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Abstract. This paper systematically investigates the effect of the inerter on the damping enhancement of a cable with a viscous
damper (VD) installed close to the cable end. Three cases are considered, including the inerter installed parallel with the VD
(PVID), the inerter placed in series with the VD (SVID), and the inerter installed at a higher location of the VD (HVID). The
asymptotic solutions of the three cases are derived, which can predict the cable modal damping ratio when the inerter and the
VD cause minimal perturbation in the undamped frequency of the cable. The effect of the inerter on the modal behavior of the
cable with the VD is investigated. Based on the constrained static output LQR method, the effects of the inerter on the damping
enhancement of the VD in mitigating cable multi-mode vibrations are further evaluated. The results show that the inerter can
improve the control performance of the VD when the inertance is less than the optimum value. Further increasing the inertance
beyond the optimum value, the optimum modal damping ratio of the cable decreases, and mode crossover is observed for the
cable with PVID and HVID. Compared with the case where the VD and the inerter are located at the same location, the case of
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the HVID is more effective in mitigating cable multi-mode vibrations.
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1. Introduction

Stay cables in cable-stayed bridges are often observed to
experience excessive vibrations under external excitations
(Ni et al. 2007, Li et al. 2013, Shen et al. 2018, Wang et al.
2020), such as wind, rain/wind, and traffic loadings.
Frequent and excessive vibrations not only reduce the
service life of cables but also have adverse effects on public
confidence in the overall safety of the bridge. Various
strategies have been adopted in real-world applications for
the mitigation of cable vibrations, such as modification of
the cable surface (Kleissl and Georgakis 2012), tying cables
together (He ez al. 2018), installing external dampers (Chen
et al. 2004, Cai et al. 2007, Jamshidi et al. 2017, Zhou et al.
2018b, Liu et al. 2019), and using hybrid techniques
(Ahmad et al. 2018).

Among these methods, the installation of passive
viscous dampers (VD) near the cable-deck anchorage has
received considerable attention. Kovacs (1982) first
identified the optimum cable modal damping ratio based on
the fixed-point method. Subsequently, Pacheco ef al. (1993)
proposed a universal estimation curve to design the VD for
mitigating cable vibrations. Krenk (2000) developed an
asymptotic solution to predict the cable modal damping
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ratio provided by the VD. The modal behavior of a cable
with a VD was also systematically investigated (Main and
Jones 2002). In addition, several methods and design tools
have been developed to consider the effect of non-ideal
factors on the damper performance and design parameters
(Fujino and Hoang 2008, Fournier and Cheng 2014, Duan
et al. 2019, Mehrabi and Tabatabai 1998), such as the cable
sag and flexural stiffness, damper internal stiffness, support
stiffness, nonlinearity, and the mass of the damper moving
part. To design the damper for suppressing multi-mode
cable vibrations, Wang et al. (2005) developed a suboptimal
design procedure for the VD based on the optimal LQG
control theory; Weber et al. (2009) presented a practical
design method targeting at desired cable modes by
constraining the minimum damping ratio of the cable.
These results showed that the achievable modal damping of
the cable is typically restricted by the small distance from
the damper location to the cable anchorage compared with
the total cable length. For long stay cables, it is challenging
for the VD to provide enough damping to eliminate the
cable vibrations.

To improve the control performance of the VD, semi-
active dampers have been proposed and their superior
performance has been proved both theoretically and
experimentally (Johnson et al. 2003, Jung et al. 2004, Duan
et al. 2005, Christenson ef al. 2006, Kim et al. 2010, Huang
et al. 2019a, Zhang et al. 2019, Jeong et al. 2019).
However, passive control strategies are more preferred in
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real-world applications. In view of this, passive negative
stiffness dampers (NSD) have proposed (Chen et al. 2015,
Shi et al. 2016, Zhou and Li 2016) to improve the VD
performance inspired by the negative stiffness behavior of
semi-active dampers (Li et al. 2008, Weber and Distl 2015).
Chen et al. (2015) first demonstrated the advantages of the
passive NSD in mitigating cable vibrations. Shi et al.
(2016) investigated the dynamic behavior of cable with
NSD. Furthermore, the pre-spring NSD (Zhou and Li 2016)
and the magnetic induced NSD (Shi et al. 2017) were
invented to validate the NSD performance experimentally.
Based on the refined design formula, the performance of the
NSD in mitigating cable multi-mode vibrations was also
evaluated (Javanbakht et al. 2020).

Recently, inerter-based dampers have gained extensive
attention due to their ability to enhance damping which is
similar to the NSD (Ikago ef al. 2012, Lazar et al. 2014,
Nakamura et al. 2014, Marian and Giaralis 2014, Hu et al.
2015, Giaralis and Petrini 2017, Zhu et al. 2019, Domenico
and Ricciardi 2019, Ma et al. 2020, 2021, Zhang et al.
2020). Lazar et al. (2016) first reported the effectiveness of
the tuned inerter damper (TID) in controlling single mode
cable vibrations. Sun ef al. (2017) investigated the
combined effect of the TID and cross-ties for cable
vibration control. Lu et al. (2017, 2019) evaluated the
control performance of the paralleled viscous inerter
damper (PVID) and found that a significant damping
improvement can be achieved for a specific cable mode
compared to the VD. Shi and Zhu (2008) proposed an
optimum design method to design the PVID for suppressing
cable vibrations. Based on their designed electromagnetic
PVID, Li et al. (2019), Wang et al. (2019) and Li et al.
(2020) experimentally proved the superior performance of
the PVID for cable vibration control. The comparative
study of typical inerter-based dampers for cable vibration
control was also reported (Luo ef al. 2019, Huang ef al.
2019b, Chen et al. 2021). The results showed that the
inerter-based dampers are more effective than the VD in
mitigating cable vibrations.

