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Abstract. Because of the limited land resources and preference of centralized services, more structures are often built close to
each other, correspondingly yielding a demand that mitigates the dynamic responses of adjacent structures. Utilizing the intrinsic
potential of the inerter to improve structural energy performances, an inerter-system chain is proposed for the adjacent single-
degree-of-freedom structures, which forms a novel configuration featuring the reduction in input energy transmitted to the
adjacent structures. The inerter-system chain is realized by two end-placed inerter-dashpot dampers and inter-placed spring-
inerter-dashpot elements arranged in parallel. Stochastic energy balance analysis is conducted to derive a closed-form energy
equation that reveals the energy basis of the inerter-system chain. An energy-based and bi-objective optimization strategy is
developed with simultaneous consideration of displacement and energy performances, particularly easy-to-use design formulae
being derived. The findings of this study show that a complete inerter-system chain exhibits a significant multi-reduction in the
structural displacement, shear force, and dissipation energy burden. Particularly, the effectiveness of reducing the input power
and vibrational energy transmitted into the entire structures counts on the series inerter-chain, which differentiates the proposed
chain from alternative layouts. The proposed energy-based design framework is capable of minimizing the energy dissipation
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cost, with target displacement control demand satisfied.
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1. Introduction

Coupling the adjacent structures through the passive
energy dissipation devices has been proven to be efficacious
to mitigate the dynamic responses as well as reduce the
chances of pounding (Miari et al. 2019). Dealing with the
limited availability of the land resources and preferred
centralized services, more building structures are built
closely to each other, thereby yielding an increased demand
that employs the interconnection to improve their dynamic
resistant performances. A series of theoretical and
experimental studies have been devoted to applicable
energy dissipation forms and confirmed the effectiveness of
the passive dampers for the response control of adjacent
structures, including the viscous-damping (represented by a
single dashpot (Bhaskararao and Jangid 2007, Farghaly
2015) or series arrangement of a spring and a dashpot (Xu
et al. 1999), hysteretic (Ok ef al. 2008), friction (Ng and Xu
2006), and viscoelastic (represented by a parallel
arrangement of a spring and a dashpot) (Greco and Marano
2016) dampers. Optimization works (Ying et al. 2003, Ok et
al. 2008, Cimellaro and Lopez-Garcia 2011) were presented
in terms of the mechanical parameter design and the
dampers’ distribution pattern. Incorporating the new device
called inerter with conventional dashpot and spring (Basili
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et al. 2018), a spring-dashpot-inerter system (SDIS) was
proposed to pursuit the improved displacement control
effect. The tuned inerter damper and tuned mass damper
inerter were employed as multi-actuator systems for the
vibration control of adjacent structures (Palacios-Quifilonero
et al. 2019), clearly showing the superior performance and
robustness in comparison with the tuned mass damper.
Multiple tuned mass damper inerter system (De Domenico
et al. 2020) linking two adjacent structures was presented as
a seismic protection strategy for a significant acceleration
control. Replacing the tuned mass by a liquid damper
(Wang et al. 2020), a tuned liquid column damper inerter
was developed to control the seismic response of adjacent
high-rise buildings.

The mentioned inerter is essentially a two-terminal
inertial element (Smith 2002) that provides a significant
inertance with a mass unit to the controlled structure while
introducing the negligible gravitational mass (Jiang et al.
2020, Zhao et al. 2020a). Ideally, the resistant force of this
massless element is proportional to the relative acceleration
between its two terminals and the inertance (Barredo et al.
2018, Huang et al. 2019). In retrospect, Kawamata (1973)
introduced a liquid mass pump of which the inertance was
obtained by a fluid-based inertial mechanism. In later years,
Arakaki et al. (Arakaki et al. 1999a, b) proposed a ball-
screw-based rotary damper aiming to amplify the effective
viscous damping force. Generally, the representative
realization approaches of the inerter include the ball-screw
(Ikago et al. 2012), fluid (Kawamata 1973), rack-pinion
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(Smith 2002), and electromagnetic (Asai et al. 2018) types,
based on which some semi-active inerters (Chen et al.
2015) have been developed. In recent years, the inerter-
based passive control configurations were proposed, among
which the widely-analyzed are the tuned viscous mass
damper (Ikago et al. 2012), tuned inerter damper (Lazar et
al. 2016), tuned mass damper inerter (Marian and Giaralis
2014), and other lightweight-based tuned inerter systems
(Marian and Giaralis 2017, Chen et al. 2019, Zhao et al.
2019b). Evaluating from the specific control performances,
such as the displacement, acceleration, or the base shear
force measurements, existing research (Takewaki et al.
2012, De Domenico ef al. 2019a, Zhang et al. 2019, Zhao et
al. 2019a) has clarified the advantageous features that the
inerter systems achieve the lightweight control and the
improved vibration mitigation effect. Applicable to the
tuned viscous mass damper and tuned inerter damper, the
dashpot-deformation amplification effect represents their
basic benefit, with the dashpot deformation of the inerter
systems being larger than the deformation of the entire
inerter systems (Ikago et al. 2012, Zhang et al. 2020). The
amplified dashpot deformation definitely improves the
energy-dissipation efficiency for vibration control. Zhang et
al. (2020) derived a closed-form equation to quantify the
contribution of the inerter-system parameters to the
amplification effect of the dashpot-deformation. From the
perspective of the energy-based design, De Domenico ef al.
(De Domenico and Ricciardi 2018) designed an enhanced
base isolation system including the tuned mass damper
inerter by considering the energy-dissipation effect. Chen et
al. (2018) incorporated the soil effect into the inerter-based
structure and figured out the energy characteristics of the
controlled structures. Sugiura et al. (2020) invented a novel
inerter-based wave energy converter for the improved
power generation performance over a wide range of wave
frequencies. Inspired by the phenomenon of the energy
benefit of inerters, Zhao et al. (2020b) derived a closed-
form energy equation for a single-degree-of-freedom
(SDOF) structure, and theoretically revealed the fact that an
inerter inserted between the oscillating source and structural
mass exhibits a reduction in the input energy to lighten the
energy-dissipation burden of the entire controlled system
and to reduce the control force of the employed control
system. This considerable reduction in input energy of
inerter-based structures differentiates the inerter-based
control from the conventional dampers, which has great
potential to the performance-improved control for more
complex structures. Dealing with the control issue of the
adjacent structures, the reduction of input energy
transmitted into the controlled structures is a preferable
solution. However, a reasonable configuration of the inerter
system and its energy working basis are still unclear, which
motivates the proposed control system in the following
analysis.

