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1. Introduction 

 
Stay cables in cable-stayed bridges are often observed to 

experience excessive vibrations under external excitations 
(Ni et al. 2007, Li et al. 2013, Shen et al. 2018, Wang et al. 
2020), such as wind, rain/wind, and traffic loadings. 
Frequent and excessive vibrations not only reduce the 
service life of cables but also have adverse effects on public 
confidence in the overall safety of the bridge. Various 
strategies have been adopted in real-world applications for 
the mitigation of cable vibrations, such as modification of 
the cable surface (Kleissl and Georgakis 2012), tying cables 
together (He et al. 2018), installing external dampers (Chen 
et al. 2004, Cai et al. 2007, Jamshidi et al. 2017, Zhou et al. 
2018b, Liu et al. 2019), and using hybrid techniques 
(Ahmad et al. 2018). 

Among these methods, the installation of passive 
viscous dampers (VD) near the cable-deck anchorage has 
received considerable attention. Kovacs (1982) first 
identified the optimum cable modal damping ratio based on 
the fixed-point method. Subsequently, Pacheco et al. (1993) 
proposed a universal estimation curve to design the VD for 
mitigating cable vibrations. Krenk (2000) developed an 
asymptotic solution to predict the cable modal damping 
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ratio provided by the VD. The modal behavior of a cable 
with a VD was also systematically investigated (Main and 
Jones 2002). In addition, several methods and design tools 
have been developed to consider the effect of non-ideal 
factors on the damper performance and design parameters 
(Fujino and Hoang 2008, Fournier and Cheng 2014, Duan 
et al. 2019, Mehrabi and Tabatabai 1998), such as the cable 
sag and flexural stiffness, damper internal stiffness, support 
stiffness, nonlinearity, and the mass of the damper moving 
part. To design the damper for suppressing multi-mode 
cable vibrations, Wang et al. (2005) developed a suboptimal 
design procedure for the VD based on the optimal LQG 
control theory; Weber et al. (2009) presented a practical 
design method targeting at desired cable modes by 
constraining the minimum damping ratio of the cable. 
These results showed that the achievable modal damping of 
the cable is typically restricted by the small distance from 
the damper location to the cable anchorage compared with 
the total cable length. For long stay cables, it is challenging 
for the VD to provide enough damping to eliminate the 
cable vibrations. 

To improve the control performance of the VD, semi-
active dampers have been proposed and their superior 
performance has been proved both theoretically and 
experimentally (Johnson et al. 2003, Jung et al. 2004, Duan 
et al. 2005, Christenson et al. 2006, Kim et al. 2010, Huang 
et al. 2019a, Zhang et al. 2019, Jeong et al. 2019). 
However, passive control strategies are more preferred in 
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real-world applications. In view of this, passive negative 
stiffness dampers (NSD) have proposed (Chen et al. 2015, 
Shi et al. 2016, Zhou and Li 2016) to improve the VD 
performance inspired by the negative stiffness behavior of 
semi-active dampers (Li et al. 2008, Weber and Distl 2015). 
Chen et al. (2015) first demonstrated the advantages of the 
passive NSD in mitigating cable vibrations. Shi et al. 
(2016) investigated the dynamic behavior of cable with 
NSD. Furthermore, the pre-spring NSD (Zhou and Li 2016) 
and the magnetic induced NSD (Shi et al. 2017) were 
invented to validate the NSD performance experimentally. 
Based on the refined design formula, the performance of the 
NSD in mitigating cable multi-mode vibrations was also 
evaluated (Javanbakht et al. 2020). 

Recently, inerter-based dampers have gained extensive 
attention due to their ability to enhance damping which is 
similar to the NSD (Ikago et al. 2012, Lazar et al. 2014, 
Nakamura et al. 2014, Marian and Giaralis 2014, Hu et al. 
2015, Giaralis and Petrini 2017, Zhu et al. 2019, Domenico 
and Ricciardi 2019, Ma et al. 2020, 2021, Zhang et al. 
2020). Lazar et al. (2016) first reported the effectiveness of 
the tuned inerter damper (TID) in controlling single mode 
cable vibrations. Sun et al. (2017) investigated the 
combined effect of the TID and cross-ties for cable 
vibration control. Lu et al. (2017, 2019) evaluated the 
control performance of the paralleled viscous inerter 
damper (PVID) and found that a significant damping 
improvement can be achieved for a specific cable mode 
compared to the VD. Shi and Zhu (2008) proposed an 
optimum design method to design the PVID for suppressing 
cable vibrations. Based on their designed electromagnetic 
PVID, Li et al. (2019), Wang et al. (2019) and Li et al. 
(2020) experimentally proved the superior performance of 
the PVID for cable vibration control. The comparative 
study of typical inerter-based dampers for cable vibration 
control was also reported (Luo et al. 2019, Huang et al. 
2019b, Chen et al. 2021). The results showed that the 
inerter-based dampers are more effective than the VD in 
mitigating cable vibrations. 

However, the above studies mainly focus on the 
scenario in which the damper and the inerter are installed at 
the same location. A recent study showed that a 
concentrated mass placed at a higher location than the VD 
can achieve better control performance compared with the 
case when they are located together (Zhou et al. 2018a). But 
the mass may be too large to make a significant increment 
on the cable modal damping ratio. Compared with the 
concentrated mass, the inerter can generate an inertial mass 
that is thousands of times its physical mass while being 
installed close to the cable end for aesthetic and practical 
reasons. Nonetheless, the dynamic behavior for the inerter 
installed at a higher location of the VD has not been 
investigated. To inquire into the effect of the inerter on the 
damping enhancement of the VD in mitigating cable 
vibrations, the modal behavior of the cable-VD-inerter 
system is systematically investigated. Three cases are 
considered, including 1) the inerter is installed parallel to 
the VD (i.e., PVID), 2) the inerter is placed in series with 
the VD (SVID), and 3) the inerter is installed at a higher 
location than the VD (HVID). The asymptotic solution for 

the VD and the inerter installed close to the cable end is 
derived. In addition, the effects of the inerter on the cable 
oscillation frequency, the optimum modal damping ratio, 
and the control performance in mitigating multi-mode cable 
vibrations are evaluated. 

 
 

2. General problem formulation 
 
Fig. 1 shows the unified analytical model to evaluate the 

effect of the inerter on the modal behavior of a cable with a 
VD installed close to the cable end, where T, m and l denote 
the tension force, the mass per unit length and the length of 
the cable, respectively. Some minor but important factors on 
the modal behavior are neglected, such as the inherent 
damping, the sag and the flexural stiffness of the cable, the 
damper stiffness and support stiffness, as the effect of the 
inerter is the focus of this study. The equation of the 
transverse motion of the cable is expressed as (Hoang and 
Fujino 2008) 

 𝑇 𝜕ଶ𝑢(𝑥, 𝑡)𝜕𝑥ଶ − 𝑚 𝜕ଶ𝑢(𝑥, 𝑡)𝜕𝑡ଶ  = 𝑓ଵ(𝑡)𝛿(𝑥 − 𝑥ଵ) + 𝑓ଶ(𝑡)𝛿(𝑥 − 𝑥ଶ) (1)

 
with the boundary condition 

 𝑢(0, 𝑡) = 𝑢(𝑙, 𝑡) = 0 (2)
 

where 𝑥  is the location coordinate along the cable; 𝑢(𝑥, 𝑡)is the transverse displacement of the cable at the 
location x and the time 𝑡; 𝛿(∙) is the Dirac delta function; 𝑓ଵ(𝑡) and 𝑓ଶ(𝑡) denote the transverse force applied to the 
cable, which are expressed in Table 1 for the three cases 
considered in this study. 