However, the above studies mainly focus on the
scenario in which the damper and the inerter are installed at
the same location. A recent study showed that a
concentrated mass placed at a higher location than the VD
can achieve better control performance compared with the
case when they are located together (Zhou ef al. 2018a). But
the mass may be too large to make a significant increment
on the cable modal damping ratio. Compared with the
concentrated mass, the inerter can generate an inertial mass
that is thousands of times its physical mass while being
installed close to the cable end for aesthetic and practical
reasons. Nonetheless, the dynamic behavior for the inerter
installed at a higher location of the VD has not been
investigated. To inquire into the effect of the inerter on the
damping enhancement of the VD in mitigating cable
vibrations, the modal behavior of the cable-VD-inerter
system is systematically investigated. Three cases are
considered, including 1) the inerter is installed parallel to
the VD (i.e., PVID), 2) the inerter is placed in series with
the VD (SVID), and 3) the inerter is installed at a higher
location than the VD (HVID). The asymptotic solution for

the VD and the inerter installed close to the cable end is
derived. In addition, the effects of the inerter on the cable
oscillation frequency, the optimum modal damping ratio,
and the control performance in mitigating multi-mode cable
vibrations are evaluated.

2. General problem formulation

Fig. 1 shows the unified analytical model to evaluate the
effect of the inerter on the modal behavior of a cable with a
VD installed close to the cable end, where T, m and / denote
the tension force, the mass per unit length and the length of
the cable, respectively. Some minor but important factors on
the modal behavior are neglected, such as the inherent
damping, the sag and the flexural stiffness of the cable, the
damper stiffness and support stiffness, as the effect of the
inerter is the focus of this study. The equation of the
transverse motion of the cable is expressed as (Hoang and
Fujino 2008)

2%u(x,t) 0%u(x,t)
axz " ot (1
= f1(£)6(x — x1) + ()6 (x — x3)

with the boundary condition
u(0,t) =u(,t) =0 2)

where x is the location coordinate along the cable;
u(x, t)is the transverse displacement of the cable at the
location x and the time t; §(+) is the Dirac delta function;
fi(t) and f,(t) denote the transverse force applied to the
cable, which are expressed in Table 1 for the three cases
considered in this study.

For free vibration, the cable transverse displacement
u(x,t) and damper forces, f;(t) and f,(t), can be
assumed respectively as

u(x,t) = Re[U(x)e't] 3
F(0) = Re[ Fie'?), () = Re[Fpe] O
where i =+v—1; ® and U(x) are the complex eigen
frequency and the corresponding complex mode shape of
the cable, respectively; F; and F, denote the amplitude of
the damper force, respectively.

- »
- >

Fig. 1 The unified analytical model a taut cable with
inerter and VD
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Table 1 The transverse force applied to the cable

Case Description fi(®) f2(t)

PVMD by =0 bpii(xy, £) + cit(xy, t) 0

bh =0

b, =0 bgiiy, (t) or
SVMD P AN 0

b, =0 cliCxy, t) — up(6)]

b, =0 . .
HVMD bp — 0 cit(xq, t) byu(xy, t)

S =

*Note: by, bs,and by, denote the inertance of the inerter for the

case PVID, SVID, and HVID, respectively; ii,(t) in case 2
denotes the velocity of the inerter in the SVID.

Substituting Eq. (3) into Eq. (1), U(x) should satisfy the
following equation

U 0<x<x
sz+ﬂ2U(x)=0 x, <x<x, 4)
0<x <x,

where f = w,/m/T refers to the wavenumber, and x; =
l—x1,%5 =1—x,.

Considering the boundary conditions shown in Eq. (2) at
cable ends, the compatibility conditions in Eq. (5)

UGD) =UQG) =UC), UQxz) = U(xs) = U(xp),
dU(x) dU(x)|
dx | . T dx

xj xj

= F,j=1,2 ©

the solution of Eq. (4) is derived as

sin fx

sin fx,

Ulx) sin B(x, — x) N
Vsin B(x, = x,)

U = L Sx<x,
" Uy SnPx=x) o ©

sin ﬂ(xz - xl)

sin fBx" ..

U(x) 0<x<x

U(x,)

sin 3,

where the wavenumber [ is satisfied as

Fy P
cot B x; +m cot B x; + ﬁUExz) +
LY 2 7
cot B x; + ﬁU€x1) + cot B x5 + ﬁUExz) cot B (x, M
—x1)
=1

Substituting f;(t) and f,(t) shown in Table 1 into Eq.
(7), the wave numbers determinant equation for the three

cases can be further expressed in Eq. (8) and can be
numerically solved by using the Newton’s method.
A, +iB;

tan Bl === %,
anpl=—rip,

T=p,s,h 8)

For the cable with the PVID

A, = —xp sin® B x, B, =nsin® B x;
C,=1—xpsinfBx,cosfxg D, (8a)
=nsinfB x; cosf x;

For the cable with the SVID
4.=0
C.,=1 D, =mnsinfx, cos Bx,-n/ y,

B. =nsin’ Bx,
 =17sin” fx, (8b)

For the cable with the HVID

Ay = —xysin®* B x,
B, =nsin® Bx; — x;m sin B x, sin B x,
sin B (xz — x1) (8¢)
C,=1-y,sinf x,cosfx,
D, =nsinf x; cos f x;
=XM1 Sin B x, cos B x; sinf (x, — X1)

in which

= , = , T=psh 9
N e R e P ©)

3. Asymptotic solution for small frequency shifts

As both the VD and the inerter have two connection
points, they should be installed closed to the cable-deck
anchorage in real-word applications. In this study, the
locations of the VD, x; and the inerter location, x, are
assumed as

x, /1 < x,/1 < 5% (10)

When the inertance is small, the installation of the VD
and the inerter could only cause minimal perturbation in the
wave numbers of the lower cable modes, and the following
approximations for the #™ cable mode can be obtained

0 nm 0 . 0
ﬁn = T; tanﬁnl = ﬁnl - ﬁnl; SLnﬁn Xy = ﬁnxl;
sin B x, = BO%x; sin By (x, — 1) = BA(x, — x,); (1D
cos(Bpxy) = cos(Bpxy) = 1