In this study, a novel inerter-system chain (IS-chain) is
proposed for the adjacent structures, which forms a
configuration featuring an enhanced vibration control effect
and a reduction of input energy transmitted to the adjacent
structures. Stochastic energy balance analysis is performed
to derive a closed-form energy equation that reveals the

input-energy reduction principle of this inerter-system
chain. Comparative studies were conducted to investigate
the functionality of the inerter-system chain and its unique
advantages over the existing control devices, including the
viscous damper and single inerter system. Correspondingly,
an energy-based optimization strategy is developed with
simultaneous consideration of the displacement and energy
responses. Finally, numerical examples are presented to
validate the derived energy equation and proposed
optimization strategy.

2. Simulation for adjacent structures with inerter-
system chain

2.1 Single structure equipped with inerter

Subject to the base acceleration excitation a, in the
horizontal direction, a single structure equipped with an
inerter with inertance m;, can be represented by an SDOF
system, whose translation degree concentrates on the
structural mass m. The oscillating vibration u of the
structure is restricted by the structural damping ¢ and
stiffness k and the supplementary inerter. This mechanical
system is relabeled in a non-dimensional form, including

. ’k . .
the circular frequency wg, = p— the inertance-mass ratio

c

V=" and inherent damping ratio { Gmas)’

The governing equation of motion for a single
controlled structure (Fig. 1) is established according to the
dynamic equilibrium condition

(1 4+ v)it + 2{wott + wiu = —ay (1)

where u is the displacement of the equivalent mass of the
SDOF structure relative to the ground. Laplace
transformation (Crandall and Mark 2014) is used to rewrite
the Eq. (1) in an algebraic form

s2(1+v)U + 25¢woU + wilU = —A, )

where U and A, are the Laplace transformation forms of
u and ag, respectively; The notation s = iw, where i is
the imaginary unit and w is the circular frequency of
excitations. Solving the Eq. (2) with respect to U, the
structural dynamic response can be finally obtained.

m

L o

Fig. 1 Mechanical model of a single degree of freedom
structure with an inerter
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Corresponding transfer functions of the structural
displacement Hy, velocity Hy, and shear force Hgp are
determined by

on the primary structure u, and the adjacent structure ug.
The primary structure (P-structure) is characterized by the

Wo (257 + wy)

Hy(iw) = s - Hy(iw),
A3)

U 1
H [ = — = — ,
v(iw) Al i s2(14+v) + 25{wy + w§
wiU + 2sCw,U
Hgp(iw) = %
g s=iw

To provide an overall measurement for the dynamic
performances covering the entire frequency domain, the
mean-square quantities are derived for the displacement
response o7, velocity response oy, , and shear force
response 0% (Crandall and Mark 2014). The white noise
with a constant power spectra density, Sy, is considered as
the external excitation to simplify the stochastic response
analysis, which further facilitates the derivation of
analytical design formulae for the optimization of an
inerter-system chain. The derived mean-square results are
shown as

o? =J- |Hy(iw)|? Sydw,
02 = f |Hyat(i0) 2 Syl @

0'5217 =f |Hgp (iw)|? Spdw

and simplified by the analytical integration in Eq. (4)
(Crandall and Mark 2014)

AT Sy
=g = g,
2{w; 2(1 + v){wq 5)
,  mSy(1+40% +v)w,
OsF =

20(1 +v)

In terms of the uncontrolled original structure without
the inerter, the corresponding results, including the
displacement, velocity, and shear force, can be easily
obtained by substituting v = 0 into Eq. (5). Explained by
the analytical solutions in Eq. (5) to the dynamic responses,
the inerter directly connected to the ground or the mass
exhibits no contribution to the displacement control, while
observably depressing structural velocity (corresponding to
the power of energy dissipation) and shear force.

