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1. Introduction 

 
Nowadays the use of sandwich composites and 

structures is approved by manufacturers due to weight loss 
and increased strength and safety. These structures are a 
great alternative to conventional metals used in the industry. 
Sandwich structures include three layers that consist of two 
layers of hard material with high elasticity modulus and, a 
light, soft core layer with very low elasticity modulus 
compared to the top and bottom layers. In many cases the 
core is most important part of the sandwich structures due 
to its mechanical properties therefore; in this article 
honeycomb core is applied. Honeycomb cores are widely 
used in the aerospace industry because of their weight and 
the ability to save on structure. It should be noted that 
honeycomb cores are produced in various forms, which 
hexagonal type has the most used. In 1915 Hugo Junkers 
who was German engineer explored the idea of a 
honeycomb core within a laminate structure and then 
patented the first honeycomb cores for aircraft applications. 
He described in detail the positive benefits of honeycomb 
structure rather than fabric-covered aircraft structures by 
metal sheets. In the early 1990s, Lorna and Gibson (1989) 
wrote a book entitled “cellular structure” on porous, foam 
material and honeycomb structure and examined the 
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different properties of these materials under different 
conditions, then Fu and Yin (1999) improved these relations 
and expressed Gibson’s modified equations. Torabi et al. 
(2019) examined vibration analysis of a sandwich plate 
which consisted of homogeneous isotropic face sheets and 
cantilever trapezoidal honeycomb core. The plate has been 
modeled based on aerodynamic pressure of external flow 
with the desired flow. Yongqiang and Dawei (2009) 
investigated vibration behavior of a symmetric honeycomb 
in a sandwich panels. This structure is assumed to be acted 
by water. They used the Gibson’s relations to determine 
mechanical properties. Şakar and Bolat (2015) have studied 
vibration of honeycomb sandwich beam that was made by 
aluminum. They used the continuum and 3D model. Then 
they compared this research result with experimental 
finding. Zhang et al. (2017) analyzed the free vibrations of 
sandwich beams that the core is made of combination of 
honeycomb and corrugation. They used finite element 
method to predict their mode shape and natural frequencies. 
Cheng et al. (2016) examined the vibration of sandwich 
beam consisted of honeycomb core and homogenous thin 
facesheets. They used Ritz method to solve the governing 
equations. 

Centuries ago, people used the effective of piezoelectric 
properties and later this effect was named piezoelectricity 
by a Scottish physicist. The first time effect of piezoelectric 
was introduced by Ren-Just Hay a French miner. Yue et al. 
(2016) have studied about a micro scale beam modeled by 
piezoelectricity. They also obtained free vibration and static 
bending from a simply supported piezoelectric nano beam. 
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Amir et al. (2018) investigated the buckling of sandwich 
plate with piezoelectric facesheets and nanocomposite core. 
They assumed there was the flexoelectricity effect in each 
layer also they used the first order shear deformation theory 
to analyze the critical buckling due to its more accurate 
result. Ghorbanpour Arani et al. (2018) presented vibration 
response in a sandwich plate with nano composite 
facesheets, which included carbon nano tube and 
piezoelectric matrix and also magneto rheological fluid 
core. Magnetic and electric fields were applied to this 
structure then they examined the influence of these fields 
and geometrical parameters on nondimensional natural 
frequencies. Arefi and Zenkour (2017) have studied bending 
behavior a sandwich nano plate which integrated with 
piezoelectric facesheets and affected by temperature load 
and applied voltage. Arshid and Khorshidvand (2018) 
examined the free vibration behavior on a circular plate 
which the core and the facesheets consist of porous material 
and piezoelectric actuators, respectively. They have 
neglected of shear deformation due to the low thickness of 
the structure in classical plate theory. 

One of the most important and accurate sandwich 
structures’ theories that investigate the deformations and 
strains in each layer is higher-order sandwich panel theory 
(HSAPT). In this theory there are interlaminar stresses 
between a layer in structure with its top and bottom layers 
and actually must be stress continuity condition in it, but the 
mechanical properties are different in contiguous layers, 
thus the stiffness matrixes in these two layers are been 
different. Since the stresses are equal, but the stiffness 
matrixes are different, consequently the strains in two 
contiguous will not be equal. 

This theory was introduced by Frostig et al. (1992) in 
1990s for the first time, thus this was called Frosting theory. 
He also considered the flexibility of the core in this theory. 
The sandwich beam that he studied included a soft, thick 
core to its facesheets. In another work, Frostig and 
Thomsen (2004) presented this theory for free vibration of 
sandwich panels. They calculated governing equations of 
the structure in two different ways and derived analytically 
answer of equations for a simply supported sandwich plate. 
Malekzadeh et al. (2005) investigated the vibrations of 
sandwich panels with viscoelastic flexible core. They 
improved the Frosting theory and the most important 
difference is the displacement field for the facesheets. This 
theory was called improved higher order sandwich panels 
theory (IHSAPT) and has been used in various articles. For 
example, Moradi-dastjerdi and Malek-mohammadi (2016) 
have studied buckling behavior of a sandwich plates with 
nano composite facesheets and composite core by using the 
IHSAP theory and used the Navier’s method to solve the 
equations. They considered third order theory in each layer. 
Biaxial wrinkling and bending analysis in a sandwich plate 
with soft core using IHSAP theory were investigated by 
Khalili et al. (2013) and Kheirikhah et al. (2012a), 
respectively. Also, Salami et al. (2016) used this theory for 
bending analysis of sandwich beams with moderately thick 
facesheets and they had considered the compatibility 
conditions at the interfaces, also they solved the equations 
by using the Navier’s method. 

Controllers are just like communication devices to the 
systems and a controller is like an industrial process 
mastermind. The control operation is as follows, the 
vibrational movements of the structure are sensed by 
piezoelectric sensors and then the corresponding control 
signal will be sent to the actuator to obtain a damped 
response. Yiqi and Yiming (2010) studied about active 
vibration control and nonlinear dynamic responses for a 
kind of plate with piezoelectric functionally graded (FG) 
material. They considered the negative velocity feedback 
control algorithm to perform nonlinear active vibration 
control in that structure. AkhavanAlavi et al. (2019) 
presented a micro Reddy beam with piezoelectric facesheets 
reinforced by carbon nano tubes and the facesheets are 
made by sensor and actuator. They used the LQR algorithm 
to control vibrations and find an appropriate feedback 
controller. In the other work vibrations analysis of sandwich 
microplates with sensor and actuator facesheets and 
nanocomposite core are investigated by Ghorbanpour Arani 
et al. (2016a). The structure was rested on orthotropic 
Pasternak foundation. They employed a partial- differential 
(PD) controller in order to control the frequency by closed-
loop control sensors and actuators. Also, Phung-van et al. 
(2015) investigated analysis of composite plates which 
integrated piezoelectric sensor and actuator facesheets layer 
and a composite layer at the core. They applied a third-
order shear deformation theory to show the displacement 
field. In addition, a velocity feedback control algorithm 
through a closed-loop control with bonded distributed 
piezoelectric sensors and actuators was used for the active 
control of this structure. The thermal vibrations analysis of 
functionally graded (FG) shell included magnetostrictive 
layer using the generalized differential quadrature (GDQ) 
method was presented by Hong (2013). The FGM shell was 
analyzed with and without negative velocity feedback under 
conditions of different magnetic field values. The results of 
this work have been shown by velocity feedback and 
choosing an appropriate controller. Nezami and Gholami 
(2015) studied the properties of active aerostatic vibration 
and vibration control of sandwich panels which has three 
types different honeycomb models. They used linear 
quadratic regulator (LQR) optimal control method for 
vibration control. This sandwich panel is composed of 
piezoelectric surfaces, with the actuator and sensor on the 
top and bottom layer, respectively. 

The literature review by the authors showed that no 
researcher provided a study about sandwich beam with the 
following given specifications, so the authors motivated to 
conduct it. The current study is aimed to analyze vibrations 
of a three-layered sandwich beam with a honeycomb core 
made of aluminum and PZT4 piezoelectric face sheets and 
presented a higher-order beam theory. The piezoelectric 
face sheets are affected by the PD controller, which can be 
effective on the frequencies. The structure is also placed in 
a thermal and viscoelastic environment. The main novelties 
of the present research lay in the displacement continuity 
equations at the interfaces. This continuity theory is more 
close to the real conditions and provides an accurate answer 
to the equations. This type of honeycomb structure with the 
PD controller and by using this displacement theory had 
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been never investigated. The findings of this work will help 
to design and create more optimal engineering and smart 
structures such as sensors and actuators, as well as the 
honeycomb structures due to the light constructions, are 
applied in air vehicles. 

This article has been investigated the free vibration 
analysis of a sandwich beam with honeycomb core and the 
piezoelectric layers. This beam is rested on elastic 
foundation, also the effect of thermal load on stresses of 
layers and effect of electric field on the sensor and actuator 
layers is assumed. This sandwich beam is affected by a 
simple control algorithm, PD controller and the amount of 
control gain could affect the vibration frequencies. This 
paper has been tried to use the newest theories includes 
IHSAPT, that considers the effect of all stress conditions 
and the flexibility of the core. This article has analyzed the 
free vibrations of this sandwich beam by means of Navier’s 
solution method. The results of this study show the effect of 
different parameters such as cell angle, internal aspect ratio 
and value of cell thickness and geometrical parameters are 
considered and can be concluded by enhancing the core 
thickness, the beam natural frequency increased. 

 
 

2. Mathematical formulation 
 
The sandwich beam is composed of two piezoelectric 

layers at the top and bottom and a honeycomb core. ht, hb, 
and hc are the thicknesses of the top, bottom facesheets and 
core, respectively, also the total thickness and the length of 
the beam are indicated by H and L, respectively. This 
structure is rested on the viscoelastic substrate as it is seen 
in Fig. 1. 

 

 
2.1 Kinematic relations 
 
In this section, the displacement fields for core and 

facesheets are based on IHSAP theory. As mentioned the 
core’s thickness is more than its facesheet. The 
displacement field in the thickness direction is higher order 
at the core so the displacement fields for the each of layers 
are obtained in Eqs. (1)-(2), respectively (Khalili et al. 
2013). 

 𝑢௖(𝑥, 𝑧, 𝑡) = 𝑢଴௖(𝑥, 𝑡) + 𝑧𝑢ଵ௖(𝑥, 𝑡)                        +𝑧ଶ𝑢ଶ௖(𝑥, 𝑡) + 𝑧ଷ𝑢ଷ௖(𝑥, 𝑡) 𝑤௖(𝑥, 𝑧, 𝑡)= 𝑤଴௖(𝑥, 𝑡) + 𝑧𝑤ଵ௖(𝑥, 𝑡) + 𝑧ଶ𝑤ଶ௖(𝑥, 𝑡) 
(1)

Fig. 1 Geometry of a sandwich beam resting on viscoelastic 
foundation

 
 
u0c and w0c are the in-plane and vertical displacement in 

x and z directions, respectively. (u1c, u2c, u3c, w1c, w2c) are the 
unknown displacements that calculated by using the 
displacement continuity condition at the top and bottom 
interfaces. 

 𝑢௜(𝑥, 𝑧, 𝑡) = 𝑢଴௜(𝑥, 𝑡) + 𝑧𝑢ଵ௜(𝑥, 𝑡) +𝑧ଶ𝑢ଶ௜(𝑥, 𝑡) + 𝑧ଷ𝑢ଷ௜(𝑥, 𝑡) 𝑤௜(𝑥, 𝑧, 𝑡) = 𝑤଴௜(𝑥, 𝑡) 
(2)

 
u0 and w0 (i = t, b) are the in-plane and vertical 

displacement in x and z direction, respectively and also 
other parameters (u0, u1, u2) are unknown in-plane 
displacements (Khalili et al. 2013). 

The facesheets and core linear strain relations can be 
defined as 

 
 
2.2 Compatibility equations 
 
In this theory, the core and facesheets are fully bonded. 