Substituting Eq. (11) into Eq. (8), the solution of wave
numbers B, of the »n"™ cable mode can be obtained.
Subsequently, the natural frequency of the cable w, can be
expressed as (Krenk 2000)

wn:ﬁn\/T/mz |wn|(\/1_(121+i(n) (12)

where the real part of the natural frequency denotes the
oscillatory frequency of the cable; (, is the n'" cable modal
damping ratio and can be solved as
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_Im(wp) _ Im(Bn) _ Im(4B,)
T Jwal T 1Bl T 18RI

For the cable with the PVID, Wang et al. (2019) has
established the asymptotic solution to describe the cable
modal behavior. For the completeness, the results are
introduced in this study. The dimensionless natural
frequency @, the n™ modal damping ratio {,, the optimum

damping coefficient c,(;pt and the corresponding optimum
modal damping ratio Z,?pt for a certain inertance can be

expressed as Wang et al. (2019)

(13)

@:&Z —Ep_n(l—l;p_n)+5721
o (U= By + 3
icy X1
"
(I—bp)?+ctl
&/ —byw) 1 5, 1
n — — 2 =
1+ [e0/(L = by )] (A= bpn) L
Copt= |1_bp.n|T opt= 1 ﬁ
n wlx, " |1— by, n| 2!

where by, = x.f3x;, T=p,s, and ¢, =npox, denote
dimensionless inertance and damping coefficient,
respectively.

Fig. 2 shows the frequency-modal damping ratio curves,
damping coefficient-modal damping ratio curves, and the
inertance-modal damping ratio curves of the cable with
PVID. As shown in Fig. 2(a), the inerter would decrease the
cable undamped oscillatory frequency. However, the cable
clamped frequency, the frequency when the damping
coefficient is increased to infinity, is unaffected by the
inerter. Figs. 2(b) and (c) indicate that the inerter could
increase the optimum modal damping ratio of the cable and
decrease the optimum damping coefficient of the VD.
Hence, PVID is a more economical and effective strategy
for cable vibration control than the VD. The comparison
between the asymptotic solution and numerical solution
shows that the asymptotic solution can well predict the
maximum modal damping ratio of the cable (the maximum
error is less than 15%) when the dimensionless inertance is
less than 0.820 but begins to lose its accuracy with the
inertance further increasing. The above results for cable
vibration with the PVID are consistent with that reported in
Shi and Zhu (2018) and Wang et al. (2019).

For the cable with the SVID, the dimensionless natural
frequency can be derived as

o="_14 L_ﬁ
(1)0 I Cn l
n 1+ (cn - )
bs,n
_2 1
tn (1 ‘zas,n> % (15)
T 1+2(1 = 1/bg )? 1
ic, X1

+ _ _
1+ ¢2(1—1/bs,)? |

Substituting the Eq. (15) into Eq. (13), the n™ modal
damping ratio of the cable can be derived as

0.06 — —
—bp’ ,=0.0 (num.) = = bp,n=0.0 (asy.)
—BP =02 (num.) = - = Bp ,=0.2 (asy.)
004 —E,, ,=0.4 (num.) ==+~ §py ,=0.4 (asy.)
< bp ,—0.6 (num.) bp ,—0.6 (asy.)
AN ’ '
0.02 -
0.00 ! N | |
0.96 0.98 1.00 1.02
a Real (@
( ) 2.40 — ( ) —
— bp ,=0.0 (mum.) = - bp ,=0.0 (asy.)
—EP =0.2 (num.) = - = Bp_ =0.2 (asy.)
= 160} — EM=0.4 (num.) =-=-= I_)p‘ ,=0.4 (asy.)
~ bp’ ,=0.6 (num.) bp‘ ,=0.6 (asy.)
Naf
X
\I‘? 0.80 -
OOO 1 1 1 1 1
0.0 0.5 1.0 1.5 2.0 25 3.0
b c
() 6.00 L
—— num. ---- asy.

Il
<> 4.00f /
~ ;

R .
; Error=15%
AT 2.00
b =0.820
p,n
000 1 1 1 1 1
0.00 0.15 0.30 0.45 0.60 0.75 0.90
() b
p,n

Fig. 2 The frequency-modal damping ratio curves, the
damping coefficient -modal damping ratio curves,
and the inertance coefficient-modal damping ratio
curves of the cable with PVID (x; = 0.02/)

_ Cn X1 _ Cn
14 (Cn—Ca/byn)? I 1+E2(1—1/bg )2

n %(16)

The optimum damping coefficient of the SVID can be
obtained by

= =0 17
dc d¢, Odc 17
leading to the value
T
Copt — _ 1
" 1= 1/bg | @0x, (18)

Substituting Eq. (18) into Eq. (16), the optimum modal
damping ratio is expressed as
opt _ 1 1

il E— l
n 2|1_1/bs'n|x1/ (19)
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0.03

Es,n=0.0 (num.) = = Bs’ 0.0 (asy.)
Zs,nzo’z (num.) = = zs’ ,=0.2 (asy.)
0.02} —és‘ ,=0.4 (num.,) =-=-= E, ,=0.4 (asy.)
b, =0.6 (num.) b _,=0.6 (asy.)
» ’ '
0.01
A
0.00 L -} 1 )
0.97 0.98 0.99 1.00 1.01 1.02
@ Real(@)
5 _ _
—b5,,=0.0 (hum.) = = b =0.0 (asy.)
Zs,nzo-z (num,) = — zs’ ,=0.2 (asy.)
= 1.00f b, ,=0.4 (num.) =-=-= b, =04 (asy.)
N b, =0.6 (num.) b, =0.6 (asy.)
Na)
X
\n= 0.50
0.00
0.
(b) c,
3.00 n
—— num. =-=- asy.
<> 200} )
\‘_‘ .
’
Na? :
X
A\ 1.00F
b _=0.728
s, n
0.00 L . L L
000 013 026 039 052 065 078
() b

s, n

Fig. 3 The frequency-modal damping ratio curves, the
damping coefficient -modal damping ratio curves,
and the inertance-modal damping ratio curves of
the cable with SVID (x; = 0.020)

