [ dn Sug + [N dM"] 5Py + [21\/1 ds"] Sy + [35 dP"] 8,3 + [N dN"Z] 5
- o dax Uy Xz dox Px1 Xz dax P2 Xz dax D3 6 dx Wo
dM. ds dP,
+ [M9_+ N, - d;Z] 50, + [59 +2M, - d—;] 50, + [Pg +35, - d—;] 8923 (20)

+ an+D_ 5d|d
6x o X.

The virtual work done by external forces is defined as
follows
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!
sW = f [Pi5uz|2=_2 _ Ffauz|zzﬁ] dx
o ’ ’ (22)
= _f {Pi[Wo + 20, + 2%Q,, + ZS(Pz3]|Z:_Q — Felwo + 29,1 + 22@,, + Z3‘Pz3]|2=+5} dx,
0 2 2

where Fy is expressed as Fr =Kju, — K,V?u,
Substitution of radial displacement into reaction of
Pasternak foundation leads to following relation

h h\? 3 d?w, hd%p,, (h\*d%p,, (h\’d%@,,
= - - - - - = - 23
fr=H (WO Ta¥a T <2) Pz (2) "’Z3> K2<dx2 T ae T (2) dx? +<2> dx? ) @)

By substitution of strain energy and external work into
principle of virtual work, the final governing equations are
derived as

N

T dx
dM, 1
0Px1: Ny, — W —M;y =0,

6u0:

ds, 1 )
6(px2: ZMXZ -——++ 2PZ@ - ZMZG = 0,

dx
. dp, 2 3 _
6(px3. 3sz _E"' 6P29 - 3M29 - 0,
dN,, 0M}, h h

dM,, 0P,y O0M; h[ < h) ( h)]
891 M + N, dx + dx ox 2 PZ R 2 +F R+2

ds,., P 6M§9_ h h h
0:2: S0 + 2M, - ax T2 " Tox _<§) Z[Pi(R_E)_Ff<R+E>]

dP, _0dP3 oM}, (h) ( h) ( h)
6(pz3.P9+3SZ—dx+3 ax— ax ——E [PlR—E +Ff R+E]
5c1>-a *+D,=0

" Ox z-

where the size-dependent resultant forces and moments
expressed by the displacements have the following forms

Ny
q)O

N, [ A1 A A; Ay, As Ag+Ay A7+ Ay Agt Ay Aiso 1 ( 9o M,
M, A30 Az As; Asz Az Aszs+Asg Aze+ Az Asz Ay Ais dx SPo
Sx Asg  Ago A1 Asz Asz  Aes+As Ags + Agg Age +Ago  Aisa duy, PP
Py Agg  Agg Agg Agr  Agp Aozt Ags Agy + Ag;  Ags + Aggdise dx N o
N, Ais  Aig Ay Ay Ay App t Ay Az + Az A+ AzAis duxy .
Mo\ _{As  Ass Asg Ay Asg Agt+As Ay + 450 Agz + 4514153 dx n M,* (25)
Sz A7 Az Azs Az Az; Aot Azg Ajt+ Ay A7z + AgoAiss duixy s;e [
Ne A0 A111 Anz Az Aroe Aoz T A1 Agog + Args Aig9 + A1164161 &/x NP
Mo Aziz Aizz Aizz Arza Anz Ang T Aizs Apgo +As A1z0 + 1274162 WO gqao
Se Aizz Aizz Aiza Aiss Aizg Aizo T A1z Agzo t+Agay Aq31 + A13ghies Wm Mo
Py Arsz Arss Auss Anse Aizo Arao tAiar Aggr + A A + A140A16a sz S;D"
D, [A170 A171 A1z Arzz Aiza Aizs Y Aizg Agge 24179 Ajg; +3A10 —Argyl 53 Pg%