For free vibration, the cable transverse displacement 𝑢(𝑥, 𝑡)  and damper forces, 𝑓ଵ(𝑡)  and 𝑓ଶ(𝑡) , can be 
assumed respectively as 

 𝑢(𝑥, 𝑡) = 𝑅𝑒[ 𝑈(𝑥)𝑒௜ఠ௧] 𝑓ଵ(𝑡) = 𝑅𝑒[ 𝐹ଵ𝑒௜ఠ௧],  𝑓ଶ(𝑡) = 𝑅𝑒[ 𝐹ଶ𝑒௜ఠ௧] (3)

 
where 𝑖 = √−1 ; ω and 𝑈(x)  are the complex eigen 
frequency and the corresponding complex mode shape of 
the cable, respectively; 𝐹ଵ and 𝐹ଶ denote the amplitude of 
the damper force, respectively. 

 
 

Fig. 1 The unified analytical model a taut cable with 
inerter and VD
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Table 1 The transverse force applied to the cable 

Case Description 𝑓ଵ(𝑡) 𝑓ଶ(𝑡) 

PVMD 𝑏ୱ = 0 𝑏୦ = 0 𝑏୮𝑢ሷ (𝑥ଵ, 𝑡) + 𝑐𝑢ሶ (𝑥ଵ, 𝑡) 0 

SVMD 𝑏୮ = 0 𝑏୦ = 0 
𝑏ୱ𝑢ሷ ௕(𝑡) or 𝑐[𝑢ሶ (𝑥ଵ, 𝑡) − 𝑢ሶ ௕(𝑡)] 0 

HVMD 𝑏୮ = 0 𝑏ୱ = 0 𝑐𝑢ሶ (𝑥ଵ, 𝑡) 𝑏୦𝑢ሶ (𝑥ଵ, 𝑡)
 

*Note: 𝑏୮, 𝑏ୱ, and 𝑏୦ denote the inertance of the inerter for the
case PVID, SVID, and HVID, respectively; 𝑢ሷ ௕(𝑡 ) in case 2 
denotes the velocity of the inerter in the SVID. 

 
 
Substituting Eq. (3) into Eq. (1), 𝑈(x) should satisfy the 

following equation 
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where 𝛽 = 𝜔ඥ𝑚/𝑇 refers to the wavenumber, and 𝑥ଵ∗ =𝑙 − 𝑥ଵ, 𝑥ଶ∗ = 𝑙 − 𝑥ଶ. 

Considering the boundary conditions shown in Eq. (2) at 
cable ends, the compatibility conditions in Eq. (5) 

 𝑈(𝑥ଵି ) = 𝑈(𝑥ଵା) = 𝑈(𝑥ଵ), 𝑈(𝑥ଶି ) = 𝑈(𝑥ଶା) = 𝑈(𝑥ଶ),𝑇 ቌ𝑑𝑈(𝑥)𝑑𝑥 ቤ௫ೕశ − 𝑑𝑈(𝑥)𝑑𝑥 ቤ௫ೕషቍ = 𝐹௝, 𝑗=1, 2 (5)

 
the solution of Eq. (4) is derived as 
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where the wavenumber β is satisfied as 

 ቌ𝑐𝑜𝑡 𝛽 𝑥ଵ + ிభ்𝛽𝑈(𝑥ଵ)ቍ ቌ𝑐𝑜𝑡 𝛽 𝑥ଶ∗ + ிమ்𝛽𝑈(𝑥ଶ)ቍ + 
ቌ𝑐𝑜𝑡 𝛽 𝑥ଵ + ிభ்𝛽𝑈(𝑥ଵ) + 𝑐𝑜𝑡 𝛽 𝑥ଶ∗ + ிమ்𝛽𝑈(𝑥ଶ)ቍ 𝑐𝑜𝑡 𝛽 (𝑥ଶ− 𝑥ଵ) = 1 

(7)

 
Substituting 𝑓ଵ(𝑡) and 𝑓ଶ(𝑡) shown in Table 1 into Eq. 

(7), the wave numbers determinant equation for the three 

cases can be further expressed in Eq. (8) and can be 
numerically solved by using the Newton’s method. 

 𝑡𝑎𝑛 𝛽 𝑙 = 𝐴ఛ + 𝑖𝐵ఛ𝐶ఛ + 𝑖𝐷ఛ ,       𝜏 = 𝑝, s , h (8)
 
For the cable with the PVID 
 𝐴௣ = −𝜒௣ 𝑠𝑖𝑛ଶ 𝛽 𝑥ଵ        𝐵௣ = 𝜂 𝑠𝑖𝑛ଶ 𝛽 𝑥ଵ𝐶௣ = 1 − 𝜒௣ 𝑠𝑖𝑛 𝛽 𝑥ଵ 𝑐𝑜𝑠 𝛽 𝑥ଵ  𝐷௣ = 𝜂 𝑠𝑖𝑛 𝛽 𝑥ଵ 𝑐𝑜𝑠 𝛽 𝑥ଵ 

(8a)

 
For the cable with the SVID 
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For the cable with the HVID 
 𝐴ℎ = −𝜒ℎ 𝑠𝑖𝑛ଶ 𝛽 𝑥ଶ𝐵ℎ = 𝜂 𝑠𝑖𝑛ଶ 𝛽 𝑥ଵ − 𝜒ℎ𝜂 𝑠𝑖𝑛 𝛽 𝑥ଵ 𝑠𝑖𝑛 𝛽 𝑥ଶ          𝑠𝑖𝑛 𝛽 (𝑥ଶ − 𝑥ଵ) 𝐶ℎ = 1 − 𝜒ℎ 𝑠𝑖𝑛 𝛽 𝑥ଶ 𝑐𝑜𝑠 𝛽 𝑥ଶ  𝐷ℎ = 𝜂 𝑠𝑖𝑛 𝛽 𝑥ଵ 𝑐𝑜𝑠 𝛽 𝑥ଵ −𝜒ℎ𝜂ଵ 𝑠𝑖𝑛 𝛽 𝑥ଵ 𝑐𝑜𝑠 𝛽 𝑥ଶ 𝑠𝑖𝑛 𝛽 (𝑥ଶ − 𝑥ଵ) 

(8c)

 

in which 
 𝜒ఛ = 𝑏ఛ𝜔√𝑚𝑇 , 𝜂 = 𝑐√𝑚𝑇 ,      𝜏 = 𝑝, s, h (9)

 
 

3. Asymptotic solution for small frequency shifts 
 
As both the VD and the inerter have two connection 

points, they should be installed closed to the cable-deck 
anchorage in real-word applications. In this study, the 
locations of the VD, 𝑥ଵ and the inerter location, 𝑥ଶ are 
assumed as 

 𝑥ଵ/𝑙 ≤ 𝑥ଶ/𝑙 ≤ 5%  (10)
 