According to Egs. (19)-(20), we can obtain

T X _
Pt o ot L 0<b,,<05
= xnwd " T 21 sn=
T X{ - _
opt opt 1
Cn oy o > 31 by, >05A4b, #1 (20)
T X -
P = = by > 1
“n X, w8 Cn 21 sn

Eq. (16) indicates that the inerter only affects the cable
clamped frequency while hardly affects the cable undamped
oscillatory frequency. The clamped frequency decreases
with the increase of the inertance when the dimensionless
inertance is less than 1. In addition, the SVID will be
degraded to the VD when the inertance increases to infinity.
Eq. (20) implies that the inerter in the SVID has an adverse
effect on the performance of the VD when the

dimensionless inertance is less than 0.5. When the
dimensionless inertance is larger than 0.5, the inerter can
promote the efficiency of the VD while also increase its
optimum damping coefficient. The above results can also be
observed in Fig. 3, which plots the frequency-modal
damping ratio curves, the damping coefficient-modal
damping ratio curves, and the inertance-modal damping
ratio curves of the cable with SVID. Similar to the cable
with the PVID, the asymptotic solution agrees well with the
numerical solution for small inertance and the error of the
asymptotic solution is less than 15% when b, < 0.728.

For the cable with the HVID, the dimensionless natural
frequency can be derived as

T —Bh,n§+ i, [1 —Bh,ni—j(;‘—j— 1)]ﬁ(21)
g 1= by 2 iG [L = Byn (2 1)) ¢

The #n™ modal damping ratio of the cable with the HVID
can be further derived by substituting Eq. (21) into Eq. (13),
yields

_Im(A4By,)

Tl _

_ Cn o (22
(1_Bh'"§_i)2+6721[1_5h,n(i_j_ )]2 !

Substituting the Eq. (22) into Eq. (17), the optimum
damping coefficient of the VD is expressed as

|1—Bh,ni—i T

opt _

" |1 —Bh_n(i—j— 1)|a)nx1

3)

The ™ optimum modal damping ratio of the cable can
be obtained by substituting the Eq. (23) into Eq. (22), and it
is expressed as

1 1

opt__

X
I | T e D

Fig. 4 shows the frequency-modal damping ratio curves
and damping coefficient-modal damping ratio curves for the
cable with HVID. As shown in Fig. 4(a), the cable
undamped oscillatory frequency and clamped frequency
decrease as the inertance increases. Compared with the
cable clamped frequency, the inerter has greater impact on
the cable undamped frequency. This phenomenon can be
explained by Fig. 5, which gives the special case of the
cable with the HVID. When the damping coefficient of the
VD increases to the infinity, the cable with the HVID in
Fig. 5(b) evolves into Fig. 5(c). The inerter location in the
large segment of the cable is smaller than the case when the
damping coefficient equals to zero in Fig. 5(a). Similar to
the cable with the PVID, Fig. 4(b) shows that the inerter
could promote the efficiency of the VD. As the inertance
increases, the optimum damping ratio also increases, while
the corresponding optimum damping coefficient slightly
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0.25 — —
— I_’h,n=0'0 (num.) = = I_’h,n=0'0 (asy.)
0.20 — bh,n=0.2 (num.) = - = bh,n=0.2 (asy.)
— fh’”=0.4 (num.) = - = fh’”=0.4 (asy.)
b, =0.6 . b =0.6 .
015 o (num.) o (asy.)
&
0.10 |
0.05 |-
000 1 1 1 1 4@\

0.75 0.80 0.85 0.90 0.95
() Real(®)

——b5,,=0.0 (num.) = =5, =0.0 (asy.)
——b, ,=0.2 (num.) — - -b,_ =0.2 (asy.)

8 _! !
= _fh, ,=0.4 (num.) =- = l_)h’ ,=0.4 (asy.)
;v- ol b, ,=0.6 (num.) b, ,=0.6 (asy.)
X

=

& 2l

2+

. <>
Y,

O 1 1 1 1 1 1

0.0 0.5 1.0 1.5 2.0 25 3.0 3.5 4.0
(b) c

Fig. 4 The frequency-modal damping ratio curves and the
damping coefficient-modal damping ratio curves of
the cable with HVID (x; = 0.020),x, = 0.03])

T T
@ ] ——= —

c=0 "

T T
(lb):gL -

T

E n
E >

TR LIt

T
Large segment |

B
(c) <€
|
- % ™

Fig. 5 The special case of the cable with the HVID

decreases at first and then increases with the further
increase of the inertance.

Fig. 6 further plots the frequency-modal damping ratio
curves, damping coefficient-modal damping ratio curves for
several inerter locations of the cable with HVID when the
dimensionless inertance of the inerter is equal to 0.2. As
show in Fig. 6(a), both the cable undamped oscillatory
frequency and clamped frequency decrease with the
increase of the inerter location. Compared with the cable
undamped oscillatory frequency, the inerter location has
less impact on the cable clamped frequency. Fig. 6(b) shows
that the optimum modal damping ratio of the cable and the
corresponding optimum damping coefficient of the VD
increase with the increase of the inerter location.

x,/1=0.02 (num.) = = x,/I=0.02 (asy.)
004l x,/1=0.03 (num.) — - = x,/I1=0.03 (asy.)
' x,/I=0.04 (num.) - = x,/I=0.04 (asy.)
x,/1=0.05 (num.) x,/1=0.05 (asy.)
0.03 -
Ny
0.02 | == s
0.01 4
! .
000 1 l l 1 1 1
095 096 097 098 0.99 1.00 1.01 1.02
(a) Real(@)

2ol x,/1=0.02 (num.) = = x,/I=0.02 (asy.)
x,/1=0.03 (num.) — - = x,/1=0.03 (asy.)
x,/I=0.04 (num.) == x,/I=0.04 (asy.)