So, there are displacement continuity equations between the 
interfaces which can be obtained as follows (Dariushi and 
Sadighi 2015). 

 𝑢௧ ൬𝑧௧ = − ℎ௧2 ൰ = 𝑢௖ ൬𝑧௖ = ℎ௖2 ൰ , 𝑢௕ ൬𝑧௕ = ℎ௕2 ൰ = 𝑢௖ ൬𝑧௖ = − ℎ௖2 ൰ 𝑤௧ ൬𝑧௧ = − ℎ௧2 ൰ = 𝑤௖ ൬𝑧௖ = ℎ௖2 ൰, (4)

𝜀௫௫௖ = 𝜕𝑢଴௖(𝑥, 𝑡)𝜕𝑥 + 𝑧 ቆ𝜕𝑢ଵ௖(𝑥, 𝑡)𝜕𝑥 ቇ + 𝑧ଶ ቆ𝜕𝑢ଶ௖(𝑥, 𝑡)𝜕𝑥 ቇ + 𝑧ଷ ቆ𝜕𝑢ଷ௖(𝑥, 𝑡)𝜕𝑥 ቇ𝜀௭௭௖ = 𝑤ଵ௖(𝑥, 𝑡) + 2𝑧𝑤ଶ௖(𝑥, 𝑡) 𝛾௫௭௖ = 𝜕𝑤଴௖(𝑥, 𝑧, 𝑡)𝜕𝑥 + 𝑧 ቆ𝜕𝑤ଵ௖(𝑥, 𝑧, 𝑡)𝜕𝑥 ቇ + 𝑧ଶ ቆ𝜕𝑤ଶ௖(𝑥, 𝑧, 𝑡)𝜕𝑥 ቇ + 𝑢ଵ௖(𝑥, 𝑡) + 2𝑧𝑢ଶ௖(𝑥, 𝑡)             +3𝑧ଶ𝑢ଵ௖(𝑥, 𝑡) 𝜀௫௫ = 𝜕𝑢଴(𝑥, 𝑡)𝜕𝑥 + 𝑧 ቆ𝜕𝑢ଵ(𝑥, 𝑡)𝜕𝑥 ቇ + 𝑧ଶ ቆ𝜕𝑢ଶ(𝑥, 𝑡)𝜕𝑥 ቇ + 𝑧ଷ ቆ𝜕𝑢ଷ(𝑥, 𝑡)𝜕𝑥 ቇ 𝜀௭௭ = 0 𝛾௫௭ = 𝜕𝑤଴(𝑥, 𝑧, 𝑡)𝜕𝑥 + 𝑢ଵ(𝑥, 𝑡) + 2𝑧𝑢ଶ(𝑥, 𝑡) + 3𝑧ଶ𝑢ଵ(𝑥, 𝑡) 

(3)
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𝑤௕ ൬𝑧௕ = ℎ௕2 ൰ = 𝑤௖ ൬𝑧௖ = − ℎ௖2 ൰ (4)

 
2.3 Continuity equations 
 
As mentioned, the innovation of this theory is the 

investigation of the displacement continuity equations at the 
interfaces, in other words, the stress continuity at interfaces 
should be exist (Moradi Dastjerdi et al. 2016). 

 𝐶ହହ௧𝛾௫௭௧ ቀ𝑥, 𝑧 = ℎ೟ଶ ቁ = 𝐶ହହ௖𝛾௫௭௖ ቀ𝑥, 𝑧 = − ℎ೎ଶ ቁ  𝐶ହହ௕𝛾௫௭௕ ൬𝑥, 𝑧 = − ℎ௕2 ൰ = 𝐶ହହ௖𝛾௫௭௖ ൬𝑥, 𝑧 = ℎ௖2 ൰ 
(5)

 
And the transverse shear stresses are assumed to be zero 

at the external surface. 
 𝐶ହହ௧𝛾௫௭௧ ൬𝑥, 𝑧௧ = ℎ௧2 ൰ = 0, 𝐶ହହ௕𝛾௫௭௕ ൬𝑥, 𝑧௕ = − ℎ௕2 ൰ = 0 

(6)

 
According to the above equations can be concluded the 

transverse shear strains are equal to zero at external 
surfaces. 

 𝛾௫௭௧ ൬𝑥, 𝑧௧ = ℎ௧2 ൰ = 𝛾௫௭௕ ൬𝑥, 𝑧௕ = − ℎ௕2 ൰ = 0 (7)

 
2.4 Stress-strain relations 
 
2.4.1 Honeycomb core 
The strain-stress relations are used to obtain stresses 

corresponding to strains. The strain stress relation of the 
honeycomb core is shown according to Hooke’s law 

 ൥𝜎௫௖𝜎௭௖𝜏௫௭௖൩ = ൭𝐶ଵଵ௖ 𝐶ଵଷ௖ 0𝐶ଵଷ௖ 𝐶ଷଷ௖ 00 0 𝐶ହହ௖൱ ൝𝜀௫௫௖𝜀௭௭௖𝛾௫௭௖ ൡ (8)

 
And Cij are stiffness matrices components that have 

been shown in composite references, thus it can be obtained 
as follows 

 𝐶ହହ௖ = 𝐺௠,     𝐶ଵଷ௖ = 𝜈௖𝐶ଵଵ௖,    𝐶ଵଵ௖ = 𝐶ଷଷ௖ = 𝐸௖1 − 𝜈௖ଶ (9)

 
2.4.2 Piezoelectric facesheets 
The strain-stress relations are also shown for the 

piezoelectric facesheets (Fallah and Ebrahimnejad 2014) 
 ൤𝜎௫𝜏௫௭൨ = ൬𝐶ଵଵ 00 𝐶ହହ൰ ൜𝜀௫௫𝛾௫௭ ൠ − ൬ 0 𝑒ଷଵ𝑒ଵହ 0 ൰ ൜𝐸௫𝐸௭ ൠ (10)

 ൤𝐷௫𝐷௭ ൨ = ൬ 0 𝑒ଵହ𝑒ଷଵ 0 ൰ ൜𝜀௫௫𝛾௫௭ ൠ − ൬𝑘ଵଵ 00 𝑘ଷଷ൰ ൜𝐸௫𝐸௭ ൠ (11)

 
k11, k33 and e31, e15 are dielectric and piezoelectric 

coefficients, and Di, Ei (i = x, y, z) are electric displacement 
and electric field, respectively, which the electric field is 

calculated in terms of electric potential (Φ = Φ(x, z, t)) 
(Arshid et al. 2020a) 

 𝐸௫ = − 𝜕𝛷𝜕𝑥 𝐸௬ = − 𝜕𝛷𝜕𝑦 𝐸௭ = − 𝜕𝛷𝜕𝑧  (12)

 
The potential function Φ(x,z,t) shows to satisfy the 

electric boundary conditions (Ebrahimi and Daman 2017). 
Φ is distributions of the electric potential across the 
thickness direction, Maxwell’s relations have been used to 
satisfying sensor and actuator layers, thus the following 
equation is written (Ghorbanpour Arani et al. 2016b) 

 Φ௔(𝑥, 𝑧, 𝑡) = 𝑠𝑖𝑛 ቌ𝜋 ቀ𝑧 − ௛೎ଶ ቁℎ௔ ቍ 𝛷௔(𝑥, 𝑡)
                         + (𝑧 − ℎ௖/2)𝑉଴ℎ௔  
𝛷௦(𝑥, 𝑧, 𝑡) = 𝑠𝑖𝑛 ቌ𝜋 ቀ−𝑧 − ௛೎ଶ ቁℎ௦ ቍ 𝛷௦(𝑥, 𝑡) 

(13)

 
in which superscripts a and s denote actuator and sensor 
faces. V0 is applied voltage on actuator layer and the electric 
potential, Φ(x, t) is on the mid surface of the piezoelectric 
layers. 

 
 

3. Equations of honeycomb core 
 
It is indicated solitary honeycomb structures usually do 

not benefit and are used to at a sandwich structure in the 
middle of two other layers. To determine the properties of 
this structure, (Fu and Yin 1999) used the improved 
equations (Lorna and Gibson 1989) so the equations are 

 𝜌௖ = 𝜌 (2 + 𝜑଴)2 𝑐𝑜𝑠 𝜃଴ (𝜑଴ + 𝑠𝑖𝑛 𝜃଴) 𝛾଴ 𝐸௖ = 𝐸 𝑐𝑜𝑠 𝜃଴ (1 − 𝛾଴ଶ 𝑐𝑜𝑡ଶ 𝜃଴)𝑠𝑖𝑛ଶ 𝜃଴ (𝜑଴ + 𝑠𝑖𝑛 𝜃଴) 𝛾଴ଷ 𝜈௖ = 𝑐𝑜𝑠ଶ 𝜃଴ (1 − 𝛾଴ଶ 𝑐𝑠𝑐ଶ 𝜃଴)𝑠𝑖𝑛 𝜃଴ (𝜑଴ + 𝑠𝑖𝑛 𝜃଴)  𝐺௖ = 𝐸 (𝜑଴ + 𝑠𝑖𝑛 𝜃଴)𝜑଴ଶ(1 + 2𝜑଴) 𝑐𝑜𝑠 𝜃଴ 𝛾଴ଷ 

(14)

 

where ϕ0 = ௛బ௟  , γ0 = ௧௟, and symbols 𝜃଴, 𝑡, 𝑙 are shown in 
Fig. 2. 

 
 

Fig. 2 Schematic of a honeycomb cell
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νc, Gc, Ec, ρc are the Poisson’s ratio, shear modulus, 
elastic modulus and density of the honeycomb core, 
respectively. 

 
 

4. PD controller 
 
A PD controller is used to control system behavior. 

Therefore, the electric potential of the actuator layer can be 
written as Eq. (15), which is the sum of the electric 
potential of the sensor layer and its derivative respect to 
time (Phung-van et al. 2015). 

 Φ௔(𝑥, 𝑧, 𝑡) = 𝐾௣Φ௦(𝑥, 𝑧, 𝑡) + 𝐾ௗ 𝜕𝜕𝑡 (Φ௦(𝑥, 𝑧, 𝑡)) (15)

 
where KP and Kd represent proportional and derivative 
control coefficients, respectively. 

 
 

5. Energy method 
 
Among the various methods for achieving equations of 

motion, the present research has used the energy approach 
for its comprehensiveness. In the energy method, the total 
potential energy includes strain energy, kinetic energy, and 
external loads (Zhang et al. 2019) 

 𝛱 = 𝑈 − (𝑇 + 𝑊) (16)
 
5.1 Strain energy 
 
In this study, the total potential energy of this system is 

equal to the sum of the strain energy of the beam model and 
the strain energy obtained from the continuity conditions in 
this structure (Nguyen et al. 2016, 2017). 

 𝑈 = 𝑈௦ + 𝑈௅ (17)
 𝑈௦ = 12 න න (𝜎௫௫௜𝜀௫௫௜ + 𝜎௭௭௜𝜀௭௭௜ + 𝜏௫௭௜𝛾௫௭௜)𝑑𝐴௜𝑑𝑥஺೔

௅
଴ (18)

 

 
where i (i = t, b, c) represents the top, bottom, and core 
layers. 

λ is the Lagrangian coefficient that is added to the 
differential equations to solve them. λI (I = x, z), (j = t, b) 
represents four Lagrangian coefficients for the interlayer 
compatibility conditions at the top and bottom layers. λiz

j
 (I 

= x), (j = t, b) also shows two Lagrangian coefficients for 
zero shear stress conditions at the top and bottom beam 
surface, λiz

jc
 (I = x), (j = t, b) are two Lagrangian 

coefficients to indicate the continuity conditions at 
transverse shear stress between layers (Kheirikhah et al. 
2012b, Nguyen et al. 2019). 