When the inertance is small, the installation of the VD 

and the inerter could only cause minimal perturbation in the 
wave numbers of the lower cable modes, and the following 
approximations for the nth cable mode can be obtained 

 𝛽௡଴ ≃ 𝑛𝜋𝑙 ; 𝑡𝑎𝑛 𝛽௡ 𝑙 ≃ 𝛽௡𝑙 − 𝛽௡଴𝑙; 𝑠𝑖𝑛 𝛽௡ 𝑥ଵ ≃ 𝛽௡଴𝑥ଵ; 𝑠𝑖𝑛 𝛽௡ 𝑥ଶ ≃ 𝛽௡଴𝑥ଶ; 𝑠𝑖𝑛 𝛽௡ (𝑥ଶ − 𝑥ଵ) ≃ 𝛽௡଴(𝑥ଶ − 𝑥ଵ); 𝑐𝑜𝑠( 𝛽௡𝑥ଵ) ≃ 𝑐𝑜𝑠( 𝛽௡𝑥ଶ) ≃ 1 
(11)

 
Substituting Eq. (11) into Eq. (8), the solution of wave 

numbers 𝛽௡  of the nth cable mode can be obtained. 
Subsequently, the natural frequency of the cable 𝜔௡ can be 
expressed as (Krenk 2000) 

 𝜔௡ = 𝛽௡ඥ𝑇/𝑚 = |𝜔௡|(ඥ1 − 𝜁௡ଶ + 𝑖𝜁௡) (12)
 

where the real part of the natural frequency denotes the 
oscillatory frequency of the cable; 𝜁௡ is the nth cable modal 
damping ratio and can be solved as 
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𝜁௡ = 𝐼𝑚( 𝜔௡)|𝜔௡| = 𝐼𝑚( 𝛽௡)|𝛽௡| ≈ 𝐼𝑚( 𝛥𝛽௡)|𝛽௡଴|  (13)

 
For the cable with the PVID, Wang et al. (2019) has 

established the asymptotic solution to describe the cable 
modal behavior. For the completeness, the results are 
introduced in this study. The dimensionless natural 
frequency 𝜔ഥ, the nth modal damping ratio 𝜁௡, the optimum 
damping coefficient 𝑐௡୭୮୲ and the corresponding optimum 
modal damping ratio 𝜁௡୭୮୲ for a certain inertance can be 
expressed as Wang et al. (2019) 

 𝜔̄ = 𝜔௡𝜔௡଴ = 1 + −𝑏ሜp, ௡(1 − 𝑏ሜp, ௡) + 𝑐̄௡ଶ(1 − 𝑏ሜp, ௡)ଶ + 𝑐̄௡ଶ+ 𝑖𝑐̄௡(1 − 𝑏ሜp, ௡)ଶ + 𝑐̄௡ଶ 𝑥ଵ𝑙  
𝜁௡ = 𝑐̄௡/(1 − 𝑏ሜp, ௡)1 + ൣ𝑐̄௡/(1 − 𝑏ሜp, ௡)൧ଶ 1(1 − 𝑏ሜp, ௡) 𝑥ଵ𝑙  
𝑐௡opt = ห1 − 𝑏ሜp, ௡ห𝑇𝜔௡଴𝑥ଵ ,  𝜁௡opt = 1ห1 − 𝑏ሜp, ௡ห 𝑥ଵ2𝑙 

(14)

 
where 𝑏തఛ,௡ = 𝜒ఛ𝛽௡଴𝑥ଵ, 𝜏 = p, s,  and 𝑐௡̅ = 𝜂𝛽௡଴𝑥ଵ denote 
dimensionless inertance and damping coefficient, 
respectively. 

Fig. 2 shows the frequency-modal damping ratio curves, 
damping coefficient-modal damping ratio curves, and the 
inertance-modal damping ratio curves of the cable with 
PVID. As shown in Fig. 2(a), the inerter would decrease the 
cable undamped oscillatory frequency. However, the cable 
clamped frequency, the frequency when the damping 
coefficient is increased to infinity, is unaffected by the 
inerter. Figs. 2(b) and (c) indicate that the inerter could 
increase the optimum modal damping ratio of the cable and 
decrease the optimum damping coefficient of the VD. 
Hence, PVID is a more economical and effective strategy 
for cable vibration control than the VD. The comparison 
between the asymptotic solution and numerical solution 
shows that the asymptotic solution can well predict the 
maximum modal damping ratio of the cable (the maximum 
error is less than 15%) when the dimensionless inertance is 
less than 0.820 but begins to lose its accuracy with the 
inertance further increasing. The above results for cable 
vibration with the PVID are consistent with that reported in 
Shi and Zhu (2018) and Wang et al. (2019). 

For the cable with the SVID, the dimensionless natural 
frequency can be derived as 

 𝜔̄ = 𝜔௡𝜔௡଴ = 1 + 𝑖𝑐̄௡1 + 𝑖 ൬𝑐̄௡ − ௖೙̄௕ሜs, ೙൰ 𝑥ଵ𝑙  
    = 1 + 𝑐̄௡ଶ ൬1 − ଵ௕ሜs, ೙൰1 + 𝑐̄௡ଶ(1 − 1/𝑏ሜs, ௡)ଶ 𝑥ଵ𝑙          + 𝑖𝑐̄௡1 + 𝑐̄௡ଶ(1 − 1/𝑏ሜs, ௡)ଶ 𝑥ଵ𝑙  

(15)

 
Substituting the Eq. (15) into Eq. (13), the nth modal 

damping ratio of the cable can be derived as 

Fig. 2 The frequency-modal damping ratio curves, the 
damping coefficient -modal damping ratio curves, 
and the inertance coefficient-modal damping ratio 
curves of the cable with PVID (𝑥ଵ = 0.02l) 

 
 𝜁௡ = 𝑐̄௡1 + (𝑐̄௡ − 𝑐̄௡/𝑏ሜs, ௡)ଶ 𝑥ଵ𝑙 = 𝑐̄௡1 + 𝑐̄௡ଶ(1 − 1/𝑏ሜs, ௡)ଶ 𝑥ଵ𝑙 (16)
 
The optimum damping coefficient of the SVID can be 

obtained by 
 𝜕𝜁௡𝜕𝑐 = 𝜕𝜁௡𝜕𝑐̄௡ ⋅ 𝜕𝑐̄௡𝜕𝑐 = 0 (17)
 

leading to the value 
 𝑐௡opt = 𝑇ห1 − 1/𝑏ሜs, ௡ห𝜔௡଴𝑥ଵ (18)

 
Substituting Eq. (18) into Eq. (16), the optimum modal 

damping ratio is expressed as 
 𝜁௡opt = 12 1ห1 − 1/𝑏ሜs, ௡ห 𝑥ଵ/𝑙 (19)
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Fig. 3 The frequency-modal damping ratio curves, the 
damping coefficient -modal damping ratio curves, 
and the inertance-modal damping ratio curves of 
the cable with SVID (𝑥ଵ = 0.02𝑙) 

 
 