< 15r x,/1=0.05 (num.) x,/1=0.05 (asy.)
\—l

2

X
Ay

Fig. 6 The frequency-modal damping ratio curves and the
damping coefficient-modal damping ratio curves of
the cable with HVID (x; = 0.021, by, = 0.2)

Fig. 7 further compares the asymptotic and numerical
solution of the maximum modal damping ratio of the cable
with HVID. When the error of the approximate solution
reaches 15%, the dimensionless inertance are respectively
equals to 0.470 (x,/l = 0.03), 0.296 (x,/l = 0.04), and
0.202 (x,/1l = 0.05). Further increasing the inertance, the
asymptotic solution begins to lose its accuracy. This implies
that a smaller inertance could cause the asymptotic solution
to loss its accuracy when the inerter is installed at a higher
location than the VD.

4. Modal behavior for large frequency shifts

Previous studies have shown that the cable modal
behavior is dependent on the damper location (Main and
Jones 2002, Hoang and Fujino 2008, Zhou et al. 2018a) and
the inertance of the inerter (Shi and Zhu 2018). To focus on
the effect of the inerter on the modal behavior of the cable,
the location of the VD of three cases is assumed to be 2%/
from the cable end, and the inerter in HVID is installed at
3%I from the cable end.

4.1 Modal behavior of the cable with PVID
Shi and Zhu (2018) has investigated the modal behavior

of the cable with PVID, and observed the phenomenon of
cable mode crossover at the optimal inertance. On this
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basis, this study systematically investigates the effect of the
inerter on the modal behavior of the cable with PVID, and
found the modal behavior of the cable can be divided into
three distinct regimes. The characteristics of the three
regimes are described as follows:

()

2

Regime 1 (underdamped modes): when 0 < b, <

bohT/(wdx,), where the optimum dimensionless

inertance byh can be obtained by the optimum
procedure in Shi and Zhu (2018). In this regime, as
the inertance increases, the cable undamped
frequency decreases, while the optimum cable
modal damping ratio increases.

Regime 2 (subcritical damped modes): when
ES‘%tT/ (wpx1) < b, < l_)g‘l:lt_lT/ (wl_;x;) , the

(€))

(a)

(b)

(c)
Fig.

frequency-damping evolution curves originate from
the undamped cable frequency, and approach the
critical damping as n — 7... The determination
equation of the critical value 7., is given in the
appendix. When 7 =7, , Real(w,) =0 and
¢, = 1, non-oscillatory decay is found. The cable
mode is translated into the overdamped mode. In
this regime, mode crossover is observed, in which
the cable vibration in the n' cable mode is covered
by the (n+1)" cable mode with limited damping.

Regime 3 (underdamped modes): when b, =

Egit_l T/(w3_1%,), the frequency-damping
evolution curves originate from the undamped
frequency of the n™ cable mode, and terminate at
the clamped frequency of the (n-1)" cable mode.
The n" mode cable vibration is translated into the
(n-1)" cable mode, and the optimum modal
damping ratio decreases as the inertance increases.
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8 Frequency-damping evolution curves of the cable

with PVID in the n™ cable mode (a) regime 1; (b)
regime 2; (c) regime 3
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As an example, Fig. 8 shows the frequency-damping
evolution curves of the cable with the PVID in the 2™ cable
mode. Fig. 8(a) shows that the characteristics of the
frequency-damping evolution curves in regime 1 are similar
to those previously discussed in Fig. 2(a). Each curve
originates from the second undamped frequency, and
terminates at the second clamped frequency. Due to the
effect of the inerter, the dimensionless undamped cable
frequency decreases with the increase of the inertance,
while the dimensionless clamped frequency is independent
on the inerter and approximately equals to 21/(l — x;). The
optimum cable modal damping ratio increases as the
inertance increases in this regime.

As shown in Fig. 8(b), mode crossover begins to occur
at the second and the third cable mode when b, =
bggtT /(w9x;), where bsgt = 0.9475. The frequency-
damping evolution curves of the second and third mode
move towards each other as the damping coefficient
increases and meet each other at the optimum damping
coefficient of the 2™ cable mode. When the damping
coefficient increases beyond the optimum value, the second
modal damping ratio increases monotonically and {, — 1
when n = n.., while the third modal damping ratio
decreases monotonically and {3 = 0 whenn — c. When
the inertance is larger than the optimum value, as the
damping coefficient increases, the second modal damping
ratio increases monotonically and terminates at 1 whenn >
Ner. However, the cable oscillation frequency decreases
monotonically and terminates at 0 when 1n >1n... The
frequency-damping evolution curves in the third mode
originate from its undamped frequency and terminate at the
clamped frequency of the second mode. Due to the effect of
the inerter, the undamped cable frequency and optimum
modal damping ratio in the third mode decrease as the
inertance increases. Considering that the second modal
damping ratio of the cable is much larger than that of the
third mode, the actual vibration of the second cable mode is
fully concealed by the third mode with a limited damping
ratio.

As shown in Fig. 8(c), mode crossover begins to occur
at the second and the first cable mode when b, =
EggtT/(a)(l)xl) , where E;ftT/(a)(l)xl) is equal to
3.7985T /(wx,). The frequency-damping evolution curves
in the second mode originate from its undamped frequency
and terminate at the clamped frequency of the first mode.
The first modal damping ratio increases monotonically with
the damping coefficient of the VD and {; =1 when n >
Ner- The second mode cable vibration has been translated
into the first mode vibration.

Fig. 9 shows the mode shapes of the 2™ cable mode for
several inertance values when ¢ = 0.5. As shown in Fig.
9(a), the mode shape amplitude at the VD location in
regime 1 increases with the increase of the inertance. This
can enhance the energy dissipation efficiency of the VD (Lu
et al. 2017, Shi and Zhu 2018, Li ef al. 2019, Wang et al.
2019), which agrees well with the damping enhancement
discussed in Fig. 8(a).