{(1 + V)i, + 2epw,Ty, + Wi, — ,u(iia - ilp) - wap(lla - u,,) - Ka)zz,(ua - up) = —a,
(B + V)il + 2Be 0wy, + O wiu, + ,u(ila - ilp) + Zfa)p(ua - up) + Ka)z%(ua - up) = —Ba,

2.2 Adjacent structures with inerter-system chain

2.2.1 Inerter-system chain and model of adjacent
SDOF struzctures
Two SDOF structures are adopted to represent two
adjacent structures, whose oscillating motions concentrate

{52(1 + VU, + 2s&,w,U, + 03U, — us?(U, — U,) — 2s&w, (U, — Uy,) — ki (U, — Up,) = —4,
s2(B + VU, + 2sBe,0w,U, + O wilU, + sz,u(Ua - Up) + 25§a)p(Ua — Up) + )c(u,z,(Ua - Up) = —BA,

- s2(1 +v) + 2s¢w, + wé

concentrated mass m,,, structural stiffness k,, and inherent
damping coefficient ¢,o, whereas the adjacent structure
(A-structure) is labeled by the concentrated mass m,,
structural stiffness k,, and inherent damping coefficient
Cao-

Born from the idea that employs a ground- or mass-
connected inerter for vibration control, an inerter-system
chain is introduced here, which basically consists of two
nerter-dashpot dampers installed in the P-structure and A-
structure, and an SDIS interconnected between the P- and
A-structures (Fig. 2). The named inerter-dashpot damper
refers to the parallel-spaced inerter with inertance m;,;
and dashpot with damping coefficient c;, where i = p and
a respectively represents the conditions for P- and A-
structures. Note that the contribution of the structural
inherent damping effect has been considered and involved
in the damping effect of the added dashpot. The SDIS refers
to a two-terminal inter-placed control system, the two
terminals of which is used to link the inerter with inertance
m;,, dashpot with damping coefficient c,;, and spring with
stiffness k; in parallel. The series arrangement of the
inerter-dashpot and SDIS constitutes the so-called inerter-
system chain, which is different from the widely analyzed
SDIS and tuned mass damper inerter for adjacent structures.
The proposed inerter-system chain can be realized by the
ball-screw based inerter-dashpot damper (Ikago et al. 2012)
that is connected with a spring in parallel. For construction,
the inerter-system chain is suggested to be installed in the
isolation layers of the adjacent isolated structures or on the
first floor of the adjacent buildings. Table 1 describes the
analyzed system (Fig. 2) in a non-dimensional form.

2.2.2 Governing equation and analytical solution

For the adjacent structures equipped with an inerter-
system chain, the governing motions concentrate on the two
degrees of freedom are given as

(6)

Inspecting this forced control system, the ag-induced
external force applied to controlled adjacent structures is the
same for the uncontrolled ones, which is not increased by
the additionally added inerter owing to its intrinsic mass
amplification effect. By means of the Laplace
transformation (Crandall and Mark 2014), the differential
Eq. (6) can be converted into an algebraic form

)
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O Inerter—system chain u

Fig. 2 Mechanical model of adjacent single degree of freedom structures with an inerter-system chain

Table 1 Parameters for adjacent structures controlled with inerter-system chain

Parameter Definition Description
P
k .
wp = Ep P-structural circular frequency
P-structure P
c
p,0 . .
&po = 2 Inherent damping ratio of P-structure
My Wp
ma
Structures B = m_p A-structural mass ratio
ka
A-structure Ma A-structural frequency ratio
g=2"= q Y
Wp
Ca0
& e . . _
@0 =5 m,0w, Inherent damping ratio of A-structure
Mip .
= Inertance mass ratio
mp
Ca . . .
§= 2m,w, Nominal damping ratio
kq
K=-— Stiffness ratio
ky
. Minp . .
Inerter-system chain U= . P-inertance mass ratio
1]
Min,a . .
= A-inertance mass ratio
My
c
4 . .
& = Mo Damping ratio of controlled P-structure
p%p
Ca
g =5 i i -
LY m,00w, Damping ratio of controlled A-structure

where U, and U, is the Laplace transformation forms of wu, and u,. As presented in Eq. (7), the concerned displacement
responses with respect to U, and U, are solved as

( _ —A, ((,u +v+ B+ w)s?+2(8+ B(E+0e))w,s + (k+ BB + K))a);)
Up(s) = a,s* + assd + ays? + a;s + aq ®)
iU o -4 ((u +P(A+u+v))+2(8+BE+Pe,)wps + (B + K+ ﬁ;c)wf,)
als) =

a,s* + ass® + a,s? + as + a
where the notations a, (n =0, 1, 2, 3, 4) are given as
(@a =v(l+v)+pA+u+v)+u(l+v+v)
[as =261+ B +v+v) +BO(L+p+v)eg + (B +p+v)e,)w,
a, = (u +v+r(1+v+v)+B(1+Kr+02(1+p+v))+4ée, + 400e,(¢ + sp))a)f, 9)

a; = 2(&+ BO%E + BO(L + K)e, + (BO? + k)&, )W
ao = (k + 62(1 + k) wi
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The relative deformation u, focusing on the distance