According to Eqs. (19)-(20), we can obtain 
 

⎩⎪⎪⎨
⎪⎪⎧𝑐௡opt ≤ 𝑇𝑥ଵ𝜔௡଴ 𝜁௡opt ≤ 𝑥ଵ2𝑙 0 < 𝑏ሜs, ௡ ≤ 0.5𝑐௡opt > 𝑇𝑥ଵ𝜔௡଴ 𝜁௡opt > 𝑥ଵ2𝑙 𝑏ሜs, ௡ > 0.5且𝑏ሜ௡ ≠ 1𝑐௡opt = 𝑇𝑥ଵ𝜔௡଴ 𝜁௡opt = 𝑥ଵ2𝑙 𝑏ሜs, ௡ ≫ 1  (20)

 
Eq. (16) indicates that the inerter only affects the cable 

clamped frequency while hardly affects the cable undamped 
oscillatory frequency. The clamped frequency decreases 
with the increase of the inertance when the dimensionless 
inertance is less than 1. In addition, the SVID will be 
degraded to the VD when the inertance increases to infinity. 
Eq. (20) implies that the inerter in the SVID has an adverse 
effect on the performance of the VD when the 

dimensionless inertance is less than 0.5. When the 
dimensionless inertance is larger than 0.5, the inerter can 
promote the efficiency of the VD while also increase its 
optimum damping coefficient. The above results can also be 
observed in Fig. 3, which plots the frequency-modal 
damping ratio curves, the damping coefficient-modal 
damping ratio curves, and the inertance-modal damping 
ratio curves of the cable with SVID. Similar to the cable 
with the PVID, the asymptotic solution agrees well with the 
numerical solution for small inertance and the error of the 
asymptotic solution is less than 15% when 𝑏ത௡ < 0.728. 

For the cable with the HVID, the dimensionless natural 
frequency can be derived as 

 𝜔̄ = 𝜔௡𝜔௡଴ = 1 + −𝑏ሜh, ௡ ௫మమ௫భమ + 𝑖𝑐̄௡ ቂ1 − 𝑏ሜh, ௡ ௫మ௫భ ቀ௫మ௫భ − 1ቁቃ1 − 𝑏ሜh, ௡ ௫మ௫భ + 𝑖𝑐̄௡ ቂ1 − 𝑏ሜh, ௡ ቀ௫మ௫భ − 1ቁቃ 𝑥ଵ𝑙 (21)

 
The nth modal damping ratio of the cable with the HVID 

can be further derived by substituting Eq. (21) into Eq. (13), 
yields 

 𝜁௡ = 𝐼𝑚( 𝛥𝛽௡)|𝛽௡଴|= 𝑐̄௡ቀ1 − 𝑏ሜh, ௡ ௫మ௫భቁଶ + 𝑐̄௡ଶ ቂ1 − 𝑏ሜh, ௡ ቀ௫మ௫భ − 1ቁቃଶ 𝑥ଵ𝑙  
(22)

 
Substituting the Eq. (22) into Eq. (17), the optimum 

damping coefficient of the VD is expressed as 
 𝑐௡opt = ቚ1 − 𝑏ሜh, ௡ ௫మ௫భቚ 𝑇ቚ1 − 𝑏ሜh, ௡ ቀ௫మ௫భ − 1ቁቚ 𝜔௡𝑥ଵ (3)

 
The nth optimum modal damping ratio of the cable can 

be obtained by substituting the Eq. (23) into Eq. (22), and it 
is expressed as 

 𝜁௡opt = 12 1ቀ1 − 𝑏ሜh, ௡ ௫మ௫భቁ ቂ1 − 𝑏ሜh, ௡ ቀ௫మ௫భ − 1ቁቃ 𝑥ଵ𝑙  (24)

 
Fig. 4 shows the frequency-modal damping ratio curves 

and damping coefficient-modal damping ratio curves for the 
cable with HVID. As shown in Fig. 4(a), the cable 
undamped oscillatory frequency and clamped frequency 
decrease as the inertance increases. Compared with the 
cable clamped frequency, the inerter has greater impact on 
the cable undamped frequency. This phenomenon can be 
explained by Fig. 5, which gives the special case of the 
cable with the HVID. When the damping coefficient of the 
VD increases to the infinity, the cable with the HVID in 
Fig. 5(b) evolves into Fig. 5(c). The inerter location in the 
large segment of the cable is smaller than the case when the 
damping coefficient equals to zero in Fig. 5(a). Similar to 
the cable with the PVID, Fig. 4(b) shows that the inerter 
could promote the efficiency of the VD. As the inertance 
increases, the optimum damping ratio also increases, while 
the corresponding optimum damping coefficient slightly 
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Fig. 4 The frequency-modal damping ratio curves and the 
damping coefficient-modal damping ratio curves of 
the cable with HVID (𝑥ଵ = 0.02𝑙), 𝑥ଶ = 0.03𝑙)

 
 

Fig. 5 The special case of the cable with the HVID
 
 

decreases at first and then increases with the further 
increase of the inertance. 

Fig. 6 further plots the frequency-modal damping ratio 
curves, damping coefficient-modal damping ratio curves for 
several inerter locations of the cable with HVID when the 
dimensionless inertance of the inerter is equal to 0.2. As 
show in Fig. 6(a), both the cable undamped oscillatory 
frequency and clamped frequency decrease with the 
increase of the inerter location. Compared with the cable 
undamped oscillatory frequency, the inerter location has 
less impact on the cable clamped frequency. Fig. 6(b) shows 
that the optimum modal damping ratio of the cable and the 
corresponding optimum damping coefficient of the VD 
increase with the increase of the inerter location. 

Fig. 6 The frequency-modal damping ratio curves and the 
damping coefficient-modal damping ratio curves of 
the cable with HVID (𝑥ଵ = 0.02𝑙, 𝑏ത୦,௡ = 0.2) 

 
 
Fig. 7 further compares the asymptotic and numerical 

solution of the maximum modal damping ratio of the cable 
with HVID. When the error of the approximate solution 
reaches 15%, the dimensionless inertance are respectively 
equals to 0.470 (𝑥ଶ 𝑙⁄ = 0.03), 0.296 (𝑥ଶ 𝑙⁄ = 0.04), and 
0.202 (𝑥ଶ 𝑙⁄ = 0.05). Further increasing the inertance, the 
asymptotic solution begins to lose its accuracy. This implies 
that a smaller inertance could cause the asymptotic solution 
to loss its accuracy when the inerter is installed at a higher 
location than the VD. 

 
 

4. Modal behavior for large frequency shifts 
 
Previous studies have shown that the cable modal 

behavior is dependent on the damper location (Main and 
Jones 2002, Hoang and Fujino 2008, Zhou et al. 2018a) and 
the inertance of the inerter (Shi and Zhu 2018). To focus on 
the effect of the inerter on the modal behavior of the cable, 
the location of the VD of three cases is assumed to be 2%l 
from the cable end, and the inerter in HVID is installed at 
3%l from the cable end. 

 
4.1 Modal behavior of the cable with PVID 
 
Shi and Zhu (2018) has investigated the modal behavior 

of the cable with PVID, and observed the phenomenon of 
cable mode crossover at the optimal inertance. On this 
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Fig. 7 The asymptotic and numerical solutions of the 
maximum modal damping ratio of the cable with 
HVID (a) 𝑥ଶ 𝑙⁄ = 0.03; (b) 𝑥ଶ 𝑙⁄ = 0.04; (c) 𝑥ଶ 𝑙⁄ = 0.05 

 
 

basis, this study systematically investigates the effect of the 
inerter on the modal behavior of the cable with PVID, and 
found the modal behavior of the cable can be divided into 
three distinct regimes. The characteristics of the three 
regimes are described as follows: 

 
(1) Regime 1 (underdamped modes): when 0 ≤ 𝑏୮ <𝑏ത୮,௡୭୮୲𝑇/(𝜔௡଴𝑥ଵ), where the optimum dimensionless 

inertance 𝑏ത୮,௡୭୮୲  can be obtained by the optimum 
procedure in Shi and Zhu (2018). In this regime, as 
the inertance increases, the cable undamped 
frequency decreases, while the optimum cable 
modal damping ratio increases. 