 
5.2 Kinetic energy 
 
In order to the displacement of the sandwich beam in 

directions x and z, the velocities are defined in these 
directions and the kinetic energy is written as follows, that 
ρi(t,b,c) shows the density (Arshid et al. 2019) 

 𝑇 = 12 𝜌௜ න ൥න ൥ቆ𝜕𝑈௜𝜕𝑡 ቇଶ + ቆ𝜕𝑊௜𝜕𝑡 ቇଶ൩஺ 𝑑𝐴𝑑𝑥௅
଴  (20)

 
5.3 External work 
 
5.3.1 Viscoelastic environment 
The effect of viscoelastic environment for the lower 

layer of the sandwich beam is appeared in the external 
work, so it can be seen as following 

 𝑊ଵ = න1/2஺ ൣ𝐹௙௢௨௡ௗ௔௧௜௢௡𝑤଴௕(𝑥, 𝑡)൧𝑑𝐴 (21)

 𝐹௙௢௨௡ௗ௔௧௜௢௡ = 𝐾ௐ𝑤଴௕(𝑥, 𝑡) − 𝐾ீ 𝜕ଶ𝜕𝑥ଶ 𝑤଴௕(𝑥, 𝑡)+𝐶ௗ 𝜕𝜕𝑡 𝑤଴௕(𝑥, 𝑡) 
(22)

 
The spring constant of the Winkler and the shear 

constant of the Pasternak type have been shown with Kw and 
KG, respectively, Cd shows the visco type (Amir et al. 
2020a, b). 

 
5.3.2 Thermal load 
External work not only includes the elastic environment 

but also, consists of thermal load in this structure (Arshid et 
al. 2020b) 

 

 𝑊ଶ = න ⎣⎢⎢
⎡ 12𝑁் ൬ డడ௫ 𝑤௜(𝑥, 𝑧, 𝑡)൰ଶ⎦⎥⎥

⎤஺
଴ 𝑑𝐴𝑖 = 𝑡, 𝑏, 𝑐 (23)

 
NT is external work, leads to the thermal load in the 

𝑈௅ = න ሾ𝜆௫௧௅
଴ ൭𝑢௧ ൬𝑧௧ = ℎ௧2 ൰ − 𝑢௖ ൬𝑧௖ = − ℎ௖2 ൰൱ + 𝜆௭௧ ൭𝑤௧ ൬𝑧௧ = ℎ௧2 ൰ − 𝑤௖ ൬𝑧௖ = − ℎ௖2 ൰൱ 

+𝜆௫௕ ൭𝑢௕ ൬𝑧௕ = − ℎ௕2 ൰ − 𝑢௖ ൬𝑧௖ = ℎ௖2 ൰൱ + 𝜆௭௕ ൭𝑤௕ ൬𝑧௕ = − ℎ௕2 ൰ − 𝑤௖ ൬𝑧௖ = ℎ௖2 ൰൱ 
+𝜆௫௭௧ ൭𝛾௫௭௧ ൬𝑧௧ = − ℎ௧2 ൰൱ − 𝜆௫௭௕ ൭𝛾௫௭௕ ൬𝑧௕ = ℎ௕2 ൰൱ + 𝜆௫௭௧௖ (𝐶ହହ௧𝛾௫௭௧ ൬𝑧௧ = ℎ௧2 ൰ − 𝐶ହହ௖ ൭𝛾௫௭௖ ൬𝑧௖ = − ℎ௖2 ൰൱ 
+𝜆௫௭௕௖(𝐶ହହ௕𝛾௫௭௕ ൬𝑧௕ = − ℎ௕2 ൰ − 𝐶ହହ௖ ൭𝛾௫௭௖ ൬𝑧௖ = ℎ௖2 ൰൱ሿ𝑑𝑥 

(19)
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environment that has been shown in the following relation 
(Amir et al. 2019a) 

 𝑁் = 𝛼(𝑇)𝛥𝑇 ቌන 𝐸(𝑧)𝑑𝑧೓೟మି೓೟మ + න 𝐸(𝑧)𝑑𝑧೓೎మି೓೎మ + න 𝐸(𝑧)𝑑𝑧೓మ್ି೓మ್ ቍ (24)

 
α(T) and E(z) are the temperature-dependent properties 

of the materials which are called thermal expansion and 
modulus of elasticity, respectively. ∆T is the temperature 
changes from the ambient (Fu et al. 2012). 

 
 

6. Governing equations 
 
As mentioned about HSAPT, the theory applied in 

sandwich beam includes 27 unknowns, which 19 unknowns 
are related to displacements and 8 equations are to 
Lagrangian coefficients. So, 27 equations are needed that 
include the following equations (Moradi-Dastjerdi and 
Malek-mohammadi 2016): 

 
● 6 displacement equations for the top piezoelectric 

facesheets. 
● 6 displacement equations for the bottom 

piezoelectric facesheets. 
● 7 displacement equations for the honeycomb core. 
● 4 equations for the interlayer continuum condition at 

the top and bottom layers. 
● 2 equations for zero shear stress condition on top and 

bottom surfaces 
● 2 equations for the condition of continuity of shear 

stress between layers. 
 
The 27 main equations for sandwich beams include the 

PD controller and temperature load, are derived using the 
Hamilton’s principle, in the “Appendix”. 

 
 

7. Analytical solution 
 
Navier’s solution method is used to obtain the results in 

beams containing simply supported boundary conditions of 
two sides, Eq. (26) is given to satisfy the geometric 
boundary conditions of the displacement field 
(Ghorbanpour Arani et al. 2016a, b) 

 𝜆௫௧(𝑥, 𝑡) = ෍ 𝜆௫௧ெ
௠ୀଵ 𝑐𝑜𝑠 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝜆௫௕(𝑥, 𝑡) = ෍ 𝜆௫௕ெ
௠ୀଵ 𝑐𝑜𝑠 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝜆௭௧(𝑥, 𝑡) = ෍ 𝜆௭௧ெ
௠ୀଵ 𝑠𝑖𝑛 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝜆௭௕(𝑥, 𝑡) = ෍ 𝜆௭௕ெ
௠ୀଵ 𝑠𝑖𝑛 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝜆௫௭௧(𝑥, 𝑡) = ෍ 𝜆௫௭௧ெ
௠ୀଵ 𝑐𝑜𝑠 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

(25a)

𝜆௫௭௕(𝑥, 𝑡) = ෍ 𝜆௫௭௕ெ
௠ୀଵ 𝑐𝑜𝑠 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧

𝜆௫௭௧௖(𝑥, 𝑡) = ෍ 𝜆௫௭௧௖ெ
௠ୀଵ 𝑐𝑜𝑠 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝜆௫௭௕௖(𝑥, 𝑡) = ෍ 𝜆௫௭௕௖ெ
௠ୀଵ 𝑐𝑜𝑠 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

(25a)

 𝑢଴ூ(𝑥, 𝑡) = ෍ 𝑢଴ூெ
௠ୀଵ 𝑐𝑜𝑠 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝑢ଵூ(𝑥, 𝑡) = ෍ 𝑢ଵூெ
௠ୀଵ 𝑐𝑜𝑠 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝑢ଶூ(𝑥, 𝑡) = ෍ 𝑢ଶூெ
௠ୀଵ 𝑐𝑜𝑠 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝑢ଷூ(𝑥, 𝑡) = ෍ 𝑢ଷூெ
௠ୀଵ 𝑐𝑜𝑠 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝑤଴ூ(𝑥, 𝑡) = ෍ 𝑤଴ூெ
௠ୀଵ 𝑠𝑖𝑛 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝑤ଵ௃(𝑥, 𝑡) = ෍ 𝑤ଵ௃ெ
௠ୀଵ 𝑠𝑖𝑛 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝑤ଶ௃(𝑥, 𝑡) = ෍ 𝑤ଶ௃ெ
௠ୀଵ 𝑠𝑖𝑛 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝜑௦(𝑥, 𝑡) = ෍ 𝜑௦ெ
௠ୀଵ 𝑠𝑖𝑛 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ 

𝜑௔(𝑥, 𝑡) = ෍ 𝜑௔ெ
௠ୀଵ 𝑠𝑖𝑛 ቀ𝑚𝜋𝑥𝐿 ቁ 𝑒௜ఠ௧ (𝐼 = 𝑡, 𝑏, 𝑐), (𝐽 = 𝑐) 

(25b)

 
m is the axial wave number (Mokhtar et al. 2018). 

Placing functions of Eq. (26) in the equations of motion in 
order to analysis of vibrations gives the matrices (27). 
Therefore, the governing equations can be expressed in the 
following matrix (Ezzat et al. 2017) 

 (ሾ𝐾ሿ + 𝑖𝜔ሾ𝐶ሿ − 𝜔ଶሾ𝑀ሿ)ሼ𝑋ሽ = 0 (26)
 
Obtaining the eigenvalues of Eq. (26) gives the natural 

frequency of the beam. The stiffness, mass, and damping 
matrixes are shown with [K], [M] and [C], respectively. 

 ሼ𝑋ሽ = ሼ𝑈଴௧𝑈ଵ௧𝑈ଶ௧𝑈ଷ௧𝑊଴௧𝜑௦𝜆௫௧𝜆௭௧𝜆௫௭௧𝜆௫௭௧௖𝑈଴௖𝑈ଵ௖𝑈ଶ௖𝑈ଷ௖𝑊଴௖𝑊ଵ௖𝑊ଶ௖ 𝑈଴௕𝑈ଵ௕𝑈ଶ௕𝑈ଷ௕𝑊଴௕𝜑௔𝜆௫௕𝜆௭௕𝜆௫௭௕𝜆௫௭௕௖ሽ் 
(27)

 
 

8. Results and discussion 
 
The material properties of the facesheet are listed in 

Table 1. The honeycomb core material and the facesheets 
are made of Aluminum (E = 70 GPa,ν = 0.3, ρ = 2702 kg/mଷ) and PZT4, respectively. In order to validate this 
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theory, a three layered sandwich beam with simply 
supported boundary conditions with a homogenous core is 
considered, (Ec = 113.8 GPa,νc = 0.4, ρc = 4430 kg/mଷ) 
and the facesheets includes composite reinforced by 
uniformly distributed carbon nanotubes (E11CNT = 5.64 TPa, 
E22CNT = 7.08 TPa, G12CNT = 1.94 TPa, VNT = 0.12, Em = 2.5 
GPa), the dimensionless natural frequency is defined 
as 𝜔ଵ = 𝜔𝑙ඥ𝐼଴ 𝐶ଵଵଵ⁄ , thus the results are shown in Table 2. 
This table shows the errors of achieved results in this theory 
are limited. Noteworthy, the slight difference between the 
results can be due to differences in displacement field 
theories used by Chen et al. (2016) and Wu et al. (2015) 
and the present study and also, the different approaches 
used to solve the differential equations. Therefore, the 
results and their accuracy are verified. 

The effect of first-order shear deformation (FSD) theory 
with shear correction factor 5/6 and present theory, with 
various voltages to length-to-thickness ratio on dimension-
less natural frequency is obtained in Fig. 3 (Xie et al. 
2019). As it is seen in this table, the higher order theory 
includes the interlaminar stress continuity and interface 
stress at the core; it means; this theory is close to real 
conditions. This figure shows if the structure became 
longer, the results of two theories are becoming closer and 
the frequency decreases, too. 