—_pPo

And
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Uy
Uy
Uys
dw
(Nxzw Azs Ay Ays Aye Azz Azg Az Agsy dx
M, As Ass Asy Ass Ase As; Asg Ajsg dwy
Suz  =|Ag1  As Ags Ags Ass Age A7 Aiso dx . (26)
Fﬁ Ass  Aigo Aror  Arezs Aros Aros Aros  Areo || W2
D, Ai1gs 24166 3A167 A1ss Ates Ater A —Aieod | dx
dw,;
dx
od
ox
Substitution of the resultant forces and moments into
governing equations gives
d*u d*p d?oy d?g, dw, do,
Bug: A —— Ay - = 4y & 22— A, e 2 A d¢ — (A6 + 45) — !
do, d<pZ d® dN,°
—(4; + Alo) 2 - (Ag + A11) > 150 7 = djc
d?u, d?¢ d?¢ d?¢
8Pyt —Azo—— D2 — Az O ;1 + (Az3 + Ci53)Px1 — Az, d ;2 + (Az4 + 2Ci54 — 2C150) Pz — A3 x ;3
(P
+(Azs + 3C155 — 6C151)Px3 + (Ag — Azy — C153) + (Az; — Azs — A3g — Cisq + Cis0) —— Z
<P <P
+(Azg — Az — Azq + 2C151 — Cis5) —— 2 4 (Azg — A37 — Ayo — Cis6 + 3Ci52) —— =
Arer + 4 )OCD oMo
157 T Aqs2 = o
d? Up d P d? P2
0Pyt —Aso—— 2 — Ago aIx ;1 + (2452 — 2C150 + 2C154) Px1 — A1 dx ;
d?¢
+(2As + 4Ci63 — 4C151 — 4Cis1 +4C155)0x2 — Az~ 5
dw,
+(24s4 + 12C164 — 6Cy55 — 12C;55 + 6C156) Pz + (2455 — Az + 2C150 — 2C154)d_0
d<p
+(2456 — As7 — Ags — 2C163 + 2C151 + 2C151 — 2C155) ——
d<p
+(2457 — Ags — Ags + 2Ass — Ags — Ago — 4Cr4 + 2C155 + 4C1s5y — 2C156) ——o 27
@
<p 9® 0S,°
+(2C;57 — 6C1g5 + 6C157 — 2C158) —— 2 — QA58 + A154) = ox
d? Up d? P d Dx2
O3t — Agsg dx2 — Agg dx ;1 + (34g1 — 6Cy51 + 3C155)Px1 — Ago dx ;
d Px3
+(BAgy + 12C164 — 6C152 + 6C156 — 12C152) Pz — Ao1 ——5— D2
dw,
+(34g3 +36C;65 — 18C;57 — 18Cy57 + 9C158) Px3 + (34gs — Agy — 3Cy55 + 6C151)d_0
dfp
+(3Ags — Ags — Agz — 6C164 + 6C15 + 3Ci5; — 3C156) ——
(P
+(3Ags — Aoy — Aoy + 6C157 — 12C145 + 6C157) —— “
(pz3 oD aP“’O
+(3Ag7 — Ags — Agg + 6C159 — 18C146 + 9C159 — 3C155 — 3C160) —— — (BAy50 + A156) o’
du <p 90
Swo:  Aro—— Ox -0 + (A1 — Ags + Cis3) —— =+ (Aj1p — Az + 2C154 2C150) 2
§0x3 dZ(P
+(A113 — Azs — 6Cy51 + 3Ci55) —— — (Aze + C153) °+ Ajoswo + (Cis50 — Agy — C154)
<Pzz (pz3

+(A107 + A114) P21 + (2C151 — Agg — C155) D2 + (A108 + A115) 952 + (3Ci52 — Cis6 — A29)
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2 2

d“od @ h h h
+(A100 + A116) P73 + A1 P + A157W =—-Ny"+ P (R - E) —|Ki{wo + 59021 + (E)

d2W0 h dz‘l’z1 hy\? dz‘Pzz hy? dz(ﬂzs h
—ke ( dx2 + +§ dx2 + (E) dx?2 + (E) dx? )] <R + E)]

dq)xl

h 3
@2t <E) 9023>

(Ags + A121) + (Ay6 + A1zp — Asy — Ciso + Cisg) ——

+(A123 + A1y — Asz + 2C163 — 20151 — 20151 + 2C155)—

90 3
+(Ay24 — Asy + Arg — 3Cy55 + 3Cis6 + 6C164 — 6C155) ——— + (Ay17 + A10)Wo + (Cisp — Crsa — Ass)

d? D1 d? (P 1 d? Pz d? Pz1 d? Pz1
+(A12 + Azo + Ag1g + A125) P51 + Cisy ax ZZ Ciss dxzz —Ase ax ZZ Cie3 e ZZ +C151VZZ

d ‘Pzz

alx2

+(A3 + Az1 + Ag1o + A126) P2 + (Cisp + 2C155 — Asy — 2C16a — C156)