(2) Regime 2 (subcritical damped modes): when 𝑏ത୮,௡୭୮୲𝑇/(𝜔௡଴𝑥ଵ) ≤ 𝑏୮ < 𝑏ത୮,௡ିଵ୭୮୲ 𝑇/(𝜔௡ିଵ଴ 𝑥ଵ) , the 

frequency-damping evolution curves originate from 
the undamped cable frequency, and approach the 
critical damping as 𝜂 → 𝜂ୡ୰ . The determination 
equation of the critical value 𝜂ୡ୰ is given in the 
appendix. When 𝜂 ≥ 𝜂ୡ୰ , Real(𝜔௡) = 0  and 𝜁௡ = 1, non-oscillatory decay is found. The cable 
mode is translated into the overdamped mode. In 
this regime, mode crossover is observed, in which 
the cable vibration in the nth cable mode is covered 
by the (n+1)th cable mode with limited damping. 

(3) Regime 3 (underdamped modes): when 𝑏୮ ≥𝑏ത୮,௡ିଵ୭୮୲ 𝑇/(𝜔௡ିଵ଴ 𝑥ଵ), the frequency-damping 
evolution curves originate from the undamped 
frequency of the nth cable mode, and terminate at 
the clamped frequency of the (n-1)th cable mode. 
The nth mode cable vibration is translated into the 
(n-1)th cable mode, and the optimum modal 
damping ratio decreases as the inertance increases. 

 
 

Fig. 8 Frequency-damping evolution curves of the cable 
with PVID in the nth cable mode (a) regime 1; (b) 
regime 2; (c) regime 3 
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As an example, Fig. 8 shows the frequency-damping 
evolution curves of the cable with the PVID in the 2nd cable 
mode. Fig. 8(a) shows that the characteristics of the 
frequency-damping evolution curves in regime 1 are similar 
to those previously discussed in Fig. 2(a). Each curve 
originates from the second undamped frequency, and 
terminates at the second clamped frequency. Due to the 
effect of the inerter, the dimensionless undamped cable 
frequency decreases with the increase of the inertance, 
while the dimensionless clamped frequency is independent 
on the inerter and approximately equals to 2𝑙/(𝑙 − 𝑥ଵ). The 
optimum cable modal damping ratio increases as the 
inertance increases in this regime. 

As shown in Fig. 8(b), mode crossover begins to occur 
at the second and the third cable mode when 𝑏୮ =𝑏ത୮,ଶ୭୮୲𝑇/(𝜔ଶ଴𝑥ଵ) , where 𝑏ത୮,ଶ୭୮୲ = 0.9475 . The frequency-
damping evolution curves of the second and third mode 
move towards each other as the damping coefficient 
increases and meet each other at the optimum damping 
coefficient of the 2nd cable mode. When the damping 
coefficient increases beyond the optimum value, the second 
modal damping ratio increases monotonically and 𝜁ଶ → 1 
when  𝜂 → 𝜂ୡ୰ , while the third modal damping ratio 
decreases monotonically and 𝜁ଷ → 0 when 𝜂 → ∞. When 
the inertance is larger than the optimum value, as the 
damping coefficient increases, the second modal damping 
ratio increases monotonically and terminates at 1 when 𝜂 ≥𝜂ୡ୰ . However, the cable oscillation frequency decreases 
monotonically and terminates at 0 when 𝜂 ≥ 𝜂ୡ୰ . The 
frequency-damping evolution curves in the third mode 
originate from its undamped frequency and terminate at the 
clamped frequency of the second mode. Due to the effect of 
the inerter, the undamped cable frequency and optimum 
modal damping ratio in the third mode decrease as the 
inertance increases. Considering that the second modal 
damping ratio of the cable is much larger than that of the 
third mode, the actual vibration of the second cable mode is 
fully concealed by the third mode with a limited damping 
ratio. 

As shown in Fig. 8(c), mode crossover begins to occur 
at the second and the first cable mode when 𝑏୮ =𝑏ത୮,ଵ୭୮୲𝑇/(𝜔ଵ଴𝑥ଵ) , where 𝑏ത୮ଵ୭୮୲𝑇/(𝜔ଵ଴𝑥ଵ)  is equal to 3.7985𝑇/(𝜔ଶ଴𝑥ଵ). The frequency-damping evolution curves 
in the second mode originate from its undamped frequency 
and terminate at the clamped frequency of the first mode. 
The first modal damping ratio increases monotonically with 
the damping coefficient of the VD and 𝜁ଵ = 1 when 𝜂 ≥𝜂ୡ୰. The second mode cable vibration has been translated 
into the first mode vibration. 

Fig. 9 shows the mode shapes of the 2nd cable mode for 
several inertance values when 𝑐̄ = 0.5. As shown in Fig. 
9(a), the mode shape amplitude at the VD location in 
regime 1 increases with the increase of the inertance. This 
can enhance the energy dissipation efficiency of the VD (Lu 
et al. 2017, Shi and Zhu 2018, Li et al. 2019, Wang et al. 
2019), which agrees well with the damping enhancement 
discussed in Fig. 8(a). 

For the mode shapes in regime 2 shown in Fig. 9(b), the 
mode shape of the second mode becomes the hybrid curve 
of a sine and a hyperbolic sine function, which corresponds 

Fig. 9 Mode shapes of cable with PVID in the 2nd mode 
(a) regime 1; (b) regime 2; (c) regime 3

 
 

to the modal behavior of the subcritical damped modes. The 
mode shapes of the third mode are similar to the second 
mode of the free cable, which implies that mode crossover 
occurred in this regime. In addition, the mode shape 
amplitude at the VD location of the third mode decreases as 
the inertance increases, indicating that the cable’s modal 
damping ratio would decreases with the increase of the 
inertance. 

For the mode shapes in regime 3 shown in Fig. 9(c), the 
mode shape of the second mode is similar to the first mode 
of the free cable, which implies that the second mode 
vibration of cable with PVID is converted as the first mode 
vibration. The mode shape amplitude at the VD location of 
the second mode decreases as the inertance increases, 
indicating that the inerter would decrease the cable’s first 
modal damping ratio. 

 
4.2 Modal behavior of the cable with SVID 
 
Unlike the modal behavior of the cable with PVID, there 

are only two distinct regimes of the cable with SVID 
observed in the nth cable mode with the variation of the 
inertance. 

 
(1) Regime 1 (underdamped modes): when 0 ≤ 𝑏ୱ <𝑏തୱ,௡୭୮୲𝑇/(𝜔௡଴𝑥ଵ), the undamped cable frequency is 

hardly affected by the inerter. As the inertance 
increases, the clamped cable frequency decreases, 
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while the optimum cable modal damping ratio 
increases. 