Ek,s(t) + Ee,s (t) + Ek,inerter (t) + Ee,SDIS(t)

variation between the P- and A-structures is defined in the +Egsp1s(6) + Eqp(t) + Eqa(t) = Efypye () (13)
Laplace domain
where
— _ t
Ur(5) = Uals) = U(s) a0 Fs(®) = | (iyiy + it}
0
Adopting the same concept for the Hy(iw) and t '
Hy(iw) in Eq. (3), the corresponding transfer functions for Ees(t) = f (upwz%up + uagzwzzzua)d‘f.
the controlled adjacent structures are determined in terms of o .
the displacement, velocity, structural shear force Hgr, and and  Ejppy (8) = f (itp + [;aa)agd-p
control force of the SDIS Hp 0
o Up(s) o Ug(9) N AO)
Hy (s)|s = iw = 2=, Hy (8)|s =iw = , Hy (s)|s =iw = )
0, )l YWE, 0.l WE 5, "G
o sUp(s) - sUg(s) - sU(s)
Hy (s)|s = iw = =22, Hy (8)|s =iw = , Hy (s)|s =iw = )
1 (S)] "e ()] "e 4w ()] "G -
) wiU, + 2s&g,w,U _ BO%2w2U, + 2B w,U,
HsF,p(lw) =—27r 2 L pl ) Hsp,a(lw) = - 2 i al ,
9 |s:ia) g |s=ia)
Hep (i) = s*uUy, + 2s§wp Uy + kwfUy|
Ag |s:im

where the scenarios for the P- and A-structures are
distinguished by the subscript “p” and “a”. The mean-
square structural dynamic responses are derived by random
vibration theory, including the aﬁp, o5, 05, a&p, oy,
0, Oérp, Odrq, and ofp. Employing the integration
process, the velocity responses (i.e., oﬁp, oy, and o7}) are
the derivation of energy equations in the next section
(Crandall derived in closed form for and Mark 2014)

are the structural kinetic energy, elastic strain energy, and
input energy, respectively

t
Eyinerter (£) = j (Ilpvilp + ugvii, + Ilr,uilr)d‘[
0
t

and E,gp;s(t) = f U, - Kwpt,dt
0

3. Reduction in input energy and optimal design
framework

3.1 Closed-form energy equation

The energy-based analysis yields an overall
measurement of the structural performance and energy cost
for the vibration control (De Domenico and Ricciardi 2019,
Javidialesaadi and Wierschem 2019). To characterize the
energy-related features of the controlled adjacent structures,
an energy analysis model is established by pre-multiplying

.. 0T . . .
Eq. (6) by {up,ua} , and then integrating over the time
domain. The ag-induced energy input into the entire
adjacent structures is evaluated as the sum of distributions

(k+B62 + ;c))z(aza3 —a,a,)w, +
A Ku+rv—282+ B0 u+v)+k(1+2u+v) —483) +
, .\ ((ﬁ Tt Butv)a - 2a, (ﬁZ(K Faep 4 02(1 + ) — 262) — 4B(1 + B)OEe, — 2529%5) “’5>
M = ao(aaza3 — aga3 — ajay)
(B + K + Br)*(azaz — a;a,)w, +
7S, 2 K — 282+ B2(1+pu— 282 + v+ k(1 +p +v)) + X (12)
, o \® <(“ AU+ ) Ay~ 2as <B(u 487 + (1 + 20 +0)) — 4B(L + P, — 2B28§> wp)
Wa = ao(ayaza; — aga3 — aja,)
(;32(—1 +6%)*(azaz — alazt)w;)t + )
afr _ 0 ao((v — Bv)?a; + 2Baz(—(—1+ 6% (v — pv) + 2p6%e2 — 4B0¢,e, + Zﬁsg)ws)

2_ 2
ao(aiazas — apaz — aia,)

are the kinetic energy of the inerters distributed on the
inerter chain and the elastic strain energy of the SDIS,
Eaqsois(8) = g e - 26wpiedr
Egp(t) = [J 1, 2ewpttydr ,  and  Ega(t) = [, -
2p0¢e,w,l,dT are the viscous damping energies dissipated
by dashpots in the SDIS, P-structure, and A-structure. t
denotes the duration of the integral, whereas 7 is the
integration variable. For a unit time, the integrated function
e, represents the rate of energy E, (i.c., the power) at the
time instance T, where the subscript “x” is a generic
symbol representing the different types of energies in Eq.
(13) (Uang and Bertero 1988, Reggio and Angelis 2015).
Correspondingly, the energy balance per unit time or the

respectively; and
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power balance can be established as (De Domenico et al.
2019b)

€k,s + €e,s + €k,inerter + €e,sDIS (14)
teqspis T eap t a4 = Cinput
Supposing a stochastic excitation a; in assumption of
ergodicity, the expectation operator E[-] is employed in the
integrated e, in Eq. (14). The input power and dissipation
power are evaluated, of which the expected values in the
stationary condition are summarized as (Reggio and Angelis
2015)

Eleqp] = 25pwa[upu,,] = 2$pa)pa§p,
Elega] = 2B0ewpEli i) = 2B0eqwpoi,

E[ed,SDIS] = szpE[urur] = szpo-lgr

(15)

and
E[ek,s] = E[ee,s] = E[ek,inerter] = E[ee,SDIS] =0 (l6)

consistently with the conservation of mechanical energy.
The non-zero items E[ed‘P] , E[ed‘A] , and E[ed,SDIS]
denote energy dissipation powers of the P-structure, the A-
structure, and the SDIS, sum of which composes the input
power of the entire controlled adjacent structures in the
stationary condition

E[einput] = E[ed,P]+E[ed,A] + E[ed,SDIS]
= 2¢w,07 + 2£pa)p0§p + 2B0¢,wp0y,

(17)

Substituting the closed-form expressions o7 , oy, and

aﬁr of Eq. (12) into Eq. (17), the power balance in the
stationary condition is finally reported in a concise manner.
In this process, the derivation of the formula involves
algebraic operations on symbolic variables, from which it is
not difficult to obtain the final expression

E[einput] = 28w,07 + 2£pa)p0§p + 2B0g,wp0y, = (S,) -

With regard to an uncontrolled P-structure, the original
input power can be directly obtained as a special case of Eq.
(18) by designating f =pu=v =v =0, which can be
expressed as

E[einput,o] = pr,owpax;p,o = 7Sy (19)
where the subscript ‘0’ refers to the uncontrolled one treated
as a reference in this study.