 
 

Table 1 Material properties of facesheets (PZT4) and 
(PZT5) (Amir et al. 2018, Ebrahimi and Jafari 
2016) 

Properties PZT5 PZT4 𝐶ଵଵ(𝐺𝑃𝑎) 60.6 81.6 𝐶ହହ(𝐺𝑃𝑎) 25.6 23 𝛼ଵଵ(𝐾ିଵ) 0.2e-6 0.2e-6 𝜌(𝑘𝑔/𝑚ଷ) 7500 7500 𝑒ଷଵ(𝑐/𝑚ଶ) -16.6 -10 𝑒ଵହ(𝑐/𝑚ଶ) 44.9046 40.3248 𝑘ଵଵ(𝑐ଶ/𝑚ଶ𝑁) 1.5027e-8 0.6712e-8 𝑘ଷଷ(𝑐ଶ/𝑚ଶ𝑁) 2.554e-8 1.0275e-8 
 

 
 

Table 2 Comparison of the nondimensional natural 
frequencies for a simple sandwich beam with the 
results of previous works (Chen et al. 2016, Wu et 
al. 2015) 

Refs. Mode 1 Mode 2 Mode 3

Chen et al. (2016) 
(Timoshenko Beam Theory 

& Ritz method Solution) 
0.1453 0.5730 1.2599

Wu et al. (2015) 
(Timoshenko Beam Theory 

& DQ method Solution) 
0.1453 0.5730 1.2599

Present 
(IHSAPT & Navier Solution) 0.1373 0.5538 1.2490

Present (Timoshenko Beam Theory 
& Navier Solution) 0.1376 0.5436 1.2389

 

 

Fig. 3 Comparison of first order shear deformation 
theory with high order sandwich theory in terms 
of dimensionless frequency 

 
 
The nondimensional frequency versus core to facesheets 

thickness ratio is shown in Fig. 4 for honeycomb, foam and 
porous with uniform porosity distributions and porosity 
coefficient 0.2. The porous material and honeycomb 
structure are two types of solid foams that their differences 
are about the way of productions and dispersion and shapes 
of cells. A comparison of the mechanical properties of the 
three mentioned materials is given below 

 𝐸௖(ி௢௔௠) ൐ 𝐸௖(ℎ௢௡௘௬௖௢௠௕) ൐ 𝐸௖(௣௢௥௢௨௦) 𝜌௖(ி௢௔௠) = 𝜌௖(௣௢௥௢௨௦) ൒ 𝜌௖(ℎ௢௡௘௬௖௢௠௕) 𝑣௖(ℎ௢௡௘௬௖௢௠௕) ൐ 𝑣௖(௣௢௥௢௨௦) = 𝑣௖(௙௢௔௠)  ఠ∝ா೎ఠ∝ଵ/ఔ೎ఠ∝ଵ/ఘ೎ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ 𝜔(ி௢௔௠) ൐ 𝜔(ℎ௢௡௘௬௖௢௠௕) ൐ 𝜔(௣௢௥௢௨௦) 
 
As the Fig. 4 shows, by increasing the core to facesheet 

dimensions ratio, the dimensionless frequency increases. In 
Fig. 5 the effect of three types of various materials for top 
and bottom structure is obtained, too. The PZT4 material is 
stiffer than others and causes the frequency of the structure 
become more. The properties of materials are shown in 
Tables 1-3. 

 
 

Fig. 4 Dimensionless frequency distribution in terms of 
core to facesheet thickness ratio for different 
core materials
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Fig. 5 Dimensionless frequency distribution in terms of 
core to facesheet thicknesses ratio 

 
 

(a) 
 

(b) 

Fig. 6 (a) The effect of the internal angle ratio of the cells 
on the core to thickness ratio versus dimensionless 
frequency for total thickness is constant; (b) The 
effect of the internal angle ratio of the cells on the 
core to thickness ratio versus dimensionless 
frequency for the surface thickness is constant

 
 
Fig. 6 indicates the effects of cell angle at the 

honeycomb cells on the nondimensional frequency for three 
type core to facesheet thickness ratio. As it can be seen by 
increasing cell angle, the frequency increases, too, at the 
same time, the corresponding dimensionless natural 
frequencies increase as the core-to-surface ratio increases. 

Table 3 Mechanical properties of Poly methyl methacrylate 
(PMMA) and single-walled carbon nanotube 
(SWCNT) facesheets (Mohammadimehr and 
Mostafavifar 2016, Arshid et al. 2021) 

PMMA SWCNT 𝐸௠ (GPa) 2.5 𝐸ଵଵ஼ே் (GPa) 5.6466 𝜌௠ (kg/m3) 1190 𝐸ଶଶ஼ே் (GPa) 7.0800 𝜐௠ 0.3 𝐺ଵଶ஼ே் (GPa) 1.9445 

 
𝜌஼ே் (kg/m3) 1400𝜐஼ே் 0.175

 
 

In Fig. 6(b), the ratio of thickness increases as the thickness 
of the core increases, but the thickness of the surfaces is 
constant. The length of the structure is L = 15 H. Fig. 6(a), 
shows the total thickness is constant, while the core 
thickness increases and the surface thickness is decreasing. 
This graph shows that the honeycomb core has more effect 
on structural rigidity. These figures are in these conditions, 
h0 = l, γ0 = 0.1 and ϕ0 = 1. 

In Fig. 7, the effect of cell angle in the honeycomb core 
to the dimensionless frequency is shown by the thickness 
changes of the honeycomb cells. It can be understood, as 

 
 

Fig. 7 The effect of honeycomb cell thickness on the cell 
angle versus nondimensional frequency

 
 

Fig. 8 Influence of the length-to-thickness ratio on the 
coefficient 𝛾଴ versus the dimensionless frequency
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the thickness of the cells increases, the first dimensionless 
frequency of the structure increases, also it can be justified, 
by increasing the thickness of t, the stiffness of the core 
increases, and as a result the frequency increases. 

The effect of the coefficient γ0 on the first nondimen- 
 
 

Fig. 10 Effects of internal aspect ratio of core’s cells versus 
dimensionless frequency for different length-to-core 
thickness ratio 

 
 

 
 

sional frequency is seen in the Fig. 8. At first, the chart 
trend is increasing and then decreases. The reason is that by 
increasing the coefficient γ0 which is the ௧బ௟  ratio, the effect 
of the thickness is greater than the effect of l0, so the 
stiffness of the structure increases. But after the value γ0 = 
0.8 according to Eq. (14), the density of the structure 
exceeds its stiffness and, as a result, the frequency 
decreases, which the mechanical properties of the elasticity 
modulus and density are shown in Fig. 9. 

In Fig. 10 for three cases of the length-to-core thickness 
ratio of the sandwich beam, the dimensionless frequency 
variations are plotted in terms of the internal aspect ratio of 
the core (ϕ0). This graph shows that as the length to core 
ratio is increasing, the nondimensional frequency of the 
beam decreases. The reason for this is that as the ratio 
increases, the structural stiffness decreases and on the other 
hand, its inertia increases. To prove this figure, in Fig. 11 
the mechanical properties of honeycomb structure versus 
internal aspect ratio have been shown. As the internal aspect 
ratio increases, the modulus value and the density of the 
structure decrease. The reduction in the elastic modulus is 
much greater than the density. So, according to the equation 
between frequency, density and elasticity modulus, the core 
frequency decreases with honeycomb structure. But in 

 
 

0.5 1 1.5 2 2.5 3
0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

0.24

φ0

ω 1

 

 
L/hc=5
L/hc=10
L/hc=15

(a) (b) 

Fig. 9 Influence of mechanical properties versus coefficient 𝛾଴ for honeycomb core 

(a) (b) 

Fig. 11 Effects of mechanical properties. (a) Elasticity modulus; (b) Density of core versus internal coefficient
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Fig. 12 Effect of internal coefficient on internal angle ratio 
of cell versus dimensionless frequency 

 
 

Fig. 13 Effects of voltage parameter and length to total 
thickness ratio on the dimensionless frequency of 
the system 

 
 

plates by increasing this internal aspect ratio, the frequency 
increases too. Another result of this chart is that by 
increasing the ϕ0, thicker beams, give the lower frequency. 

Fig. 12 displays the variations of internal aspect ratio 
and internal angle of honeycomb cell versus 
nondimensional frequency. It can be understood, by 
increasing internal angle and decreasing internal aspect 
ratio, the first nondimensional frequency of the sandwich 
beam increased that the effect of the internal aspect ratio is 
more than the internal angle, on the trend of the chart. 

The effect of the electric voltage applied on the actuator 
layer for the length to thickness ratio and various 
temperatures versus the frequency indicated in Figs. 13-14. 
It’s clear that by applying a positive voltage, the frequency 
of the structure decreases. The reason for this trend is the 
production of pressure forces due to the positive voltage 
and tensile forces because of the negative voltage applied to 
the actuator layer. In addition, the applied voltage is more 
effective in a longer beam structure. The initial temperature 
is 300 Kelvin. 

The influence of the spring and shear coefficient for the 
first nondimensional frequency, in terms of the damping 
coefficient, is shown in Fig. 15. By considering the effects 
of the elastic environment, as can be seen, the structural 

rigidity increases. It means the dimensionless frequency of 
the sandwich beam, when placed in the elastic medium, is 
higher than the sandwich beam without the elastic medium. 
As the effect of the damper environment on the sandwich 
beam increases, the frequency of the system decreases, 
conversely. Damping coefficient is a factor in the loss of 
system energy and assuming a visco environment, more 
energy is lost and the frequency is reduced. Therefore, it 
can be said that the viscoelastic environment coefficients 
have an important role in the vibrational behavior of the 
structures, and for more realistic modeling of structures, it 
is necessary to consider the environment around the 
structure. 

The first dimensionless frequency to the length to 
thickness ratio is given in Fig. 16 in terms of different 
values of proportional and derivative control coefficients. 
And in Fig. 17 the values of these proportional and 
derivative coefficients are compared at the same time. As 
shown in Fig. 16, the frequency of the structure can be 
reduced or increased by considering the PD controller, and 
the control coefficients can be used with a proportional 
value depending on the application of the frequency. If the 
sandwich beam is thicker, the frequency changes with the 
controller are more noticeable. In both figures, it can be 

 
 

Fig. 14 Effects of temperature changes and different 
voltages versus dimensionless frequency

 
 

Fig. 15 Effects of Winkler coefficient and shear coefficient 
on first nondimensional frequency versus visco 
coefficient
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Fig. 16 Effects of controllers on the nondimensional 
frequency 

 
 

Fig. 17 Three-dimensional graph of derivative and 
proportional coefficients on first nondimensional 
frequency 

 
 

concluded the proportional controller increases the 
frequency, but the derivative controller reduces the 
frequency, conversely. Another interesting result in this 
figure is the derivative controller is better than the PD 
controller because it reduces the frequency of the system 
more. Of course, just the derivative controller is not 
functional and cannot be used, because the derivative 
controller operates on the error signal changing rate. These 
diagrams are plotted without a visco-elastic environment. 

 
 

9. Conclusions 
 
The current study is aimed to analyze vibrations of a 

three-layered sandwich beam with a honeycomb core made 
of aluminum and PZT4 piezoelectric face sheets and 
presented a higher-order beam theory. The piezoelectric 
face sheets are affected by the PD controller, which can be 
effective on the frequencies. The structure is also placed in 
a thermal and viscoelastic environment. The main novelties 
of the present research lay in the displacement continuity 
equations at the interfaces. This type of honeycomb 
structure with the PD controller and by using this 
displacement theory had been never investigated. The 

findings of this work will help to design and create more 
optimal engineering and smart structures such as sensors 
and actuators, as well as the honeycomb structures due to 
the light constructions, are applied in air vehicles. The 
motion equations are derived by the IHSAPT and also 
temperature load and electric field are considered. Navier’s 
analytical method is used to solve the governing equations. 
The following results can be obtained from this work: 

 
● The natural frequencies of the beam increase with 

increasing thickness of the honeycomb core to the 
thickness of the piezoelectric layers. Also, by 
increasing the internal aspect ratio of honeycomb 
core, the frequency of the sandwich beam decreases; 
conversely, by increasing the internal angle ratio of 
the honeycomb cell, the frequency increases, which 
can be justified by the mechanical formulation used 
for the honeycomb core. 

● The geometry of hexagonal cells has a significant 
effect on natural frequencies in the honeycomb core, 
and also the thickness of the honeycomb core has an 
important effect on natural frequencies. 