For the mode shapes in regime 2 shown in Fig. 9(b), the
mode shape of the second mode becomes the hybrid curve
of a sine and a hyperbolic sine function, which corresponds
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Fig. 9 Mode shapes of cable with PVID in the 2" mode
(a) regime 1; (b) regime 2; (c) regime 3

to the modal behavior of the subcritical damped modes. The
mode shapes of the third mode are similar to the second
mode of the free cable, which implies that mode crossover
occurred in this regime. In addition, the mode shape
amplitude at the VD location of the third mode decreases as
the inertance increases, indicating that the cable’s modal
damping ratio would decreases with the increase of the
inertance.

For the mode shapes in regime 3 shown in Fig. 9(c), the
mode shape of the second mode is similar to the first mode
of the free cable, which implies that the second mode
vibration of cable with PVID is converted as the first mode
vibration. The mode shape amplitude at the VD location of
the second mode decreases as the inertance increases,
indicating that the inerter would decrease the cable’s first
modal damping ratio.

4.2 Modal behavior of the cable with SVID

Unlike the modal behavior of the cable with PVID, there
are only two distinct regimes of the cable with SVID
observed in the n™ cable mode with the variation of the
inertance.

(1) Regime 1 (underdamped modes): when 0 < by <
bgPT /(wlx;), the undamped cable frequency is
hardly affected by the inerter. As the inertance

increases, the clamped cable frequency decreases,
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while the optimum cable modal damping ratio
increases.

(2) Regime 2 (underdamped modes): when bg >
by DT /(wlx,), both the cable clamped frequency
and optimum modal damping ratio decrease as the
inertance increases.

Above results can be seen in Fig. 10, which shows the
frequency-damping evolution curves of the cable with the
SVID in the second cable mode. It is seen from Fig. 10 that:

(1) when by, <1047 , the frequency-damping
evolution curves originate from the undamped
oscillation frequency towards the left as the
damping coefficient increases. It is because the
inerter would decrease the clamped cable
frequency while hardly affecting the undamped
frequency. The optimum cable modal damping
ratio increases with the increase of the inertance.
However, the SVID provides less damping to cable
than the VD when the dimensionless inertance is
less than 0.5.

(2) When l_)s‘z = 1.048, the clamped cable frequency
is larger than that of the cable with the VD due to
the effect of the inerter. The frequency-damping
evolution curves move from the undamped
oscillation frequency towards right as the damping
coefficient increases. With the increase of the
inertane, both the clamped frequency and the
optimum modal damping ratio decrease. But the
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Fig. 10 Frequency-damping evolution curve of the cable
with SVID in the n'" cable mode (a) regime 1;
(b) regime 2.

cable’s optimum modal damping ratio is always
larger than that with the VD.

Fig. 11 shows the mode shapes in the 2" cable mode for
several inertance values when ¢ = 2.0. As shown in Fig.
11(a), the mode shape amplitude at the damper location in
regime 1 increases with the increase of the inertance. By
solving the equation bg[ii(x,) — ii.] = ci,, the vibration
amplitude of the VD in the SVID can be obtained by

1
. = ’mﬁ(%) (25

where ii(x;) denotes the acceleration of the SVID, 1, and
il denote the velocity and the acceleration of the VD,
respectively; #i, and i (x;) represent the displacement
amplitude of VD and SVID, respectively; and &4 =
¢/(2bswy).

Eq. (25) indicates that increasing the displacement of the
SVMD can also increase the displacement of the VD, and
thus enhance the energy dissipation efficiency of the
damper. It is consistent with the damping enhancement
discussed in Fig. 10(a). For the mode shape in regime 2
shown in Fig. 11(b), the mode shape amplitude of the
damper decreases as the inertance increases, which implies
that the modal damping ratio of the cable would decrease
with the increase of the inertance in this regime.

4.3 Modal behavior of the cable with HVID

For the cable with HVID, there are also three distinct
regimes of the modal behavior observed in the n™ cable
mode with the variation of the inertance.

(1) Regime 1 (underdamped modes): when 0 < by, <
E}?ptT /(w3x,), both the cable undamped frequency

n
and clamped frequency decrease with the increase
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Fig. 11 Mode shapes of the cable with SVID in the second
mode (a) regime 1; (b) regime 2



98

2

A3)

Hui Gao, Hao Wang, Jian Li, Zhihao Wang, Youhao Ni and Ruijun Liang

of the inertance, but the optimum cable modal
damping ratio increases as the inertance increases.
Regime 2 (underdamped modes): when Eﬁ_ﬂtT/
(wpx;) < by < B}?Elt_lT/(wg—le )
crossover is observed between the (n+1)M cable
mode and the n" cable mode. The frequency-
damping curves originate from its undamped
frequency, and terminate at the clamped frequency
of the (n+1)* cable mode or the (n+2)h cable
modes. The cable vibration of the n™" cable mode is
covered by the (n+1)" cable mode with a lower
damping ratio.

Regime 3 (underdamped modes): when by >
by T/(@3_1xy), the frequency-damping curves
originate from its undamped frequency, and
terminate at the clamped frequency of the (n-1)™
cable mode. The cable vibration of the n™ cable

mode
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Fig. 12 Frequency-damping evolution curve of cable

with HVID in the n ™ cable mode (a) regime 1;
(b) regime 2; (c) regime 3

cable mode. The cable vibration of the n™ cable
mode is converted as the (n-1)" cable mode, and
the optimum cable modal damping ratio decreases
as the inertance increases.

Above results can be seen in Fig. 12, which shows the
modal behavior of the cable with HVID of the 2" cable
mode. It is seen from Fig. 12 that:

)

2

3)

When b, < EﬁgtT/(ngl), the cable undamped
frequency and the clamped frequency decrease
with the increase of the inertance. Compared with
the undamped frequency, the inerter has less impact
on the clamped frequency. The optimum cable
modal damping ratio increases as the inertance
increases.