For a viscous damping element, its velocity response is
closely related to the dissipation power and the quantity of
dissipated energy. In this regard, the dimensional velocity
response ratios of the P-structure aj,, A-structure a,, and
the interspace a, are defined, whereas the normalized
Input Energy Index m is given as

GVP _ UVa

0v,,0

a ag, =
p ’ a o
Va,0

Qingjun Chen, Zhipeng Zhao and Ruifu Zhang

Y IAY
where o, o = |[—>, 0y o = |———. Note that the a,
b’ 2epwp a 2p0eqwyp

is defined by deriving the root mean square of the velocity
response of P-structure for the normalization. Dividing both
sides of Eq. (18) by 7S, the left-hand side is derived as

28wy0y, + 280,07 + 200,07,

Sy
2
— f O.‘ET va O-];a — 2 f 2 2 (21)
- E_ TSo TSo TSo =ar g_ + ap +ag
2epwp 2epwp 2p0eqwp P
and the right-hand side is
_ E[einput] _ E[einput]

T[SO E[einput,o] (22)

_ BHu+2Bu+v+pPA+u+v)
v+ )+ A+ u+v)+u(l+v+v)

Referring to the final results in Egs. (21) and (22), the
energy equation is finally read as

§

Y

af —+ag;+ai=n (23)

This energy equation is established on the basis of the
stochastic power balance of controlled adjacent structures
for a time instance, theoretically clarifying the quantitative
relationship between input power, dissipation powers of
various mechanical components, and parameters of inerter-
system chain. For the controlled or uncontrolled adjacent
structures subject to the same excitation (guaranteeing the
same duration), the explained theoretical basis of the power
is applicable for the understanding of the energy
relationship.

Inspecting the input energy index 7 in Eq. (22), the

B+u+2fu+v+p*(1+u+uv)

v(l+v)+ A +u+v)+u(l+v+v) (18)

input power, reflecting the total burden or the requirement
of energy dissipation, is basically determined by the entire
gravitational masses including those of P-structure and A-
structure, more importantly, is also positively related to the
employed inertances distributed among the inerter chain. In
this sense, the contribution of inerters for the input power
reduction differentiates the inerter chain-based adjacent
structures and conventional ones that only counts on the
gravitational masses.

Dealing with the potential of the inter-spaced inerter pu,
the partial derivative of 1 with respect to the p is given

_ 2
on__ = pv) <0 (24)
du B+u+pu+v+pv+(B+p+vv)?

UVr ) — E[einput] (20)

va,o E[einput,o]
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Table 2 Results of input energy index 7 for adjacent
structures with inerter-system chain in special cases

Special cases Input energy index 7

Uncontrolled o
adjacent structures p=v=v=0 1+5
Incomplete chain B? + 1
n=0 B+v 1+v
Controlled by Incomplete chain 148
inerter-system chain v=v=0
Complete chai 1+ p)?
ompe_ec ain a+p 148
H = 1+f+v+uv

which implies the fact that a larger inertance employed
between the two adjacent structure is beneficial to reduce
the input power and corresponding burden of the energy
dissipation. Table 2 summarizes the results of 7 in some
listed special cases, which can be unified in Eq. (23). It is
addressed that a complete inerter-system chain that directly
links the adjacent structure and oscillating source (ground)
is indispensable to reduce the input power and energy
burden. The detailed functionality of these inertances will
be discussed in the next section.

3.2 Dynamic performances of inerter-system chain

The installation of the proposed inerter-system chain
facilitates the adjustment of the energy (or power)
performance of the adjacent structures, which has been
clearly stated by the Eq. (23) for the first time. Counting on
the synthetic mechanism within the inerter-system chain,
especially the series-linked inerters, the oscillating adjacent
structures can be suppressed in an efficient manner. For
investigating the contribution of the inerter-system chain for
vibration control, comprehensive parametric analysis in
terms of the displacement, energy, and structural shear force
is conducted here, which also aims to seek a rational design
strategy.

The energy performance is evaluated by the defined
measurements, including the a for P-structure, ag for A-

structure, and a? Ei for the inter space. For the displacement
P

performance, structural displacement ratios, ¥, ¥4, and ¥
are considered together, respectively denoting the condition

of P-structure, A-structure, and the interspace

oy (o] lo]

_ 14 _ JUg _ “Ur

Yp - ) Ya = 4 Yr = (25)
Oup,0 04,0 9y,.,0

The structural shear force ratios are given for the
adjacent structures, Aspjp and Agp,, whereas the control

force ratio Acp, namely evaluating the control cost, is
defined for the SDIS

Osrp OsF,a
ASF.p =— )ISF,a =— Acr =

OsF,po OsSF,a0 OsF,po

(26)

Unless otherwise stated in this research work, the
subscript “0” represents the corresponding condition of the
uncontrolled structure. The Aqr is normalized by dividing
the structural shear force of an uncontrolled P-structure.
These representative indices associated with the dynamic
performance of inerter-based adjacent structures are
summarized in Table 3.