● By applying a positive voltage to the actuator layer, 
the frequency of the system is reduced, due to the 
production of compressive and tensile forces, by 
applying positive and negative voltage, respectively, 
to the actuator layer of the system. Thus, the external 
voltage is an effective parameter in controlling the 
system. 

● The derivative controller reduces system frequency 
but the proportional controller increases system 
frequency. 

● In this project, by applying a PD controller, the 
system frequency can be increased or decreased 
compared to the uncontrolled state, that it depends 
on the application of the sandwich structure, which 
can be used the appropriate proportional and 
derivative coefficients. 

● As the temperature and the length of the sandwich 
beam increasing, the system frequency decreases, 
because it reduces the rigidity and elasticity modulus 
of the beam. 
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𝛿𝑢଴௧: (𝐼0t) 𝜕ଶ𝜕𝑡ଶ 𝑢0t(x, t) + (𝐼1t) 𝜕ଶ𝜕𝑡ଶ 𝑢1t(x, t) + (𝐼2t) 𝜕ଶ𝜕𝑡ଶ 𝑢2t(x, t) + (𝐼3t) 𝜕ଶ𝜕𝑡ଶ 𝑢3t(x, t) − (𝐶110t) 𝜕ଶ𝜕𝑥ଶ 𝑢0t(x, t) − (𝐶111t) 𝜕ଶ𝜕𝑥ଶ 𝑢1t(x, t)−(𝐶112t) 𝜕ଶ𝜕𝑥ଶ 𝑢2t(x, t) − (𝐶113t) 𝜕ଶ𝜕𝑥ଶ 𝑢3t(x, t) + 𝜆௫௧(𝑥, 𝑡) − 𝐹ଷଵ଴௧ 𝜕𝜕𝑥 𝜑௦(x, t) − 𝐸ଷଵ଴௧ 𝜕𝜕𝑥 𝜑௦(x, t) = 0 

(A1)

𝛿𝑢଴௕: (𝐼0b) 𝜕ଶ𝜕𝑡ଶ 𝑢0b(x, t) + (𝐼1b) 𝜕ଶ𝜕𝑡ଶ 𝑢1b(x, t) + (𝐼2b) 𝜕ଶ𝜕𝑡ଶ 𝑢2b(x, t) + (𝐼3b) 𝜕ଶ𝜕𝑡ଶ 𝑢3b(x, t) − (𝐶110b) 𝜕ଶ𝜕𝑥ଶ 𝑢0b(x, t) − (𝐶111b) 𝜕ଶ𝜕𝑥ଶ 𝑢1b(x, t)−(𝐶112b) 𝜕ଶ𝜕𝑥ଶ 𝑢2b(x, t) − (𝐶113b) 𝜕ଶ𝜕𝑥ଶ 𝑢3b(x, t) + 𝜆௫௕(𝑥, 𝑡) + ൫𝐾௣𝐹ଷଵ଴௕൯ 𝜕𝜕𝑥 𝜑௦(x, t) − ൫𝐾௣𝐸ଷଵ଴௕൯ 𝜕𝜕𝑥 𝜑௦(x, t) +(𝐾ௗ𝐹ଷଵ଴௕) 𝜕ଶ𝜕𝑥𝜕𝑡 𝜑௦(x, t) − (𝐾ௗ𝐸ଷଵ଴௕) 𝜕ଶ𝜕𝑥𝜕𝑡 𝜑௦(x, t) = 0 

(A2)

𝛿𝑢଴௖: (𝐼0c) 𝜕ଶ𝜕𝑡ଶ 𝑢0c(x, t) + (𝐼1c) 𝜕ଶ𝜕𝑡ଶ 𝑢1c(x, t) + (𝐼2c) 𝜕ଶ𝜕𝑡ଶ 𝑢2c(x, t) + (𝐼3c) 𝜕ଶ𝜕𝑡ଶ 𝑢3c(x, t) − (𝐶110c) 𝜕ଶ𝜕𝑥ଶ 𝑢0c(x, t) − (𝐶111c) 𝜕ଶ𝜕𝑥ଶ 𝑢1c(x, t)−(𝐶112c) 𝜕ଶ𝜕𝑥ଶ 𝑢2c(x, t) − (𝐶113c) 𝜕ଶ𝜕𝑥ଶ 𝑢3c(x, t) − 𝜆௫௧(𝑥, 𝑡) − 𝜆௫௕(𝑥, 𝑡) − 2(𝐶130c) 𝜕𝜕𝑥 𝑤1c(x, t) − 2(𝐶131c) 𝜕𝜕𝑥 𝑤2c(x, t)=0 

(A3)

𝛿𝑢ଵ௧: (𝐼1t) 𝜕ଶ𝜕𝑡ଶ 𝑢0t(x, t) + (𝐼2t) 𝜕ଶ𝜕𝑡ଶ 𝑢1t(x, t) + (𝐼3t) 𝜕ଶ𝜕𝑡ଶ 𝑢2t(x, t) + (𝐼4t) 𝜕ଶ𝜕𝑡ଶ 𝑢3t(x, t) − (𝐶111t) 𝜕ଶ𝜕𝑥ଶ 𝑢0t(x, t) − (𝐶112t) 𝜕ଶ𝜕𝑥ଶ 𝑢1t(x, t)−(𝐶113t) 𝜕ଶ𝜕𝑥ଶ 𝑢2t(x, t) − (𝐶114t) 𝜕ଶ𝜕𝑥ଶ 𝑢3t(x, t) + (𝐶550t)𝑢1t(x, t) + (𝐶550t) 𝜕𝜕𝑥 𝑤0t(x, t)+2(𝐶551t)𝑢2t(x, t)+3(𝐶552t)𝑢3t(x, t) + ℎ௧2 𝜆௫௧(𝑥, 𝑡) + 𝜆௫௭௧(𝑥, 𝑡) + 𝐶ହହ௧𝜆௫௭௧௖(𝑥, 𝑡) − 𝐹ଷଵଵ௧ 𝜕𝜕𝑥 𝜑௦(x, t) − 𝐸ଷଵଵ௧ 𝜕𝜕𝑥 𝜑௦(x, t) − 𝐹ଵହ଴௧ 𝜕𝜕𝑥 𝜑௦(x, t)+Eଵହ଴௧ 𝜕𝜕𝑥 𝜑௦(x, t)=0 

(A4)

𝛿𝑢ଵ௕: (𝐼1b) 𝜕ଶ𝜕𝑡ଶ 𝑢0b(x, t) + (𝐼2b) 𝜕ଶ𝜕𝑡ଶ 𝑢1b(x, t) + (𝐼3b) 𝜕ଶ𝜕𝑡ଶ 𝑢2b(x, t) + (𝐼4b) 𝜕ଶ𝜕𝑡ଶ 𝑢3b(x, t) − (𝐶111b) 𝜕ଶ𝜕𝑥ଶ 𝑢0b(x, t) −(𝐶112b) 𝜕ଶ𝜕𝑥ଶ 𝑢1b(x, t) − (𝐶113b) 𝜕ଶ𝜕𝑥ଶ 𝑢2b(x, t) − (𝐶114b) 𝜕ଶ𝜕𝑥ଶ 𝑢3b(x, t) + (𝐶550b)𝑢1b(x, t) +(𝐶550b) 𝜕𝜕𝑥 𝑤0b(x, t)+2(𝐶551b)𝑢2b(x, t)+3(𝐶552b)𝑢3b(x, t) − ℎ௕2 𝜆௫௕(𝑥, 𝑡) + 𝜆௫௭௕(𝑥, 𝑡) + 𝐶ହହ௕𝜆௫௭௕௖(𝑥, 𝑡) +(𝐾ௗ𝐹ଷଵଵ௕) 𝜕ଶ𝜕𝑥𝜕𝑡 𝜑௦(x, t) − (𝐾ௗ𝐸ଷଵଵ௕) 𝜕ଶ𝜕𝑥𝜕𝑡 𝜑௦(x, t) + ൫𝐾௣𝐹ଷଵଵ௕൯ 𝜕𝜕𝑥 𝜑௦(x, t) − ൫𝐾௣𝐸ଷଵଵ௕൯ 𝜕𝜕𝑡 𝜑௦(x, t) −2൫𝐾௣𝐸ଵହ଴௕൯ 𝜕𝜕𝑥 𝜑௦(x, t) − 2൫𝐾௣𝐹ଵହ଴௕൯ 𝜕𝜕𝑥 𝜑௦(x, t) − 2(𝐾ௗ𝐸ଵହ଴௕) 𝜕ଶ𝜕𝑥𝜕𝑡 𝜑௦(x, t) − 2(𝐾ௗ𝐹ଵହ଴௕) 𝜕ଶ𝜕𝑥𝜕𝑡 𝜑௦(x, t) = 0 

(A5)

𝛿𝑢ଵ௖: (𝐼1c) 𝜕ଶ𝜕𝑡ଶ 𝑢0c(x, t) + (𝐼2c) 𝜕ଶ𝜕𝑡ଶ 𝑢1c(x, t) + (𝐼3c) 𝜕ଶ𝜕𝑡ଶ 𝑢2c(x, t) + (𝐼4c) 𝜕ଶ𝜕𝑡ଶ 𝑢3c(x, t) − (𝐶111c) 𝜕ଶ𝜕𝑥ଶ 𝑢0c(x, t) − (𝐶112c) 𝜕ଶ𝜕𝑥ଶ 𝑢1c(x, t)−(𝐶113c) 𝜕ଶ𝜕𝑥ଶ 𝑢2c(x, t) − (𝐶114c) 𝜕ଶ𝜕𝑥ଶ 𝑢3c(x, t) + (𝐶550c)𝑢1c(x, t) + (𝐶550c) 𝜕𝜕𝑥 𝑤0c(x, t)+2(𝐶551c)𝑢2c(x, t)+3(𝐶552c)𝑢3c(x, t) − ℎ௖2 𝜆௫௕(𝑥, 𝑡) + ℎ௖2 𝜆௫௧(𝑥, 𝑡) − 𝐶ହହ௖𝜆௫௭௧௖(𝑥, 𝑡) − 𝐶ହହ௖𝜆௫௭௕௖(𝑥, 𝑡) = 0 

(A6)

𝛿𝑢ଶ௧: (𝐼2t) 𝜕ଶ𝜕𝑡ଶ 𝑢0t(x, t) + (𝐼3t) 𝜕ଶ𝜕𝑡ଶ 𝑢1t(x, t) + (𝐼4t) 𝜕ଶ𝜕𝑡ଶ 𝑢2t(x, t) + (𝐼5t) 𝜕ଶ𝜕𝑡ଶ 𝑢3t(x, t) − (𝐶112t) 𝜕ଶ𝜕𝑥ଶ 𝑢0t(x, t) −(𝐶113t) 𝜕ଶ𝜕𝑥ଶ 𝑢1t(x, t) − (𝐶114t) 𝜕ଶ𝜕𝑥ଶ 𝑢2t(x, t) − (𝐶115t) 𝜕ଶ𝜕𝑥ଶ 𝑢3t(x, t) + 2(𝐶551t)𝑢1t(x, t) + 2(𝐶551t) 𝜕𝜕𝑥 𝑤0t(x, t) +4(𝐶552t)𝑢2t(x, t) + 6(𝐶553t)𝑢3t(x, t) + ℎ௧ଶ4 𝜆௫௧(𝑥, 𝑡) − ℎ௧𝜆௫௭௧(𝑥, 𝑡) + ℎ௧𝐶ହହ௧𝜆௫௭௧௖(𝑥, 𝑡) − 𝐹ଷଵଶ௧ 𝜕𝜕𝑥 𝜑௦(x, t) −𝐸ଷଵଶ௧ 𝜕𝜕𝑥 𝜑௦(x, t) + 2𝐸ଵହଵ௧ 𝜕𝜕𝑥 𝜑௦(x, t) − 2𝐹ଵହଵ௧ 𝜕𝜕𝑥 𝜑௦(x, t) = 0 