When EﬁgtT/(ngl) <b, < l_)ﬁgtT/(w(l’xl), mode
crossover is observed between the second cable
mode and the third cable mode. The frequency-
damping evolution curves in the second mode
originate from its undamped frequency and
terminate at the clamped frequency of third mode
or the fourth mode, while these curves in the third
mode originate from its undamped frequency and
terminate at the clamped frequency of the second
mode. The actual vibration of the second cable
mode is fully concealed by the third mode. And the
third optimum modal damping ratio decreases as
the inertance increases.

When by, > BﬁEtT/ (w%x;) , mode crossover is
observed between the second cable mode and the
first cable mode. The frequency-damping evolution
curves of the second cable mode originate its
undamped frequency and terminate at the clamped
frequency of the first cable mode. The cable
vibration of the second cable mode is converted as
the first cable mode, and the optimum modal
damping ratio decreases as the inertance increases.

5. Effect of the inerter in mitigating the multi-mode
cable vibrations

5.1 Design strategy targeting at multi-mode cable

vibrations

To investigate the effect of the inerter on the control
performance of the VD in mitigating multi-mode cable
vibrations, the constrained static output LQR method is
used to obtain the optimum damping coefficient of the VD
for a given inertance of the inerter.

By using the finite difference method, the equation of
motion of the cable-VD-inerter system can be described as
(Mehrabi and Tabatabai 1998)

where My is the mass matrix of the cable that considers
the effect of the inerter; K is the stiffness matrix of the
cable; u, f, y are vectors of the displacement, the external
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force and the VD position, respectively.
For the case of the cable with PVID or HVID

2 -1
T T1-1 2
M, =mal, +v,b,y,(T=p,h), K=— . :
a .-
-1 227
T X ) 4T
u:[u] u, un] ’f:[fl fro .fn]
T T
Yz[}/l Vs }/n] Ssz[}/bl Voo 7}»1]

and for the case of the cable with SVID, they are

2 -1
-1 2
mal T .
A g
b, a
’ -1 2
0 (28)
T
u=lu, u, u, ”b]
f=[f, £ ~ f O
v=lr. v % -

in which I, is an n-dimensional identity matrix; a =
l/(n+ 1) is the length of the discretized cable elements;
u; is the displacement of the cable i node; f; is the
external force applied on the cable i node; y; and y,; is
determined by the VD and the inerter location. If the
damper or the inerter is installed at the j™ node of the cable,
there is

B {0 i #j

.=

(0 i#j

1 i=j
Using only the velocity of the VD as the feedback, the

Eq. (26) can be rewritten in the form of the state space
model as

Zy=AnZy+Bsf —GpcgH Z,y (30)
where

Zn=[3]. An = [—MoglK (I)

To suprress the cable vibration dominated by the first &
modes, the performance index can be expressed as Gao et
al. (2021)

J=E U T QZ,, + RFVZDdt]
0

—F [ j ZT(Q + HZRczHc)zmdt] (32)
0

= trace(Viy1 PVis1)
where EJ ] is the mathematical expectation; Q and R are the

weight of the state and the control force, respectively; V.4
is submatrix of the eigenvector matrix V that contains

eigenvectors of the first (k + 1) cable modes; P is
determined by the following equation (Agrawal and Yang
1999)

(A — GpucH)TP + P(A,, — G,,,cH,) (33)
+HIRc*H,, + Q=0

Egs. (32)-(33) indicate that the damping coeffient of the
VD and performance index are dependent on the weight Q
and R. In this study, the weight matrices Q is taken as

o[

where K = diag(VTKV), M = diag(VTMuV).

With the assumption of an initial value of the control
force weighting R, the performance index J(R) and
optimum damping coefficient can be obtained numerically
by using common optimization algorithms, such as the
constrained gradient optimization method used in (Agra
Agrawal and Yang 1999). However, as R decreases, the
performance index also decreases, while the damping
coefficient increases (Agrawal and Yang 1999). To balance
the control performance and the cost of the damper, the
selected R satisfies the following equation

UR) =J(0.01R)]/]J(R) < & (35)

where &' is the given threshold and equals to 0.01 in this
study.

After the R is selected, the corresponding performance
index and the damping coefficient of the VD for a given
inertance are also obtained. Varying the inertance of the
inerter, the optimum damping coefficient of VD of the three
cases for multi-mode cable vibration control can be
obtained according to the relationship between the inertance

and J(R).

5.2 Performance evaluation of the VD with the
inerter

The NO. A18 stay cable in Sutong Bridge is selected as
an example to investigate the effect of the inerter on the
control performance of the VD in mitigating multi-mode
cable vibrations. Table 2 lists the main properties of the
cable. Two design scenarios are considered. One is designed
for the first four cable modes, and the other one is designed
for the first eight cable modes. In particular, the latter
design scenario can cover all the probable modes of wind-
rain induced vibrations of the selected cable. During the
design, the VD and the inerter of the HVID are respectively
installed at 2%/ and 3%/ from the lower cable end. For the
VD, PVID, and SVID, two installed locations are

Table 2 Main properties of the No. A18 cable in the Sutong

Bridge
Item Value
Cable length / 33743 m
Mass per unit length m 74.02 kg/m
Tension force T' 4709 kN
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Table 3 Design parameters of the VD and inerter, the minimum and average modal damping ratios of the cable design modes
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when the first four cable modes are considered

C . Optimal intertance Optimal damping The average value of The minimum value of
ase Location . . . . . .
ratio coefficient modal damping ratios modal damping ratios
VD x; = 0.021 1.65 x 10° 0.887% 0.766%
VD x; = 0.03! 1.11 x 10° 1.346% 1.161%
PVID x; = 0.021 0.61 1.28 x 10° 1.283% 0.860%
PVID x; = 0.031 0.39 8.71 x 104 1.922% 1.288%
SVID x; = 0.021 3.94 2.08 x 103 1.149% 0.741%
SVID x; = 0.031 2.72 1.38 x 103 1.732% 1.114%
HVID * = 0021 0.55 2.05 x 10° 2.179% 1.237%
x, = 0.03]