3.2.1 Contribution of inter-placed inerter

Taking 6 = 0.70 for instance of a flexible adjacent
structure, three representative adjacent structures are
considered, including 8 = 0.75 (Case I), f = 1.00 (Case
II), and f = 1.25 (Case III). The inherent damping ratio of
the original uncontrolled structures is assumed as &, =
£q,0 = 0.02. The contribution of the inerter in SDIS for
vibration control is evaluated systematically from the
perspective of the mentioned energy, displacement,
structural shear force, and control force (see Table 3). The
variations of concerned indices are calculated with
continuously changed pu (inerter) by means of the solutions
in Section 2.2.2. Fig. 3 shows the corresponding results in a
line-plot for inerter-system chain with &, = ¢, = 0.05 and
v =v = 0.25 for instance. The analyzed variation trend
and principle are applicable for the other parameter sets. In
this precondition, the inter-placed linking spring and
dashpot, respectively denoted by x and &, are optimized
by minimizing the dissipation power (or the burden) of the
P-structure for providing an optimal performance to the
primary structure for instance. With the aid of a larger
inertance u employed in the SDIS, the flexible A-structure
exhibits lower dynamic responses in terms of the dissipation
burden (Fig. 3(a)), displacement (Fig. 3(b)), and shear force

Table 3 Evaluation indices for adjacent structures with inerter-system chain8

Index Description
) Yps Ya Displacement response ratio of P- and A-structures
Displacement ) ) ) )
Vr Relative displacement ratio of inter space
. Askps Aska Structural shear force ratio of P- and A-structures
orce
Acr Control force ratio of SDIS
arz,, a? Dissipation power ratios of P- and A-structures

g - .

Energy : Dissipation power ratio of SDIS

P
n

Input energy (or power) index
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azz,, and a?2; (b) displacement ratios ¥, ¥p, and ¥,; (c) structural shear force ratio Osp,, and Ogp q; (d) structural

control force ratio 6.5

(Fig. 3(c)). At the same time, the relative oscillating
vibration between the adjacent structure is suppressed
effectively, which results from the improved dissipation
power of the SDIS and a stronger interconnection SDIS
enhanced by the increased u. Owing to this increased u,
more energy is filtered into the P-structure, which causes a
slight increase of the displacement and shear force
responses. Dealing with this accompanying and negative
influence, a performance-demand-based design is suggested
to determine the employed inerter of SDIS providing target
performances for adjacent structures. Apart from the
contribution to the control performance, it is consistent with
the derived energy equation that the energy dissipation
burden is reduced by the increased u, correspondingly
saving the control cost evaluated by the control force in Fig.
3(d).

3.2.2 Contribution of end-placed inerters

To scrutinize the correlation control effect of the end-
placed inerters, i.e., the v for the P-structure, and v for
the A-structure, the variations of systematical dynamic
performances against variable v and v are calculated and
visualized in surf- and bar-forms in Fig. 4. The adjacent
structure in Case I is considered for illustration, where the
inertance-mass ratio g = 0.25 and corresponding x and
¢ are selected from the optimization results in Fig. 3, for
the trade-off control of both the P- and A-structures. For the
energy performance in Fig. 4(a), the collaboration of the
two end-placed inerters notably lightens the entire input
power 1 (related to total input energy) from 1.75 to 0.82.

Especially, the energy dissipation burden imposed on the
adjacent structures is reduced continuously. In terms of the
SDIS, its functionality for energy dissipation and vibration
control is enhanced in Fig. 4(b), where the percentage
dissipation power contributed by the SDIS is nearly doubled
(from 0.21 to 0.39). Benefitting from the advantage that less
energy is input and required for dissipation, the
displacement and structural shear force responses are
suppressed by the end-placed inerters. Especially indicated
by the yellow and black arrows in the Fig. 4(c) and (d), the
inerter v for the flexible A-structure is dominant to
remarkably reduce the displacement and shear force
responses. The implementation of this inerter can be viewed
as the increase of the tuned mass without any gradational
quantity, correspondingly resulting in this reduction.
Concomitantly, the increase of v is accompanied by a
larger relative oscillation between the adjacent structures,
while the increased y, is still lower than the controlled
adjacent structures without the aid of v and wv.

3.2.3 Contribution of stiffness and damping effects
in SDIS

Given that the series linked inerter is beneficial for
multi-objective control of the adjacent structures, it is useful
for completeness to investigate the variation pattern of the
concerned dynamic performances against the variable
stiffness ratio k¥ and nominal damping ratio ¢. The Case I
is considered for the inerter-chain with medium inertances
(u =v =v = 0.25) selected from the parametric analysis
above, of which the results are plotted in a surf form in
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Fig. 4 Plots of dynamic performances for the adjacent structures in Case I controlled by the inerter-system chain for &, =

g,=01, k=01, §=0.1, u=0.25, v € [0,1.0],and v € [0,1.0]. (a) Structural power ratios a? é, a5, and aZ;

¢

(b) ratio of dissipation power of SDIS a? = to the input energy index 7; (c) displacement ratios ., ¥p, and ¥g; (d)
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structural shear force ratio Osr,, and Ogp g