(A7)
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𝛿𝑢ଶ௕: (𝐼2b) 𝜕ଶ𝜕𝑡ଶ 𝑢0b(x, t) + (𝐼3b) 𝜕ଶ𝜕𝑡ଶ 𝑢1b(x, t) + (𝐼4b) 𝜕ଶ𝜕𝑡ଶ 𝑢2b(x, t) + (𝐼5b) 𝜕ଶ𝜕𝑡ଶ 𝑢3b(x, t) − (𝐶112b) 𝜕ଶ𝜕𝑥ଶ 𝑢0b(x, t) −(𝐶113b) 𝜕ଶ𝜕𝑥ଶ 𝑢1b(x, t) − (𝐶114b) 𝜕ଶ𝜕𝑥ଶ 𝑢2b(x, t) − (𝐶115b) 𝜕ଶ𝜕𝑥ଶ 𝑢3b(x, t) + 2(𝐶551b)𝑢1b(x, t) + 2(𝐶551b) 𝜕𝜕𝑥 𝑤0b(x, t) +4(𝐶552b)𝑢2b(x, t) + 6(𝐶553)𝑢3b(x, t) + ℎ௕ଶ4 𝜆௫௕(𝑥, 𝑡) − ℎ௕𝜆௫௭௕(𝑥, 𝑡) + ℎ௕𝐶ହହ௕𝜆௫௭௕௖(𝑥, 𝑡) + ൫𝐾௣𝐹ଷଵଶ௕൯ 𝜕𝜕𝑥 𝜑௦(x, t) −൫𝐾௣𝐸ଷଵଶ௕൯ 𝜕𝜕𝑥 𝜑௦(x, t) − 2൫𝐾௣𝐸ଵହଵ௕൯ 𝜕𝜕𝑥 𝜑௦(x, t) − 2൫𝐾௣𝐹ଵହଵ௕൯ 𝜕𝜕𝑥 𝜑௦(x, t) − 2(𝐾ௗ𝐹ଵହଵ௕) 𝜕ଶ𝜕𝑥𝜕𝑡 𝜑௦(x, t) −2(𝐾ௗ𝐸ଵହଵ௕) 𝜕𝜕𝑥𝜕𝑡 𝜑௦(x, t) + (𝐾ௗ𝐹ଷଵଶ௕) 𝜕ଶ𝜕𝑡𝜕𝑥 𝜑௦(x, t) − (𝐾ௗ𝐸ଷଵଶ௕) 𝜕ଶ𝜕𝑡𝜕𝑥 𝜑௦(x, t) = 0 

(A8)

𝛿𝑢ଶ௖: (𝐼2c) 𝜕ଶ𝜕𝑡ଶ 𝑢0c(x, t) + (𝐼3c) 𝜕ଶ𝜕𝑡ଶ 𝑢1c(x, t) + (𝐼4c) 𝜕ଶ𝜕𝑡ଶ 𝑢2c(x, t) + (𝐼5c) 𝜕ଶ𝜕𝑡ଶ 𝑢3c(x, t) − (𝐶112c) 𝜕ଶ𝜕𝑥ଶ 𝑢0c(x, t) −(𝐶113c) 𝜕ଶ𝜕𝑥ଶ 𝑢1c(x, t) − (𝐶114c) 𝜕ଶ𝜕𝑥ଶ 𝑢2c(x, t) − (𝐶115c) 𝜕ଶ𝜕𝑥ଶ 𝑢3c(x, t)+2(𝐶551b)𝑢1b(x, t)+2(𝐶551b) 𝜕𝜕𝑥 𝑤0b(x, t) +4(𝐶552b)𝑢2b(x, t) + 6(𝐶553)𝑢3b(x, t) − ℎ௖ଶ4 𝜆௫௧(𝑥, 𝑡) − ℎ௖ଶ4 𝜆௫௕(𝑥, 𝑡) − ℎ௖𝐶ହହ௖𝜆௫௭௧௖(𝑥, 𝑡) + ℎ௖𝐶ହହ௖𝜆௫௭௕௖(𝑥, 𝑡) −(𝐶132c) 𝜕𝜕𝑥 𝑤1c(x, t) + 2(𝐶133c) 𝜕𝜕𝑥 𝑤2c(x, t) + 2(𝐶552c) 𝜕𝜕𝑥 𝑤1c(x, t) + 2(𝐶553c) 𝜕𝜕𝑥 𝑤2c(x, t) = 0 

(A9)

𝛿𝑢ଷ௧: (𝐼3t) 𝜕ଶ𝜕𝑡ଶ 𝑢0t(x, t) + (𝐼4t) 𝜕ଶ𝜕𝑡ଶ 𝑢1t(x, t) + (𝐼5t) 𝜕ଶ𝜕𝑡ଶ 𝑢2t(x, t) + (𝐼6t) 𝜕ଶ𝜕𝑡ଶ 𝑢3t(x, t) − (𝐶113t) 𝜕ଶ𝜕𝑥ଶ 𝑢0t(x, t) −(𝐶114t) 𝜕ଶ𝜕𝑥ଶ 𝑢1t(x, t) − (𝐶115t) 𝜕ଶ𝜕𝑥ଶ 𝑢2t(x, t) − (𝐶116t) 𝜕ଶ𝜕𝑥ଶ 𝑢3t(x, t)+3(𝐶552t)𝑢1t(x, t) + 3(𝐶552t) 𝜕𝜕𝑥 𝑤0t(x, t) +6(𝐶553t)𝑢2t(x, t) + 9(𝐶554t)𝑢3t(x, t) + ℎ௧ଷ8 𝜆௫௧(𝑥, 𝑡) + 34 ℎ௧ଶ𝜆௫௭௧(𝑥, 𝑡) + 34 ℎ௧ଶ𝐶ହହ௧𝜆௫௭௧௖(𝑥, 𝑡) −𝐹ଷଵଷ௧ 𝜕𝜕𝑥 𝜑௦(x, t) − 𝐸ଷଵଵ௧ 𝜕𝜕𝑥 𝜑௦(x, t) + 3𝐸ଵହଶ௧ 𝜕𝜕𝑥 𝜑௦(x, t) − 3𝐹ଵହଶ௧ 𝜕𝜕𝑥 𝜑௦(x, t) = 0 

(A10)

𝛿𝑢ଷ௖: (𝐼3c) 𝜕ଶ𝜕𝑡ଶ 𝑢0c(x, t) + (𝐼4c) 𝜕ଶ𝜕𝑡ଶ 𝑢1c(x, t) + (𝐼5c) 𝜕ଶ𝜕𝑡ଶ 𝑢2c(x, t) + (𝐼6c) 𝜕ଶ𝜕𝑡ଶ 𝑢3c(x, t) − (𝐶113c) 𝜕ଶ𝜕𝑥ଶ 𝑢0c(x, t) −(𝐶114c) 𝜕ଶ𝜕𝑥ଶ 𝑢1c(x, t) − (𝐶115c) 𝜕ଶ𝜕𝑥ଶ 𝑢2c(x, t) − (𝐶116c) 𝜕ଶ𝜕𝑥ଶ 𝑢3c(x, t) + 3(𝐶552c)𝑢1c(x, t) +3(𝐶552c) 𝜕𝜕𝑥 𝑤0c(x, t)+6(𝐶553c)𝑢2c(x, t) + 9(𝐶554c)𝑢3c(x, t) − ℎ௖ଷ8 𝜆௫௕(𝑥, 𝑡) + ℎ௖ଷ8 𝜆௫௧(𝑥, 𝑡) − 34 𝐶ହହ௖ℎ௖ଶ𝜆௫௭௧௖(𝑥, 𝑡) − 34 ℎ௖ଶ𝐶ହହ௕𝜆௫௭௕௖(𝑥, 𝑡) − (𝐶133c) 𝜕𝜕𝑥 𝑤1c(x, t) + 2(𝐶134c) 𝜕𝜕𝑥 𝑤2c(x, t) +3(𝐶553c) 𝜕𝜕𝑥 𝑤1c(x, t)+3(𝐶554c) 𝜕𝜕𝑥 𝑤2c(x, t) = 0 

(A11)

𝛿𝑤଴௧: (𝐼0t) 𝜕ଶ𝜕𝑡ଶ 𝑤0t(x, t) + (𝐼1t) 𝜕ଶ𝜕𝑡ଶ 𝑤1t(x, t) + (𝐼2t) 𝜕ଶ𝜕𝑡ଶ 𝑤2t(x, t) − (𝐶550t) 𝜕𝜕𝑥 𝑢1t(x, t) − (𝐶550t) 𝜕ଶ𝜕𝑥ଶ 𝑤0t(x, t) −2(𝐶551t) 𝜕𝜕𝑥 𝑢2t(x, t) − 3(𝐶552t) 𝜕𝜕𝑥 𝑢3t(x, t) + 𝜆௭௧(𝑥, 𝑡) − 𝜕𝜕𝑥 𝐶ହହ௧𝜆௫௭௧௖(𝑥, 𝑡) − 𝜕𝜕𝑥 𝜆௫௭௧(𝑥, 𝑡) + 𝐹ଵହ଴௧ 𝜕ଶ𝜕𝑥ଶ 𝜑௦(x, t) − 𝐸ଵହ଴௧ 𝜕ଶ𝜕𝑥ଶ 𝜑௦(x, t) − N଴ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤0b(x, t)൱ = 0 

(A12)
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𝛿𝑤଴௕: (𝐼0b) 𝜕ଶ𝜕𝑡ଶ 𝑤0b(x, t) + (𝐼1b) 𝜕ଶ𝜕𝑡ଶ 𝑤1b(x, t) + (𝐼2b) 𝜕ଶ𝜕𝑡ଶ 𝑤2b(x, t) − (𝐶550b) 𝜕𝜕𝑥 𝑢ଵ௕(x, t) − (𝐶550b) 𝜕ଶ𝜕𝑥ଶ 𝑤0b(x, t) −2(𝐶551b) 𝜕𝜕𝑥 𝑢2b(x, t) − 3(𝐶552b) 𝜕𝜕𝑥 𝑢3b(x, t) + 𝜆௭௕(𝑥, 𝑡) − 𝜕𝜕𝑥 𝐶ହହ௕𝜆௫௭௕௖(𝑥, 𝑡) − 𝜕𝜕𝑥 𝜆௫௭௕(𝑥, 𝑡) +൫𝐾௣𝐸ଵହ଴௕൯ 𝜕ଶ𝜕𝑥ଶ 𝜑௦(x, t) + ൫𝐾௣𝐹ଵହ଴௕൯ 𝜕ଶ𝜕𝑥ଶ 𝜑௦(x, t) + (𝐾ௗ𝐸ଵହ଴௕) 𝜕ଷ𝜕𝑥ଶ𝜕𝑡 𝜑௦(x, t) + (𝐾ௗ𝐹ଵହ଴௕) 𝜕ଷ𝜕𝑥ଶ𝜕𝑡 𝜑௦(x, t) −𝐾௪൫𝑤0b(x, t)൯ + 𝐾ீ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤0b(x, t)൱ − 𝐶ௗ ൭ 𝜕𝜕𝑡 𝑤0b(x, t)൱ − 𝑁଴ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤0b(x, t)൱ = 0 

(A13)