‘P

3
+(A1s + Arz0 + Azz + A127) @3 + (Cis7 + 3Cis7 — Asg — 3C165 — CISB) 4 (Agsy + Are)®

d2® o 0, h h h hy? hy?
thisg gz =N — My —5 Pi(R_E)+ Ky { wo +§<Pz1+(§> <Pzz+<5) P23
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3. Analytical solution, results and discussion
The analytical solution is proposed as

{ (UO: Px1) P2 (px3) }

WO‘;OQDZI' D22, P23, P

— Z { (Uom> Pxim» Pxam, Pragm)cosiyx }
(WOm' q)zlm’ q)zzm, q)z3m, ql’m)sin/lnx !

n=1

(28)

where Uy, Woms Prim»> Pzim are the maximum values
of the displacements, rotations and electric potential. By
definition of amplitude vector {X} = [U,, W, Prim
Dy Poom Prom Pxsm Puzm)T and  substitution  of
solution from Eq. (30) into Eq. (29), the solution is reduced
to following algebraic equation as
[K1{X} = {F}, (29)

Figs. 2 and 3 show variation of ©#, and W, in terms of

I =1/hy for various W,, respectively (hy = h+ 2hy).
The numerical results indicate that both axial and radial
displacements are decreased with increase of dimensionless
micro-length scale parameter. Based on MCST and results
of this theory, one can conclude that the stiffness of
cylindrical micro-shell is increased with an increase in

0.016672
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dimensionless micro length scale parameter. In addition, it
is observed that both axial and radial displacements are
decreased with an increase in applied electric potentials.

Shown in Figs. 4 and 5 are variation of u, and radi w,
in terms of L/R for various I. It is concluded that an
increase in L/R the stiffness of micro-shell is decreased
and then the both displacements are increased. In addition,
it can be stated that effect of I is depending on the values
of other geometric parameters. It is concluded that for lower
values of L/R, increase in I leads to an increase in
structural stiffness and then a decrease in radial and axial
displacements.

Shown in Figs. 6 and 7 are the variation of U, and Wy
displacements in terms of Kj, K, , respectively. The
numerical results indicate that the radial displacement is
significantly decreased with an increase in two parameters
of Pasternak’s foundation. It is concluded that with an
increase in two parameters of Pasternak’s foundation, the
stiffness along the radial direction is increased and then the
stiffness along the axial direction is decreased. Based on
this conclusion, the axial displacement is increased
significantly with increase of both parameters of
Pasternak’s foundation.

Shown in Figs. 8 and 9 are variation of %y and wy in
terms of dimensionless length to radius ratio L/R and 1 of

0.016664
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the cylindrical micro-shell. The numerical results indicate
that an increase in L/R yields a softer cylindrical shell
with an increase in both displacements. In addition, it is
observed that for lower values of dimensionless length to
radius ratio L/R, an increase in dimensionless micro length
scale parameter I leads to a decrease in radial and axial
displacements.

4. Conclusions

MCST as well as higher-order shear deformation theory
were used in this work for electro-elastic bending analysis
of shear deformable three-layered cylindrical micro-shell
integrated with piezoelectric layers subjected to mechanical
and electrical loads. Size-dependency was included in
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governing equations using MCS including a micro length
scale parameter. A two-dimensional electric potential was
applied on the piezoelectric layers including a linear
variation along thickness direction to account applied
electric potential and a longitudinal function to satisfy
electrical boundary conditions at both ends of cylindrical
shell. The governing equations were derived based on
principle of virtual work. Main conclusions of this paper are
expressed as:

e Applied electric potential has significant effect on
the electro-elastic results of cylindrical microshell. It
is concluded that an increase in applied electric
potential leads to a decrease in radial and axial
displacements.

e Investigation on the effect of micro length scale
parameter associated with modified couple stress
theory indicates that the radial displacement is
decreased with an increase in this length scale
parameter. It is concluded that the stiffness of
material is increased with an increase in micro
length scale parameter.

o Effect of two parameters of the Pasternak’s
foundation on the radial and axial displacements

Fig. 9 Variation of Wy in terms of L/R and [

indicates that an increase in these parameters leads to
an increase in stiffness along the radial direction. it is
concluded that with an increase in two parameters of
Pasternak’s foundation, the radial displacements are
decreased while the axial displacements are
increased.
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