Fig. 5. By inspection of the energy (Fig. 5(a)), displacement
(Fig. 5(b)), and structural shear force (Fig. 5(c))
performances, it is noted that the locations of the minimum
Yp (marked by a white triangle), ag, and Agp, almost
coincide with each other, at the same time referring to the
areas denoting low dynamic responses of the A-structure.
Concomitantly, the SDIS exhibits a high efficiency of
energy dissipation, a limited relative deformation, and a
low-level control force (Aqr = 0.25 in Fig. 5(d)). To
investigate the applicability of obtained results under the
assumption of white-noise for the case of seismic
excitations, a filtered white noise using the Kanai-Tajimi
filter for the firm soil condition (Kiureghian and
Neuenhofer 1992) is adopted for comparison. Considering
the two types of excitations, the energy-based performances
of the P- and A-structures are shown in Fig. 6. By
investigating the results of the @} and a3, it can be found
that the dynamic performances of inerter-based adjacent
structures subject to the filtered white noise are close to
those of the white-noise case. Given the same variation
patterns of the @} or aZ against the x and ¢ in the
cases of two excitations, the assumption of white noise can
bring about a satisfactory optimal design of an inerter-
system chain for building structures subject to seismic
excitations. The parametric analysis results, especially the

preselected optimal condition of the inerter-system chain,
can facilitate the optimal design in the next section.

3.3 Design formulations

Following a phenomenon-inspired design philosophy,
the optimal design of the proposed inerter-system chain
requires the meet of the control requirement with a tradeoff
between the structural performance and the control burden
of the energy dissipation, potentially reducing or even
avoiding structural damage due to the excessive energy
accumulation. Before the optimization, the undetermined
key parameters should be clarified for the inerter-system
chain, which includes the v and ¢, for the P-end of the
chain, the v and g, for the A-end of the chain, and u, ¢,
and x for the SDIS. As revealed in the derived energy Eq.
(23), the input and dissipation powers are dependent on the
parameters of the inerter-system chain, especially the
inertance ratios. In this situation, it is a priority that the
input power of the entire adjacent structures or the
dissipation power contributed by the P- or A-structures
should be minimized in the premise of representative
control target. Considering the similar variation pattern of
the displacement and structural shear force responses, the
displacement performance, i.e., the y,, ¥, and y, are
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selected as for a systematical evaluation. In summary, a
nonlinear constrained single-objective optimization problem
is established for multiple variables

minimize Energy control cost

n,azz,,aé,ori;‘j
Yo < Vpi (27)
subjectto {Vr < Vit
ya S ya,t

(AL}
t

where the subscript denotes the target demand of the
displacement. The energy performance, related to the P-, A-
structures, and their interspace are all optional selections for
the optimization, whereas the P-structure is suggested
according to the results from the parametric analysis. In this
design condition, the minimization of the aj is
theoretically equivalent to the equilibrium condition (see
Fig. 5) that the partial derivatives of a3 with respect to the
¢ and Kk are set zero. Eq. (27) is rewritten in the
mathematical form as

( minimize Energy control cost - a3

yp < yp,t
subjectto {Vr < Vit
Ya S Ya,t

to which the solution has been highlighted by the white
triangle in Fig. 5. This optimization problem can be also
solved in a numerical form by using the standard pattern
search algorithm “fmincon” in MATLAB® to determine
optimal parameters. The Kanai-Tajimi model (Kiureghian
and Neuenhofer 1992) can be employed as excitations for
this numerical optimization to simulate the seismic ground
motions.

Apart from the numerical solution above, an analytical
design formulation is given for the conceptual design and
understanding. Substituting the closed-form expression of
0§p (related to 0(12,) of the Eq. (12) into the Eq. (27), the
values of & and k can be determined theoretically,
although the detailed expression is complicated.
Considering a simplified condition where the damping
ratios added to the P- and A-structures are assumed zero
& = €, =0, the ¢ and k can be preliminary designed as

5t 0% T
Yo < Vot (28)
Lsubject to {Vr < Vie
Ya S ya,t

-

(aa;_ 6a2§_0
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which can be further used as the optimized relationship
between the &, k, and u. Given the benefit of end-placed
inerters for the reduction in the input power and shear force
as shown in Egs. (5) and (18), two end-placed inerters with
large inertances are accompanied by a significant reduction
effect. As revealed in the closed-form energy Eqs. (5) and
(23), the increase of inertance implemented for the
grounded inerter is accompanied by a significant reduction
of input energy. The related inertance-mass ratios, v and
v, are optimized to the upper boundary of their feasible
domain. In practice, the value of this upper boundary can be
determined on the basis of the feasibility of processing an
inerter device with such a large inertance. The inertance-
mass ratio u of the SDIS can be optimized by solving the
design Eq. (27) to meet the constraint condition of the target
control demand.