(2) Regime 2 (underdamped modes): when 𝑏ୱ ≥𝑏തୱ,௡୭୮୲𝑇/(𝜔௡଴𝑥ଵ), both the cable clamped frequency 
and optimum modal damping ratio decrease as the 
inertance increases. 

 
Above results can be seen in Fig. 10, which shows the 

frequency-damping evolution curves of the cable with the 
SVID in the second cable mode. It is seen from Fig. 10 that: 

 
(1) when 𝑏തୱ,ଶ ≤ 1.047 , the frequency-damping 

evolution curves originate from the undamped 
oscillation frequency towards the left as the 
damping coefficient increases. It is because the 
inerter would decrease the clamped cable 
frequency while hardly affecting the undamped 
frequency. The optimum cable modal damping 
ratio increases with the increase of the inertance. 
However, the SVID provides less damping to cable 
than the VD when the dimensionless inertance is 
less than 0.5. 

(2) When 𝑏തୱ,ଶ ≥ 1.048, the clamped cable frequency 
is larger than that of the cable with the VD due to 
the effect of the inerter. The frequency-damping 
evolution curves move from the undamped 
oscillation frequency towards right as the damping 
coefficient increases. With the increase of the 
inertane, both the clamped frequency and the 
optimum modal damping ratio decrease. But the 
 
 

Fig. 10 Frequency-damping evolution curve of the cable 
with SVID in the n th cable mode (a) regime 1; 
(b) regime 2. 

cable’s optimum modal damping ratio is always 
larger than that with the VD. 

 
Fig. 11 shows the mode shapes in the 2nd cable mode for 

several inertance values when 𝑐̅ = 2.0. As shown in Fig. 
11(a), the mode shape amplitude at the damper location in 
regime 1 increases with the increase of the inertance. By 
solving the equation 𝑏ୱ[𝑢ሷ (𝑥ଵ) − 𝑢ሷ ௖] = 𝑐𝑢ሶ ௖, the vibration 
amplitude of the VD in the SVID can be obtained by 

 𝑢෤௖ = ඨ 11 + 4𝜉ௗଶ 𝑢෤(𝑥ଵ) (25)

 
where 𝑢ሷ (𝑥ଵ) denotes the accelerat൴on of the SVID, 𝑢ሶ ௖ and 𝑢ሷ ௖  denote the veloc൴ty and the accelerat൴on of the VD, 
respect൴vely;  𝑢෤௖ and 𝑢෤ ( 𝑥ଵ ) represent the displacement 
amplitude of VD and SVID, respectively; and 𝜉ୢ =𝑐/(2𝑏ୱ𝜔௡଴). 

Eq. (25) indicates that increasing the displacement of the 
SVMD can also increase the displacement of the VD, and 
thus enhance the energy dissipation efficiency of the 
damper. It is consistent with the damping enhancement 
discussed in Fig. 10(a). For the mode shape in regime 2 
shown in Fig. 11(b), the mode shape amplitude of the 
damper decreases as the inertance increases, which implies 
that the modal damping ratio of the cable would decrease 
with the increase of the inertance in this regime. 

 
4.3 Modal behavior of the cable with HVID 
 
For the cable with HVID, there are also three distinct 

regimes of the modal behavior observed in the nth cable 
mode with the variation of the inertance. 

 
(1) Regime 1 (underdamped modes): when 0 ≤ 𝑏୦ ≤𝑏ത୦,௡୭୮୲𝑇/(𝜔௡଴𝑥ଵ), both the cable undamped frequency 

and clamped frequency decrease with the increase 
 
 

Fig. 11 Mode shapes of the cable with SVID in the second 
mode (a) regime 1; (b) regime 2 
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of the inertance, but the optimum cable modal 
damping ratio increases as the inertance increases. 

(2) Regime 2 (underdamped modes): when 𝑏ത୦,௡୭୮୲𝑇/(𝜔௡଴𝑥ଵ) ≤ 𝑏୦ ≤ 𝑏ത୦,௡ିଵ୭୮୲ 𝑇/(𝜔௡ିଵ଴ 𝑥ଵ) , mode 
crossover is observed between the (n+1)th cable 
mode and the nth cable mode. The frequency-
damping curves originate from its undamped 
frequency, and terminate at the clamped frequency 
of the (n+1)th cable mode or the (n+2)th cable 
modes. The cable vibration of the nth cable mode is 
covered by the (n+1)th cable mode with a lower 
damping ratio.  

(3) Regime 3 (underdamped modes): when 𝑏୦ ≥𝑏ത୦,௡ିଵ୭୮୲ 𝑇/(𝜔௡ିଵ଴ 𝑥ଵ), the frequency-damping curves 
originate from its undamped frequency, and 
terminate at the clamped frequency of the (n-1)th 
cable mode. The cable vibration of the nth cable 

 
 

Fig. 12 Frequency-damping evolution curve of cable 
with HVID in the n th cable mode (a) regime 1; 
(b) regime 2; (c) regime 3 

cable mode. The cable vibration of the nth cable 
mode is converted as the (n-1)th cable mode, and 
the optimum cable modal damping ratio decreases 
as the inertance increases. 

 
Above results can be seen in Fig. 12, which shows the 

modal behavior of the cable with HVID of the 2nd cable 
mode. It is seen from Fig. 12 that: 

 
(1) When 𝑏୦ < 𝑏ത୦,ଶ୭୮୲𝑇/(𝜔ଶ଴𝑥ଵ) , the cable undamped 

frequency and the clamped frequency decrease 
with the increase of the inertance. Compared with 
the undamped frequency, the inerter has less impact 
on the clamped frequency. The optimum cable 
modal damping ratio increases as the inertance 
increases. 

(2) When 𝑏ത୦,ଶ୭୮୲𝑇/(𝜔ଶ଴𝑥ଵ) ≤ 𝑏୦ ≤ 𝑏ത୦,ଵ୭୮୲𝑇/(𝜔ଵ଴𝑥ଵ), mode 
crossover is observed between the second cable 
mode and the third cable mode. The frequency-
damping evolution curves in the second mode 
originate from its undamped frequency and 
terminate at the clamped frequency of third mode 
or the fourth mode, while these curves in the third 
mode originate from its undamped frequency and 
terminate at the clamped frequency of the second 
mode. The actual vibration of the second cable 
mode is fully concealed by the third mode. And the 
third optimum modal damping ratio decreases as 
the inertance increases. 

(3) When 𝑏୦ ≥ 𝑏ത୦,ଵ୭୮୲𝑇/(𝜔ଵ଴𝑥ଵ) , mode crossover is 
observed between the second cable mode and the 
first cable mode. The frequency-damping evolution 
curves of the second cable mode originate its 
undamped frequency and terminate at the clamped 
frequency of the first cable mode. The cable 
vibration of the second cable mode is converted as 
the first cable mode, and the optimum modal 
damping ratio decreases as the inertance increases. 

 
 

5. Effect of the inerter in mitigating the multi-mode 
cable vibrations 
 
5.1 Design strategy targeting at multi-mode cable 

vibrations 
 
To investigate the effect of the inerter on the control 

performance of the VD in mitigating multi-mode cable 
vibrations, the constrained static output LQR method is 
used to obtain the optimum damping coefficient of the VD 
for a given inertance of the inerter. 