Table 4 Design parameters of the VD and inerter, the minimum and average modal damping ratios of the cable design modes

when the first eight cable modes are considered

. Optimal intertance Optimal damping The average value of The minimum value of
Case Location . . . . . .

ratio coefficient modal damping ratios modal damping ratios
VD x1 = 0.021 1.24 x 103 0.791% 0.564%
VD x1 = 0.031 8.25 x 104 1.213% 0.872%
PVID x1 = 0.021 0.19 1.08 x 103 0.982% 0.533%
PVID x1 = 0.03! 0.114 7.31 x 104 1.476% 0.835%
SVID x1 = 0.021 3.77 1.41 x 10° 0.883% 0.523%
SVID x1 = 0.03! 2.61 9.24 x 10* 1.343% 0.804%
HVID ¥, = 0.02L 0.18 1.69 x 10° 1.856% 0.893%

x, = 0.031

considered. One is that these dampers are installed at the
same location as the VD in HVID, and the other installed
location of these dampers is the same as the inerter in
HVID.

When the VD of the PVID, SVID and HVID are at
installed 2%/ from the lower cable end and these dampers
are optimized to mitigate the first eight mode cable
vibrations, the variation of the performance index and the
damping coefficient of the VD with the inertance ratio is
plotted in Fig. 13, where the inertance ratio u is defined as

u=b,/mlLk=np,sh (36)

As shown in Fig. 13, the performance index firstly
decreases as the inertance ratio increases, reaching its
minimum value at the optimum inertance ratio, and then
increases with the increase of the inertance ratio. Similar
results can be also found in other design cases. On the basis,
Tables 3 and 4 list the design parameters of the VD and
inerter, the minimum and average modal damping ratios of
the cable design modes. Fig. 14 compares the first eight
modal damping ratios of the cable.

As shown in Tables 3-4, the PVID would decrease the
optimum damping coefficient of the VD, while the SVID
and HVID would increase the optimum damping coefficient
of the VD. Compared with other control strategies, the
HVID needs a larger damping coefficient to achieve the

optimal design, especially for the cases of the VD,
PVID,and SVID installed at the same location as the inerter
in the HVID. In addition, the optimum inertance and the
corresponding damping coefficient tend to decrease as the
designed cable mode order increases.

As shown in Fig. 14, when the VD, PVID, and SVID are
installed at 2%/ from the lower cable end, the HVID
generally provides larger modal damping ratios than other
dampers in the designed cable modes. When the VD, PVID,
and SVID are installed at 3%/ from the cable lower end,
these dampers could provide larger modal damping ratios to
cable in some cable modes. However, Tables 3 and 4
reported that the minimum and average modal damping
ratios of the cable design modes of the cable with HVID are
larger than other control strategies. Hence, the HVID is
considered more effective than the cases when the VD and
the inerter are installed at the same location in mitigating
cable multi-mode vibrations. In addition, Fig. 14(a)
demonstrated that the inerter generally enhances the modal
damping ratios provided by the VD in the first four cable
modes, while it has an adverse effect on the VD control
performance for the cable vibration in the 5"-8" cable
modes, especially for the PVID and the HVID. This means
that the inerter has an adverse effect on the VD performance
for the cable mode order beyond the design range.
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6. Conclusions

This paper systematically investigated the effects of the
inerter on the cable oscillation frequency, the attainable
modal damping ratio, and the control performance in
mitigating multi-mode cable vibrations. The conclusions are
summarized as follows.

The modal behaviors of the cable with PVID and
HVID can be divided into three regimes with the
variation of the inertance. In the first regime, the
inerter can increase the achievable modal damping
ratio of the cable, and achieve better control
performance with the increase of inertance. In the
second and third regimes, cable mode crossover is
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observed and the optimum modal damping ratio of
the cable decreases with the increase of the
inertance.

e Only two regimes of modal behaviors can be
observed for the cable with the SVID. In the first
regime, better control performance can be achieved
with the increase of inertance. However, the inerter
has an adverse effect on the VD performance when
the dimensionless inertance is less than 0.5. In the
second regime, the optimum modal damping ratio of
the cable decreases with the increase of the
inertance, but is always larger than the optimum
modal damping ratio provided by VD. Compared
with the PVID and HVID, the SVID needs lager
inertance and damping coefficient to improve the
VD performance.

e The inerter generally enhances the modal damping
ratio in multiple cable modes, but has an adverse
effect on the VD performance for the cable mode
order beyond the design range, especially for the
PVID and the HVID. Compared with the cases when
the VD and the inerter are installed at the same
location, the HVID can achieve better control
performance in mitigating multi-mode cable
vibrations. However, the HVID needs a larger
damping coefficient than other control strategies,
especially for the cases the VD, PVID, and SVID
installed at the same location as the inerter in the
HVID.
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Appendix A. The determination equation of 3,

The characteristic equation in Eq. (7) for the case of
PVID can be expanded into the real and the imaginary part,
where the real part is expressed as

sin(20x;)

cos(20x;) — cosh(2vx,)
sin(20x;)

cos(20x3) — cosh(2vx})

(AT)

.
m

while the imaginary part is

sinh(2vx,)
cos(2ax,) — cosh(2vx;)
sinh(2vx; b
— (2vxz) - ——pv+n=0
cos(2o0x3) — cosh(2vx;) m

in which ¢ = Real(B),v = Imag(B)

When o = 0 the damping ratio is equal to 1, and the
solution of J corresponds to the nonoscillatory,
exponentially decaying solutions in time. Eq. (A.2) reduces
to

sinh(2vx,)
1 —cosh(2vx;)

sinh(2vx3) b, +p =0 (A3
1 — cosh(2vx3) mv n=0(A3)

The determination equation of 7., can be expressed as

b sinh(2vx,) sinh(2vx3)
1 —cosh(2vx;) 1—cosh(2vx;)

Mer =—- (A4)