𝛿𝑤଴௖: (𝐼଴௖) 𝜕ଶ𝜕𝑡ଶ 𝑤0c(x, t) + (𝐼ଵ௖) 𝜕ଶ𝜕𝑡ଶ 𝑤1c(x, t) + (𝐼ଶ௖) 𝜕ଶ𝜕𝑡ଶ 𝑤2c(x, t) − (𝐶550c) 𝜕𝜕𝑥 𝑢1c(x, t) − (𝐶550c) 𝜕ଶ𝜕𝑥ଶ 𝑤0t(x, t) −(𝐶ହହଵ௖) 𝜕ଶ𝜕𝑥ଶ 𝑤ଵ௖(x, t)-2(𝐶ହହଵ௖) 𝜕𝜕𝑥 𝑢ଶ௖(x, t) − 3(𝐶ହହଶ௖) 𝜕𝜕𝑥 𝑢ଷ௖(x, t) − (𝐶ହହଶ௖) 𝜕ଶ𝜕𝑥ଶ 𝑤ଶ௖(x, t) − 𝜆௭௧(𝑥, 𝑡) −𝜆௭௕(𝑥, 𝑡) + 𝜕𝜕𝑥 𝐶ହହ௖𝜆௫௭௧௖(𝑥, 𝑡) + 𝜕𝜕𝑥 𝐶ହହ௖𝜆௫௭௕௖(𝑥, 𝑡) − N଴ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤0c(x, t)൱ − 2Nଵ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤1c(x, t)൱ − 2Nଶ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤2c(x, t)൱ = 0
(A14)

𝛿𝑤ଵ௖: (𝐼ଵ௖) 𝜕ଶ𝜕𝑡ଶ 𝑤0c(x, t) + (𝐼ଶ௖) 𝜕ଶ𝜕𝑡ଶ 𝑤1c(x, t) + (𝐼ଷ௖) 𝜕ଶ𝜕𝑡ଶ 𝑤2c(x, t) − (𝐶552c) 𝜕𝜕𝑥 𝑤1c(x, t) − (𝐶553c) 𝜕ଶ𝜕𝑥ଶ 𝑤2t(x, t) +(𝐶ଵଷଷ௖) 𝜕𝜕𝑥 𝑢3c(x, t) + (𝐶ଵଷଶ௖) 𝜕𝜕𝑥 𝑢ଶ௖(x, t) + (𝐶ଵଷଵ௖) 𝜕𝜕𝑥 𝑢ଵ௖(x, t) + (𝐶ଵଷ଴௖) 𝜕𝜕𝑥 𝑢଴௖(x, t) −(𝐶ହହଵ௖) 𝜕𝜕𝑥 𝑢ଵ௖(x, t)-2(𝐶ହହଶ௖) 𝜕𝜕𝑥 𝑢ଶ௖(x, t) − 3(𝐶ହହଷ௖) 𝜕𝜕𝑥 𝑢ଷ௖(x, t) − (𝐶ହହଵ௖) 𝜕ଶ𝜕𝑥ଶ 𝑤଴௖(x, t) +2(𝐶ଷଷଵ௖)𝑤ଶ௖(x, t) + (𝐶ଷଷ଴௖)𝑤ଵ௖(x, t) + ℎ௖2 𝜆௭௧(𝑥, 𝑡) − ℎ௖2 𝜆௭௕(𝑥, 𝑡) + 𝜕𝜕𝑥 ℎ௖𝐶ହହ௖𝜆௫௭௧௖(𝑥, 𝑡) − 𝜕𝜕𝑥 ℎ௖𝐶ହହ௖𝜆௫௭௕௖(𝑥, 𝑡) − 2Nଵ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤0c(x, t)൱ − Nଶ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤1c(x, t)൱ − 2Nଷ( 𝜕ଶ𝜕𝑥ଶ 𝑤2c(x, t))=0 

(A15)

𝛿𝑤ଶ௖: (𝐼ଶ௖) 𝜕ଶ𝜕𝑡ଶ 𝑤0c(x, t) + (𝐼ଷ௖) 𝜕ଶ𝜕𝑡ଶ 𝑤1c(x, t) + (𝐼ସ௖) 𝜕ଶ𝜕𝑡ଶ 𝑤2c(x, t) − (𝐶552c) 𝜕𝜕𝑥 𝑤0c(x, t) − (𝐶553c) 𝜕ଶ𝜕𝑥ଶ 𝑤1t(x, t) +2(𝐶ଵଷସ௖) 𝜕𝜕𝑥 𝑢3c(x, t) + 2(𝐶ଵଷଷ௖) 𝜕𝜕𝑥 𝑢ଶ௖(x, t) + 2(𝐶ଵଷଶ௖) 𝜕𝜕𝑥 𝑢ଵ௖(x, t) + 2(𝐶ଵଷଵ௖) 𝜕𝜕𝑥 𝑢଴௖(x, t) −(𝐶ହହଶ௖) 𝜕𝜕𝑥 𝑢ଵ௖(x, t) − 2(𝐶ହହଷ௖) 𝜕𝜕𝑥 𝑢ଶ௖(x, t) − 3(𝐶ହହସ௖) 𝜕𝜕𝑥 𝑢ଷ௖(x, t) − (𝐶ହହସ௖) 𝜕ଶ𝜕𝑥ଶ 𝑤ଶ௖(x, t) +2(𝐶ଷଷଵ௖)𝑤ଵ௖(x, t) + 4(𝐶ଷଷଶ௖)𝑤ଶ௖(x, t) − ℎ௖ଶ4 𝜆௭௧(𝑥, 𝑡) − ℎ௖ଶ4 𝜆௭௕(𝑥, 𝑡) + 34 ℎ௖ଶ𝐶ହହ௖ 𝜕𝜕𝑥 𝜆௫௭௧௖(𝑥, 𝑡) − 34 ℎ௖ଶ 𝜕𝜕𝑥 𝐶ହହ௖𝜆௫௭௕௖(𝑥, 𝑡) − 2Nଶ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤0c(x, t)൱ − 2Nଷ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤1c(x, t)൱ − Nସ ൭ 𝜕ଶ𝜕𝑥ଶ 𝑤2c(x, t)൱ = 0 

(A16)

𝛿𝜑௦௧: (𝐸150t) 𝜕𝜕𝑥 𝑢1t(x, t) + (𝐹150t) 𝜕𝜕𝑥 𝑢1t(x, t) + (2E151t) 𝜕𝜕𝑥 𝑢2t(x, t) + 2(𝐹151t) 𝜕𝜕𝑥 𝑢2t(x, t) + (3E152t) 𝜕𝜕𝑥 𝑢3t(x, t) +3(𝐹152t) 𝜕𝜕𝑥 𝑢3t(x, t) + (𝐸150t) 𝜕ଶ𝜕𝑥ଶ 𝑤0t(x, t) + (𝐹150t) 𝜕ଶ𝜕𝑥ଶ 𝑤0t(x, t) + (𝑆110t) 𝜕ଶ𝜕𝑥ଶ 𝜑௦(x, t) +2(𝑆1100t) 𝜕ଶ𝜕𝑥ଶ 𝜑௦(x, t) + C110ct 𝜕ଶ𝜕𝑥ଶ 𝜑௦(x, t) − F310t 𝜕𝜕𝑥 𝑢0t(x, t) + E310t 𝜕𝜕𝑥 𝑢0t(x, t) −F311t 𝜕𝜕𝑥 𝑢1t(x, t) + E311t 𝜕𝜕𝑥 𝑢1t(x, t) − F312t 𝜕𝜕𝑥 𝑢2t(x, t) + E312t 𝜕𝜕𝑥 𝑢2t(x, t) − F313t 𝜕𝜕𝑥 𝑢3t(x, t) +E313t 𝜕𝜕𝑥 𝑢3t(x, t) − 𝜋ଶ
ℎ௧ଶ 𝐶330ct𝜑௦(x, t) + 2𝜋ଶ

ℎ௧ଶ 𝑆3300t𝜑௦(x, t) − 𝜋ଶ
ℎ௧ଶ 𝑠330t𝜑௦(x, t) = 0 

(A17)

𝛿𝜆௫௧: 𝑢0t(x, t) − 𝑢଴௖(x, t) + ℎ௧2 𝑢1t(x, t) + ℎ௖2 𝑢1c(x, t) + ℎ௧ଶ4 𝑢2t(x, t) − ℎ௖ଶ4 𝑢2c(x, t) + ℎ௧ଷ8 𝑢3t(x, t) + ℎ௖ଷ8 𝑢3c(x, t) = 0 
(A18)
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𝛿𝜆௫௕: 𝑢0b(x, t) − 𝑢଴௖(x, t) − ℎ௕2 𝑢1b(x, t) − ℎ௖2 𝑢1c(x, t) + ℎ௕ଶ4 𝑢2t(x, t) − ℎ௖ଶ4 𝑢2c(x, t) + ℎ௕ଷ8 𝑢3t(x, t) + ℎ௖ଷ8 𝑢3c(x, t) = 0 
(A19)

𝛿𝜆௭௧: 𝑤0t(x, t) − 𝑤଴௖(x, t) + ℎ௖2 𝑤1c(x, t) − ℎ௖ଶ4 𝑤2c(x, t) = 0 
(A20)

𝛿𝜆௭௕: 𝑤0b(x, t) − 𝑤଴௖(x, t) − ℎ௖2 𝑤1c(x, t) − ℎ௖ଶ4 𝑤2c(x, t) = 0 
(A21)

𝛿𝜆௫௭௧: 𝑢1t(x, t) + 𝜕𝜕𝑥 𝑤଴௧(x, t)-h௧𝑢2t(x, t) + 3ℎ௧ଶ4 𝑢3t(x, t) = 0 
(A22)

𝛿𝜆௫௭௧௖: 𝑢1b(x, t) + 𝜕𝜕𝑥 𝑤଴௕(x, t)-h௕𝑢2b(x, t) + 3ℎ௕ଶ4 𝑢3b(x, t) = 0 
(A23)

𝛿𝜆௫௭௧௖: 𝐶ହହ௧ ቈ𝑢1t(x, t) + 𝜕𝜕𝑥 𝑤଴௧(x, t) + h௧𝑢2t(x, t) + 3ℎ௧ଶ4 𝑢3t(x, t)቉ 
−𝐶ହହ௖ ቈ𝑢1c(x, t) + 𝜕𝜕𝑥 𝑤଴௖(x, t) − ℎ௖𝑢2c(x, t) + 3ℎ௖ଶ4 𝑢3c(x, t) − ℎ௖2 𝑤1c(x, t) + ℎ௖ଶ4 𝜕𝜕𝑥 𝑤2c(x, t)቉ = 0 

(A24)

𝛿𝜆௫௭௕௖: 𝐶ହହ௕ ቈ𝑢1b(x, t) + 𝜕𝜕𝑥 𝑤଴௕(x, t)-h௕𝑢2b(x, t) + 3ℎ௧ଶ4 𝑢3b(x, t)቉ 
−𝐶ହହ௖ ቈ𝑢1c(x, t) + 𝜕𝜕𝑥 𝑤଴௖(x, t)-h௖𝑢2c(x, t) + 3ℎ௖ଶ4 𝑢3c(x, t) ℎ௖2 𝑤1c(x, t) + ℎ௖ଶ4 𝜕𝜕𝑥 𝑤2c(x, t)቉ = 0 

(A25)