By using the finite difference method, the equation of 
motion of the cable-VD-inerter system can be described as 

(Mehrabi and Tabatabai 1998) 
 𝑴ௗ𝒖ሷ + 𝑲𝒖 = 𝒇 − 𝜸𝐹VD (26)
 

where 𝐌𝐝 is the mass matrix of the cable that considers 
the effect of the inerter; K is the stiffness matrix of the 
cable; u, f, 𝛄 are vectors of the displacement, the external 
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force and the VD position, respectively. 
For the case of the cable with PVID or HVID 
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and for the case of the cable with SVID, they are 
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in which 𝐈𝒏 is an n-dimensional identity matrix; 𝑎 =𝑙/(𝑛 + 1) is the length of the discretized cable elements; 𝑢௜  is the displacement of the cable ith node; 𝑓௜  is the 
external force applied on the cable ith node; 𝛾௜ and 𝛾௕௜ is 
determined by the VD and the inerter location. If the 
damper or the inerter is installed at the jth node of the cable, 
there is 

 𝛾௜ = ൜0 𝑖 ≠ 𝑗1 𝑖 = 𝑗     𝛾௕௜ = ൜0 𝑖 ≠ 𝑗1 𝑖 = 𝑗 (29)
 
Using only the veloc൴ty of the VD as the feedback, the 

Eq. (26) can be rewritten in the form of the state space 
model as 

 𝒁ሶ ௠ = 𝑨௠𝒁௠ + 𝑩௙𝒇 − 𝑮௠𝑐ௗ𝑯𝒄𝒁௠ (30)
 

where 
 𝒁௠ = ቂ𝒖𝒖ሶ ቃ ,  𝐀௠ = ൤ 𝟎 𝐼−𝑴ௗିଵ𝑲 𝟎൨  𝑮௠ = ൤ 𝟎𝑴ௗିଵ𝜸൨ , 𝑯௖ = [𝟎 𝜸்] (31)

 
To suprress the cable v൴brat൴on dom൴nated by the f൴rst k 

modes, the performance ൴ndex can be expressed as Gao et 
al. (2021) 

 𝐽 = 𝐸 ቈන 𝒁௠்𝑸𝒁௠ + 𝑅𝐹VDଶ 𝑑𝑡∞

଴ ቉ = 𝐸 ቈන 𝒁௠்(𝑸 + 𝑯௖் 𝑅𝑐ଶ𝑯௖)𝒁௠𝑑𝑡∞

଴ ቉ = trace(𝐕௞+1் 𝑷𝑽௞+1) 

(32)

 
where E[ ] ൴s the mathemat൴cal expectat൴on; Q and R are the 
we൴ght of the state and the control force, respect൴vely; 𝑽௞ାଵ 
is submatrix of the eigenvector matrix V that contains 

eigenvectors of the first (k + 1) cable modes; P is 
determined by the following equation (Agrawal and Yang 
1999) 

 (𝑨௠ − 𝑮௠𝑐𝑯௖)்𝑷 + 𝑷(𝑨௠ − 𝑮௠𝑐𝑯௖)+𝐇௖் 𝑅𝑐ଶ𝑯௠ + 𝑸 = 𝟎 (33)
 
Eqs. (32)-(33) indicate that the damp൴ng coeff൴ent of the 

VD and performance ൴ndex are dependent on the weight Q 
and R. In this study, the weight matrices Q is taken as 

 𝑸 = ൤𝑲ሜ 𝑴ሜ ൨ (34)
 

where 𝐊ഥ = diag(𝐕𝑻𝐊𝐕), 𝐌ഥ = diag(𝐕𝑻𝐌𝐝𝐕). 
With the assumption of an initial value of the control 

force weighting R, the performance index J(R) and 
optimum damping coefficient can be obtained numerically 
by using common optimization algorithms, such as the 
constrained gradient optimization method used in (Agra 
Agrawal and Yang 1999). However, as R decreases, the 
performance index also decreases, while the damping 
coefficient increases (Agrawal and Yang 1999). To balance 
the control performance and the cost of the damper, the 
selected R satisfies the following equation 

 [𝐽(𝑅) − 𝐽(0.01𝑅)]/𝐽(𝑅) < 𝜀’ (35)
 

where 𝜀ᇱ is the given threshold and equals to 0.01 in this 
study. 

After the R ൴s selected, the correspond൴ng performance 
൴ndex and the damp൴ng coeff൴c൴ent of the VD for a g൴ven 
൴nertance are also obta൴ned. Vary൴ng the ൴nertance of the 
൴nerter, the optimum damping coefficient of VD of the three 
cases for multi-mode cable vibration control can be 
obtained according to the relationship between the inertance 
and 𝐽(𝑅). 

 
5.2 Performance evaluation of the VD with the 

inerter 
 
The NO. A18 stay cable in Sutong Bridge is selected as 

an example to investigate the effect of the inerter on the 
control performance of the VD in mitigating multi-mode 
cable vibrations. Table 2 lists the main properties of the 
cable. Two design scenarios are considered. One is designed 
for the first four cable modes, and the other one is designed 
for the first eight cable modes. In particular, the latter 
design scenario can cover all the probable modes of wind-
rain induced vibrations of the selected cable. During the 
design, the VD and the inerter of the HVID are respectively 
installed at 2%l and 3%l from the lower cable end. For the 
VD, PVID, and SVID, two installed locations are 

 
 

Table 2 Main properties of the No. A18 cable in the Sutong 
Bridge 

Item Value 
Cable length l 337.43 m 

Mass per unit length m 74.02 kg/m 
Tension force T 4709 kN 
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considered. One is that these dampers are installed at the 
same location as the VD in HVID, and the other installed 
location of these dampers is the same as the inerter in 
HVID. 

When the VD of the PVID, SVID and HVID are at 
installed 2%l from the lower cable end and these dampers 
are optimized to mitigate the first eight mode cable 
vibrations, the variation of the performance index and the 
damping coefficient of the VD with the inertance ratio is 
plotted in Fig. 13, where the inertance ratio μ is defined as 

 𝜇 = 𝑏ఛ/𝑚𝑙, 𝑘 = 𝑝, s, h (36)
 
As shown in Fig. 13, the performance index firstly 

decreases as the inertance ratio increases, reaching its 
minimum value at the optimum inertance ratio, and then 
increases with the increase of the inertance ratio. Similar 
results can be also found in other design cases. On the basis, 
Tables 3 and 4 list the design parameters of the VD and 
inerter, the minimum and average modal damping ratios of 
the cable design modes. Fig. 14 compares the first eight 
modal damping ratios of the cable. 

As shown in Tables 3-4, the PVID would decrease the 
optimum damping coefficient of the VD, while the SVID 
and HVID would increase the optimum damping coefficient 
of the VD. Compared with other control strategies, the 
HVID needs a larger damping coefficient to achieve the 

 

 
 

 
 

optimal design, especially for the cases of the VD, 
PVID,and SVID installed at the same location as the inerter 
in the HVID. In addition, the optimum inertance and the 
corresponding damping coefficient tend to decrease as the 
designed cable mode order increases. 