4. Design examples

Employing the energy-based optimal design principle,
typical adjacent structures are controlled by the designed
inerter-system chain to pursuit dual benefits of the
displacement and energy performances. Comparative
studies between the inerter-system chain and the dashpot-

\ ZJ(l+ﬁ)2(1+ﬁ62)(1+,8+v+v)(1/(1+v)+ﬁ(1+y+v)+u(1+v+v))

spring system are performed to distinguish the functionality
of inerter-chain. Consider the analyzed Case I with 6 =
0.70 and S = 0.75, the displacement constraint target is
determined as 0.75 in Case A and 0.65 in Case B, where the
end-placed inerters v and v are, respectively, optimized to
their upper boundaries (Zhao et al. 2020b) as 0.25 and 0.50.
The primary structure is described with structural mass
my, = 20 ton (Zhang et al. 2020) and oscillating period 1.0
s. Dealing with the targeted investigation of the inerters
among the inerter-system chain, the damping ratio f the
controlled P- and A-structures are assumed &, = &, = 0.05
as same as the inherent damping ratio of uncontrolled ones.
In light of the determined values of y, in each case, the
undetermined SDIS in the inerter-system chain is designed
by minimizing the entire input energy n and obtained by
solving the design problem in Eq. (27). As summarized in
Table 4, the combination of a series of large inertances v,
v, and optimized p are beneficial to reduce the energy
transmitted to the entire adjacent structures (corresponding
to low 1). Note that the ¢ and k designed by Eq. (29)
match the numerical results, implying that analytical design
formulations derived for zero-damped adjacent structures
potentially reveal the optimized relationship between the
undetermined g, &, and x. And the design criterion of
minimization of 7 yields a rational approach to design the

Table 4 Designed inerter-system chain parameters and structural response results

Pre-specified Series inerters SDIS
Case IDS n
Yot Yat v v u ¢ K
Case A 0.75 0.75 0.25 0.25 0.381 0.095 (0.104)* 0.373 (0.374) 1.365
Case B 0.65 0.65 0.50 0.50 0.148 0.087 (0.097) 0.201 (0.207) 1.119

*The values in the small brackets are calculated from Eq. (29)
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u. By the inspection of the optimized non-zero p, the inter-
placed inerter forming a complete inerter-chain is necessary
to lighten the energy-dissipation burden imposed on the
entire controlled structures.

Adopting the designed inerter-system chain in the
stochastic response analysis, the control characteristic of the
proposed inerter-system chain is the frequency domain,
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where the dashpot-spring system with the same parameters
as the SDIS is analyzed for comparison. For Case B in Figs.
7(a)-(d), the inerter-system chain and the dashpot-spring
system supply similar effectiveness for displacement
reductions, while the former exhibiting lower velocity
(energy) responses of the P-, A-structures, and the relative
distance. A complete inerter chain facilitates the
characteristic, including the tuning effect, the complete
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Fig. 10 Normalized energy curves and hysteretic curves of adjacent structures with and without an inerter-system chain

under excitation of the white noise

entire adjacent structures. By the adjustment of the inertial
possibility to improve the energy performance of the
inerter-chain is preferred to suppress the peak response to
avoid resonant vibrations shown as the two peaks of P- and
A-structures in Figs. 7(a)-(b). For the distribution pattern in
the frequency domain, the inerter-system chain is more
effective in the resonant and high-frequency band, because
of the implementation of an inter inerter.

To intuitively view the energy performances, the time
history and energy-balance analyses were conducted for
verification. Taking the white noise and the typical seismic
ground motion from the El Centro earthquake as examples,
the displacement, energy, and hysteretic curves are plotted
in Fig. 8 to Fig. 10. The intensity measure of the
excitation(for instance, the peak ground acceleration) does
not affect the results in terms of vibration control ratios,
under the assumption of the postulated linear behavior of
the controlled systems. As highlighted by the displacement
response ratio y in the legend, the provided displacement
performance matches the target demand. This indicates that
the derived design formulae and developed design in
Section 3 under the assumption of white-noise excitation
can bring about a satisfactory performance for structures
subject to real seismic excitations. Compared with
uncontrolled adjacent structures, the inerter-system chain
significantly reduces the entire input energy, with the less
dissipated energy of the primary structures (marked by the
arrows in Fig. 10). The reduced energy dissipation burden is
also accompanied by the reduced deformation and saved
damping force of primary structures.

5. Conclusions

This study proposed a novel configuration represented
by adjacent structures coupled with an inerter-system chain
that includes two end-placed inerter-dashpot dampers and
one inter-placed SDIS. Stochastic energy balance
establishes the theoretical basis of input-energy reduction
principle for the developed inerter-based adjacent
structures, successively yielding an energy-based design for
the inerter-system chain. The main conclusions of this study
can be drawn as follows:

e A complete inerter-system chain that composes three
inerters in series exhibits a significant multi-
reduction in the structural displacement, shear force,
and dissipation energy burden. Particularly, the
effectiveness of reducing the vibrational energy
transmitted into the entire structures counts on the
series inerter-chain, which differentiates the
proposed chain from alternative layouts.

e Derived closed-form energy equation theoretically
establishes the relationship between the input power,
dissipation powers of adjacent structures and SDIS,
and key parameters of the inerter-system chain in a
quantitative manner. Revealed by the equation, the
three inerters cooperated by the parallel spring adjust
the distribution of the energy dissipation burdens
among the damping elements in the considered
system, which facilitates the minimization of the
input power.

e Pursuing the energy-based advantageous features of
the inerter-system chain, the proposed design
framework is capable of minimizing the input energy
that is equal to the total energy-based control cost,
with target displacement-demand satisfied. This
design method essentially supplies a proper
approach to apply the proposed inerter-system chain
for the reduced control force and energy dissipation
demand.

e Validated by numerical examples, the analytical
design equations derived on the zero-damping
assumption can be applied to describe the optimized
relationship between the key parameters of the
SDIS. The obtained results of this study are based on
the adjacent SDOF structures in a linear state. The
application of the inerter-system chain can be
extended into a more complex form for multi-degree
of freedom structures with nonlinear behavior and
will be studied in the future.
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