𝛿𝜑௦௕: (𝐾ௗ𝐸150b) 𝜕ଷ𝜕𝑥ଶ𝜕𝑡 𝑤0b(x, t) + (𝐾ௗ𝐹150b) 𝜕ଷ𝜕𝑥ଶ𝜕𝑡 𝑤0b(x, t) − (2Kௗ𝐸151b) 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢2b(x, t) + 2(𝐾ௗ𝐹151b) 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢2b(x, t) −(3Kௗ𝐸152b) 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢3b(x, t) + 3(𝐾ௗ𝐹152b) 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢3b(x, t) − (𝐾௣𝐸150b) 𝜕ଶ𝜕𝑥ଶ 𝑤0b(x, t) + (𝐾௣𝐹150b) 𝜕ଶ𝜕𝑥ଶ 𝑤0b(x, t) +(𝐾ௗ𝐸150b) 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢1b(x, t) + (𝐾ௗ𝐹150b) 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢1b(x, t) − Kௗ𝐹310b 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢0b(x, t) + Kௗ𝐸310b 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢0b(x, t) −Kௗ𝐹311b 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢1b(x, t) + Kௗ𝐸311b 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢1b(x, t) − Kௗ𝐹312b 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢2b(x, t) + Kௗ𝐸312b 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢2b(x, t) −Kௗ𝐹313b 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢3b(x, t) + Kௗ𝐸313b 𝜕ଶ𝜕𝑥𝜕𝑡 𝑢3b(x, t) + (𝐾௣𝐸150b) 𝜕𝜕𝑥 𝑢1b(x, t) + (𝐾௣𝐹150b) 𝜕𝜕𝑥 𝑢ଵ௕(x, t) +(2K௣𝐸151b) 𝜕𝜕𝑥 𝑢2b(x, t) + (2K௣𝐹151b) 𝜕𝜕𝑥 𝑢2b(x, t) + (3K௣𝐹152b) 𝜕𝜕𝑥 𝑢3b(x, t) + (3K௣𝐸152b) 𝜕𝜕𝑥 𝑢3b(x, t) −(𝐾௣𝐹310b) 𝜕𝜕𝑥 𝑢0b(x, t) + (𝐾௣𝐸310b) 𝜕𝜕𝑥 𝑢0b(x, t) − (𝐾௣𝐹311b) 𝜕𝜕𝑥 𝑢1b(x, t) + (𝐾௣𝐸311b) 𝜕𝜕𝑥 𝑢1b(x, t) −(𝐾௣𝐹312b) 𝜕𝜕𝑥 𝑢2b(x, t) + (𝐾௣𝐸312b) 𝜕𝜕𝑥 𝑢2b(x, t) − (𝐾௣𝐹313b) 𝜕𝜕𝑥 𝑢3b(x, t) + (𝐾௣𝐸313b) 𝜕𝜕𝑥 𝑢3b(x, t) +K௣ଶ𝑆110b 𝜕ଶ𝜕𝑥ଶ 𝜑௦(x, t) + 2K௣ଶ𝑆1100b 𝜕ଶ𝜕𝑥ଶ 𝜑௦(x, t) + K௣ଶ𝐶110b 𝜕ଶ𝜕𝑥ଶ 𝜑௦(x, t) + 2K௣𝐾ௗ𝑆110b 𝜕ଷ𝜕𝑥ଶ𝜕𝑡 𝜑௦(x, t) +4K௣𝐾ௗ𝑆1100b 𝜕ଷ𝜕𝑥ଶ𝜕𝑡 𝜑௦(x, t) + 2K௣𝐾ௗ𝐶110b 𝜕ଷ𝜕𝑥ଶ𝜕𝑡 𝜑௦(x, t) + K௣𝐾ௗ𝑆110b 𝜕ସ𝜕𝑥ଶ𝜕𝑡ଶ 𝜑௦(x, t) + 2K௣𝐾ௗ𝑆1100b 𝜕ସ𝜕𝑥ଶ𝜕𝑡ଶ 𝜑௦(x, t) +K௣𝐾ௗ𝐶110b 𝜕ସ𝜕𝑥ଶ𝜕𝑡ଶ 𝜑௦(x, t) − 𝜋ଶ
ℎ௔ଶ 𝐾௣𝐾ௗ𝐶330b 𝜕ଶ𝜕𝑡ଶ 𝜑௦(x, t) + 2𝜋ଶ

ℎ௔ଶ 𝐾௣𝐾ௗ𝑆3300b 𝜕ଶ𝜕𝑡ଶ 𝜑௦(x, t) − 𝜋ଶ
ℎ௔ଶ 𝐾௣𝐾ௗ𝑆330b 𝜕ଶ𝜕𝑡ଶ 𝜑௦(x, t) − 𝜋ଶ

ℎ௔ଶ 𝐾௣ଶ𝐶330b 𝜕ଶ𝜕𝑡ଶ 𝜑௦(x, t) + 2𝜋ଶ
ℎ௔ଶ 𝐾௣ଶ𝑆3300b 𝜕ଶ𝜕𝑡ଶ 𝜑௦(x, t) − 2𝜋ଶ

ℎ௔ଶ 𝐾௣ଶ𝑆330b 𝜕ଶ𝜕𝑡ଶ 𝜑௦(x, t) − 2𝜋ଶ
ℎ௔ଶ 𝐾௣𝐾ௗ𝑆330b 𝜕𝜕𝑡 𝜑௦(x, t) − 2𝜋ଶ

ℎ௔ଶ 𝐾௣𝐾ௗ𝐶330b 𝜕𝜕𝑡 𝜑௦(x, t) + 4𝜋ଶ
ℎ௔ଶ 𝐾௣𝐾ௗ𝑆3300b 𝜕𝜕𝑡 𝜑௦(x, t) = 0 

(A26)
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𝐼଴௜, 𝐼ଵ௜, 𝐼ଶ௜, 𝐼ଷ௜, 𝐼ସ௜, 𝐼ହ௜, 𝐼଺௜ = න௫
ି௫ 𝜌௜(𝑧)(1, 𝑧, 𝑧ଶ, 𝑧ଷ, 𝑧ସ, 𝑧ହ, 𝑧଺)𝑑𝑧 (B1)

𝐶ଵଵ଴௜, 𝐶ଵଵଵ௜, 𝐶ଵଵଶ௜, 𝐶ଵଵଷ௜, 𝐶ଵଵସ௜, 𝐶ଵଵହ௜, 𝐶ଵଵ଺௜ = න௫
ି௫ 𝐶ଵଵ௜(𝑧)(𝑧଴, 𝑧, 𝑧ଶ, 𝑧ଷ, 𝑧ସ, 𝑧ହ, 𝑧଺)𝑑𝑧 (B2)

𝐶ହହ଴௜, 𝐶ହହଵ௜, 𝐶ହହଶ௜, 𝐶ହହଷ௜, 𝐶ହହସ௜, 𝐶ହହହ௜ = න௫
ି௫ 𝐶ହହ௜(𝑧)(𝑧଴, 𝑧, 𝑧ଶ, 𝑧ଷ, 𝑧ସ, 𝑧ହ)𝑑𝑧 (B3)

𝐶ଵଷ଴௖, 𝐶ଵଷଵ௖, 𝐶ଵଷଶ௖, 𝐶ଵଷଷ௖, 𝐶ଵଷସ௖ = නℎ೎మିℎ೎మ 𝐶ଵଷ௖(𝑧)(𝑧଴, 𝑧, 𝑧ଶ, 𝑧ଷ, 𝑧ସ)𝑑𝑧 (B4)

𝐶ଷଷ଴௖, 𝐶ଷଷଵ௖, 𝐶ଷଷଶ௖, 𝐶ଷଷଷ௖, 𝐶ଷଷସ௖ = නℎ೎మିℎ೎మ 𝐶ଷଷ௖(𝑧)(𝑧଴, 𝑧, 𝑧ଶ, 𝑧ଷ, 𝑧ସ)𝑑𝑧 (B5)

𝑁଴௜ = න௫
ି௫ 𝐶ଵଵ𝛼(𝑡)𝛥𝑇𝑑𝑧 (B6)

𝑁଴௖, 𝑁ଵ௖, 𝑁ଵ௖, 𝑁ଵ௖, 𝑁ଵ௖ = නℎ೎మିℎ೎మ 𝐸௖𝛼(𝑡)𝛥𝑇(𝑧, 𝑧ଶ, 𝑧ଷ, 𝑧ସ)𝑑𝑧 (B7)

𝐹ଷଵ଴௝, 𝐹ଷଵଵ௝, 𝐹ଷଵଶ௝, 𝐹ଷଵଷ௝, 𝐹ଷଵସ௝ = න௬
ି௬ 𝑒ଷଵ 𝑐𝑜𝑠 ቆ𝜋𝑧

ℎ௝ ቇ 𝑐𝑜𝑠 ቆ𝜋ℎ௖2ℎ௝ ቇ 𝜋
ℎ௝ (𝑧଴, 𝑧, 𝑧ଶ, 𝑧ଷ, 𝑧ସ)𝑑𝑧 (B8)

𝐹ଵହ଴௝, 𝐹ଵହଵ௝, 𝐹ଵହଶ௝ = න௬
ି௬ 𝑒ଵହ 𝑐𝑜𝑠 ቆ𝜋𝑧

ℎ௝ ቇ 𝑐𝑜𝑠 ቆ𝜋ℎ௖2ℎ௝ ቇ 𝜋
ℎ௝ (𝑧଴, 𝑧, 𝑧ଶ)𝑑𝑧 (B9)

𝐸ଷଵ଴௝, 𝐸ଷଵଵ௝, 𝐸ଷଵଶ௝, 𝐸ଷଵଷ௝, 𝐸ଷଵସ௝ = න௬
ି௬ 𝑒ଷଵ 𝑠𝑖𝑛 ቆ𝜋𝑧

ℎ௝ ቇ 𝑠𝑖𝑛 ቆ𝜋ℎ௖2ℎ௝ ቇ 𝜋
ℎ௝ (𝑧଴, 𝑧, 𝑧ଶ, 𝑧ଷ, 𝑧ସ)𝑑𝑧 (B10)

𝐸ଵହ଴௝, 𝐸ଵହଵ௝, 𝐸ଵହଶ௝ = න௬
ି௬ 𝑒ଵହ 𝑠𝑖𝑛 ቆ𝜋𝑧

ℎ௝ ቇ 𝑠𝑖𝑛 ቆ𝜋ℎ௖2ℎ௝ ቇ 𝜋
ℎ௝ (𝑧଴, 𝑧, 𝑧ଶ)𝑑𝑧 (B11)

𝑆ଵଵ଴௝ = න௬
ି௬ 𝑘ଵଵ ቆ𝑠𝑖𝑛 ቆ𝜋𝑧

ℎ௝ ቇቇଶ ቆ𝑐𝑜𝑠 ቆ𝜋ℎ௖2ℎ௝ ቇቇଶ 𝑑𝑧 (B12)

𝐶ଵଵ଴௖௝ = න௬
ି௬ 𝑘ଵଵ ቆ𝑐𝑜𝑠 ቆ𝜋𝑧

ℎ௝ ቇቇଶ ቆ𝑠𝑖𝑛 ቆ𝜋ℎ௖2ℎ௝ ቇቇଶ 𝑑𝑧 (B13)

𝑆ଷଷ଴௝ = න௬
ି௬ 𝑘ଷଷ ቆ𝑠𝑖𝑛 ቆ𝜋𝑧

ℎ௝ ቇቇଶ ቆ𝑐𝑜𝑠 ቆ𝜋ℎ௖2ℎ௝ ቇቇଶ 𝑑𝑧 (B14)

𝐶ଷଷ଴௖௝ = න௬
ି௬ 𝑘ଷଷ ቆ𝑐𝑜𝑠 ቆ𝜋𝑧

ℎ௝ ቇቇଶ ቆ𝑠𝑖𝑛 ቆ𝜋ℎ௖2ℎ௝ ቇቇଶ 𝑑𝑧 (B15)

𝑆ଷଷ଴଴௝ = න௬
ି௬ 𝑘ଷଷ ቆ𝑠𝑖𝑛 ቆ𝜋𝑧

ℎ௝ ቇቇ ቆ𝑐𝑜𝑠 ቆ𝜋ℎ௖2ℎ௝ ቇቇ ቆ𝑐𝑜𝑠 ቆ𝜋𝑧
ℎ௝ ቇቇ ቆ𝑠𝑖𝑛 ቆ𝜋ℎ௖2ℎ௝ ቇቇ 𝑑𝑧 (B16)

𝑁௬ = නℎమ್ିℎమ್ 𝑒ଷଵ𝑉଴𝑑𝑧 (B17)

𝑦 = ൬ℎ௧2 , ℎ௕2 ൰ , 𝑗 = 𝑡, 𝑏𝑥 = ൬ℎ௧2 , ℎ௖2 , ℎ௕2 ൰ , 𝑖 = 𝑡, 𝑏, 𝑐 
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