As shown in Fig. 14, when the VD, PVID, and SVID are 
installed at 2%l from the lower cable end, the HVID 
generally provides larger modal damping ratios than other 
dampers in the designed cable modes. When the VD, PVID, 
and SVID are installed at 3%l from the cable lower end, 
these dampers could provide larger modal damping ratios to 
cable in some cable modes. However, Tables 3 and 4 
reported that the minimum and average modal damping 
ratios of the cable design modes of the cable with HVID are 
larger than other control strategies. Hence, the HVID is 
considered more effective than the cases when the VD and 
the inerter are installed at the same location in mitigating 
cable multi-mode vibrations. In addition, Fig. 14(a) 
demonstrated that the inerter generally enhances the modal 
damping ratios provided by the VD in the first four cable 
modes, while it has an adverse effect on the VD control 
performance for the cable vibration in the 5th-8th cable 
modes, especially for the PVID and the HVID. This means 
that the inerter has an adverse effect on the VD performance 
for the cable mode order beyond the design range. 

 
 
 

Table 3 Design parameters of the VD and inerter, the minimum and average modal damping ratios of the cable design modes
when the first four cable modes are considered 

Case Location Optimal intertance 
ratio 

Optimal damping 
coefficient 

The average value of 
modal damping ratios 

The minimum value of 
modal damping ratios 

VD 𝑥ଵ = 0.02𝑙  1.65 × 105 0.887% 0.766% 
VD 𝑥ଵ = 0.03𝑙  1.11 × 105 1.346% 1.161% 

PVID 𝑥ଵ = 0.02𝑙 0.61 1.28 × 105 1.283% 0.860% 
PVID 𝑥ଵ = 0.03𝑙 0.39 8.71 × 104 1.922% 1.288% 
SVID 𝑥ଵ = 0.02𝑙 3.94 2.08 × 105 1.149% 0.741% 
SVID 𝑥ଵ = 0.03𝑙 2.72 1.38 × 105 1.732% 1.114% 

HVID 𝑥ଵ = 0.02𝑙 𝑥ଶ = 0.03𝑙 0.55 2.05 × 105 2.179% 1.237% 
 

Table 4 Design parameters of the VD and inerter, the minimum and average modal damping ratios of the cable design modes
when the first eight cable modes are considered 

Case Location Optimal intertance 
ratio 

Optimal damping 
coefficient 

The average value of 
modal damping ratios 

The minimum value of 
modal damping ratios 

VD 𝑥ଵ = 0.02𝑙  1.24 × 105 0.791% 0.564% 
VD 𝑥ଵ = 0.03𝑙  8.25 × 104 1.213% 0.872% 

PVID 𝑥ଵ = 0.02𝑙 0.19 1.08 × 105 0.982% 0.533% 
PVID 𝑥ଵ = 0.03𝑙 0.114 7.31 × 104 1.476% 0.835% 
SVID 𝑥ଵ = 0.02𝑙 3.77 1.41 × 105 0.883% 0.523% 
SVID 𝑥ଵ = 0.03𝑙 2.61 9.24 × 104 1.343% 0.804% 

HVID 𝑥ଵ = 0.02𝑙 𝑥ଶ = 0.03𝑙 0.18 1.69 × 105 1.856% 0.893% 
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6. Conclusions 
 
This paper systematically investigated the effects of the 

inerter on the cable oscillation frequency, the attainable 
modal damping ratio, and the control performance in 
mitigating multi-mode cable vibrations. The conclusions are 
summarized as follows. 

 
 

 
 
● The modal behaviors of the cable with PVID and 

HVID can be divided into three regimes with the 
variation of the inertance. In the first regime, the 
inerter can increase the achievable modal damping 
ratio of the cable, and achieve better control 
performance with the increase of inertance. In the 
second and third regimes, cable mode crossover is 

 
Fig. 13 Performance index and damping coefficient of VD as a function of the inertance ratio when the 

first eight cable modes are considered (a) PVID; (b) SVID (c) HVID

Fig. 14 Comparison of the cable modal damping ratios in the first eight cable modes (a) design the first four cable 
modes; (b) design the first eight cable modes
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observed and the optimum modal damping ratio of 
the cable decreases with the increase of the 
inertance. 

● Only two regimes of modal behaviors can be 
observed for the cable with the SVID. In the first 
regime, better control performance can be achieved 
with the increase of inertance. However, the inerter 
has an adverse effect on the VD performance when 
the dimensionless inertance is less than 0.5. In the 
second regime, the optimum modal damping ratio of 
the cable decreases with the increase of the 
inertance, but is always larger than the optimum 
modal damping ratio provided by VD. Compared 
with the PVID and HVID, the SVID needs lager 
inertance and damping coefficient to improve the 
VD performance. 

● The inerter generally enhances the modal damping 
ratio in multiple cable modes, but has an adverse 
effect on the VD performance for the cable mode 
order beyond the design range, especially for the 
PVID and the HVID. Compared with the cases when 
the VD and the inerter are installed at the same 
location, the HVID can achieve better control 
performance in mitigating multi-mode cable 
vibrations. However, the HVID needs a larger 
damping coefficient than other control strategies, 
especially for the cases the VD, PVID, and SVID 
installed at the same location as the inerter in the 
HVID. 
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Appendix A. The determination equation of 𝜼𝐜𝐫 
 
The characteristic equation in Eq. (7) for the case of 

PVID can be expanded into the real and the imaginary part, 
where the real part is expressed as 

 sin(2𝜎𝑥ଵ)𝑐𝑜𝑠( 2𝜎𝑥ଵ) − 𝑐𝑜𝑠ℎ( 2𝜈𝑥ଵ) + sin(2𝜎𝑥ଶ)𝑐𝑜𝑠( 2𝜎𝑥ଶ∗) − 𝑐𝑜𝑠ℎ( 2𝜈𝑥ଶ∗) = −𝑏௣𝑚 𝜎 

(A1)

 
while the imaginary part is 

 sinh(2𝜈𝑥ଵ)𝑐𝑜𝑠( 2𝜎𝑥ଵ) − 𝑐𝑜𝑠ℎ( 2𝜈𝑥ଵ) + sinh(2𝜈𝑥ଶ∗)𝑐𝑜𝑠( 2𝜎𝑥ଶ∗) − 𝑐𝑜𝑠ℎ( 2𝜈𝑥ଶ∗) − 𝑏௣𝑚 𝜈 + 𝜂 = 0 
(A2)

 
in which 𝜎 = Real(𝛽), 𝜈 = 𝐼𝑚𝑎𝑔(𝛽)  

When 𝜎 = 0 the damping ratio is equal to 1, and the 
solution of β corresponds to the nonoscillatory, 
exponentially decaying solutions in time. Eq. (A.2) reduces 
to 

 sinh(2𝜈𝑥ଵ)1 − 𝑐𝑜𝑠ℎ( 2𝜈𝑥ଵ) + sinh(2𝜈𝑥ଶ∗)1 − 𝑐𝑜𝑠ℎ( 2𝜈𝑥ଶ∗) − 𝑏௣𝑚 𝜈 + 𝜂 = 0 (A3)

 
The determination equation of 𝜂ୡ୰ can be expressed as 
 𝜂cr = 𝑏௣𝑚 𝜈 − sinh(2𝜈𝑥ଵ)1 − 𝑐𝑜𝑠ℎ( 2𝜈𝑥ଵ) − sinh(2𝜈𝑥ଶ∗)1 − 𝑐𝑜𝑠ℎ( 2𝜈𝑥ଶ∗) (A4)
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